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Weights
A weight is an a.e. positive function w € L} (R9).
For 1 < p < o0,

W]a, == sgp <|§?|/QW> (,10|/lepl>p_1.

Example
w(x) = [x]7 € Ap(R") iff —n<y<n(p—1).
Lemma
For x ¢ R" and X\ > 0,
(i) [Wa, = 1:
(i) [0xwla, = [xwla, = [Aw]a, = [W]a,;
(iii) [w1 + wola, < [wi]a, + [w2]a,s
(iv) we A, iff wiP € Ay;
(v) p<g= A, C A,
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The Hilbert transform

Hf (x) := 1p.v./]R fly) dy.

us X—y

Theorem
(Hunt, Muckenhoupt and Wheeden '73) H is bounded on LP(w) if
and only if w € A,.

/Hf )2 w( x<c/yfx)y2
(o) o

» How does C depend on [w]a,?

For p =2,
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Earlier results

Theorem
(Petermichl '07)

HHf||L2(W) S [W]A2||fHL2(W)~

» This is optimal (look at power weights).

» Volberg and Petermichl ('02) and Petermichl ('08) proved
that a similar result holds for the Beurling-Ahlfors transform
and for any Riesz transform.

» Tools: Bellman function techniques, Haar shift operators.

» Application: borderline regularity of solutions of the Beltrami
equation.
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Q := { dyadic cubes in R9}

For Q € Q, let Q™ denote the m-fold parent of Q.

Definition
A Haar function on a cube Q is a function hg supported on Q
such that:

(i) his constant on dyadic subcubes of Q;
(i) cancellation: [, hq = 0;
(iii) size: ||hgllee < |Q|~Y/2.

A

>
i_‘ Consequence: Haar functions are L? normalized.
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Haar shift operators

Definition
We say that T is a Haar shift operator of index 7 € Ny on R if

TF =Y (f.g0)7q;
QeQ

where

£0:7Q € span{hg : @ € @,277Q| < |Q|}, and

lelloc: el < 1QI7H2.

These are once again cancellation and size conditions, respectively.
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Two examples

Example

(Multipliers, index 0) Given a bounded sequence o = (ag)gco,
consider the Haar multiplier T“ given by

Tf =) aglf, hg)hg.
QeQ

If « € {—1,1}, then T is called the Martingale transform, also
known as the dyadic Hilbert transform.

Example
(Haar shifts, index 1) For a one-dimensional example, consider the
Haar shift S given by

S5f = Z<f7 h/>(h/r - h//)‘

leQ
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Essential property

Haar shift operators are of Calderén-Zygmund type.

Proposition
Let T be a Haar shift operator of index 7 on R?. Then T is

bounded on [%(dx) with norm < 7, and T maps L!(dx) into
L1*°(dx) with norm < 279,

“Proof”
(L?) Consider the operator at scale 25:
Tf = Z <f7gQ>7Q
|Q[=2%

Size implies || Ts|| ;2(ax) < 1. Cancellation implies
TsTy =TiTg =0if|s—s'| > 7.

s

(LY>°) CZ decomposition (x ¢ Q(7) = T(1gb)(x) =0).



The Goal

Theorem
Let 7 be a Haar shift operator of index 7 on R, and let w
be an Ay weight. Then

I Tl 2w)—2(w) Sdor [W]a,-
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1. A two weight T1 theorem

Theorem

(Nazarov, Treil and Volberg '08) Let T be a Haar shift operator of
index 7 on RY, and let o and ;. be two positive measures. The
inequality

[T )2y S 1l

holds if and only if there exist constants C;, (;, (3 < co such that
for all cubes @, Q’, Q" with @', Q" C Q and 2779|Q| < |Q'],|Q"|.
’/ T(ole)dp| < Gio(Q')/?u(Q")'/?,

IT(01Q)lli2(@.m < Co(Q)? and

IT*(11Q)l2(@.0) < (@)Y

» As a corollary of the proof, one gets that

IT(e)2@e)y—r2(n) S G+ G+ G,



2. A corona decomposition

Definition
Let @' C Q be any bounded collection of cubes, and let y be a
positive measure. Let £ C Q. We call (Q'(L)).ec a corona
decomposition of Q' with respect to p if the following
conditions hold:
(i) For every Q € Q’, there exists L € L such that Q C L. Let
AMQ) € L denote the minimal cube which contains @, and set

Q(L):={Q € Q@ :\NQ)=L}. Then

WQ) _ uANQ)
Q =)l

(ii) If L, L' € L are such that L' C L, then
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Properties of the corona (Q'(L))icr

Lemma 1

1
U L" <l Lec.
LoL'CL

Can we replace Lebesgue measure by w?

Lemma 2
Let £ be associated with the corona decomposition of an A;
weight w. For any cube Q we have

> w(t) < P Iwlaw(Q)

L3LCQ
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It is enough to show

U L’) (1—7[W]A2) w(L).

L3L'CL

For E C L,

w212 < (W w! / w /
£ e GO ()

Take L\ E := U 5, L' and use Lemma 1. O
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Some reductions

[Tl 2wy—2w) S [W]a,

is equivalent to the following two weight version:
IT(wW)l2w-1) S [Waoll Fll2(w)-
By the two weight T1 theorem, ETS that

> [(T(wlg), w ' 1R)| < [Wla,w(Q)2w  (R)/%;
> Jo I T(wlg)Pw™tdx < (w3, w(Q)

hold for all cubes @, R of comparable size.
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Some definitions

Goal: H Z (W, 8Q)7¢Q

: < Wl w(Qo)Y2.

QR:QC Qo L2(W71
>
H(Q, Q)= Y (w8
Q'5QC Qo
- IH(Qo, @)
, 05 L2(w—1)
H = ;
N (O
>
B e WMQWQ) _
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Goal: H(Q,) < 2"/[w]}?

”H(Q07 Q”)HL2(W—1)
H n = .
(@)= 2 e

Fix Qg which tests the supremum in the last definition;

Let P, ={Q € Q,: Q C Qo};

Consider the corona decomposition (P,(L))cr, wrt w;

Organize! H(Qp, Q) = ZLeﬁn H(L, Pn(L)).

vV v v Y
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Key estimates

Lemma

The following distributional estimates hold uniformly for L € L,:

Hx € L:|H(L, Pa(L))(x)] > Kt“ﬁ)}‘ <e L

[0}

W—l({x € L |H(L,Pa(L))(x)] > KtVT(LT)}) <

Proof.
On Thursday.

“twl(L).

OJ
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New goal: [[H(Qo: Q)12 ) S 2"[wla,w(Q).

Letting H,(L) := |H(L,Pn(L))|, we have that

2

IH(Q0, o)1y < | 2 HulL)
LeLl,

L2(w—1)
=S Dy 2 S / Ho( L) Ha(L)w
LeL, LEL, LadL'CL

=1+ 1.



New goal: [[H(Qo, Qn)lI 21y < 2"[w]a,w(Qu)-

Letting H,(L) := |H(L,Pn(L))|, we have that

1H(Q0, Qa2 1y < || D Hl

LeL, ( 1)

= 3 Dl +2 3 > [l

LeLl, Leln, LooL'CL
=1+ 1.

We'll estimate / and leave /I in suspense.

(L )wl



Estimating /

1H(L) 121y =2 /OOOS' w ({x € L+ [H(L Pa(L))(x)| > s})ds
w(l)\2 4
S(ﬁ) w™ (L) (by key lemma)
w(L) w™!
:W(L)< (L) (L)>

L L
<2"w(L). (since L€ L, C Qp)




Estimating /

1H(L) 121y =2 /OOOS' w({x € L+ [H(L, Pa(L))(x)| > s})ds

< (M)2w_1(L) (by key lemma)

AL

_ w(L) w (L)

O )

<2"w(L). (since L€ L, C Q)

The result now follows from Lemma 2:



Estimating /

IHa(L) ) =2 / Csw i({xe L HILPAD)()] > sHs

( IL| ) (by key lemma)
:W(L)(W‘(L‘) ’L’( ))
<2"w(L). (since L € L, C Qp)

The result now follows from Lemma 2:

Fi= ) IH (Ol 21y S 27 ) w(L) S 2"[w]a,w(Qo)-

LeL, LeL,
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Next time

» Proof of key lemma;

» Estimate /I.
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