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1. Segment Representations for Quiver Hecke Algebras of Classical Lie Algebras

1.1. Good Lyndon Words. Using the labeling of roots in [?, Section 8] and the costandard

lexicographic ordering on Lyndon words, prove the following:

Proposition 1.1.1. Show that the Good Lyndon words for g of type Ar are

{[i, . . . , j]|1 ≤ i ≤ j ≤ r}.

Proposition 1.1.2. Show that the good Lyndon words for g of type Br are

{[i, . . . , j]|1 ≤ i ≤ j ≤ r} ∪ {[j, j − 1, . . . , 1, 1, . . . , k − 1, k]|1 ≤ j < k ≤ r}.

Proposition 1.1.3. Show that the good Lyndon words for g of type Cr are

{[i, . . . , j]|1 ≤ i ≤ j ≤ r} ∪ {[j, . . . , 2, 1, 2, . . . , k]|2 ≤ j < k ≤ r} ∪ {[1, . . . , j, 2 . . . , j]|2 ≤ j ≤ r}.

Proposition 1.1.4. Show that the good Lyndon words for g of type Dr are

{[1]} ∪ {[1, 3, . . . , i]|3 ≤ i ≤ r} ∪ {[i, . . . , j]|2 ≤ i ≤ j ≤ r} ∪ {[j, . . . , 2, 1, 3, . . . , k]|2 ≤ j < k ≤ r}.

1.2. Root Vectors. Now, calculate the root vectors:

Proposition 1.2.1. In type Ar,

b∗[i, . . . , j] = [i, . . . , j].

Proposition 1.2.2. In type Br:

b∗[i, . . . , j] = [i, . . . , j]

b∗[j, . . . , 1, 1, . . . , k] = (2)0[j, . . . , 1, 1, . . . , k].

Proposition 1.2.3. In type Cr:

b∗[i, . . . , j] = [i, . . . , j]

b∗[j, . . . , 2, 1, 2, . . . , k] = [j, . . . , 2, 1, 2, . . . , k]

b∗[1, . . . , j, 2, . . . , j] = [1]([2, . . . , j] ∗ [2, . . . , j]).
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Proposition 1.2.4. In type Dr:

b∗[1] = [1]

b∗[1, 3, . . . , i] = [1, 3, . . . , i]

b∗[i, . . . , j] = [i, . . . , j]

b∗[2, 1, 3, . . . , k] = [1, 2, 3, . . . , k] + [2, 1, 3, . . . , k]

b∗[j, . . . , 2, 1, 3, . . . , k] = [j, . . . , 3, 2, 1, 3, . . . , k] + [j, . . . , 3, 1, 2, 3, . . . , k].
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