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Abstract

Given a II;-subfactor A C B of arbitrary index, we show that the GICAR
category faithfully embeds as A — A bimodule maps among the bimodules
'y L*(B). Asa corollary, there is a copy of the GICAR algebra @®_, M, ) (C)

k
inside A N Az,,. TODO: what is A;?
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1 Introduction

TODO:
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2 Background

In this section, we give the necessary background from [EN96, Bur03]. We will prove
one proposition in this section.



Notation 2.1. Let Ag = A C B = A; be a II;-subfactor of arbitrary index.

Definition 2.2 ( [EN96]). | For n € N, we inductively define:

e n.f.s. operator valued weights: 71 = E4: B — A is the unique trace-preserving
conditional expectation, and T}, 1: A 1 — A} is the unique trace-preserving oper-
ator valued weight, which satisfies

Toi1(A(x)A(y)") = ay” for all z,y € ng,, |

e The operators A(z): L?(A,_1, Tr, 1) — L*(A,, Tr,) for € ny, commute with the
right A, _; action, and satisfy

(i) A(z)y =1zy for all z € ny,, and y € nyy, , (note zy € ny, Ny, ),
(i) A(z)F = Tp(x*y) for all € ny, and y € npy,
(iii) A(x)*A(y) = T'(z*y) for all z,y € nyp,,
e n.f.s. traces Tr; = tr; for « = 0,1, and

Tro 1 (L(§)L(€)") = Tra-1(L(€)"L(8)) = [I¢]* for all § € D(L*(An))a, ., or
T (A(x)A(y)*) = Tr,_q(2y”) for all z,y € ng,,

I

e J, is the conjugate-linear unitary which is the extension of the adjoint on nyy

e The Jones tower

Ansr = Jo(A5_y 0 B(L* (A, Tr))) T = { L(n) L(&)”
= {A@)A(y)”

Notation 2.3. We use the following notation:
e B"=@Q Bc X', L*(B) = L*(A,) via isomorphisms 6, (see [Bur03]).

e For z;,...7, € B, we write 7} ® --- ® T,, € B™ omitting the subscript A to
distinguish between operators and vectors, such as r ® 4 id; and £ ® 1 for x € B.
One is left multiplication by € B on L?*(B) ® 4 L?(B), and the other is 6, ' (ze;).

n,& € D(LA(A))a, .}
T,y € 11528 }” .

Facts 2.4.
o [Multistep basic construction, [EN9G]] For 0 < k < n, the inclusions A, C A, C
Ak are standard, i.e.

(idx @adn—kAn—rJn—k) = Jn(Ap—k @41dy) Ty, = Apig.

o [Shifts, [EN96]] For 0 < k < n, we let j, = (x — J,x*J,) for x € B(L*(An, Try,)).
Then j, is an anti-isomorphism of A,_j onto A;_ . Hence if we compose two j,’s,
we get an isomorphism.:

Jn1dn(An_r N An) = J1 (A O Apyr) = A2 M Apso.
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e [0dd Jones projections, [Bur03]] For alln € N, Tra, [, =00 and Traps1 |45 =
Tro,. Therefore, To,y1: Aoni1 — Aoy is a conditional expectation, which gives rise
to the odd Jones projection egy, 1.

When we realize Ao, 1 acting on LQ(AHH, Tr,41) from the multistep basic con-
struction, a1 = Jpr1€1dp11-

Proposition 2.5. When we realize Ay, acting on @'y L*(B), for 1 < i < n, we
may tdentify the Jones projection eq;_1 with id;_1 ® 461 ® 4 id,,_;

Proof. We use strong induction on n. The case n = 1 is trivial. Suppose the result
holds for all 0 < i < n. We now consider A,, - acting on ®Z+1 L*(B). Note that
Agy — Aoy by +— 2 ®4id;. Hence the result is true for all 1 < i < n. To show
the result is true for i = n+1, we simply note by the isomorphism L?( A, 1, Tr, 1) =
n+1 r2
A L (B)a . )
eant1 = Jng1(e1 ®aidy)Jny1 = id, @ aer.

3 The GICAR categories

In this subsection, we give a diagrammatic representation of the GICAR (Gauge-
invariant canonical anti-commutation relations) categories. We refer the reader to
Davidson [Dav96] for a general discussion of the AFD GICAR C*-algebra. We will
only need the sequence of finite dimensional algebras approximating it.

Definition 3.1. The tower of complex GICAR algebras (G},),>0 is given by the
Bratteli diagram corresponding to Pascal’s Triangle:

We do not specify a sequence of traces on the tower.

Notation 3.2. Given a category C, we write X,Y € C to denote X,Y are objects
in C, and we write C(X,Y) for the space of morphisms from X to Y. If the objects
in C are symbols of the form [n] for n > 0, we simply write C(m,n) for C([m], [n])
as in [Penll].

We will now define two small categories, the diagrammatic GICAR category G¢
and the abstract GICAR category G, and show they are equivalent.

Definition 3.3. Let the diagrammatic GICAR category G be the following small
involutive tensor category:



Objects: [n] for n > 0, and

Morphisms: The morphisms from [m] to [n] are the C-linear combinations on isotopy
classes of tangles with

e no input disks, and one external disk, drawn in the shape of a rectangle. It has m
lower boundary points, and n upper boundary points,

e cach boundary point is connected to one string. Strings cannot intersect. There
are three possibilities for strings:

(1) the string connects to a lower boundary point and an upper boundary point
and is called a through string,

(2) the string connects to only a lower boundary point and is called a cap, or
(3) the string connects to only an upper boundary point and is called a cup.

We draw a dark circle on the end of the string to denote that that end does not
attach to another boundary point.

Composition: Composition is the C-linear extension vertical stacking. When we get
a floating string (a string connected to no boundary points), we just remove it.

l
i POV 1 L

[ ]

|

Tensor: [m] ® [n] = [m + n| and morphisms are tensored by the C-linear extension
of horizontal join.

O LT

X =

1] | L]

Adjoint: The adjoint map is the C-linear extension of reflection about the z-axis.

*

IR} |
AN B RN

Remark 3.4. Let 0 < k£ < n. There are exactly (Z) diagrams with exactly k through
strings in G%(n, n). Hence dime(G(n,n)) = >";_, (7). Moreover, the diagrams with
exactly k through strings in G%(n,n) span a full matrix algebra of dimension (Z)
Let Gpn C G(n,n) denote the complex span of the diagrams with less than
or equal to k through strings. Note that G, 1Gnm € Gnminfkm}- Let ppi be the
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projection onto G, i, and let ¢, x = Pnx — Pni+1, With the convention that p, ; =
Pnnt1 = 0. It is clear that n-fold simple tensors composed of

| l
=l ana a=p=(]]]-
| T

are nonzero pairwise orthogonal projections in G(n,n), and there are exactly Y ,_, (Z)
of them (for k = 0,...,n, we choose k positions for (1 — f) in the simple tensor).
By counting dimensions, these must be all the minimal projections of G(n,n). By
induction on k, we have that all such simple tensors where we choose k positions
for (1 — f) are the minimal projections under ¢, ;. This implies

Lo l

qn,0 = Pno = = &

[ 1 U T
" | i Il i

=) | 2| |e - ol |o-®

=[] | | | |

T 17T 1
= (1= puo) A P
S R
qn,QZZ ®~~®[ﬂ® ﬂ[ﬂ oo — ® - ®
T 1T ]
:(1_ n,l) cee g S
mO2 |

and so forth. By induction on k, (1 — ppi)Gnk = @uirGni = M(Z)((C)’ which is
orthogonal to G, x—1. Hence G4(n,n) = @, _, M( )((C)

k
Suppose now that d € G¢(n, n) is a string diagram with m through strings. Then
if m <k, guxgd =0. If m =k, then ¢, ,d is the simple tensor of f’s and (1 — f)’s
where we replace d’s through strings with (1 — f)’s. If m > k, then g, xd is the sum
of all ways to replace k of d’s through strings with (1 — f)’s and replace the rest of



the through strings with f’s. Hence

ZQn,0+Qn,1 PN 7/ e

= (¢n0 + Gn1 + @n2)

l
= Qn,0 + dn,1 ( I e

tqn2| i

i... l
L1
l...l
L1

L1
T 1
L
L1

. ‘e Y ~—]

and so forth.
Now we include G¥(n,n) — G¥(n+1,n+1) (as x-algebras) by adding a through
string on the right

T T ,

and we get inclusions G,y — Gpy1k4+1- It is clear that a simple tensor of f’s and
(1 — f)’s under g, maps to a sum of two simple tensors of f’s and (1 — f)’s, one
under ¢,+1 and one under g, x+1. Using diagrams (where the subscript denotes
half the number of total boundary points),

|

qdno = = Gn+1,0

Qn,1 — Qny1,1 7 + Q12| 0

|
]
|

L] 1
Ll 1

and so forth, and we see that the Bratteli diagram for the tower (G%(n, n)),>o with
this inclusion is Pascal’s Triangle as in Definition 3.1. The same argument also holds
for the opposite inclusion by adding a through string on the left.

n n+1 n+1

We have just proven the following:

Theorem 3.5. There are *-algebra isomorphisms G%(n,n) — G, which preserve
the inclusion. The same result is true (for different isomorphisms) when we include
by adding a string on the left.

Definition 3.6. Let the abstract GICAR category G be the following small involu-
tive tensor category:



Objects: symbols [n1] ® - -+ @ [ng] for n; > 0 for all i = 1,..., k where k > 1.

Tensoring objects: For all ny,ny > 0, there are fixed isomorphisms [n;] ® [ng] =
[n1 4 no] which satisfy the pentagon and triangle idenitities (which gives associator
isomorphisms).

Morphisms: generated by C-linear combinations of tensors of identity maps, asso-
ciators, and the morphisms a: [1] — [0] and a*: [0] — [1] subject to the relation
aa* = idjy).

Adjoint: The adjoint map fixes all objects, and on morphisms, it is the anti-linear
extension of a — a*,a* — a, (p @ ¥)* = p* ® ¥* for morphisms ¢, 1, and if ¢,
are composable, (¢ o 1)* = 1* o p*.

Definition 3.7. For n > 0 and ¢ = 1,...,n, we define a;: [n] — [n — 1] by the
following commutative diagram:

] ————li- o1 eh-i

|

n—1——[i—1®[0]®[n—i

lid[il] ®a®id[n,i]

where we do not specify the associator isomorphisms.
Compare the following proposition with Proposition 4.6.

Proposition 3.8.
(1) The a;,a} satisfy the following relations:

(i) aia; = aj1a; and aja; = aja;_y for alli < j,
CL;kCLj_H ZfZ <j
(i) aja; = Qidpy i =
aj . a; ifi>j
(2) The words on the a;,a; give bases for G(m,n).

(3) Asin [Penll], any word in the a;, a; has a unique standard representation of the
form

*
aik o .a”bla’jl o .a’jl

where i > ig_1 > -+ > 11 and j; < jo < ---jg. In particular, dim(G(m,n)) < oo
for all m,n.

Proof. Straightforward. m

Theorem 3.9. The involutive categories G and G% are equivalent via the *, ®-
functor ¥: G — G? given by the C-linear *, ®-extension of

Objects: VU([ny] @ -+ @ [ng]) = [n1 + -+ + 4



Morphisms: VU of a morphism is determined by

W (idp) = , W(idp)) = and ¥(a) = | y

Hence we may confuse G with G¢ in the sequel.

Proof. Clearly V¥ is a *, @-functor. To construct a functor ¥~! such that ¥=1o ¥ =~
idg and W o U~ = idgs, we use techniques of [Pen11]. Note that

e a; € G(n,n — 1) maps to the diagram with n lower boundary points, n — 1 upper
boundary points, a cap attached to lower boundary point ¢, and all other boundary
points connected by through strings.

G(4,3)2al,...,a} —> : : : € G(4,3)

| | I |

e a; € G(n,n+ 1) maps to the diagram with n lower boundary points, n + 1 upper
boundary points, a cup attached to upper boundary point j, and all other boundary
points connected by through strings.

i i l |

g(374)9a17”-aa4'—> ) ) ) egd<3’4)

We define the inverse ¥~—! by the above. Given a string diagram d, ¥~'(d) is the
word on a;, a} in standard form

where i, < --- < 1 are the positions of the cups of d and j; < --- < j, are
the positions of the caps of d. That V™' o ¥ = idg and ¥ o U~! = idga follows
immediately from Proposition 3.8. O

4 The GICAR category and the tower (AjNAs,),>0

In this subsection, we show the GICAR category G is faithfully represented as A— A
bimodule maps on the even half of the Jones tower (Afj N Agy)n>0. In particular, we
will have an injection G,, <= Afj N Ag,.

Notation 4.1. We write es: L*(B) — L?*(A) for the canonical projection, so
e : L?(A) — L*(B) is the inclusion. Note e; = e*eq € B(L?(B)).

Definition 4.2. Let GA<Z be the following small involutive tensor categroy:



Objects: all finite ® 4’s of L*(A) and L?*(B). There are natural isomorphisms between
the relative tensor powers of L?(A), L*(B).

Tensoring objects: Given by ® 4.

Morphisms: C-linear combinations of basis elements generated by tensors of identity
morphisms, associators, eq: L*(B) — L*(A), and e%: L*(A) — L?*(B) where the
tensoring of morphisms is ® 4.

Composition: The composition is the composition of operators.

Adjoint: The adjoint is the adjoint of operators.
Remark 4.3. Note that all morphisms in GA<# are A — A bimodule maps.

Definition 4.4. For n > 0 and ¢ = 1,...,n, define the maps a;,: @' L*(B) —
Z(l L?(B) by the following commutative diagrams:

o

®} L*(B) (®X" 12(B)) @4 L3(B) @4 (®) 14(B))
a; id;—1 ®aea®4idn—;

(@ 27(B)) @ LX(A) 04 (@47 LA(B))

W L(B)

As in Definition 3.7, we do not specify the associator isomorphisms.

The following two propositions are straightforward calculations. Compare Propo-
sitions 3.8 and 4.6.

Proposition 4.5. The maps a;, al are given by the unique extensions of

G R QT,) = /\1®"'®~1'/ijl®EAGi)\xi+l®"'®a (annihilation)
GHRR ®T,) =00 LI LEE - ®T, (creation)

where x; € B for all i.

Proposition 4.6.

(1) The words on a;, a} satisfy the following relations:
(i) aja; = aja;_; and a;a; = a; qa; for all i < j,
aj-‘ajH Zfl <jJ
(i1) ajaf = ¢ 1 ifi=7 and
ajqa; ifi>g
(ZZZ) a;"ai = idi_l Xae1 X4 ldn_Z f07’ all i <n.

(2) The words on the a;, & span G (m,n).



(3) Each word in the a;,a; has a unique standard form

* *
Ay, w0 Gy Gy oo Gy

where 1, > -+ > 141 and j; < --- < Jy.
Proof. Straightforward from Proposition 4.5. m

Remark 4.7. Recall that Aj N Ay, = Enda_4(L*(4,)) = Enda-a(Q') L*(B)).
Hence for 1 <i,j <n, afa; € Ay N Ay,.

Corollary 4.8. For all 1 <1i,5 <n, the maps 4,07, a5a; € Ay N Ay, witness the von
Neumann equivalence of the projections eg;_1,eqj_1 in Ay N Ag,. Hence Ay N Ay, is
not abelian for n > 2.

Proof. By Propositions 2.5 and 4.6,

* *

(a-aj)(alai) = Cl:Cli =e€,_1Q4€1 X4 ldn,Z = €9;—1 and

<
<

*
*

(ajai)(auj) =aja; =ej 1 ®a e ®aid, j = ez 1.

N

Lemma 4.9. Suppose
x=a --aja;, a5, €G'Plnn—l+k)

is in the standard form of Proposition 4.6. Then there are ¢ € B and n € B"~tF
such that (x€,m) = 1 and (y&,n) = 0 for all words y € GA“B(n,n — { + k) on the
a;, a7 whose standard form has length at least € + k.

Proof. Suppose {b} is an orthonormal basis for B over A containing 1, which is
always possible (see Proposition 3.2.20 of [Bur03]). Pick b # 1 from the basis. Let

e £ € B™ be the simple tensor with Ts in positions j; < --- < jp and b's otherwise,
and

e 1) € B"* be the simple tensor with Ts in positions 7; < --- < 4 and b's
otherwise.

Then (x&,n) = 1. Suppose y € GAB(n,n — { + k) is a word on the a;, a; with
(y&,m) # 0, and write w’ in standard form

Y=y, oGy Ay

Since E4(b) = 0, we must have ji,---j, € {j1,...,j¢} and ¢, - -4}, € {i1,... 0k},
so k' < k and ¢/ < {. Moreover, if ¢/ = /¢ and k' = k, then y = z. O

Corollary 4.10. The words on a;,

*in GA<B(m,n) are linearly independent.
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Proof. Suppose 0 = Zle Nw; € GAB(m,n) where w; € GAB(m,n) are distinct
words on the a;,a;. We may assume that the words are ordered by increasing
standard form word length. We show by induction on £ that all the \;’s are zero.
If £ =1, this is trivial, since w # 0 for all words w by Lemma 4.9 (there is a linear
functional which separates w from 0). Suppose now that k£ > 1. Since the standard
form word length of w; is minimal, by Lemma 4.9, there are £ € B™ and n € B"
such that (w;€,n) = 6;,;. This means

ZA wig, ) <2sz£ n> =0.

We are finished by the induction hypothesis. O]

Theorem 4.11. The x,®-functor ®: G — GAP given by [n] — @', L*(B) for
n >0, a+— ey defines an equivalence of involutive tensor categories.

Moreover, if q is a minimal projection under ¢, € G(n,n), then
(1) ®(q) is a simple tensor in @', Q1 C Qn composed of k copies of 1 —ey and n—k
copies of ey, and
(2) ©(qnx) is the sum of all such simple tensors.
Proof. By Proposition 4.6, the relations of G are satisfied in ®(G), so ¢ is well-
defined and preserves the adjoint and the tensor structure. Hence (1) and (2) are

immediate from Propostion 4.6 and Remark 3.4. ® is clearly essentially surjective,
and @ is fully faithful (injective on hom spaces) by Corollary 4.10. O

Corollary 4.12. The involutive tensor category G = G? is positive, i.e., if x €
G(m,n) and x*z =0 € G(m, m), then x = 0.

Proof. If z € G(m,n) with z*z = 0, then ®(z*z) = 0, so ®(x) = 0 as G2 is
positive. Hence x = 0 as ® is injective on hom spaces. O

Corollary 4.13. Suppose 0 < k <n and q < g, 1 15 a minimal projection. Then

Tro(e1 ®a - Qaer) =1 if ¢ = gno
00 else.

Tr,(2(q)) = {

The same holds for TryP.

Proof. Follows easily from Theorem 4.11 using the planar calculus of [|. TODO:
O

Remark 4.14. The results of this section also show that if A C B is a finite index
I I -subfactor with [B: A] > 1, then G is equivalent to GA<5. In fact, one can show
®(G(n,n)) = G, by noting that the minimal projections on the two sides of the
Pascal’s Triangle correspond to ejez - ez,11 and efey --- ey, ;. An easy exercise

using the Markov trace on the centralizer algebras Af, N As, shows that
tr,(1e3- - eony1) = 7" and trn(efegf . eQLnH) (1—7)"

where 7 = [B: A]7!. Since 7" #£ 0 # (1 — 7)", ®(G(n,n)) = G,.
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TODO: Note on unitary 2-categories. In finite index, get unitarity

and duals. For infinite index, don’t get evaluation and coevaluation for
L*(B) C L*(B,ea)
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