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RCF of A over C. Similarly, if S is the RCF of B over R, it must also be the
RCF of B over C. Since A and B are similar over C, we must have, again
- by the uniqueness of the RCF, that R=S. Therefore A and B have the same
rational canonical form over R and so must be similar over R. o

4. 5 Inner Product Spaces

In this section F will be either the real or the complex ﬁeld and V wxll be an -
F-vector space unless otherwxse specified. ‘ .

Inner Product Spaces

Definition 4.5.1 A vector space V is an inner product space if there exists
a map from V x V into F, denoted by (u, v), with the following properties:
foraIIu,v,weVanda,beF .

1. {v,v) 2-0-»¢nd (v,v) =0 -:f and.bnly ifv=0;

2. (u,v) =mi<

3. {au + bv,w) = a(u,w) + b(v,w).

If F equals C, then V is called a complex inner product space; if F equals
R then V is called a real inner product space. In the latter case, the second
condition reduces to (u,v) = (v,u). :

Both Euclidean space R" and its complex analogue C* are inner product
spaces: Given vectors u = (u;, . ts) and v = (vy,... ,v,) define the inner
product by ’ R ‘ '

(u, v) = Z“: u; ;.
=]

Notice that in R" the complex conj_ugation has no effect.

Definition 4.5.2 In an inner product space V dcﬁnc the norm of a vector
vy |Iv|| = \/(v,v).



4 LINEAR ALGEBRA | o 16

In R" the norm reduces to the st&nda.rd Eucl:dea.n metric. In thxs case the_:b

norm of v is sometimes referred to as its length

The norm and’inner product of two vectors are related by the follou mg
n’nportant lnequahty :

Theorem 4.5.8 (Cauchy-Schwarz) If Vis an inner product spacc and zf

u,v €V, then |(u,v)] < Jlullllv]l-

InR" the inper product has the'following" geometric intér’prétdio’n:

Theorem 4.5.4 Given two vectors u,v € R" the anglc @ between them xs‘

given by

(“9”)
o= Tl

From this theorem we see that if two vectors in R" are perpendicular, then
their inner product is 0. We generalize this by doﬁning;_

Deﬁnition 4.5.5 If V is an inner product space, then u,v €V are said to

be orthogonal if (u,v) = 0. More generally, two subspaces X and Y are
orthogonal if (z,y) =0 forall z €X and'y €Y.

Given a subspace U of V, there are many subspaces W of V such that
U@W=V. However, in inner product spaces there is a unique subspace, de-
noted U+, which is both orthogonal to U and a complement of U. It is ‘called
the orthogonal complement of U.

Again in R", the standard basis ¢; = (0,...,0,1,0...,0) (a 1 in the j-th co--

ordinate) is such that every basis element has length 1 and any two different
basis elements are orthogonal. Such a basis is called orthonormal.

Theorem 4.5.6 (Gram-Schmidt) If V is an inner product space then V
has an orthonormal basis. If V is finite dimensional, given a basis {v,,... ,vn}
then we can construct an orthonormal basis {u, . yUn} as follows: define
uy = v,/"v,ﬂ for t > 1 define

w" =9 (0.,“1)“] e (”ig ui—'l)ui—l '

and set u; = w;/|jwi]l.
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1In this ‘construction the vector .= (v,up)uy + -+ + (v, ui)u; is-called the -
orthogonal pro;ect:on of v onto the space spanned by {wrj... yu;}. O is the
closest vector to v in this subspace. The map P which sends v to B is a-
linear transformation called an orthogonal projection. Projections have the
property that if P is the orthogonal projection of V onto a subspace W, then ,
I-Pis the otthogonal pro;ectxon onto Wt. : :

Example 4.5.7 (Fall86.14) Let a and b be real numbers Prove that there
_are mutually orthogonal unit vectors u-and v .in R? such that y = (u,,ug,a)'
andv = (v1,v3,d) lfand only if a? + b’ < 1

Proof: Suppose first that we had vectors u a.nd v. Then by the Cauchy-
Schwarz mequa.hty we have that

(v1vy + uzvg)? < (ui + ul)(vi + ”g)

Since u- v = 0, (u;v; + us)? = (ab)?; since lull = ||vu =1,1-a’= ul +u2
and 1 ~ ¥ = v} + v]. Combining these we get that

(@< (- a?)(1 =) =1—a? — B+ (ab)%,

which implies that a? 4 6 < 1.

Conversely, suppose that a?+b? < 1. Let u= (0 V1= a’ ,a). Then fjulj =1,
so we need to find v; and v; such that v? +v3 4+ 5 =1 and uv;+ab=0. If
a =1 then b = 0 so we can take v = (0,1,0). Suppose a # 1. Thensolvmg
the second equatxon for v; we get -'

-ab

By our condition on a and b both of these are real, so u and v = (v, v, b)
are the desired vectors. .0
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Example 4.5.8 (Winter86.1) Let e = (a,b,c) be a unit vector in R* and’
let T be the linear transformation on R® of rotation by 180° about e. Find the
‘matriz for T unth respect to the standard baszs e; = (1,0,0), e; = (0,1,0),
€3 = (0 0 1) : -

Proof: Fix a vector z = (21,23, 23) in the standard basis of R®. Then the
line joining the points z and Tz intersects e at the point f = (e,z)e and is
perpendicular to it:

Tx

Then by vector addition it is clear that Tz = 2(f - z) + 2 =2f — z, or, in
the standard basis, Tz = (2(e, z)a — 2,,2(e, z)b — z3,2(e, z)c — 3). With
respect to the standard basis for R3, the columns of the matrix of T are Te,,
Te; and Te;. Applying our formula and noting that (e, e;) = a, (e,e2) = b,
and (e, e3) = ¢, we get that the matrix for T is -

2a®—1 2ab 2ac
2ad 2% -1  2bc |.
2ac 2c 22 -1 |
a
Example 4.5.9 (Fall90.9) Let R? be 3-space with the usual inner product,
and (a, b,c) € R® a vector of length 1. Define the plane W by az+by+cz =0.

Find, in the standard basis, the matriz rcpmentmg the orthogonal projection
of R3 onto W.

Proof: By-its definition, we see that every vector in W is orthogonal
to v = (a,b,¢). Let P’ be the orthogonal projection of R3 onto the space
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spa.nned by v. Then the columns of P’ are P'e;, 1 < J < 3 where the c, :

are the sta.ndard ba.sxs vectors in R3. But -

B o b
P e '= : (:v' ez)v = (db;'bz, bC)

| - Pleg = (v, CS)Q = (ac, be, ).
Therefore the orthogonal projection onto W is given by
1-a? —ab —ac o
P=I-P'=| —ab 1-b ~bc }.
-\ —ac  =bc 1-¢
O
Linear Transtrmatioxiaﬁ and Adjoints In thié section we will be primar-
ily concerned with linear transformations on complex inner product spaces.
Analogous definitions and results for real inner product spaces will be given

in parentheses. Throughout this section V will denote a complex (real) inner
product space.

Theorem 4.5.10 IfT € L(V), then there -é#ists a linear transformation T",
called the adjoint of T, (denoted T* and called the transpose of T if V is real)
in L(V) such that for any vectors u,v €V, (Tu,v) = (u, T*v).

Adjoints (and transposes) have the following elementary properties:
Theorem 4.5.11 IfS and T are in L(V) then: .
1.(S+T)y =5 +T‘;
2. (T*)y="T
3. (ST)" = T*S".



4 LINEAR_Y,,ALGEBRA - S m
4. trT" trT, detT‘-_detT

In inner product spaces the followxng classes of hnea.r transformatxons playa
fundamental role. '

Definition 4.5.12 If T € L(V) then:
1. T is Hermitian (symmetric :f V real) ifT" =
2. T is skew-Hermitian (skew-symmetric) zf T' = -T

© 8. T is unitary (orthogonal} :f TT=1I;
4. T is normal if TT* = T°T.

From the above theorem it is clear that the transformatlon T'T is Hermitian

for all transformations T. Further, we can factor a transformation T as fol-
lows: T = (T+T‘)/2+(T-—T‘)/2 where the first term is Henmtxan md the '
second is nkew-Henmtxan

The matncea of a transformation and its adjomt are related by

Theorem 4.8.18 Given T € L(V) let A (a.,) be its matriz with respect
to some orthonormal basis. Then the matriz of T* with respect to this same
basis is A" = (b.-,-), where b;; = a;;. (If V is real, then b;; = aj;.)

The matrix A' is called the adjomt of A. The above definitions and results
extend to matrices and their adjoints without change.

In an inner product space we can gain information about thezeigenvalues- of
a linear transformation from the behavior of its adjoint.

Theorem 4.5.14 If T € L(V) and X € o(T), then
1. If T is Hermitian (symmetric) then Ais rea) |
2. If T is skew-Hermitian (akew-symmetnc) thcn Ais purcly imaginary;
8. If T is unitary (orthogonal) then |A] =1 (A = £1).

For Hermitian transformations we also have the following important result:
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Theorem 4.5.15 (Raylexgh) LetT € L(V) be Hermitian (symmetrzc) and" '

denote its smallest and lamcst ctgcnvalucs by A,,..,, and A,,.,, T hen for any

non-zero vector v € Vv ..

P (Tv,v)

<
min (v,0) /\mu

Further, these bounds are sharp, with the minimum and rriazimum being at-
tained at the e:genvectors associated unth A,,..,. and Am.,

Example 4.5.16 (Spring83. 17) Let A beann xn Hermztmn matriz sat-
wfymg the condition .
A*+A’+A=3I1,

(where I, is then x n adent:ty matnz) Show that A = I

Proof: Let p(t) = t’+t’+t-—3 Then p(A)-O 80 mA(t)lp(t) However, Ais
Hermitian so it has real eigenvalues-in other words, its minimal polynomial

has only real roots. Taking the derivative of p, we see that p'(t) = 5t +
3t? +1 > 0 for all t; so p(t) has exactly one real root. Computation shows
that p(1) = 0 but p’(l) # 0. Therefore p(t) = (t — 1)g(t), where g(t) has
only complex roots. It follows that m,(t)|(t — 1), since t —'1 is meduczble.
mu(t) =t — 1. Hence A=l. : : a

Example 4.5.17 (Fall85.8) Let k be real, n an integer > 2, and let A =
(ai;) be the n x n matriz such that: all diagonal entries a;; = k; all entries
a;i41 tmmediately above or below the diagonal equal 1 all other entries equal
0. For example, if n =

>
i

OO O -

O e O

1
k
1
0
0

—e = OO
e O OO

Let Amin and Apq: denote the smallest and largest eigenvalues of A, respec-
tively. Show that Apmin < k-1 and Ao 2 k+ 1.
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Proof: Define the column vector v = (1 1 0 10). Thena i:alculati'oti S

shows that Av = (k+1,k+1,1,0,.. 0)

- (Av,v) v)
(7 v)

Similarly, let u = (1,-1,0,... ,0). Then Au = (k—l 1 - k-1, 0,....0)
and so .

..k+1

‘_.(Au,u) 1... : ‘

(uu) -
By Raylengb’s theorem we know that
i < SR8
= v, ”)
for all non-zero vectors v. Thcrefore, we can conclude that Amin S k 1 and |
Amar 2 k+ 1. : O

A specxa.l sub-class of Hermitian transformations conslsts of the so-called .
poamve trmsformatlons ; =

Definition 4.5.18 IfT € L(V) is a Hermitian (a.yminetnc) tmusjormation
then T is positive semi-definite if (Tv,v) 2 0 for all non-zero v € V If the
inequality is strict, then T is positive definite.: o

Positive transformations are characterized by the following factorization the-
orem.

Theorem 4.5.19 Let T € L(V). Then T is positive‘aemﬂd‘cﬂnite if and
only if there ezist transformations B and C in L(V) such that B is Hermitian
(symmetric) and T = B? = C*C. Further, B can be uniquely chosen to itself
be positive semi-definite. T is positive definite if and only if B and C are
invertible. In this case B can be uniquely chosen to be positive definite.

This theorem can be summarized by saying that positive transformations
are precisely those which have square roots. Positive transformations are
also characterized by their eigenvalues:
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- Theorem 4.5. 20 Let T € L(V) be Hermitian. Then T is positive semi-
definite if and only if all its eigenvalues are non-negative. T is pos:twe deﬁ '-
mte if and only all its eigenvalues are posztwe .

~ Positive transformations in turn give a factonzatlon of arbitrary linear tra.ns—
~ formations which is analogous to. the polar form z = re for complex num-

bers

Theorem 4.5.21 (Polar Decomposition) Given T € L(V), there cztsts |
a unigue positive semi-definite transformation P and a unitary transforme- -
tion U such that T = UP. If T is invertible then P is positive definite and Y

is also uniquely determined.
The following theorem is an easy test for de_termining if a matrix is positive:

Theorem 4.5.22 Given a matriz A GM (F), then A is positive definite if
and only if the dctermmants of the matrices By = (a.,)1<.q<k, 1< k <n,
are all positive. :

All the i inner products on F" corrupond to positive matrices:

Theorem 4.5.23 If A € M,(F) is a positive definite matriz, then the func- '
tion (u,v)a = (Au,v), u,v €F", defines an inner product on F*. Further,
every inner product on F* is obtained in this way. '

The function (Au, v) is sometimes denoted by v*Au.

Example 4.5.24 (Winter90.12) Let n be a positive integer, and let A =
(aij)7 ;=1 be the n x n matriz with a;; = 2, a;ix1 = ~1, and a,; = 0 otherwise,
i.e.

(2 -1 0 0-- 0 0 0\
-1 2-1 0-- 0 0 0]}
0 -1 2 -1..- 0 0 0]}
ao| 001 2. 0 0 0

0 0 0 0 .- 2 -1 0
I o000 0 0. <21 2 <1
\ 0 0 0 0 - 0 -1 2)

Prove that every eigenvalue of A is a positive real number.
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Proof: - . Since a matrix has real, posmve exgenvalues if and only if it 1s"'
positive deﬁmte, it will suffice to show that A is positive definite. First, A
is clearly symmetric. Now fix a column vector z = (:r:,, ++Zn). Then a
calculation shows that | ' :

(Az,z) = 2:’;' — 2173 — 3123+ 225 — 2373 — +++ — Tpo1Ta + 222
C = -‘L'; +(1'1 —32) +(-‘l'2--1—‘3)2+ +(In-x —3u)2+1‘

Thus for all non-zero z, (Az, .‘I'.') > 0. In fact it is strictly positive, since
either: one of the center terms is greater than 0;or z, =z3=--- =2z, and. .
all the z,'s are- non-zero, o z} > 0. Hence A is positive definite and we are
dopne. , - o S = |

Example 4.5.25 (SpringBS.S) Let A be a nonsingular real n x n'mat‘g“ﬁi.': _'
Prove that there exists a unique orthogonal matriz Q and a unique positive
definite symmetric matriz B such that A = QB.

Proof: Since A is i:onsmgtxlu we know that A'A is positive definite. Fur-
ther, we know there exists a unique matrix B such that B is positive definite |
and B?=A'A. Define P=BA-!. Then PA=B, so it will suffice to show that
P is orthogonal, for in that case Q=P~!=P* will be orthogonal and A=QB.
But

P'P = (A")7'B'BA~! = (A")"'B’A™! = (AY)'A'AA" = 1.
To see that Q and B are unique, suppose that we had a second factorization -
A=Q1Bl. Then .

.Bz = AtA = B;Q;QlBl = B?

Since a positive matrix has a unique positive square robt, it follows that
B=B,. Since A is invertible, B is invertible, so canceling gives Q=Q,. O

Unitary transformations have the following geometric properties:

Theorem 4.5.26 A transformation T € L(V) is umtary (orthogenal) if aud
only if | Tv|| = |{v]| for all vectors v €V.
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Theorem 4.5.27 Gwen a matru: A in M (F), the followmg are cquwalent'r '

1 A is unitary (orthogonal), .
2, the rows of A form an prthonoiwial basis of F*;
3. the columns of A form an orthonormal basis of F*;

As a.consequence of this, every cha.nge of basns matnx between two orthonor
mal bases is unitary.

Finally, in inner product spaces we have more information on canonical forms. -

Theorem 4.5.28 (The Spectral Theorem) Given a matriz A in My(F),
if A is normal (symmetric if V is real) then A is diagonalizable; in fact there
ezists a unitary (orthogonal) matriz P such that PAP* is diagonal.

Theorem 4.5.29 Supposc A €M,(R) is an orthogonal matriz. Then A csil
similar (via an orthogonal matriz) to a matriz. wtth the form :

(1 | . \

\

cos 01
sin 0;

—sin 01
cos 01

cos 8,
sin 8,

—sind,
cosf,

/

This result may be interpreted geometrically by saying that every orthogonal
transformation on R" is the composition of rotations (the 2 x 2 blocks) and
reflections (the —1's).

Example 4.5.30 (Fall90.5) Let A be a real ~ymmetric n x n r:atriz that
is positive definite (i.e. (Az,z) > Q for every non-zero z € R"). Lety € R",
y # 0. Prove that the limit :
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)
m=o (Amyzy)_'
ezists and is an eigenvaluc of A.

Proof: Fixy#0in R™ Ais real symmetric, so thcre exists an orthogonal

matrix P such that B=P‘AP is diagonal. Since P is mvertxble, t.here existsa

non-zero vector .z such that y =Pz. Therefore, '

(A™*ly,y)  (A™IPz,Pz)  (PA™Pz,z)  (B™izz)
(Amy,y) — (AmPz,Pz) ~ (P'A™Pz,z)  (Bmz2) T

" Since A is positive definite, we may assume thhout loss of generahty that B

has the form
Mo
An

where \; 2 A2 2 - 2 A, > 0. Let 2 = (21,... ,2,). Since 2 # 0, let i < n
be such that z; is the first non-zero co-ordinate. Then

(Bm+1z,2) ATl 4 ... 4 AmH12
(Bmz,z) = APzi4...4Amz2

). (z +(A.+1/,\ g .+x+"'+(kn/»\i)'"+lz,2.)
' 2 + (XI-H/‘x )mzn-bl +--- 4+ (A.,/a\;)"'z;{

Taking the limit as m tends to infinity, the right-hand side tends to J,. Hence
the limit exists and is an eigenvalue of A. ' O

Example 4.5.31 (Fall\89.13) Let A be an n x n real matriz, A® its trans-
pose. Show that A'A and A' have the same range. In other words, given y,
show that the equation y = A'Az has a solution z if and only if the equation
y = A’z has a solution z.
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Proof: = We clearly have A'AVCA®V; therefore it will suffice to prove
that dim A'AV = dim A'V. Since row rank equals column rank, dim A%V
= dim AV, so we need only show that dim A*AV=dim AV. By the rank-
"nullity theorem, V = AV@ker A = A'AV@ker A'A, so we need only show
that ker A and ker A'A have the same dimension. In fact they are equal.
Clearly ker ACker A*A. Conversely, take any z € ker A'A. Then

0= (A'Azz)=(As,Aq),

% [|Az] = 0. Hence z €ker A and we are dome. o
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