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1. .s, $ $t-1 <"'$ 82 :5'..5i= mi;

H.. 1:"j . n'Z;q

Unfortun&tely, the m&tricesin both of these theorems are referred to as the
rational C&Donical form of A. Therefore you must always specify which form
you are using.

Example".".ll (Winter85.10) For ar6itrary elements a', h, C in a field
K J compute tht minimal polynomial 0/ the matN

(

0 0 a)
1 0 h .

. Ole

Proof: Denote the matrix by A. Then &n elementary·ca1cul&tion shows
that A satisfies the polynomial p(t) = t3 - ct2 - bt - 4. In fact, this is the
minimal polynomial of A. Toaeethisit will suffice to find .. vector z E K3
such that A'z, Ax and z are linearly independent. Let x =(1,0,0). Then
Ax =(0,1,0) and A2z = (0,0,1), IJ1d these three vectors are clearly linearl)'
independent. 0

Example 4.4.12 (FalI87.12) Given two realnxnmatrictsA,BJ 6UpptJ8t

that there. ua. noruingular complexmatriz--C ",chthat· CAC~l--;'B.Shov:
that there ezitts a real noruingular n x n matrizC vnth this property.

Proof: Let R be the rational canonical lorm (RCF) alA over R~ More
precisely, let 1'1(i), ... ,Pr(l) be real polynomials such that 1'111'21" ·Ip"and
A is simitu to

(

C(p,) 0 ... 0 1
o C(p,)··· 0

° ... .~. C(p,.) .•

(Here C(pd denotes the companion m&trix of the polynomial Pi.) Since
the Pi ue rea.l ;:polynomials they ue obviously complex polynomials as well.
Therefore, by the uniqueness of the utional canonical form, R must be the
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RCFof AoverC. Similarly,if 5 is the RCF of B overR,itmust also be the
RCF of B over C. Since A and B are similar over C, we must have,again
by the uniqueness of the RCF,thatR=S. Therefore A and Bbave the same
rationa.l C&Donical lonnover R and so must be similar over R. 0

4.5 Inner Product Spaces

In this section F will be either the real or thecomplex,field and VwiU be an
F-vector space unless otherwiseapecified.

Inner Product Spaces

Definltion4.5.1 A vector 8p4ce V i.s an inner prOduct 6p4ce if there erists
4 map from V x V into F, denoted 611(U, v), with the following properties:
for G11v,v, weV (Jnda, 6eF,

1. (v, v) ~Oond (v, v) =Oil ondonlll i/fJ=O;

I. (v, v) = (fJ, v);

9. (ou + bv, w) =4(V, w) + 6(v, w).

If F equals C, then V is called & complex inner product space; if F equa.ls
R then V is qlled a. real inner product apace. In the latter case, the second
condition reduces.to (v,l1) = (v, v).

Both Euclidean .pace R" and its complex analogue C" are inner product
spaces: Given vecton U =(Ult .•. ,VII) and v - (VI,'" ,VII) define the. inner
product by

"
(u, v) = 1: u,V,.

i-I

Notice tha.t in R" the complex conjugation has no effect.

Definition •.5.2 In an inner product space V define the nonn of a vector

v 611 IIvll =V(v,v).
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In R~ the norm reduces to the standard Euclidean metric. In this case the
norm of v iSlOmetimes referred to as its length.

The norm and':; inner product of two vectors are 'related by the ·following
important inequality: '. ..

Theorem 4.5.3 (Cauchy-Schwarz) IIVis an inner product spaceandil
u, v e V, then \(u, v)1 S lIul/llvl/. .

In R" the inner product has the following geometric interpretation:

Theorem 4.5.4 Given two vectors u, veRn, the angle 8 between them is
given 611

(u, v)
cos B= lIullllvll'

From this theorem we see that if two vectors in Rn are perpendicular, then
their inner p~~ct is O. We generalize this by d~fining:

Definition 4.1.1 q V is an inner praduct _pace, then tI, v eV are 6aid to
he orthogonal if (v, v) = O. More generallll, two 6u66p4ces X and Y are
orthogonal if (z,y) =0 for all z eX andy eY.

Given & .ub.pace U of V, there are many IUbapaces W of V such that
UeW=V.However, in inner. product.lpaces. there is.aunique·aubspace-, de-·
noted UJ., which i. both orthogonal to U and & complement of U. It is 'called
the orthogonal complement of U.

Again in Rn, the Itandard baais ej =(0, ..• ,0,1,0 ... ,0) fa 1 in the j.th C~

ordinate) illuch that every buis element hu length 1 and any two different
baai! elements are orthogonal. Such a basis is called orthonormal.

Theorem 4.1~6 (Gram-Schmidt) flV is an inner product 6pacethen V
hu an orthonormal6asis. If V is finite dimensional, given a basis {V1, ••• ,vn }

then we can construct an orthonomaal basis {U1 ••• ,un} as follows: define
U1 =v1/lIv1l1, for i > 1 define
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In this construction the vector v= (v, Ul)Ul + ... + (V,Ui)Ui is called the.
orthogona.l projection o£v onto the space spanned by {Ul;'" ,Ui}. v is the

. closest vector to v in this subspa.ce~ . The map P which sends··vtov is a .
linear tranSformation called an orthogonal projection. Projections have the
property. that if P is the orthogonal projection of V onto a subspace W, then
I-P is the ort.hogonal projection onto WJ..

Example 4.5.7 (FaJI86.14) Let a and b be real numbers. Prove that tht!rt

are mutually orthogonal unit vector, uand vin R 3 "uch thatu = (til ~ u" a)
. antI v =(VI, 111, b) i/antIonly if a2 + 62 < 1.

Proof: Suppose first that we had vectors U and v. Then by the Cauchy­
Schwarz inequality we have that

.
Since u· V =0, (UIVI +U2"2)'= (ab)'; since UulI == IIvll =1, 1 - a' =u~ +u~
and 1- lJ2.= "I +vI. Combining these we get that

.(a6)'$ (1 - a')(1- b2) -.1 - 4' - b2 + (ab)',

which implies that a2 +b' $ 1.

Convenely,luppoee that a'+62 S1. Let u= (0,v'1- 4 2,a). Thenllull =1,
so we need to find.VJ and t12.luchthat v~ +vI +IjJ = 1 and u,v, +.ab =O. If
a =1 then b =0 10 we can take v =(0,1, O). Suppose a :/: 1. Then solving
the second equation for v, we get

Uling this to IOlve for VI we get

By our condition on a and b both of these are real, so U and v = (VI, V2, b)
are the desired veCtors. . 0
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Example " ..5.8 (\Vinter86.1) Lete=(a,b,c) be a unit vector in R 3 and
let T be the linear transformation on R3 of rotation6y 1800 aboute.Findthe
matm for T with respect to the standard basis el = (1,0,0), e2 = (0,1,0),
e3 = (0,0,1).

Proof: Fix a vector z = (ZI' Z2, Z3) in the standard basis of R3
• Then the

line joining the points z andTz intersects e at the poiDt f =(e,z)e and is
perpendicular to it:

o

Then by vector addition it is clear that Tz lie: 2(f - z) + z ::;: 2f - z, or, in
theltandard buis, Tz = (2(e, z)a - Zit 2(e, %)6 - z2,2(e,z)c - Z3). With
respect to the standard basis for R3, the columnsoC the matrix of T are Telt
Te2 and Te3. Applying our formula and noting tha.t(e, el) =a, (e, e2) =b,
and (e, e3) = C, we get that the ma.trix for T is

(.
2a2 -. 1

2Gb
2ac

2ab
2112 .... 1

2bc

2ac )
2bc ..

2c2 -1

o

Example 4.5.9 (FalI90.9) Let R3 be 3·"pace with the U.fual inne.rproduct,
and (a, b, c) E R3 a ftctor of length 1. Define the plane W by az+by+cz = O.
Find, in the ,tandard basis, the matm repruenting the orthogonal projection
ofR3 onto W.

Proof: Bydts definition, we see that every vector in W is orthogonal
to v = (a, b, c). Let pi be the orthogonal projection of R3 onto the space
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spanned by v.. Then the columns ofP' are P'ej, 1 ~. j < 3, wherethee/s·
are. the. standard basis· vectors inR3. But .

Therefore the orthogonal projection onto W is given by

(

1 - 0.
2

P =I - P' == . .·-0.6

-o.c

-o.b
1- b2

-be

-.o.c .. ).-be ..
1- c2

o

Linear Transrormations and Adjoints In this section we wiUbe primar­
ily concerned with.lineartran.formations on complex inner product 'paces.
Analogous definitions and. results for real innei'..product spaces will·be given
in parentheses. Throughout this aectionV will denote a complex (rea.l) inner
product .pace.

Theorem 4.5.10 1fT E L(V), then thereezuts o.lineo.r tro.nsformation T-,
called the adjoint ofT, (denoted T' and called the transpose ofT if V is real)
in L(V) such that for any vectors u,v eV, (Tu, v} = (u, T-v).

Adjoints (and transposes) have the following elementary properties:

Theorem 4.5.11 IfS and T .are In L(V) then:

1. (S +Tt= S-+T-;

e. (T-)- =:j

9. (ST)- =T-S· ..
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. .

In inner product spaces the following classes of linear transformations play •a '.
fundamental role. .

Definition 4.5.12 IJ T E L(V) then:

1. T is Hermitian (.ymmdrie iJ V real) ilT- =Tj

I. T is.kew-Hermitio.n (lkew-.,mmetrie) i/.T- = -Tj

9. T is unita", (orthogonal) ijT-T = Ij

-I. T is normal ilTT = T-T.

From the above theorem it is clear that the transformation T-T is Hermitian
for all transformations T. Further,we can factor a transformation T as fol··
low.: Til:: (T+T")/2+(T-r)/2twhereth~ firattemli. Hermitian and the
leCondi••kew-Hermitian.

The Illatrices of a transformation and ita adjoint are re1at~ by:

Theo~m 4.S.18 Given T e L(V) let A =: (4tj) 6e its matm vith re6peci
to .ome orthononn41 ksis. Then the malriz oj r V1ith rupeet· to this ,arne
64.is is A- =(~j), tDhere lItj = iji.· (II V is real, then hij =aji.)

The matrix A- is called the adjoint of A. The above definit.ions and results
extend to matrices and their adjoints without change.

In an inner product space we can gain information about the eigenvalues of­
a linear transforinati~n from the behavior of its adjoint.

Theorem 4.5~14 IlT E L(V) and -' E D'(T), then

1. lIT is Hernlitian (6ymmdrie) then -' is real,-

t. ilT is ,kew-Hermitian (lkt!w-.ymmetrie) then A is purely imagina",,­

9. 1fT is unitary(orthogonaI) then 1-'1= 1 (A = ±l).

For Hermitian transformations we also have the following important result:



4 LINEAR ALGEBRA 174

Theorem 4.5.15 (Rayleigh) Let T E L(V) be Hermitian (sym'metric) and·
denote its smallest and largest eigenvaluesbll Ami" and Amar • Then lor a~y

non-zero vector v e V

(Tv, v)
Ami"·~ (. ) ~ Amca:&'.V,v

Further, these bounu are sharp, with the minimum andmazimumbeing at­
tained tit the eigenvectors associated with .\min .andA",CU'.

Example 4.5.16 (Spring83. 1'7) Let A be an n x n Hermitian matrizsat-
islying the condition .

A5 + A3 + A =31"

(where In is the n x n identity matm). Show that A = In.

Proof: Letp(t) =t5 +t3+t-3. Thenp(A)=O sO mA(t)lp(t). However, A is
Hermitian.lO itha.s real eigenvalues-in other words, its niinim.a.l polYIlonliaJ
has only real roots. Taking the derivative of p, we see thatp'(t) _5t4 +
3t' +.1 > 0 (or all t~lOp(t)has ex.ctlyonereal root. Computation shows
that P(1) = 0 but p'(I) :F o. Therefore p(t) = (t - l)q(t}, where q(t) has
only complex roots. It follows that mA(t)f(t - 1); since t-I is irredudble,
mA(t) =t - 1. HenceA=I. 0

Example 4.5.1'7 (FalI85.6) Let Ie be real, n an integer ~ 2, and letA =
(aij) be the n x n matriz such that: all diagonal entries aii -Ie; all entries
ai i:l:l immediately above or below the diagonal equal!,· all other entries equal
o. For ezample, iJn = 5,

Ie ! 0 0 0
1 Ie 1 0 0

A= 0 1 Ie 1 0
001 Ie 1
o 0 0 1 Ie

Let Ami" and Amar denote the smallest and largest eigenvalues oj A, respec­
tively. Show that Ami" ~ Ie - 1 and ,\mu ~ Ie: + 1.
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Proof: Define the column vector v = (1,1,0, ... ,,0). Theoa ~culatiori

shows that Av = (I: +1, I: +1,1,0, ... ,0), sO

(Av,v) _ L 1
( . ).-" + .
V;V .

Similarly, let u = (1,-1,0, ... ,0). Then Au = (I: -1,1 - 1:,-1,0, ... ,0)
ed~ .

(Au,u) -k 1
(u,u)~ - .

By Rayleigh's theorem we know that

(Av,v)
~in < (v, v) < ~"'lIZ.

for all non-zero vectors v. Therefore, we can conclude that Amin <k-land
~"'U ~ I: +1. 0

A special sub-clus of Hermitian transformations consists of the so-called
positive tranaformatioDS.

Definition 4.S.18 1fT E L(V) is a Hennitilln ('ymmetric) trGfl6foNnlltion,
then T is po,itive .emi-definite if (Tv, v) ~ 0 for all non-zero v EV. If the
inequality it .trict, then T isJH'.itive-definite~,

Positive transformations are characterized by the following factorization the­
orem.

Theorem 4.5.19 Let T E L(V). Then T is po,itive .emi-definite i/and
only if there ezitt traufonnations Blind C in L(V) such that B is Hermitian
(.ymmetric) and T = B2 = C·C. Further, B can be uniquely cho.en· to iuell
be positive ,emi-definite. T i.s positive definite if lind only ilB lind C Gre

invertible. In this C48e B can be uniquely chosen to be positive definite.

This theorem can be .ummarized by saying that positive transforma.tions
are precisely those which have square roots. Positive transformations are
also characterized by their eigenvalues:
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. Theorem 4.5.20 Let T E L(V) be Hermitian. ThenTispositivesemi­
definite iland onlyi/ all its eigenvalues are non-negative. T u]WsititJtl defi­
nite if and only all its eigenvalues are positive.

Positive transformations in turn give a factorization of arbitrary linear trans­
formations which is analogous to the polar form z = rei' for complex num~

bers.

Theorem 4.&.21 (Polar Decomposition) Given T E L(V}, there ezuts
a unique positive semi-definite trau/ormation P and a unitary trans/oNna­
tion U such that T =UP. l/T is invertible then P is positive definite ana U
i8 auo uniquely deteMnined.

The following theorem is an easy teat for determining if a matrix is positive:

Theorem 4.5.22 Given a matm A EMn(F), then A is positive definite i/
and only if the determinants olthe matrices Bu =(aij)JSiJS1-, 1< Ie S ",
are all positive.

All the inner products on F" correspond to positive matrices:

Theorem 4.&.23 1/ A EMn(F) i8 a positive definite matriz, then the /unc­
tion (u, V)A = (Au, v), u, v EF", defines an inner product on F". Further,
eve", inner product on F" U ohtained in thi8 way. .

The function (Au, v) is sometimes denoted by vtAu.

Example 4.5.24 (Winter90.12) Let n he 4 positive integer, and let A =
(4ij)iJa16e the n x n matm with 4ii =2, aii:l:l =-I, and aij = 0 otherwise,
I.e.

2 -1 0 0 0 0 0
-1 2 -1 0 0 0 0

0 -1 2 -1 0 0 0
0 0 -1 2 0 0 0

A= .
•.

0 0 0 0 2 -1 0
0 0 0 0 -1 2 -1
0 0 0 0 0 -1 2

Prove that every eigenvalue of A is a positive real number.
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PrOQf'= Since a matrix has re&l, positive eigenvalueS if and only i{it is
positive definite, it willluffice to show that A· is positive definite. First, A
is clearl)' symInetric. Now fix a column vector % = (%1""'%")' Then a
calculation shows that .

(Ax, z) - 2z~ - %1%2 -%1%2 +2%~ -%2%3 - ••• - %"-1%"+ 2z~

== z~+ (Xl ~ Z2)2 + (%2 - Z3)2 + ... + (Z"-1 --Z,,)2+ r :.

Thus for all.non-zero z, (Ar,z) ~O. In fact it is strictly positive, since
either: oneol the center terms is greater than (); or>ZI == %'2= ••• = z" and
all the z/s are non.;zero, so z~ > O. Hence A is positive definite and Weare
d~. 0

E~ample 4.1.25 (Spring85.8) Let Abe a noruingular real fiX n miJttu.
Prove that there ""U II unique. orthogonal mtztriz Q and II unique po.ritif1t
definite .ymmetric matriz B .uch that A=QB.

Proof: Since A is nODJingular we know that AtA is positive definite. Fur­
ther, we know there exists a unique matrix B such that B is positive definite
&nd B2=A'A. Define P=BA-l. Then PA=B, 10 it will suffice to show that
P is orthogonal, (or in that case Q=P-I=p. will be orthogonal and A=QB.
But

To see that Q And Bare unique, suppose that we had a second factorization'
A=QIB•. Then

-B2 - AlA - BlQlQ B - B2
- - I 1 1 I - l'

Since & positive matrix hu a unique positive .quare root, it follows that
B=BI. Since A is invertible, B is invertible, 10 canceling gives Q=QI' .0

Unitary transformations have the following geometric properties:

Theorem 4.5.26 A tfYI.u/ormation T E L(V) is unitary (orthogonal)il and
only i/llTvll = \lull for ell f1ector& ueV.
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Theorem 4.5.27 Given a matrix A in Mn(F), the following are equivalent:.

1. A is unitary (orthogonal),~

e. the rows of A form an orthonormal basis of P;

9.. the colufl}RS 0/ A form an orthonormal basis 0/ P;

As a·consequence ofthis, every change of basis matrix between two orthonor·
mal bases is unitary.

Finally, in inner product spaces.we have more information on canonical forms.

Theorem 4.5.28 (The SpectralTheorem) .Given a matm A in M,,(F),
if A is nonnal ('ymrnttric ifV is re(Jl) then A is diagonalizable'" in/act there
uUu a unitary (orthogonal) matrizP ,uch that PAp· is diagonal.

Theorem 4.5.29 SUPpo'eA eM,,{R) is on orthogonalmatriz. Then A is
,imilar (via an orthogonal matriz) toamatrizV1ith the form

1
1

-1
-1

COl 81 - lin 81
sin 01 cos 81

cos 8,. - sin 0,.
sinO,. cosO,.

This result may be interpreted geometrically by saying that every orthogonal
trusfomlation on R" is the composition of rotations (the 2 x 2 blocks) and
reflections (the -1 's).

Example 4.5.30 (Fall90.5) Let A be a real ~ymmetric n x n r:;atriz that
is po,itive definite (i.e. (A.1',.1') > 0 for every non-zero .1' ER"). Let 11 e R",
11 # O. Prove that the limit
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lim (Am+1y ,y) .
m-oo (Amy,y)

uists tind is an eigenvalue of A.

179

Proof: Fix Y::F 0 in R". A is real symmetric, so there exists an orthogonal
matrix P such tha.t B=pcAP is diagonaL SinceP is invertible, there ,exists a
non-zero vecto~.z such that l' =pz. Therefore,

(Am+l y,y) (Am+lpz,pz) (pCAm+lpz,z) (Bm+1 z,z)
(Amy,y) = (Ampz,pz) = (pcAmpz,z) = (Bmz,z) •

. Since A is positive definite, we may assume without loss of generality that B
has the form

where ).1 ~ ).2 > ... ~ )." > O. Let Z = (Zit ••• ,z,,). Since Z :f;. 0, let i S n
be such that Zi is the first non-zero co-ordinate. Then

(B"'+1 z, z)
(Bmz, z)

Taking the limit as m tends to infinity, the right-hand side tends to ).•. Hence
the limit exists and is an eigenvalue of A. . 0

Example 4.5.31 (FaU89.13) Let A be aft n x n real maim, AC iu traM­
pole. Show that ACA and AC ha'Dt the "ame range. In other words, given y,
"how that the equation y = AtAz has a lolution z if and onl1/ if the equation
y =A'z hu a "olution z.
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Proof: We dearly have A'AvCAtV; therefore it will suffice to prove
tha.t dim AtAV = dim AtV. Since row rank equals column rank, .dim Atv
= dimAV, so we need only show that dimAtAVdimAV. By the rank-

. nullity theorem, V =AV$ker A = A'AVfIjkerAtA, so we need only show
that ker A and ker A'A have the same dimension.. In fact they are equal.
Clearly ker ACker A'A. Conversely, take any z e kerA'A. Then

o=(AtAz,z) =(Az, Az),

10 IIAzl! =O.Hence ze ker A and we are done.
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