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Consider the family of operators

(TAF)(E) =/ e PEF (x)h(x, €)dx.

Rm

» Assume the Hessian of ® to be nonvanishing on supp(%));
» Classical: ||T/\(f)HL2(]R’") < C)\_m/2||f||L2(Rm).
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Basic object

Consider multilinear oscillatory operators of the form

n
Mlfise i) = [ PO fomxn(xox
R™ -
j=1

» P:R™ — R real-valued polynomial,

» 7 : R™ — V; orthogonal projections onto subspaces V; of R™
of dimension k;

> f;: V; — C locally integrable;
> 1 € Cg(R™).



The power decay property (x)

A polynomial P has the power decay property with respect to
{Vj}]_y in an open set U C R™ if for any n) € C(U), there exist
€ >0 and C < oo such that

[Ax(f, - )l < CL+ AT HHfHLoo(v

for every f; € L*°(V}) and A € R.



The goal

We wish to characterize data (P, {V;},) for which
the power decay property holds.
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A necessary condition for ()

If P =, fjom; for some measurable functions f;, then (x) cannot
hold.

> Assume P =3 .pjom;, >0, and take f; = e P g L%

» Compute:

M(f, . ) = /Rm P00 T i) ()
_ / P X0 T £y ) () e

J
_ / T 0D T 21509 () o
J J

=[nllx >0

» There's no decay!
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This asks for a definition...

A polynomial P is degenerate with respect to {V;}]_; if
P = 2}721 pj o 7; for some polynomials p; : V; — R.

» Otherwise P is said to be nondegenerate.

» If n =0, P is degenerate if and only if P is constant.
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..and a good example

2 2 2
> In R3, let P(x) = P(x1,x2,x3) = x5 and L = 38732 -5, - 38722
» For 1 < j < N, take light-cone vectors v; = (v-l, v2, v-3) € R3
3)2 _ (,1)2 2)2
of norm 1 such that (v7)° = (v;)" + (v/)*.
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...and a good example

> In R?’, let P(X) = P(Xl,X2,X3) = xg and L = 87; — 6722 _ 372
3

» For 1 < j < N, take light-cone vectors v; = (v-l, v2, v-3) € R3
of norm 1 such that (v?)? = (v}')> + (v})?,

> Let 7; be the orthogonal projection onto V; := (v;) (that is,
mi(x) = x - v = x1vi +xv? +x3v}).

» Claim: P is nondegenerate with respect to {\/J}JN:1 for every
N eN.
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> L(P) =6 +#0;

» The chain rule implies

0?2 0?2 0?2
L(pj o mj) :aixg(l’jo”j) o 2( pj o) — o Q(Pjoﬂj)

=) (G) - (52 >2 <§Zz<>>}
=} (G} = () = (F)?) =



Why?

L(P) =6 #0;

» The chain rule implies

H? 0?2 9?2
L(PjOWj) :@(Pjoﬂj)—@(/& 7TJ) 87X22(Pj077j)

~#/500|(509)" ~ (520) "~ (5009) ]
A (N~ (4~ () =0

» On the other hand, any degree 2 polynomial @ : R? — R is
degenerate with respect to any family of 3 or more mappings
of the form 7j(x) = x - w;.
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The big question

Is the power decay property equivalent to
nondegeneracy?

n = 0,1: oscillatory integrals of the first kind;
n = 2: bilinear forms (Ty\(f), f2);
n > 3: interesting.

vV v v Y

Nondegeneracy is to replace the hypothesis of a nonvanishing
derivative in the motivational result.
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Simple nondegeneracy

A polynomial P is simply nondegenerate with respect to {V;}7_ if
there exists a differential operator of the form L = HJ'-’ZI wj - V

with w; € \/J-L and such that L(P) does not vanish identically.

» Simple nondegeneracy implies nondegeneracy;
» The converse does not hold in general.
» The converse does hold if

() k=m-1;

(i) n(m — k) < m, general position.
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Simple nondegeneracy implies nondegeneracy

Given h € D'(V}) and ¢ € C§°(R™), define a distribution
homj e D'(R™) via

<ho7’rJ7()0> = <h,/ SO(X,7X//)dX”>,
le
where x = (x’,x") are coordinates in R™ s.t. mj(x) = x'.
> Given w;j € \/J-J‘, (wj - V)(hj o mj) = 0.

> If L(P) # 0 and P =3, pj omj, then

L(P) = L(ijOWJ') =Y Lpjom)=0.

J
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The converse does not hold in general

> In R3, let P(x) = P(x1, %2, x3) = X3.
» For 1 < j < N, take light-cone vectors v; = ( 1v?

vl v, v7) € R,
and let 7; be the orthogonal projection onto V; :

{vj)

» Seen: P is nondegenerate wrt {V} * ,, for every N € N.

Vi



The converse does not hold in general

> In R3, let P(x) = P(x1, %2, x3) = X3.

» For 1 < j < N, take light-cone vectors v; = (le, Vi, ) € R3,

and let 7; be the orthogonal projection onto V; := (v, >

» Seen: P is nondegenerate wrt {\/J}JN:1 for every N € N.

» Easy: P is not simply nondegenerate wrt {\/J}JN:1 if
N > deg(P).
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The converse does hold if kK =m —1

Sketch of proof (induction on n):
> L=TT w7 = (T w - 9) (wn - 9) = L(w - 9);
» Choose coordinates such that w, - V = 0x,,;

» Assume LP = 0; then L'(w, - V)P = 0 and by induction

hypothesis
n—1

Ox,, P = quom;

j=1
> Since (w, - V)(f o7j) = (D;f) o m; for some nonvanishing real

vector fields D;, there exist polynomials p; s.t.

(wa - V)(pj o mj) = gj o ;;



The converse does hold if kK =m —1

It follows that
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j=1
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The converse does hold if kK =m —1

It follows that

n—1

(W, - V)P =0y, P = quowj

j=1

and therefore
> Ok, (P — ZJ p piom)=0;

2(5nes)



The converse does hold if kK =m —1

It follows that

n—1

(Wn - V)P = 0x,P = quoﬂj (Z@‘”@)

j=1

and therefore
> Ox, (P — ZJ 1PJO7T.I)_O

» No dependence on x,, = P — Zj”;f pj © Tj = Pp © Tp.



The converse does hold if kK =m —1

It follows that

n—1

(Wn - V)P = 0x,P = quoﬂj (Z@‘”@)

j=1
and therefore
> Ox, (P — ZJ 1PJO7T.I)_O
» No dependence on x,,, = P — Zj”;f Pj © Tj = pp © Tp.

» P is degenerate and we are done!
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A characterization of nondegeneracy

Lemma 6. Let P be a real-valued polynomial of degree d. Then:

(i) P is nondegenerate if and only if there exists a constant
coefficient partial differential operator L such that

{ L(P)#0

L(Zj pjomj) =0 for every polynomial p; of degree d;
(ii) P is degenerate if and only if P =3 hj o m; for some
distributions h; € D'(V});

(iii) P is nondegenerate if and only if one of its homogeneous
summands is nondegerate.
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Lemma 7. Let P be a homogeneous polynomial of degree d. Then:
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The homogeneous case

Lemma 7. Let P be a homogeneous polynomial of degree d. Then:

(i) P is nondegenerate if and only if there exists a constant
coefficient partial differential operator L, homogeneous of
degree d, such that

{ L(P) #0

L(Zj pjomj) =0 for every polynomial p; of degree d;

(ii") P is degenerate if and only if P =}, p; o m; for some
homogeneous polynomials p; of degree d.
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Definitions: the last ones!
Consider the space (P<q, | - ||)

Given d, the “norm” of P with respect to {V;}7_; is defined to be

P 1= inf [P — ol
[ ]d,{\/J}J deglr/;jgd | jZ:;PJ o 7|

» A family of polynomials {P,}, is uniformly nondegenerate
with respect to {V;}7_; if there exist d < oo and ¢ > 0 such
that

supdeg P, < d and igf[Pa]d{Vj}j >c.

> The collection {V;}7_; has the power decay property if every
polynomial P which is nondegenerate with respect to {V;};
has the power decay property (*) in every open set U. The
power decay is uniform if (x) holds with uniform constants
C, € for any family of polynomials which are uniformly
nondegenerate with respect to {V;};.
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The simply nondegenerate case

A simply nondegenerate polynomial has the power decay property
in every open set. More precisely:

» (Thm 10) Fix d € N and ¢ > 0. Consider the operator
L=TI;w- v with w; € \/jL and ||wj|| = 1. Then there exist
C < o0 and € > 0 with the following property: if P is a
polynomial such that deg P < d and max <1 [L(P)(x)| > c,
then (x) holds.

» Families of codimension 1 subspaces have the uniform power
decay property.

» Families of “small” codimension subspaces in general position
have the uniform power decay property.



The case k =1

The same conclusion holds in the one-dimensional case, provided
we do not consider “too many” subspaces. More precisely:



The case k =1

The same conclusion holds in the one-dimensional case, provided
we do not consider “too many” subspaces. More precisely:

» (Thm 11) If n < 2m, then any family {V;}; of one-dimensional
subspaces which lie in general position has the uniform power
decay property. Moreover under these assumptions

IM(f, . B < CA+HAD™ H|\f||L2R), Vf € L*(R),YA € R
j=1

uniformly for all polynomials P which are uniformly
nondegenerate with respect to {V;};.
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Bounds for multilinear sublevel sets

Fix a compact K C R, and consider the sublevel sets

Es(P,fi,....f) :={xe K:|P(x)— Z fi(mi(x))| < 6}

» If (%) holds, then we have the estimate

|Es(P, fi, ..., fo)| < C6°

uniformly for all real-valued measurable f;'s.
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Why?

Let ( € (g°(R™) best. (=1on Kand he C°(R) best. h=1
on [—1,1].

» Fourier invert to bound |Es(P, fi,...,f,)|:

{x € K : |P(x Zfﬂj )| < 6}

g/ A6~ H(P(x) — waj NIC(x)dx

—(2r) 15/ 5)\ / PO [T e Pimit)¢ dx)d/\.
Rm
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Why?

Let ( € (g°(R™) best. (=1on Kand he C°(R) best. h=1
on [—1,1].

» Fourier invert to bound |Es(P, fi,...,f,)|:

Hx e K:| Zfﬂj )| < 6}
< /m A6~ H(P(x) — Z (7 (%) )¢ (x) dx
=(2m)7%6 /R h(6)) /R i eMPHTT e*'Aﬁ'(”f(X))g(x)dx) dA.

J

» Bound the inner integral using (%) and continue in a
straightforward way!
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Theorem. Let {V;} be any finite collection of subspaces of R™,
and let {W;} be any finite collection of codimension one subspaces
of R™. If {V}} has the uniform power decay property, then so does

{Viyu{wi}.



A generalization

Theorem. Let {V;} be any finite collection of subspaces of R™,
and let {W;} be any finite collection of codimension one subspaces
of R™. If {V}} has the uniform power decay property, then so does

{Viyu{wi}.
> Let P be nondegenerate wrt {V;}, and suppose V; has

codimension one for all j > 1. Then {V;} has the uniform
power decay property, and

Ma(fsee )l < DAL [T 16l
j>1

with uniform bounds if P belongs to a family of uniformly
nondegenerate polynomials.
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