THE KHOVANOV-LAUDA 2-CATEGORY AND CATEGORIFICATIONS OF A LEVEL
TWO QUANTUM SL(N) REPRESENTATION

DAVID HILL AND JOSHUA SUSSAN

ABSTRACT. We construct 2-functors from a 2-category categorifying quantum sl(n) to 2-categories categori-

fying the irreducible representation of highest weight 2wy.

1. INTRODUCTION

Khovanov and Lauda introduced a 2-category whose Grothendieck group is Uy(sl,,) [10]. This work
generalizes earlier work by Lauda for the U,(sly) case [12]. Rouquier has independently produced a 2-
category with similar generators and relations, [14]. There have been several examples of categorifications of
representations of U, (sl,,) arising in various contexts. Khovanov and Lauda conjectured that their 2-category
acts on various known categorifications via a 2-functor. For example, in their work they construct such a
2-functor to a category of graded modules over the cohomology of partial flag varieties. This 2-category
categorifies the irreducible representation of U, (sl,) of highest weight nw; where w; is the first fundamental

weight.

In this note we construct this action for the categorification constructed by Huerfano and Khovanov in [7].
They categorify the irreducible representation Va,, of highest weight 2wy, by a modification of a diagram
algebra introduced in [8]. The objects of 2-category HKy ., are categories Cy which are module categories
over the modified Khovanov algebra. We explicitly construct natural transformations between the functors

in [7] and show that they satisfy the relations in the Khovanov-Lauda 2-category giving the theorem:

Theorem. There exists a 2-functor Qp n: KL — HEK}, .

The Huerfano-Khovanov categorification is based on categories used for the categorification of U, (slz2)-
tangle invariants. This hints that a categorification of V5., may also be obtained on maximal parabolic
subcategories of certain blocks of category O(gly,). More specifically, we construct a 2-category Py ,, whose
objects are full subcategories Zpﬁk’k)(g[%) of graded category Z(’)ﬁbk’k)(g[%) whose set of objects are those
modules which have projective presentations by projective-injective objects. The 1-morphisms of P, are
certain projective functors. We explicitly construct the 2-morphisms as natural transformations between the

projective functors by the Soergel functor V. We then prove:

Theorem. There is a 2-functor Il ,,: KL — Py .

It should be possible to categorify Vi, for N > 1. For N > 2, the module categories Cy in the Huerfano-
Khovanov construction should be replaced by suitable categories of matrix factorization based on Khovanov-
Rozansky link homology. The categories of matrix factorizations must be generalized from those used in [11].

Khovanov and Rozansky suggest that the categories of matrix factorizations should be taken over tensor
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products of polynomial rings invariant under the symmetric group. These categories were studied in depth
by Yonezawa and Wu [20, 19]. In fact, the isomorphisms of functors categorifying the U, (sl,,) relations were
defined implicitly in [19]. To check that there is a a 2-representation of the Khovanov-Lauda 2-category,
these isomorphisms would need to be made more explicit. The category O approach should be modified as
well. Now the objects of the 2-category should be subcategories of parabolic subcategories corresponding to
the composition Nk = k+---+k of blocks of O)(gl(INk)), and the stabilizer of the dominant integral weight
w is taken to be Sy, x -+ x Sy, where each A\; € {0,1,..., N}, cf. Section 5 below.

While this paper was in preparation, two very relevant papers appeared. In [5], J. Brundan and C.
Stroppel proved that the morphisms of functors on the diagrammatic category which categorify half of the
quantum group satisfy the Khovanov-Lauda-Rouquier relations. Unlike our result, they do not check the
relations involving the 2-morphisms involved for the entire quantum group. Their result has the advantage
of working over an arbitrary field, while we work over a field of characteristic 2. It is not immediately clear
to us how to extend their sign conventions to the full Khovanov-Lauda 2-category, because they seem to lead
to inconsistencies between propositions 3, 4, 6, and 12. Additionally, Brundan and Stroppel categorify Va,,
using category . Their categorification does not use the Koszul grading that O inherits from geometry
through the Soergel functor. Our construction relies heavily on the Soergel functor and explicit calculations
on the cohomology of flag varieties made in [10]. Finally, in [13], M. Mackaay constructs an action of the

Khovanov-Lauda 2-category on a category of foams which is the basis of an sls-knot homology.

Acknowledgements: The authors would like to thank Mikhail Khovanov and Aaron Lauda for helpful

conversations.

2. THE QUANTUM GROUP U, (sl,,)

2.1. Root Data. Let sl,, = s[,,(C) denote the Lie algebra of traceless n x n-matrices with standard triangular
decomposition sl, = n~ & h ®nt. Let A C b* be the root system of type A,_; with simple system
IMI={a;li=1,...,n—1}. Let (+,-) denote the symmetric bilinear form on h* satisfying

(viy ) = azy,
where A = (a;;)1<i,j<n is the Cartan matrix of type A,_1:

2 ifj=i,

ai; = —1 if|j—i|=1,

0 ifji—j]>1.
Let A™ be the set of simple roots relative to II. Let wy, ..., w,—1 € h* be the elements satisfying (w;, ;) = d;5,
and let

n—1 n—1 n—1 n—1
Q = @Zai, Q+ = @Zzoai, P= @Zwi, and P+ = @Zzowi
i=1 i=1 i=1 i=1
denote the root lattice, positive root lattice, weight lattice, and dominant weight lattice, respectively.

Set I ={1,....,n—1,-1,...,—n+1}, [T ={1,...,n—1} and I~ = —I". Define a_; = —q;, and extend
the definition of a;; to all ¢, j € I accordingly. Finally, for i € I, let sgn(¢) = ¢/|¢| be the sign of 1.

The quantum group U, (sl,,) is the associative algebra over Q(g) with generators E;, K, for i € I satisfying

the following conditions:



(1) ;K- ;=K K, =1, and K;K; = K;K; for i,j € I;
(2) KE; = ¢“E;K;, 1,5 €1,

(3) EBiE_j — E_jE; = 6, j 7255 i, j € T

(4)
(5) E

4) E;E; = E;E;,i,j € I*, i —j| > 1;

5 —(q+q¢ YWEE;E;+ E;E?=0,4,j € I, |i—j| =1

We fix a comultiplication A: U, (sl,,) — Uy (sl,) ® Uy(sl,) given as follows for all i € I

AE)=10E +E oK,
AE_)=K_;E_;+E_;®1
AKyi) = Ky @ Ky

Via A, a tensor product of U, (sl,,)-modules becomes a U (sl,)-module.
In this paper we are interested in the irreducible U, (sl,,)-modules, V3, with highest weight 2wy,. Therefore,
we will identify the weight lattice P = Z"~! C Z™ as follows: Assume \ = >, aiw;. Foreach 1 <i < n set

2k:—a1—2a2—~-~—(z'—l)ai,l—l—(n—i)ai—&—(n—i—1)ai+1—|—---—|—an,1
n

Ai =

Let P(2wy) denote the set of weights of Vo, . It is well known that under this identification each A €
P(2wy) satisfies A; € {0,1,2} for all 1 <i<mand A\ +---+ A\, = 2k.

3. THE KHOVANOV-LAUDA 2 CATEGORY

Let k be a field. The k-linear 2-category KL defined here was originally constructed in [10]. The original
construction is defined conveniently in terms of diagrams. We do not present the generators and relations
in terms of diagrams here because it would conflict with the diagrams used in the construction of the
2-representation in the next section.

Let Io = U I It = U (I")™ where I"™ and (I7)" denote n-fold Cartesian products. Given i =

n>0 n>0
(il,ig,. . ) S -[007 let

n—1

cont(z Z ¢y, where ¢; = #{jli; = i} — #{jli; = —i}.

i=1

Given v € Q, let Seq(v) = {i € I|cont(i) = v} and, for v € QF, define Seq™t (v) = {i € IL|cont(i) = v}.
Finally, define

Seq = U Seq(v)
veQ

3.1. The objects. The set of objects for this 2-category is the weight lattice, P.
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3.2. The 1-morphisms. For each A € P, let Z) € Endxz(\) be the identity morphism and, for A, \' € P,
set I)Z} = 6x,nZIx. For each i € I, we define morphisms &7, € Homyc (A, A+ «;). Evidently, we have
ETy ZZZA+{”5%ZX.IYH‘A,A/€ P, we have

Homyr (A, N) = @ KZvETr{s}

1€Seq
SEZL

where & =&, --- & if i = (i1,...,1) € I, and s refers to a grading shift. Observe that Zy.EZy = 0
unless cont(i) = X — A, and Ty cont(s)EiZx = Ex.
3.3. The 2-morphisms. The 2-morphisms are generated by
Yix € Endis(EIy), Vi € Homip (682N, EETY),
Ui;/\ € Homy s (Zx,E—:E:Ty), and ﬂi;A € Homg(E_:ETx, Ty),

for i, € I*. We define 1;.» € Endi(&Z)) to be the identity transformation.

Let A\, M € P and The degrees of the basic 2 morphisms are given by

degViix = aji, degW; jin = —aj;, degl;., =deg(;., =1+ (as, A).

Let A + cont(i) = A + cont(j) = A + cont(k) = X and N + cont(i') = A + cont(j’) = \'. Let ©; €

Hom;CL(SZIX,SlIA) and O, € Ionm;CL(SyIN,EZ/IN). Then denote the horizontal con;position of these 2-

morphisms by ©20; which is an element of Hom;cc(SZ/IXEiIA,Sl-/IXEiI)\). If ©5 € Hom;cc(é'iIA,EEIA),
denote the vertical composition of ©3 and ©; by ©3 0 ©;.

For convenience of notation, we define the following 2-morphisms. If § € End(&;Z)) let Ul = fo...00.
L ——
For each i € I, define the bubble
O.g/\ = ﬂi;,\ © (1—i;/\+aiYi;/\)[N] © Ui;/\'
Also, define half bubbles

o N o N
U B T (1—i;>\+aiYi;>\)[N] o Ui;A and [ BN T ﬂi;x o (Y—i;A+ai1i,k)[N]~

We now define the relations satisfied by these basic 2 morphisms. In what follows, we omit the argument

A when the relation is independent of it.

(1) sly relations:
(a) Foralli eI,

(b) Forallie I,
Yi = (N_;1s) o (LiY_;15) o (1,U;) = (1aN);) o (Y1) o (U_;14)-
(c) Suppose i € T and (—a;, A) > r+ 1, then
O%a =0,

(d) Let i€ I. If (, \) < —1,
O.;}(\O@,A)—l — 1.



(e) Let i € I. If (a;, A) > 1, then

(az )‘) 1 f
i 1 a;,
11)\ a; 71)\—_\Ilfzz)\o\1’71)\+ Z ZU E?A) f Oz)\( M= 1+9] ﬂ[fz,){]]
f=0 g=0

(f) Let i € IT. If (a, \) <0, then

(LiaN i) © (Wiin—a; 1-in) o (LinlU_;.0) Z ViplmleeN =My E‘i“k) sl

If (i, A) > —2, then

(ovi,N)+2
(ﬂi;)\li;k—ai) © (l—z’;)\—'rm\pi,i;)\—ozi) © (Ul AL A—ay Z O.[ (e, 2)= 1+g]Y [(ai’)‘)ig].

Remark 1. Note that in (le) above the exponent of the bubble may be negative, which is not
defined. To make sense of this, for ¢ € I, define these symbols inductively by the formula

ZO (a_ A)— 1+n ZO (_all,A 1+ntn -1

n>0 n>0
and, O’Z » = 1 whenever (a5, A) = 0.

(2) The nil-Hecke relations:
(a) For each i e I'", \If£23
(b) Forie I, (¥;,;1;)0(1

)
(c) ForieIT, (1,1;) = (¥,
(d) For j,ie I,

\.I’ ) o (Wiily) = (1,0, 5) o (Wy415) o (1,%5).
) o (Yily) — (1;Y3) o (W) = (Yily) o (Wy) — (W) o (1;Y5).

Vi = (N_;1:15) 0 (1;N_;1-51:15) o (1,105 ;1:15) o (1;1,15U;15) o (1,1:U;)
= (L:1;;) o (11,15, 15) o (1195 i1515) o (L,U_;1-:1515) o (U_,;1,14).
Remark 2. For all i,] € I:t7 set \I/i,—j = (l—jlim_j) o (l_j\Ifjﬂ'l_j) o (U]]'?]'—J)
(3) The R(v) relations:
(a) For 1,] € Ii, (\I/_jﬂ') o (\I/i,—j) = ]-i]-—j-
(b) Fori,j € I+, i # j,
1,1, if i — j] > 1,
(i—5)Yil; = 1;Y;) if i —jl=1.

/9

(]

(c) Fori,j € I*,i # j,
(1;Y3) o (U5 5) = (¥5,5) 0 (Y1), and (Y;1;)0 (¥, ;) = (¥, ;) o (1,Y5).
(d) Fori,j, keIt

i#korli—jl=0,
(t—4)1;1;1, i=kand|i—j| =1

(Ui 1) o (LW k) 0 (W 51%) — (14 ) 0 (Wikl;) o (LW k) =



4. THE HUERFANO-KHOVANOV 2-CATEGORY

4.1. The Khovanov diagram algebra. Let A = C[z]/22. This is a Z- graded algebra with multiplication
map m : A® A — A, such that degl = —1 and degx = 1. There is a comultiplication map A: 4 — A® A
such that A(l) =z ® 1+ 1® 2z and A(z) = x ® x. There is a trace map Tr: A — C such that Tr(z) = 1
and Tr(1) = 0. There is also a unit map ¢: C — A given by ¢(1) = 1. Also, let k: A — A be given by
k(1) = 0,k(x) = 1. This algebra gives rise to a two dimensional TQFT §, which is a functor from the
category of oriented 1+ 1 cobordisms to the category of abelian groups. The functor § sends a disjoint union
of m copies of the circle S, to A®™. For a cobordism Cj, from two circles to one circle, (C;) = m. For a
cobordism Cy from one circle to two circles §(C2) = A. For a cobordism Cs, from the empty manifold to S!,
F(C3) = ¢. For a cobordism C, from the empty manifold to S, F(C4) = Tr.

For any non-negative integer r, consider 2r marked points on a line. Let CM,. be the set of non-intersecting
curves up to isotopy whose boundary is the set of the 2r marked points such that all of the curves lie on one

side of the line. Then there are elements in this set. The set of crossingless matches for r = 2 is

(2r)!
rirl(r+1)
given in figure 1.

FIGURE 1. Crossingless matches a and b for r = 2

QD

FIGURE 2. Concatenation (Ra)b

Let a,b € CM,.. Then (Rb)a is a collection of circles obtained by concatenating a € CM,. with the reflection
Rb of b € CM,. in the line. Then applying the two dimensional TQFT §, one associates the graded vector
space pH] to this collection of circles. Taking direct sums over all crossingless matches gives a graded vector
space

H =D oH{r}
ab
where the degree i component of , H}{r} is the degree i — r component of ,H’. This graded vector space

obtains the structure of an associative algebra via §, cf. [8].

Let T be a tangle from 2r points to 2s points. Let a be a crossingless match for 2s points and b a
crossingless match for 2s points. Then let ,T3 be the concatenation Ra o T ob and ,F(T)s = F(aTp). See

figure 3 for an example when T is the identity tangle.

To any tangle diagram T from 2r points to 2s points, there is a (H®, H")-bimodule

3T = P Fm){r}
acCM,.
beCMg
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S~
FiGure 3. Concatenation T}
To any cobordism C' between tangle T} and T3, there is a bimodule map F(C): F(T1) — F(T»), of degree

—x(C) —r — s where x(C) is the Euler characteristic of C cf. proposition 5 of [8].

Consider the tangles I and U; in figure 4. Then there are saddle cobordisms S;: U; — I and S*: 1 — Uj.

| A

1 - i i4l---m 1 - i il eeom

FIGURE 4. T and U;

FIGURE 5. T; and T?

Lemma 1. Let T; and T be the tangles in Figure 5.

(1) There exists an (H™ ™1, H™)-bimodule homomorphism p;: F(T;) — F(Ti41) of degree one.
(2) There exists an (H™, H"~1)-bimodule homomorphism u': F(T?) — F(T*T1) of degree one.

Proof. There is a degree zero isomorphism of bimodules F(7;) = §(T;) @g» F(I). Then by [8] there is a
bimodule map of degree one

1@ F(S™): 3(T0) @un §(1) — F(T) @ F(Uisr)
where 1 denotes the identity map. Finally note §(7;) @ gn §(Ui+1) = §(Ti+1). Then pu; is the composition of
these maps.

The construction of p? is similar. ]

Lemma 2. Let a € CM,, and b € CM,,_, be two crossingless matches. Let T* be the tangle on the right side
of the Figure 5. Let U; be the tangle in Figure 4. Consider the homomorphism induced by the cobordism S,
S(TY) — F(U) @ (T 2 ARc F(TY). Let a® B € F(,T) where a € A corresponds to the circle passing
through the point i on the top line and 3 € A®P corresponds to the remaining circles. Then a® 3 — A(a)® 8.

Proof. The map is induced by the cobordism S?. On the set of circles, this cobordism is a union of identity

cobordisms and a cobordism Cs. The result now follows upon applying §.

O



Lemma 3. Let I be the identity tangle from 2r points to 2r points, T; a tangle from 2(r + 1) points to 2r
points and T* a tangle from 2r points to 2(r +1) points. Let a and b be cup diagrams for 2r points. Consider
the map

A®cF(1) = §(T;) @prer §(T7) = §(Tig1) @ F(T) — F(D)
where the first and last maps are isomorphisms and the middle map is p; ® 1. Let 5 € A correspond to the
circle passing through point i of 14, v € A®" correspond to the remaining circles and o € A. Then the map

above sends a @ B @ v +— (aff) ® 7.

Proof. The map is induced by a cobordism S**!'. On the set of circles, this cobordism is union of identity

cobordisms and a cobordism C;. The result now follows upon applying §. ]

4.2. The Huerfano-Khovanov categorification. Let A € P(2wy). Recall that a_; = —«;. Hence, for
i € I, we have
At a; = (A1, A +sgn(i), Nig1 —sgn(i), ..., Ap).
Label n collinear points by the integers A;. Those points labeled by 0 or 2 will never be the boundaries of arcs
but will rather just serve as place holders. Then define the algebra H, = HY™ where v(\) = 1[{\;|\; = 1}].
Let ey be the identity element.
Let i € I't. We define five special tangles Dy ;, DM Ty ;, T 1y in figures 6, 7, 8. If a point is labeled

by zero or two, it will not be part of the boundary of any curve. Away from points 4,7 + 1 the tangle is the

identity.
PN TERRP.VES PYNEED SRV AL AL 1L Ay
° °
A1 A Al Ap A1 A Aigl s Ap

FIGURE 6. Dy ; and D!

D R R T4V R B P ) AL A1 Al A
. \ [
PUTIETTID VD VIS W DY EEETID VD VRIS W

FIGURE 7. T\; and T*

A1 A A1 Ap
DY TIEERIED VIRD VIR W

FiGUurE 8. Identity tangle Iy

The cobordisms Sy ;: T’\+°‘”0T>Hi — Iy and Sy, TA+eisg oTy; — Dxya,,i0Dn,; are saddle cobordisms
for j = i + 1. Similarly, the cobordisms S S*%J are saddle cobordism in the opposite direction. For

example, the cobordism S} ;41 is given in figure 9.



AL AL A1 Aiga-lecs g A1 N +1 A,HAHQ 1A,
4
S/\“+1
e o o
d e
AL o A A1 Aigz e An o 1+1>\7+2“4 A

FI1GURE 9. Cobordism S ;41

Let Cy be the category of finitely generated, graded Hy-modules, and let I,
functor. For A\, X € P(2wy), set IyIy = dx nIx.

: Cy — Cy be the identity

Let i € I'". To make future definitions more homogeneous, define Dy _;, DMt Ty i, T™~% as in figures 10

and 11. Also, in what follows, interpret the pair (A_;, A_;+1) as (A1, A;) and recall that a_; = —q;.

A AT AL Ay

| /. ]

PUTIEETID VIED VI I W

FIGURE 10. DM~

PUTERIID VI DVREES RS W
I . . I

Mo A Aigd A

PYTEERID Wt D VIS P

AN

A1 oo Ag

and D)\ —q

DU R Wt B VPSS

I A

DVRIEEED VIRD PP

FIGURE 11. Ty _; and TM~¢

Let 7 € I. Let I : C — Cy denote the identity functor which is tensoring with the (Hy, Hy)—

Nig1 -

An

|

An

|

bimodule

Hy. Let E;I\: Cx — Cxtq, be the functor of tensoring with a bimodule defined as follows:

$(Dai) if (Ai, Xiga) = (1,2)
F(DM) i (A, A1) = (0,1)

Eilx = ¢ §(Thi)  if (A, A1) = (1, 1)
ST (N, A1) = (0,2)
0 otherwise.

Evidently, E;Iy = Inqo,EIy for all 4 € I, and T = F(I).

Fori € I,let K;I: Cy — Cy be the grading shift functor K;Iy, = Iy{(c;, A)}. Finally, set C = @AGP(Zwk) Cy,

B = @/\ep(zwk) Eillx, Ki = @)\EPka) KiI, and I = @)\EP(ZWk:) Iy

Propositions 2 and 3 of [7] are that these functors satisfy quantum sl,, relations:

Proposition 1. [7, Proposition 2,3] We have

(1) KiK,i]I,\ = ]I)\ = K,iKiﬂ)\, and KinH)\ = KjKi]I)\ f07“ i,j € I,’
(2) KiEjH,\ = IEjKiH,\{aij}, fO’I" i,j S I;
(3) Ei]E_jH)\ = E_j]EIL'H)\ Zf’L,] S I+, ) # 7;



(4) EE; I\ 2 E/EL ifi,j € I, |i—j| > 1;
(5) EiEE; I\ @ EEEL, = EE;EL{1} @ EEEI{-1} ifi,j € I, [i—j|=1;
(6) Foriel,

E_EIL oL {1} oL {-1} ifiel" and (A, Niy1) = (2,0),
E_EDy @ {1} @ I\ {-1} ifie I~ and (\i, Nit1) = (0,2),
E_E;ly © Ty if (o, A) = 1,
E_EI, if (i, A) = 0;

E,E_;I) =

Now we define the Huerfano-Khovanov 2-category HKy, ,, over the field k, chark = 2.
4.3. The objects. The objects of HK}, ,, are the categories Cx, A € P(Vay, ).

4.4. The 1-morphisms. For each A € P(2wy), I € Endyyic(A) is the identity morphism and, for A\, X' € P,
set IzI} = dx n I\ as above. For each i € I, we have defined morphisms E;Iy € Homyx(Cy,Cxrtq,;). Evidently,
we have E;Iy = Iy;4,E;I\. For A\, X € P(2wy), we have

Homyx (Cr,Cx) = @ CLvEly{s}

1€Seq
SEZL

where E; :=E;, ---E; I\ if ¢ = (41,...,4r) € I, and s refers to a grading shift. Observe that I/ E;I, = 0
unless cont(i) = X — A, and Iy cong(py Eiy = Eilly.

4.5. The 2-morphisms. Recall the convention (A_;, A_;11) = (Ajz1,\;) fori e I'T.

(1) The maps 1; 3, 1,.
Let i € I, and let 1; »: E;I\ — E;II\, and 1,: Iy — I be the identity maps.
(2) The maps y;.».
For ¢ € I we define maps y;.»: E;Ix — E;I of degree 2. Let 7" be the tangle diagram for the
functor E,;I. It depends on the pair (A;, Aj+1). Let a and b be crossingless matches such that (Rb)Ta

is a disjoint union of circles. Thus F((Rb)Ta) = (A)®P for some natural number p. Define

Yn(B1®@--@8)) =1 ®--@x0j, ®- - ® Bp),

where
(a) if (As, A\i11) = (1,2), then the j;th factor in (A)®P corresponds to the circle passing through the
1th point on the bottom set of dots for tangle D) ; in Figure 6.
(b) if (A\i, Ai+1) = (0,1), then the j;th factor in (A)®P corresponds to the circle passing through the
ith point on the top set of dots for tangle D** in Figure 6.
(c) if (A, Aix1) = (0,2), then the j;th factor in (A)®P corresponds to the circle passing through the
ith point on the top set of dots for tangle T** in Figure 7.
(d) if (A\i, Ai+1) = (1,1), then the j;th factor in (A)®P corresponds to the circle passing through the
ith point on the bottom set of dots for tangle T} ; in Figure 7.
(3) The map U;..

We define a map U;;x: Iy — E_;E;I. There are four non-trivial cases for (\;, Ai+1) to consider.
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(a) (Ai, Ait1) = (1,2). The identity functor is induced from the identity tangle I . The functor
E_;E; is isomorphic to tensoring with the bimodule F(D**"' o Dy ;) which is equal to F(Iy).
Thus in this case U;;y is given by the identity map.

(b) (AiyAix1) = (1,1). Then the functor E_;E; is isomorphic to tensoring with the bimodule
F(TA2 0Ty ;). Then U,y is F(SM).

(¢) (M\iyAix1) = (0,2). Then the functor E_,E; is isomorphic to tensoring with the bimodule
F(Totayi 0 TM) = F(1)) ® A. Then the bimodule map is given by 1) ® ¢.

(d) (Aiy Aig1) = (0,1). The functor E_;E; is isomorphic to tensoring with the bimodule §F(Dxtq,.i ©
D*?). As in case 1, this tangle is isotopic to the identity so the map between the functors is the
identity map.

(4) The map N;.x.
We define a map N;;x: E_;E;I, — I,. There are four non-trivial cases for (A;, A\j+1) to consider.

(a) (A\i, Ait1) = (1,2). The functor E_;E; is isomorphic to tensoring with the bimodule F(D % o
D, ;) which is equal to F(Ix). Thus in this case N;;x is given by the identity map.

(b) (Ai; Aix1) = (1,1). Then the functor E_;E; is isomorphic to tensoring with the bimodule
(T i 0Ty ;). Then the homomorphism is F(Sy ;).

(¢) (MisAix1) = (0,2). Then the functor E_,E; is isomorphic to tensoring with the bimodule
F(Tria,i 0 TM) = F(I1)) ® A. Then the bimodule map is given by 1, ® Tr.

(d) (A\i; Aix1) = (0,1). The functor E_;E; is given by tensoring with the bimodule F(D) 4, ;0 DM).
As in case 1, this tangle is isotopic to the identity so the map between the functors is the identity
map.

(5) The maps ; ;.
We define a map 1; ;. : E;E;IN — E;E;I for 4,5 € I*.
There are four cases for ¢ and j to consider and then subcases for A.

(a) ¢ = j. In this case, the functors are non-trivial only if \; = 0 and A;1; = 2. The bimodule
for E;E; is isomorphic to tensoring with the bimodule §(Thta,; o T™%) = F(I,) ® A. Then
i =1\ ® K.

(b) |¢—4] > 1. In this case, the functors E;E; and E;E; are isomorphic via an isomorphism induced
from a cobordism isotopic to the identity so set ¢; ; to the identity map.

(€) Yii+1: E;Eiy1 — E;11E;. There are four non-trivial subcases to consider.

(i) (Ais Aig1s Aig2) = (1,1,2). The bimodule for E;E; 41 is §(Data,y,,i9Dx,i4+1)- The bimodule
for E;11E; is §(Tatay,i+10T ). In this case we define the bimodule map to be F(SMHi+1).
(i) (Aiy Ait1, Ait2) = (1,1,1). The functor E;E;;; is given by tensoring with a bimodule

isomorphic to

F(Dxtaisri ©Thit1) = F(Dataiii © Thiv1) @my S(Iy).
The bimodule for E;1E; is isomorphic to §(D T+l o T} ;). Then define 1; ; to be
1\ ®@p, F(SM?) since
S:(D)\+a,;+1,i ° T)\,i+1) ®H>\ S(T)wkoci,fi ° T)\,i) ~ S'(D)\+Oli7i+1 ° T)\,i)-

(111) (/\Z', )‘i+17 /\i+2) = (O, 1, 2) The bimodule for EiEi+l is iSOIl’lOI’phiC to

S(TAJFQHIJ o DA,i—o—l) = S(HA+047;+041‘+1) ®Hk+ai+oc S(TAjLaHl’i °© D>‘vi+1)'

it+1
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The bimodule for E;1E; is isomorphic to &(T’\‘*O‘”‘“1 o D’\’i). Then define v; ; to be

F(SAtaitairidy @ g 1, since

A2ai+aip1,— (141 Ataiiy1,e ~ Atay,i+1 Ay
(T Fractai, =4 o T>\+ai+0‘i+17i+1> ®Hk+ai+aq‘,+1 S(T Teato Dyi1) =3(T tetto D )

(iv) (Ai, Mit1, Aive) = (0,1, 1). The bimodule for E;E; 4 is S(T’\+“i+1’ioTA’i+1). The bimodule
for E;1E; is (D o+ o D). Then set ¢ j = F(Sxi+1,1)-
(d) Vi1t BBy — EiEiqg.
We essentially just have to read the maps in cases (c)(i)-(iv) above backwards.
(1) (MNiy Aig1, Ait2) = (1,1,2). The functors are just as in case (c)(i). Now the map is

F(Sniit1)-
(i1) (Aiy A1, Ait2) = (1,1,1). The bimodule for E;;E; is isomorphic to

F(DM Lo Ty ) 2 F(DAMT T o Ty ) @, F(1).

Then define ;1 1; = 1) ®@p, F(SHHL).
(iil) (Ai, Aig1, Ait2) = (0,1,2). The bimodule for E; ;1 E; is isomorphic to

S(TAJFO%HJ © D)\,i) = %(IAJF(X'iJFai«}»l) ®H)\+ai+a S’(TAJrahile ° DA,Z-)'

i+1

Then define 9;11; = F(SATite1)y @y 1,.
(iv) (Ais Ait1, Ait2) = (0,1,1). The functors are just as in case (c)(iv). Now the map is
3(S>\,i+1,z‘)_

Proposition 2. For all i,j € I, and A € P(Va, ), the maps yix, i jx,Uix, Nix are bimodule homomor-

phisms.

For convenience of notation, we define the following 2-morphisms. If § € End(E;) let 0Vl = go...04.
- .
J
For each ¢ € I, define the bubble

O.;{Y)\ = mi;/\ o (1—i;/\+aiyi;)\)[N] o Ui;)u

and define fake bubbles inductively by the formula

R ) § PO 0
n>0 n>0

and, Q‘;)\l = 1 whenever (a;, \) = 0. Also, define half bubbles
U'fY,\ = (1—i;A+a¢yi;>\)[N] oUz;y and ﬂ'f?& =Ngr 0 (yi;A+ai1i,)\)[N]-
Finally, for i,j € I*, define
Yi—j = (1-j1iN—;) o (1;¢5i15) o (Uil ).

4.6. The 2-morphism relations. Again, we will often omit the argument A when it is clear from context.
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sly relations.

PI‘OpOSitiOI’l 3. Forallie I, (ﬂ,ili) o (1iUi) = 11' = (1101) ] (Ufili)-

Proof. The second equality is similar to the first equality. The case ¢ € I~ is similar to the case i € IT so
we just compute the map (N;1;) o (1;U;) on the bimodule for the functor E; for i € I'T. There are four cases

to consider.

Suppose (A;, A\i+1) = (1,2). Then the tangle diagrams for the functors E; and E;E_;E; are D, ; and
Dy ;o D% o D, ; and can be found in Figure 12.

V]
—

FIGURE 12. Tangles for E; and E;E_;E;, (A\j, \it1) = (1,2),i € I'™
The cobordism between the tangles is isotopic to the identity map so in this case the composition is equal
to the identity map.
The case (A, Ai+1) = (0,1) is similar to the (1,2) case.

Now let (A;, Aix1) = (0,2). Then the tangle diagrams for the functors E; and E;E_;E; can be found in
Figure 13.

C
C

o e
N e
o e
N e

@

o e
N @

FIGURE 13. Tangles for Ez and ]Ez]E_sz, (/\77 )\1'+1) = (0, 2)

Let B be the bimodule for the functor E;. Then the bimodule for E,E_;E; is isomorphic to A ® B. The
map E; — E,E_,E, is given by the unit map which sends an element b € B to 1 ®b. 1 — 1 ® b. The
map E;E_,E; — E; is obtained from the cobordism joining the circle to the upper cup which induces the

multiplication map. This maps 1 ® b to b. Thus the composition is equal to the identity.

Finally consider the case (A;, Ai+1) = (1,1). The tangle diagrams for the functors E; and E,E_;E; can be
found in Figure 14.

Let B be the bimodule giving rise to the functor E; and A ® B be the bimodule giving rise to the functor
E;E_,E;. Let « ® 8 € B where « is in the tensor factor corresponding to the circle passing through point ¢

on the bottom row of the left side of Figure 14 and 3 belongs to the remaining tensor factors.
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FIGURE 14. Tangles for E; and E;E_;E;, (A, Aiy1) = (1, 1)

The cobordism between the two tangle diagrams is a saddle which on the level of bimodule maps, sends
a®f — A(a)® . Then the map from E;E_;E; to E; is given by Tr® 1, so A(a)® 8 — a® (8 by considering

the two cases a = 1 or . Thus the composition is equal to the identity map. O

Proposition 4.
yi = (N—ily) o (Liy—i1i) o (1) = (1;N;) o (Liy—il) o (U_41y).

Proof. We prove only the first equality as the second is similar. There are four cases to consider for which

the functor E; is non-zero.

Suppose (A, Ai+1) = (1,2). Then the tangle diagrams for the functors E; and E;E_;E; can be found in
Figure 12.

Let B be the bimodule for E; and E;E_;E;. Let a« ® § € B where « is an element in the tensor factor
corresponding to a circle passing through point 4 in the bottom row of Figure 12. Then the first map 1;U; is
given by the identity cobordism and is thus the identity. The second map is multiplication by = on all tensor
components corresponding to circles passing through the point ¢ + 1 in the second row of the right side of
Figure 12. The final map E;E_;E; — E; is also given by the identity cobordism. Thus the composition maps
a®f—a®f—za®f— a® . On the other hand, y;(a® 8) = za ® 5.

The case (A;, Ai+1) = (0,1) is similar to the previous case.

Suppose (Ai, \i+1) = (0,2). Then the bimodule for the functor E; is B = §(T™*) and the tangle diagram
for E;E_;E; is F(T™M o Th_a;i0 T ) =2 A® B. Let a ® 8 € B where « is an element of the tensor factor
corresponding to the circle passing through the point i in the top row of the tangle 7™ and 3 is an element

in the remaining tensor factors. Then the composition of maps send a®§ — 1Ra® [ — zRaR [ — ra® (.

This is equal to y;(a ® 3).

Suppose (A, Ai+1) = (1,1). Then the tangle diagrams for the functors E; and E;E_;E; can be found in
Figure 14.

Let B be the bimodule for the functor E_; and A ® B be the bimodule for E;E_;E;. Let « ® 3 € B where
« is an element in the tensor factor corresponding to the circle passing through point i on the bottom row

of Figure 14 and [ is an element in the remaining tensor factors. First let & = 1. Then
10—2zR10+10200— 2Rz~ 0=y(1®0)
where the last map is Tr ® 1. If a = z, then
r@fr@ref—0=y(rep)
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Proposition 5. Suppose i € I and (—a;, A) > r + 1, then O*x = 0.

Proof. In order for r > 0, it must be the case that (—a;, A\) > 2. Thus the only possibility is (A;, A\i+1) = (0,2)
and r = 0. Then the bimodule for E_;E; is A ® §(I,). Thus the map 1 — E_;E; is given by the unit map.
The map E_;E; — 1 is given by the trace map. Thus the composition of the maps in the proposition sends
an element f+—1® §+— Tr(l) @ b= 0. O

Proposition 6. If (a;, \) < —1 then Q'Z(.;\ai"}‘)ﬂ =1.

Proof. The only cases to consider are (A\;, A;+1) = (0,2),(1,2),(0,1).

Consider the case (0,2). Let B = §(I\). Then the bimodule corresponding to E_;E; is A® B. Let 8 € B.
Then U;(8) =1® 8, 1;(1® B) =@ f, and N;(x ® ) = Tr(x)s = §. Thus in this case, the composition is
the identity map.

For the case (1,2), (—a;, A) —1 = 0. The cobordism between the tangle diagrams for the identity functor
and E_;E; is isotopic to the identity cobordism. Similarly, the cobordism between the tangle diagrams for
the functors E_;E; and the identity functor is isotopic to the identity cobordism. Thus the bimodule map is
equal to the identity.

The case (0,1) is the same as the case (1,2). O

Proposition 7. Leti € I. If (a;, \) > 1, then

(ai,A)=1  f
iA)—f—1 o —(aiA)—1 of—
Lin—a;1oin = —iin 0 '(/)i,—i;/\ + § g U.(,ai;)\ =7 °0O i;)(\a )=t onN Jiz,i
f=0 g=0

Proof. There are three cases to consider: (A\;, Ai+1) = (1,0),(2,1),(2,0).

For the case (1,0), the first term on the right hand side is zero since that map passes through the functor

E;E;E_; which is zero for this A. The summation on the right hand side reduces to
U'gm ° O';;)% ° ﬂ'?;,\ =U_ix0N_in

by definition (1) of the fake bubbles. This map is a composition E,E_; — 1 — E;E_;. This composition of
maps is the identity.

The case (2, 1) is similar to the (1,0) case.

For the case (2,0), the first term on the right hand side is zero as in the previous two cases. The summation

on the right hand side consists of three terms which simplifies by (1) to:
U‘l_i;,\ oM_gx+U_gro0 ﬂ‘l_i;,\ +U_in0 O’?;,\ O M-
Let B = F(I). Then the bimodule for E;E_; is A ® B. Then
UslinoNoinvi BB 5 I EE; - EE_,.

Under this composition of maps, 1 ® b maps to zero since the first map is given by a trace map on the first

component. The element x ® b gets mapped to z ® b as follows:
TR@b—b—1b—x®Hb,

15



where the first map is the trace map, the second map is the unit map and the third map is multiplication
by x. Similarly,
U_ia o0 ﬂ.lfi;)\: EE ;, —-EE_, -1—-EE_,.
Under this composition, 1 ® b — 1 ® b and x ® b — 0. Finally, the map
U_in0O% >\ o M_i;n

is zero because the middle term is zero. Thus the right hand side is the identity as well. ]
Proposition 8. Letic IT.

(1) If (aj, A) <0, then

— (i, \)
(11'072';)\)0(1/}72,1';/\7041-171) ]-U 1)\ Z Yi —(end)- fO (_O:,A) 1+f

(2) If (i, A) > —2, then

(g, A)+2
(ﬂz)\+o¢ Z) (Zw“/\) (U2 N Z Z o*; —(Oéz A)—3+g (ai,A)—9+2.

Proof. We prove (1), the proof of (2) being similar. Since the map on both sides pass through the functor
E,E,E_;, the maps on both sides are zero unless (\;, A;+1) = (1,1). The functors for E; and E,E;E_; are
given by tangles in Figure 14.

Let B be the bimodule for the functor E; so A® B is the bimodule for the functor E;E;E_;. Let a® (3 € B
where « is an element in the tensor factor corresponding to a circle passing through point ¢ in the bottom
row of the left side of figure 14 and [ is an element in the other tensor factors. Consider first « = 1. The

left hand side maps an element o ® 3 as follows:
198—2198+10208— 10198~ 13

where the first map is A ® 1, the second map is k ® 1 ® 1 and the third map is m ® 1. If @ = z, the left hand
maps a ® J as follows:
TR~ rRxVF—1IRxRF— xR L.

The right hand side is —1 by convention. O

nil-Hecke relations.

Proposition 9. Forie IT, w[Q]

Proof. Since E;E; is identically zero unless (A;, A\;11) = (0,2), we need only consider this case. Let B = §(I).
Then the bimodule for E;E; is isomorphic to §(Th,; o T**) = A® B.

Then v; ;0%;;: AQB - A®B —- A® B. Thismap sends 1 ®b—0and z®b+— 1®b+— 0. O
Proposition 10. Leti € I't. Then, (vii1;) o (Lithis) o (¥iili) = (Lithii) o (¥iili) o (1ithi ).

Proof. Both sides are natural transformations of the functor E;E;E;. However, by definition this composition

is zero. O

Proposition 11. Fori e I, (1;1;) = (i) o (vili) — (Liyi) © (¥i5) = (yili) o (¥ii) — (ii) © (Liys)-
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Proof. The only case to check is (A\;, Aix1) = (0,2) since otherwise E;E; = 0. Let B = F(I\). Then the
bimodule for E;E; is isomorphic to A ® B. Then
Under this map, 1 ® b — 2®b+— 1®band 2 ®b — 0. For the map (1;y;) o (¢;), 1 ® b — 0, and
T®b— 1®b+— x®b. This gives the first equality since our field is Fs.

For the second equality, (y;1;) 0 (¥;):1®b +— 0, (y;1;) 0 (¥i5): 2 ®b+— 1®b — z ®b. Similarly,

Proposition 12. Fori,jel—,

Vi =(N—j1i1;5) o (1;N—i1-;1i15) o (11905, —1:15) o (1;1;1-;U515) o (1,;1;U;)
Z(llljﬂz) 9} (111]1_10]11) o (11‘1]"(/)_3',_1‘13'11') o (liU_jl_iljli) o (U_iljli).
Proof. Let i,j € I~. We prove only the first equality. If |[i — j| > 1, the proposition is easy because then

Y+ +; are identity morphisms. Therefore, we take i = j + 1, the case i = j — 1 being similar. The natural

transformation on the right side of the proposition is a composition of natural transformations:

BjBji1r = EjEj i BBy — BjEj i EjE_j 1By By — EjEj By 1 BB By — EjE BBy — By Ey.

There are four nontrivial cases for \. We prove the case (A, A\j+1,Aj4+2) = (2,1,1). The proofs of the

remaining cases (2,1,0), (1,1,0), and (1,1,1) are similar.

°
2
° °
1 2 11N 2
e o ° °
2 0 2 TN 2 1
° 0/\0 °
2 1 1 2 1 1

FIGURE 15. Tangles for compositions of natural transformations in the (2,1,1) case.

Let B be the bimodule representing the functor E;E;;; and B’ the bimodule representing the functor
E;+1E;. Then the morphism is the composition B - B — B — A® B — B — B’ induced by the tangle
cobordisms in Figure 15. The first and second maps are the identity maps. The third map is comultiplication.
The fourth map is the counit map and the last map is 9; j4+1. Computing this composition on elements as

in previous propositions easily gives that it is equal to v, j11. O
R(v) relations.
Proposition 13. Fori,j € It i #j,

Y—jioti—j = Ll
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Proof. Note that for |i — j| > 1, the left hand side is easily seen to be the identity so let j =i + 1. The case
j =1 —1 is similar. Thus the left hand side is:
Yojio i EE ;g —E_; B EE o - E i EELE ;1 —E_; E; —
—E ;i 1EEnE 1 - E B EE 3 > EE 4.

There are four non-trivial cases for .

Case 1: (A, Ai+1, Ait2) = (1,2,1). Let B be the bimodule representing the functor E;E_; ;. Then
wfjﬂ;o’(/)i’,j:B—>A®B—>B—>B—>B—>A®B—>B,

The first map is ¢ ® 1. The second map is multiplication m. The third and fourth maps are the identity.
The fifth map is comultiplication A. The last map is Tr ® 1. It is easy to check on elements that this is the
identity map.

Case 2: (A, Ai+1, Aive) = (1,2,0). Let B be the bimodule representing the functor E;E_; ;. Then
Yjioti-j:B—-B—-A®B—B—A®B— B— B.

The first map is the identity. The second map is A by lemma 2. The third map is Tr ® 1 where the trace
map is applied to the tensor factor arising from the new circle component. The fourth map is ¢t ® 1. The fifth
map is multiplication by lemma 3. The last map is the identity. It is easy to check that this composition is

the identity on all elements.
Case 3: (A, A\i+1, Air2) = (0,2,1). This is similar to case 2.
Case 4: (A, Ai+1, Ait2) = (0,2,0). This is similar to case 1. O

Proposition 14. Ifi,j € IT and |i — j| > 1, then ¢, ; 0 v; ; = 1,1;.

Proof. The tangle diagrams for the bimodules for E;E; and E;E; are the same up to isotopy. The maps in

the proposition are obtained from cobordisms isotopic to the identity so they are identity maps. O
Proposition 15. Ifi,j € It and |i — j| =1 then v, 0¥ j = (yil; + Liy;).

Proof. Assume j = i+ 1. The case j = ¢ — 1 is similar. There are eight cases for A such that E;E; 1 is
non-zero. In all cases let a and b be cup diagrams. Let B be the bimodule for E;E; 1 and B’ the bimodule
for E; 1 E;.

Case 1: (Ai; Aix1, Ait2) = (0,0,1). Since E; 11 E; = 0, the map ;41 0 ¥; i+1 = 0. The bimodule repre-
senting the functor E;E,,; is isomorphic to §(DATi+1:i o DA#+1)_ Since the circle passing through point i
on the bottom row of DM @i+1:i o DMi+1 ig the same as the circle passing through point 7 4+ 1 in the middle

row, the map on the right side of the proposition is zero as well.

Case 2: (A, Ai+1, Aixe) = (1,0,1). This is similar to case 1.
Case 3: (A, Ai+1, Ait2) = (1,0,2). This is similar to case 1.
) = (0,0,2). This is similar to case 1.

(
Case 4: (A, Ai+1, Ao
Case 5: (i, \it1, Ait2) = (0,1,1). In this case B & F(T A +11 0 T) ;11) and B’ = F(DAaii+l o DA,

Let a and b be crossingless matches.
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e Suppose that the circle passing through point i +1 on the bottom row of (TAT+1:9)o Ty ;1 1), is the
same as the circle passing through point ¢ of the top row. Then B, = A® R and B, = A A®R
where R is a tensor product of A corresponding to the remaining circles. Then the map on the left
side of the proposition is (m ® 1) o (A ® 1). Thus it maps an element 1 ® r to 2z ® r. On the other
hand, y;(1 ®r) = +x @ r. Also, y;1+1(1 ® r) = z ® r. Thus both sides are the same.

e Suppose that the circle passing through point ¢+ 1 on the bottom is different from the circle passing
through point ¢ on the top. Then By, = AQ A® R and B = A® R. Then the map on the left side
of the proposition is (A® 1)) o (m® 1,). Thus it maps an element 1@ 1@ rtozR1@r+1Qzxr.
On the other hand, y;(1®1®r) = —z® 1@ . Also, y;+1(1 ® r) = 1 ® z @ r. Thus both sides are

the same

Case 6: (/\27 >‘i+la /\H_Q) = (1, 1, 1) In this case, B = S(DAJFCH«{»IJ ] T)\ﬂ;_,_l) and B’ = S(DAJrai’iJrl o T)\J‘).

Let a and b be crossingless matches.

e Suppose that the circle passing through point i+1 on the bottom row of Dy, ,,;0T),i+1 is the same
as the circle passing through point ¢ on the bottom row. Then B, = A® R and B = A® A® R.
Then the map on the left side of the proposition is (m ® 1) o (A ® 1). Thus it maps an element 1 ® r
to 2z ® r. On the other hand, y;(1 ® r) = z ® . Also, y;4+1(1 ® r) = z ® r. Thus both sides are the
same.

e Suppose that the circle passing through point i+ 1 on the bottom row of Dy q,,,,s07T) 41 is different
from the circle passing through point i on the bottom row. Then B, = AQ AQR and B} = AQR.
Then the map on the left side of the proposition is (A®1)o(m®1). Thus it maps an element 1@ 1®r
tox®1®r+1®xz@r. On the other hand, 1,(1®1®7r) =2z@1Qr. Also, y;11(1®@r) =1z ®r.

Thus both sides are the same.

Case 7: (A, Ai+1, Aixe) = (1,1,2). This is similar to case 5.
Case 8: (A, Ai+1, Ait2) = (0,1,2). This is similar to case 6. O

Proposition 16. Leti,j € It. Ifi # j, then

(1) (i) o tiy =iy o (yily).
(2) (y;1i) o vij = i j o (Liy;).

Proof. We prove only the first statement. Assume further that j = i 4+ 1, the case j = i — 1 being similar.

The case for |j — ¢| > 1 is easy because the bimodules for E;E; and E,E; are equal.

There are four non-trivial case for (A;, Ai+1, Ait2). Let a and b be crossingless matches. Let B be the
bimodule for E;E; 1 and let B’ be the bimodule for E;,1E;.

Case 1: (A, Nit1, Aig2) = (1,1,2).

e Suppose the circle passing through point ¢ point on the bottom row of the tangle for E;E;; is
the same as the circle passing through point ¢ + 1 on the bottom row. Then ,B, = A ® R and
B, = A® A® R where R denotes a tensor product of A corresponding to the remaining circles.
Then v; ;41 is given by A®1. Then ¢; ;419 (1®7) = ¢; i41(x®@71) = @2 ®7. Then y;4; ;141 (1Q7) =
Yi(rR1@r+1zQr)=cszQr.
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e Suppose the circle passing through point ¢ on the bottom row of the tangle for E;E;; is different from
the circle passing through point ¢+ 1 on the bottom row. Then ,B, = AQ A® R and ,B; = A® R.
Then ¢; ;41 = m ® 1. Then it is easy to verify that ¢, ;113 (1®1®7) =y, 11 (1Q1Qr) =z

Case 2: (A, Ai+1, Ait2) = (0,1,1). Similar to case 1.
Case 3: ()\i, >\i+1? )\i+2) = (1, 1, 1)

e Suppose the circle passing through point i on the bottom row of the tangle is the same as the circle
passing through point ¢ + 1 on the bottom row. Then B, = A® R and ,B; = A® A® R. Then
¥i 41 is given by A ® 1. This then follows as in case 1.

e Suppose the circle passing through point ¢ on the bottom row of the tangle is different from the circle

passing through the point ¢+ 1 on the bottom row. Then B, = A® A® R and ,B; = A® R. Then

;i1 = m ® 1. This then follows as in case 1.
Case 4: (Aiy Ai+1, Aig2) = (0, 1,2). Similar to case 3. O
Proposition 17. Fori,j k€ IT,

0 i#korli—jl#1,

(je1i) o (11 1) © (Wi j1k) + (Letij) © (Yikl;) o (Lihs k) =

Proof. The proof of the first part consists of verifying the equality in many different cases, each of which
is similar to the second part. We only prove the second part in the case j =i+ 1 as the case j =i — 1 is

similar. There are four cases for (A\;, A\i11, Ai+2) for which E;E;;E; is non-zero.

Case 1: (Ai, Aig1, Aig2) = (0,1, 1). In this case, (¢j,:1;) o (1;4;,) o (¥; ;1;) = 0 because it passes through
the functor E; 1 E;E; which is zero on the category corresponding to this A. On the other hand

(L390i ) © (¥5515) 0 (L)) : BB 1 By — EEEiq — EEE 1 — E,E; 1 E,.
Let B be the bimodule for the functor E;E;1E;. Then this is a sequence of maps
B—-—A®B—-A®B — B

where the first map given by comultiplication, the middle map is given by the map 1 ® k, and the last map

is multiplication. This sequence of maps acts on 1 ® a € B as follows:
I1a—2zR1a+10zRa—101Qa—1® a.
Clearly ((¢5,:1:) © (1;944) o (¢;,;1;)(1 ® &) = 0. Similarly, z ® a — = ® a.
Case 2: (Ai, Ait1, Ait2) = (0,2, 2). This is similar to case 1 except that now (1;¢; ;)0 (¢ :1;)0(1;4,;) =0
and (10;,:15) o (1;94,4) o (1) = 11515,
Case 3: (A, Ait1,Ait2) = (0,1,2). In this case, (¢;,:1;) o (1;4:,) o (¥;,;1;) = 0 since this map passes

through the functor E;;E;E; which is zero on the category corresponding to A.

On the other hand
(Liv)i ) 0 (¥i,i15) o (Lithyi) s BBy 1 By — BBy — EiEEi 1 — BBy Ky,
Let B be the bimodule for the functor E;E;1E;. Then this is a sequence of maps
B—-A®B—-A®B— B
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where the first and third maps are given by lemmas 2 and 3 respectively, and the middle map is given in

section 4.5. This sequence of maps acts on 1 ® o,z ® o € B as follows:

Ia—zR1l®a+1lRz0a—~101Q0a—1QazrzR@a—rRrRa—rRlQa—zr®a. (2)

Case 4: (Ai, Ait1, Ait2) = (0,2, 1). This is similar to case 1 except that now (1;¢; ;)0 (¢;15)0(1:4,) =0
and (¢5,;1;) o (1;%i,:) o (i, 1) (B® @) = B® a.

Theorem 1. There is a 2-functor Qy, n: KL — HK}, », such that for alli,j € I,

1
2
3
4
5
6
7
8

Yvi;/\) = Yi;\,
Wi in) = Yijins

(
(
(
(
(
(6) Qin(Usn) = Ui,
(

(

)
)
)
)
)
)
)
)

Qk,n ]-i;)\) = ]-i;)\~

5. THE 2-CATEGORY Py,

5.1. Graded category zO. Let g = gl,, be the Lie algebra of 2k x 2k-matrices, let ? denote the Cartan
subalgebra of g consisting of diagonal matrices and p be the Borel subalgebra of upper triangular matrices.
Fori=1,...,2k, let e;; denote the (i, j)-matrix unit, and let €; € 9* be the coordinate functional ¢;(e;;) =
di;. Let O be the category of finitely generated g-modules which are diagonalizable with respect to 0 and
locally finite with respect to p. Let

2k 2k—1
X=@2zs, and Y =P Zei —cip1) C X

i=1 i=1
denote the weight lattice and root lattice of gly, respectively. The dominant weights are given by the set
Xt ={p=pier+ -+ pogear € X |p1 > -+ > pg }. Denote half the sum of the positive roots by p. Let
pe Xt and O, the block of O consisting of modules that have a generalized central character corresponding
to p under the Harish-Chandra homomorphism. Let O,Sk’k) be the full subcategory O consisting of modules
which are locally finite with respect to the parabolic subalgebra whose reductive part is gl;, ® gl,.. Finally, let

Pﬁk’k) be the full subcategory of O&k’k) whose objects have projective presentations by projective-injective
modules.

Let 1 and p' be integral dominant weights of g, and let Stab(u) denote the stabilizer of p under the p-shifted
action of the symmetric group Sox. Suppose p’ — p is an integral dominant weight. Then, let Hﬁ,: Oﬁk’k) —
OSf’k) be the translation functor of tensoring with the finite dimensional irreducible representation of highest

weight ' — p composed with projecting onto the p/-block, and let 95, be its adjoint.

Let P, be a minimal projective generator of O,,. It was shown that A, = Endy(P,) has the structure of a
graded algebra [1]. Since O,, is Morita equivalent to A,-mod, we consider the category of graded A,-modules
which we denote by 70,,. Let the graded lift of OLk’k) and Pﬁk’k) be ZOLk’k) and ZPﬁk’k), respectively. It is
known that if Stab(u) C Stab(u'), there is a graded lift of the translation functors, cf. [17], which by abuse

of notation we denote again by 5;‘, and §ﬁ'
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The key tool in the construction of graded category O is the Soergel functor. Let A = (A1,...,\,)

be a composition of 2k, let Sy = Sy, x -+ x Sy, let wf be the longest coset representative in Sor /Sy,

and let P(wf - 1) be the unique up to isomorphism, indecomposable projective-injective object of O,,. Let
Cc=5()/S (h)ﬁ?k be the coinvariant algebra of the symmetric algebra for the Cartan subalgebra with respect
to the action of the symmetric group. Let x1,...,2o; be a basis of S(h) and by abuse of notation also let
x; denote its image in C. Let C* be the subalgebra of elements invariant under the action of Sy. Soergel

proved in [15]:

Proposition 18. Endg(P(w - p1)) = CStab(p)

Define the Soergel functor V,,: O,, — C5*2P(W)_mod to be Homg (P (wp.u), ).

Proposition 19. Let P be a projective object. Then there is a natural isomorphism Homgstabn (V, P, V, M) =
Homg (P, M).

Proof. This is the Structure Theorem of [15]. O

Proposition 20. Let u, ' € X be integral dominant weights such that there is a containment of stabilizers:
Stab(u) C Stab(p'). Then there are isomorphism of functors

CStab(;/)

(1) VH’Hﬁ/ = ReSCStab(u) Vu
(2) V’LLHZI % CStab(H) ®CStab(M’) VH"

Proof. This is Theorem 12 and Proposition 6 of [16]. O

5.2. The objects of Py ,,. Let A = (A1,..., ;) be a composition of 2k with A\; € {0,1,2} for all 4. To each
such A\, we associate an integral dominant weight
v
A= Z Z(T —J A DExdetr, 4 — P
j=1i=1
of gl,;, where A\g = 0. Note the stabilizer of this weight under the action of Sgj is Sy, x -+ x Sy

n

The set of objects of Py, are the categories Z’Pék’k), A€ P(Vay,).

5.3. The 1-morphisms of Py ,. Let A € P(Va,, ), and let I, € Endg(zpék’k)) be the identity functor.
For each i € I, we define functors E;Iy, and K;I, To this end, let A be a weight of Va,, and i € I'". Then
we have compositions of 2k into n 4+ 1 parts:
A =g, A LAt — 1A, A=) = (Ao hi = L1 A1y - An)
Also, if A\=3 ", ajw; € P,set iy =1+a1 +---+a;—1 +a;41 and 5, ) =2 — a; — @jq1.
Let ¢ € I. Suppose (A, Ait1) € {(0,1),(0,2),(1,1),(1,2)}. Then we define as in [6], E;L: Zch’k) —

(K k)
2Pt

673

is given by tensoring with the following bimodule:

P

Aa;? v

a; g (@) ~
Homg (P, (A GX( )Pj{h‘,)\}) =~ Homeata; (V

Aoy W
Atai? YN[ Qm ej PX{”’/\})

Ao Ao

~ Aa; c @
= Homcwr% (VA_,’_%P)\_,'_%,C to ®C>\(i) ReSCA VXPX{Ti,)\})-

For all other values of (A;, Ai+1), set E;Iy = 0. Let K;I: Zpék’k) — ZPék’k) be the grading shift functor
Kiﬂ)\ = ]I,\{(Ozi, )\)}
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Let Zpék’k) and Z”ng’k) be two objects. Then

k,k k,k
Hom(Z,P; ),Zpé/ )) == @ C]I)\/]Eiﬂ)\{s}
1€Seq
SEL

where E; :=E;, ---E; I if i = (i1,...,4,) € I, and s refers to a grading shift.

5.4. Bimodule categories over the cohomology of flag varieties. A review of certain bimodules and
bimodule maps over the cohomology of flag varieties developed in [12, 10, 2] is given here. Let A = (A1, ..., An)
be a composition of 2k into n parts. Let x()); = T, +...4a;_, +- There is an isomorphism of algebras:
Cr = Q) Cle(N)j1, 2Nz, 2N/ Tam
1<j<n
where J) ,, is the ideal generated by the homogeneous terms in the equation
[T A+t +a(N)j0t* + - +a(\)ja,th) = 1. (3)
1<j<n

Let x(\); 1 be the homogenous term of degree 2k in the product

H (1 + Qf(/\)j,ﬂf + I(/\)j,gt2 + -+ $(/\)j,)\jt/\-7).
1<j<n
J#i

Then, using (3) we see that

2(N)i @ (N)ik—j = k.0,

k
=1

J

cf. [10, §5.1] for details.

We must also consider C*(), There is an isomorphism of algebras:

CX = Q) Cla(N)jn,z(V)j, -5 2(A)ja,] ® ClG] @ Cle(N i1, 2(Nigr2s- - 8(N)it1a -1/ Irgi)n
1<j<n,
JFit1

where J)(;) is the ideal generated by the homogeneous terms in the equation

Air1—1 A
I a+¢t) Do a(Nizant™ D> a(N)jst® =1.
1<j<n, r=0 s=0

jAit1
There is also an isomorphism of algebras:
CA(—i) o~ ® (C[x()\)jJ, .’13(/\)]'72, . ,Z‘(/\)j,)\j] X (C[.TJ()\)@l, x()\)w, - 733(/\)1',)\1—1] (24 C[Cz]/'])\(fz),n

1<j<n,
J#i

where Jy(_;) n is the ideal generated by the homogeneous terms in the equation

Ni—1 A
IT @+t > 2™ > a(N);.at* = 1.
1<j<n, r=0 s=

J#i
5.5. The 2-morphisms. In light of Propositions 19 and 20, we may define the 2-morphisms on the algebras
C* X e P(Va,,).
The maps 7;.,. Let i € I. Define 3;,: C*» — C*% which is a map of (C***, C*)-bimodules by
Taa((C)7) = (¢)
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The maps U;x,N;n. Let i € IT. Define a map of (C*, CM)-bimodules
Ui;)\: C/\ — C/\(Z) ®C>\+(xi CA(Z){]. - )\z — >\i+1}

by
i

DM @ a(Nia-r-
f=0

Next define a map of (C*, C*)-bimodules
U_in: C* = CMD @0nca, CEIT — N — Nij1 )
by

Ait1

G—i;k(l) = Z(_I)Aﬁlifgf ®m()‘)i+1,)\qz+1—f'
f=0

Next define a map of (C*, C*)-bimodules
Tin: CMD @caga, CAXOL1 =N = N} — C*
by

N (¢ @ ¢72) = (1) T2 AN g () ot 1A -

Next define a map of (C*, C*)-bimodules
Moin: CAND @nca, CAE1 = N\ = Ay} — C*
by

Noin(( @ ¢?) = (=) AN 2 (N g 41—, -

The maps ¢, ;.. Let i,j € I'T. Define a map of (C*++25, C*)-bimodules

P i i . 0 tay)(@) Bprta , O 0O+ @ oy 0D

by

sz ® Cﬁ

Zm 1C7"1+7"2 1— f®<f Z’“z 1CT1+T2 1— g®<9
(erz ® gﬁ-l _ C]rz-i-l ® Cih){*l}

(* @G {1}

Ei,j;A(CiTl ® (%) =

Define a map of (C*~~% (C*)-bimodules

if i — j| > 1,
if j =1,

ifi=j+1,
ifj=i+1.

1/)_1 N . oA =ay)(=0) ® CA(—j) _, 0O —ai) (=) Dor—an M=)

by

CrQ ®CT‘1

Erz lcn-i-?"z 1— f®cf Eﬁ 1C7"1+7"2 1— H®C9
(¢ ™H{-1}

(G e -G thH{1)

E_i,_j(@n ® CJTZ) =
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5.6. The 2-morphisms of Py ,,. Let i,j € I"T.
The maps 1;,. Let 1;,5: E;Iy — E;I, and 1_;5: E_;Iy — E_;I be the identity morphisms.

The maps y;;». Next we define a morphism of degree 2, y;.»: E;Iy — E;I\. Recall that

EZ‘H)\ = HOHICA+ai (Vix\-l-ai Pfk—i—aﬁ

Ck(i) ®CA prx{ﬁ’)\}).
Let f be such a homomorphism. Suppose f(m) =~ ® n. Then set (yix.f)(m) =7;(y) ® n.

Similarly,

]E_Z‘]I)\ = Homcx_ai (Vmpk—ai’ OA(ii) ®C/\ prx{si%\}).
Let f be such a homomorphism. Suppose f(m) = v ® n. Then set (y_ix.f)(m) =7_;.\(7) @ n.
The maps U;;5,N;:n. Note that
]I)\ >~ J= HOH’ICA (prx, prx)
E_i @) Ez]I)\ 2K = HOIIlC)\ (prx, C>\+ai(7i) ®C’)‘+‘1i CA(i) ®CA prx{r)\ﬂ' + S)\+oéi7i})
E; o E_;I) 2 L = Homena (V5 Px, C* D @ x o, CMTD @0n Vi Pr{sai + Tr—asi})-
Let f € J. Then define U;,: I — E_;E;I\ by

Ui (f)(m) = Uia(1) @ f(m)

and U_;: Iy — E;E_;I by
U_in(f)(m) = U_in(1) @ f(m).
Now define N;.» : E_;E;I, — I. Suppose f € K such that f(m) = y®n. Then set N;A(f)(m) = Nix (7) Q0.
Next define N_;: E;E_;Iy — Ix. Suppose f € L such that f(m) = v ® n. Then set N_;»(f)(m) =
Noia(y) ®n.
The maps wi)j;)\. First we define a map ; j.x: E;E;I\ — E;E; L.

Set

J;rj = Ei]EjH)\ = HOka+ai+aj (V CA+e;) @) Qr+ay cMa) R VXPX{TAJ + r)\Jraj’i})

Ataita; PA+C¥¢ +aj?

K+ = EjEi]I)\ = HOIDC/\+aj+a1- (V

i = starta Prrarran OO @caia, M @ ViPr{ra + mavai}):

Let f € ij and suppose that f(m) =71 ® 72 ® n. Then define ¢; j.» f(m) = Ei’j;)\('yl ® ¥2) @ n.
Set

7C’(/\—ocj)(—i) ®C>‘*°‘j C)\(—j) o VXPX{S)\J + 3/\704]',2’})

JZJ = E,iE,jHA = Homckfoc,;—aj (V

/\—(Xri—(Xj P/\—a,i—aj

K;; =E_;E_;I\ = Homx—a;-a; (V ,CP=2)ED @ s o, CMED @ca Vi Pr{sa i+ 5a—aij})-

Afajfai Afajfai

Let f € J; ; and suppose that f(m) =7 ®v2 @ n. Then define ¢_; _j.\ f(m) = Eﬂ.ﬁj»\('yl ® v2) @ n.

Theorem 2. There is a 2-functor Q n: KL — Py, such that for alli,j € 1,
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Proof. This now follows from the computations in [10, Section 6.2] for bimodules over the cohomology of

flag varieties using the naturality of the isomorphism in proposition 19. ]

Finally we show that the category Py, is a categorification of the module V5, . Denote the Grothendieck
group of Py, by [Pr.n], and let [Py n]oq) = C(q) ®z(q,q-1] [Pr.nl-

Proposition 21. There is an isomorphism of Uy(sl,) modules [Py nloq) = Vaw,,-

Proof. Since projective functors map projective-injective modules to projective-injective modules, it follows
from Theorem 2 and [10], that [Py »]g(q) is @ Uy(sl,)-module. By construction, it contains a highest weight

vector of weight 2wy so it suffices to compute the dimension of its weight spaces.

By [3, Theorem 4.8], the number of projective-injective objects in (’)(Xk’k)(g[%) is equal to the number of
column decreasing and row non-decreasing tableau for a diagram with k& rows and 2 columns with entries
from the set {n,...,n,...,1,...,1}. Call the set of such tableau T.

—— ——
A An

Let S = {i € I'|\; = 1}. Denote by |S| the cardinality of this set. Consider a Young diagram with @
rows and 2 columns. Let T” denote the set of tableau on such a column with entries from S such that the
rows and columns are decreasing. It is well known that the cardinality of the set 7" is the Catalan number
(is)
|S]+1°"
inserting a new box with the entry 7 in each column for each ¢ € I'" such that A\; = 2. The inverse is given

There is a bijection between T and T”. For any tableaux ¢’ € T” one constructs a tableaux ¢t € T by

by box removal.

Finally, the Weyl character formula gives that the dimension of the A weight space of Va,,, is |
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