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LAURENT POLYNOMIALS AND EULERIAN NUMBERS

DANIEL ERMAN, GREGORY G. SMITH, AND ANTHONY VÁRILLY-ALVARA DO

ABSTRACT. Duistermaat and van der Kallen show that there is no nontrivial complex Laurent
polynomial all of whose powers have a zero constant term. Inspired by this, Sturmfels posed two
questions: Do the constant terms of a generic Laurent polynomial form a regular sequence? If so,
then what is the degree of the associated zero-dimensional ideal? In this note, we prove that the
Eulerian numbers provide the answer to the second question.The proof involves reinterpreting
the problem in terms of toric geometry.

1. MOTIVATION AND STATEMENT OF THEOREM

In [DK], J.J. Duistermaat and W. van der Kallen establish that, forany Laurent polynomial
f ∈ C[z,z−1] that is neither a polynomial inznorz−1, there exists a positive power off that has
a nonzero constant term. Motivated by this result, Sturmfels [Stu, §2.5] asks for an effective
version: Can we enumerate the Laurent polynomials that havethe longest possible sequence of
powers with zero constant terms?

By rephrasing this question in the language of commutative algebra, Sturmfels also offers a
two-step approach for answering it. Specifically, considerthe Laurent polynomial

f (z) := z−m+x−m+1z−m+1+ · · ·+xn−1 zn−1 +zn (♠)

and, for any positive integeri, let J f iK denote the constant coefficient of thei-th power of f .
First, Problem 2.11 in [Stu, §2.5], together with computational evidence, suggests the following:

Conjecture 1. For any pair of positive integers(m,n), the coefficientsJ f 1K,J f 2K, . . . ,J f m+nK
generate the unit ideal in the polynomial ringC[x−m+1, . . . ,xn−1].

Second, assuming this conjecture, Exercise 13 in [Stu, §2.6] asks for the degree of the ideal
Im,n :=

〈

J f 1K,J f 2K, . . . ,J f m+n−1K
〉

. The zeros ofIm,n would be the Laurent polynomials of the
form (♠) that have the longest possible sequence of powers with vanishing constant terms.

The goal of this article is to complete the second part. Indeed, the following theorem provides
the unexpected and attractively simple answer. Following [GKP, §6.2], the Eulerian number

〈n
k

〉

is the number of permutations of[n] := {1, . . . ,n} with exactlyk ascents.

Theorem 2. If Conjecture1 holds, then the degree of the ideal Im,n is
〈m+n−1

m−1

〉

.

The conclusion is equivalent to saying that the dimension ofC[x−m+1, . . . ,xn−1]/Im,n, as a
C-vector space, is

〈m+n−1
m−1

〉

.

Notably, this theorem gives a new interpretation for the Eulerian numbers:
〈m+n−1

m−1

〉

enu-
merates certain Laurent polynomials. Even without Conjecture1, we show that these Eulerian
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numbers count the solutions to certain systems of polynomial equations; see Proposition4. De-
spite superficial similarities between our work and other appearances of Eulerian numbers in
algebraic geometry (e.g. [Sta,Bre,Ste,BW,Hir,BS]), we know of no substantive connection.

Our proof of Theorem2, given in §2, recasts the problem in terms of toric geometry. Building
on this idea, §3 provides a recursive formula for the degree of ideals similar to Im,n that arise
from sparse Laurent polynomials. As a curious by-product, we obtain an expression for

〈m+n−1
m−1

〉

as a sum of nonnegative integers in (♥). We list several questions arising from our work in §4.

ACKNOWLEDGEMENTS. We thank David Eisenbud, Bernd Sturmfels, and Mauricio Velasco
for useful conversations. The computer softwareMacaulay 2[M2] was indispensable in dis-
covering both the statement and proof of the theorem. The Mathematical Sciences Research
Institute (MSRI), in Berkeley, provided congenial surroundings in which much of this work
was done. Erman was partially supported by a NDSEG fellowship, Smith was partially sup-
ported by NSERC, and Várilly-Alvarado was partially supported by a Marie Curie Research
Training Network within the Sixth European Community Framework Program.

2. TORIC REINTERPRETATION

This section proves Theorem2 by reinterpreting the degree ofIm,n as an intersection number
on a projective varietyX(m,n). Subsection §2.1 introduces a homogenization of the idealIm,n,
§2.2describes the toric varietyX(m,n), and §2.3computes the required intersection number.

2.1. HOMOGENIZATION. For positive integersm andn, consider the Laurent polynomial

f̃ := x−mz−m+x−m+1z−m+1+ · · ·+xn−1 zn−1 +xnzn ,

and, for any positive integeri, let J f̃ iK denote the constant coefficient of thei-th power of f̃ . Let
Sbe the polynomial ringC[x−m, . . . ,xn] and letJ be theS-ideal

〈

J f̃ 1K,J f̃ 2K, . . . ,J f̃ m+n−1K
〉

. The
C-valued points of V(J)⊂Am+n+1 are precisely the Laurent polynomials for which the constant
term of the firstm+n−1 powers vanishes. SinceJ is contained in the reduced monomial ideal
B := 〈x−m, . . . ,x−1〉 ∩ 〈x0,x1, . . . ,xn〉, theC-valued points of V(J) not contained in V(B) give
rise to Laurent polynomials that are neither polynomials inz norz−1.

To understandJ more explicitly, letw := [−m ··· n]t ∈ Zm+n+1. If u ∈ Nm+n+1, then the
multinomial theorem [GKP, p. 168] implies that

J f̃ iK = ∑
|u|=i

w·u=0

(

i
u

)

x
u = ∑

|u|=i
w·u=0

(

i
u1, . . . ,um+n+1

)

xu1
−mxu2

−m+1 · · · xum+n+1
n .

Hence, for all positive integersi, the polynomialJ f̃ iK is homogeneous with respect to the
Z2-grading ofS induced by setting deg(x j) :=

[

1
j

]

∈ Z2 for all −m6 j 6 n. In particular,J is
invariant under the automorphism ofSdetermined by the map̃f (z) 7→ λ f̃ (ξz) whereλ ,ξ ∈C∗.
Moreover, ifx−m andxn are both nonzero, then there exist scalarsλ , ξ ∈C∗ such that the image
of f̃ under this(C∗)2-action has the form (♠).
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2.2. TORIC VARIETY . Whenm+n > 2, let X(m,n) be the toric variety with total coordinate
ring S (a.k.a. the Cox ring) and irrelevant idealB; see [Cox, §2]. The varietyX(m,n) provides
a toric compactification for the space of all Laurent polynomials of the form (♠). When no
confusion is likely, we simply writeX in place ofX(m,n). Proposition 2.4 in [Cox] shows
that homogeneousS-ideals (up toB-torsion) correspond to closed subschemes ofX. Hence, the
idealJ determines a closed subscheme VX(J) of X. If x−mxn is a nonzerodivisor on VX(J), then
§2.1 shows that the degree of the idealIm,n equals the degree of VX(J). We prove Theorem2
by computing the latter degree.

More concretely,X is the toric variety associated to the following strongly convex rational
polyhedral fanΣ; see [Fu1, §1.4]. The lattice of one-parameter subgroups isN = Zm+n−1 and
the rays (i.e. one-dimensional cones) in the fanΣ are generated by the columns of the matrix:











1 −2 1 0 · · · 0
2 −3 0 1 · · · 0
...

...
...

...
. . .

...
m+n−1 −m−n 0 0 · · · 1











. (♣)

With the column ordering, we label the rays inΣ by ρ−m, . . . ,ρn. For integers 16 i 6 m and
0 6 j 6 n, let σi, j be the cone inRm+n−1 = N⊗Z R spanned by all the rays exceptρ−i andρ j .
The fanΣ is defined by taking theseσi, j as the maximal cones. By construction,X is a singular
simplicial projective toric variety of dimensionm+n−1.

2.3. INTERSECTION THEORY. SinceX is a simplicial toric variety, its rational Chow ring
A∗(X)Q has an explicit presentation; see [Fu1, §5.2]. Specifically, ifD j is the torus-invariant
Weil divisor associated to the rayρ j for all −m6 j 6 n, thenA∗(X)Q = Q[D−m, . . . ,Dn]/(M +
L) where the monomial idealM := 〈D−mD−m+1 · · ·D−1,D0D1 · · ·Dn−1Dn〉 is the Alexander
dual of B, and the linear idealL := 〈iD−m− (i + 1)D−m+1 + D−m+i+1 : 1 6 i 6 m+ n− 1〉
encodes the rows of the matrix (♣).

Choosing a shelling for the fanΣ yields a basis forA∗(X)Q; again see [Fu1, §5.2]. With this
in mind, we order the maximal cones ofΣ by σi, j > σk,ℓ if i + j > k+ℓ or i + j = k+ℓ and j > ℓ.
Let τi, j be the subcone ofσi, j obtained by intersecting the maximal coneσi, j with all conesσk,ℓ

satisfyingσk,ℓ > σi, j and dimσi, j ∩σk,ℓ = m+n−2. We obtain a shelling forΣ (i.e. condition
(∗) in [Fu1, p. 101] is satisfied) because dimσi, j ∩σk,ℓ = m+n−2 if and only if i = k and j 6= ℓ
or i 6= k and j = ℓ, soτi, j = σi, j ∩

(

⋂

k>i σk, j
)

∩
(

⋂

ℓ> j σi,ℓ
)

. Hence, the collection{[V(τi, j)]}
forms a basis forA∗(X)Q.

SetD(−i, j) := D−i+1 · · ·D−1 ·D0 · · ·D j−1; the empty productD(−1,0) = 1 is the unit inA∗(X)Q.
The generators ofM imply thatD(−i, j) = 0 in A∗(X)Q if i > m or j > n. Sinceτi, j is spanned
by the raysρℓ with −i < ℓ < j, it follows that [V(τi, j)] = D(−i, j). Thus,D(−i, j) for 1 6 i 6 m
and 06 j 6 n forms a basis forA∗(X)Q. The degree of a zero-dimensional subschemeY of X,
denoted deg(Y), is the rational number such that[Y] = deg(Y)D(−m,n) in Am+n−1(X)Q.

The following calculation is the key to proving Theorem2.

Lemma 3. For 1 6 k 6 m+n−1, we have k! Dk
0 =

k

∑
i=1

〈

k
i −1

〉

D(−i,k+1−i) in A∗(X)Q.
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Proof. We proceed by induction onk. Since
〈1

0

〉

= 1, the casek = 1 follows from the definition
of D(−i, j). Assume that the lemma holds fork. By the induction hypothesis, we have

(k+1)! Dk+1
0 = [(k+1)D0][k! Dk

0] =
k

∑
i=1

[(k+1)D0]

[〈

k
i −1

〉

D(−i,k+1−i)

]

.

The linear relations, generated byL, include the relation(k+1)D0 = (k+1− i)D−i + iDk+1−i

for 1 6 i 6 m and 06 k+1− i 6 n. SinceD(−i,k+1−i) = 0 for i > m or k+1− i > n, we have

(k+1)! Dk+1
0 =

k

∑
i=1

[(k+1− i)D−i + iDk+1−i ]

[〈

k
i −1

〉

D(−i,k+1−i)

]

=
k

∑
i=1

(k+1− i)

〈

k
i −1

〉

D(−i−1,k+1−i) +
k

∑
i=1

i

〈

k
i −1

〉

D(−i−1,k+2−i) .

By reindexing the first sum and using the equations
〈k

k

〉

= 0 =
〈 k
−1

〉

, we obtain

(k+1)! Dk+1
0 =

k+1

∑
i=2

(k+2− i)

〈

k
i −2

〉

D(−i,k+2−i) +
k

∑
i=1

i

〈

k
i −1

〉

D(−i−1,k+2−i)

=
k+1

∑
i=1

(

(k+2− i)

〈

k
i −2

〉

+ i

〈

k
i −1

〉)

D(−i−1,k+2−i) .

Finally, the recurrence relation for Eulerian numbers (seeeq. 6.35 in [GKP, p. 254]) implies

(k+1)! Dk+1
0 =

k+1

∑
i=1

〈

k+1
i −1

〉

D(−i−1,k+2−i) . �

Using this lemma, we can compute the degree of certain complete intersections inX.

Proposition 4. Let g1, . . . ,gm+n−1 be homogeneous elements of S such thatdeg(g j) =
[ j

0

]

for
16 j 6 m+n−1. If VX(g1, . . . ,gm+n−1) is a zero-dimensional subscheme of X, then its degree
is

〈m+n−1
m−1

〉

.

Proof. Each homogeneous polynomialg j defines a hypersurface inX. This Cartier divisor is
rationally equivalent toj D0 because deg(g j) =

[ j
0

]

for 1 6 j 6 m+ n− 1. The subscheme
Z := VX(g1, . . . ,gm+n−1) has dimension zero if and only if it is a complete intersection. Hence,
the degree ofZ equals the appropriate intersection number, namely the coefficient of D(−m,n) in

∏m+n−1
j=1 j D0; see Proposition 7.1 in [Fu2]. Using Lemma3, we have

m+n−1

∏
j=1

j D0 = (m+n−1)! Dm+n−1
0 =

〈

m+n−1
m−1

〉

D(−m,n) . �

Proof of Theorem2. Applying Conjecture1 for the pairs(m,n−1) and(m−1,n), we see that
VX(J)∩VX(x−mxn) = ∅. It follows that[VX(J)] belongs to the socle ofA∗(X)Q, and thus that
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VX(J) has dimension zero. Sincex−mxn is a nonzerodivisor on VX(J), we see that deg(Im,n)
equals degVX(J); see §2.2. Therefore, applying Proposition4 completes the proof. �

3. SPARSE LAURENT POLYNOMIALS

In this section, we compute the degree of subschemes ofX(m,n) corresponding to certain sparse
Laurent polynomials. These degrees satisfy a Pascalian recurrence relation, and may thus be
regarded as a generalized form of Eulerian numbers. This computation generates an intriguing
decomposition of

〈m+n−1
m−1

〉

as a sum of nonnegative integers; see (♥).
Fix a pair of positive integers(m,n), and letd be a positive integer dividingm+n. Consider

the closed subschemeXd of X corresponding to Laurent polynomials of the form

x−mz−m+x−m+d z−m+d + · · ·+xn−d zn−d +xnzn .

In other words,Xd is the subscheme ofX defined by the monomial ideal generated by the
variables not belonging to{x−m,x−m+d, . . . ,xn−d,xn}. Whend = 1, we haveXd = X.

For 16 j 6 m+n−1, letg j be a generic polynomial inSof degree
[ j

0

]

. These generic poly-
nomials cut out the subschemeZ := VX(g1, . . . ,gm+n−1). ConsiderZd := Z∩Xd. To compute
the degree ofZd, we introduce the following notation. If 06 ℓ 6 d−1, then we define

〈

d−1
ℓ

〉

d
:=

{

0 if gcd(ℓ+1,d) 6= 1,

1 if gcd(ℓ+1,d) = 1,

and we extend the definition of
〈k
ℓ

〉

d for all triples(k, ℓ,d) such thatd dividesk+1 via
〈

k
ℓ

〉

d
:= (ℓ+1)

〈

k−d
ℓ

〉

d
+(k− ℓ)

〈

k−d
ℓ−d

〉

d
.

Whend = 1, it follows from this recursion that
〈k
ℓ

〉

=
〈k
ℓ

〉

1.

Proposition 5. The scheme Zd has dimension zero and degree
〈m+n−1

m−1

〉

d
whengcd(d,n) = 1;

otherwise the scheme Zd is empty.

Before presenting the proof, we record a technical lemma. Let Wi be the vector space of all
polynomials inS of degree

[

i
0

]

with support contained in{x−m,x−m+d, . . . ,xn−d,xn}. Given
a subsetS ⊆ {d,2d, . . . ,m+ n−d}, let D(S ) be the subscheme ofXd defined by the ideal
generated byWi for all i ∈ S .

Lemma 6. If S ⊆ {d,2d, . . . ,m+n−d}, thendimD(S ) 6 m+n
d −1−|S |.

Proof. It suffices to show thatD(S ) is contained in a finite union of subschemes with dimen-
sion m+n

d −1−|S |. To a pointP = [p−m : p−m+d : . . . : pn] in D(S ), we associate the support
setsE+ := {i > 0 | pi 6= 0} andE− := {i > 0 | p−i 6= 0}. From the definition ofXd, we deduce
thatE+ ⊆ {m,m−d, . . .} andE− ⊆ {n,n−d, . . .}. Observe thatP lies in the subspace defined
by the ideal〈xi | i ∈ {−m,−m+ d, . . . ,n} \ (E+∪E−)}〉 and that this subspace has dimension
|E+|+ |E−|−2. Hence, it is enough to prove|E+|+ |E−|−2 6 m+n

d −1−|S | = |S ∁| where

S
∁ := {d,2d, . . . ,m+n−d}\S . To accomplish this, we consider the set

P := {i + j | i ∈ E+, j ∈ E−, andi + j 6 m+n−d} ⊆ {d,2d, . . . ,m+n−d} .
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To complete the proof, one verifies thatP ⊆ S ∁ and that|E+|+ |E−|−2 6 |P|. �

Sketch of the Proof for Proposition5. To begin, we assume that gcd(d,n) = 1. LetP(W) be the
productP(Wd)×P(W2d)×·· ·×P(Wm+n−d) and consider the incidence variety

U :=
{(

P,(hd, . . . ,hm+n−d)
)

| hd(P) = · · · = hm+n−d(P) = 0
}

⊆ Xd×P(W)

with projection mapsπ1 : U → Xd andπ2 : U → P(W). We claim that dimU 6 dimP(W). To
see this, observe that a general pointQ in Xd does not belong to the base locus of anyWi , so the
fiberπ−1

1 (Q) has dimension dimP(W)− m+n
d +1. One must also consider the dimensions of the

variousπ−1
1

(

D(S )
)

, but Lemma6 shows that none of these preimages has dimension greater
than dimP(W). SinceZd equals the fiber ofπ2 over a general point ofP(W), the inequality
dimU 6 dimP(W) implies thatZd has dimension zero. The appropriate modifications to the
proofs of Lemma3 and Proposition4 show that the degree ofZd is

〈m+n−1
m−1

〉

d
.

Next, assume thate := gcd(d,n) > 1. If m′ := m/e, n′ := n/e, andd′ := d/e, then there

is an isomorphismXd = X(m,n)d
∼=

−−→ X(m′,n′)d′ = X′
d′. Under this identification,Zd is deter-

mined by the ideal〈gd′,g2d′ , . . . ,ge(n′+m′)−d′〉. LetU ′ be the incidence variety for the parameters
(m′,n′,d′). From the proof of Lemma6, we deduce thatx−m′xn′ is a nonzerodivisor on the top
dimensional components ofU ′. Hence, the generic polynomialgm′+n′ is also a nonzerodivisor
onU ′, so the intersection of the general fibre ofπ ′

2 : U ′ → P(W) with the hypersurface defined
by gm′+n′ is empty. Therefore, we haveZd = ∅. �

To obtain a decomposition for the Eulerian numbers, we stratify the generic complete inter-
sectionZ by singularity type. LetX◦

d be the open subscheme ofXd consisting of all singular-
ities of typeB(Z/dZ). Each point inZ belongs toXd for somed that dividesm+ n. Setting
Z◦

d := Z∩X◦
d , we obtain

〈

m+n−1
m−1

〉

= deg(Z) = ∑
d|m+n

deg(Z◦
d). (♥)

Moreover, Möbius inversion and Proposition5 yield deg(Z◦
d) = ∑

c|(m+n)/d
µ(c)

〈m+n−1
m−1

〉

cd
, where

µ is the classical Möbius function; see eq. (4.55) and (4.56) in [GKP, p. 136].

4. FURTHER QUESTIONS

4.1. REGULAR SEQUENCE. Theorem2 underscores the significance of Conjecture1. To prove
this conjecture, it would be enough to show that VX(J f̃ 1K, . . . ,J f̃ m+nK) is the empty set. From
this perspective, the proof of Proposition5 could be viewed as evidence supporting this conjec-
ture: for generic elementsg j of Swith degree

[ j
0

]

, the subscheme VX(g1, . . . ,gm+n) is indeed
empty. On the other hand, Conjecture1 is false over a field with positive characteristic. For
instance, iff (z) := z−1+z∈ F2[z,z−1], then we haveJ f iK = 0 for all i.
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4.2. COMBINATORICS. The positivity and simplicity of many formulae in this article suggest
that we have uncovered only part of the combinatorial structure. To help orient the search for
further structure, we pose three specific questions:

• Can one find an explicit basis forC[x−m+1, . . . ,xn−1]/Im,n together with a bijection to
the permutations of[m+n−1] with exactlym−1 ascents?

• Does∑
j>0

dimC

( S
〈g1,...,gm+n〉

)

[

j
0

] =
〈m+n−1

m−1

〉

hold for all positivem andn? Whenm= 3

andn= 3, we have
〈5

2

〉

= 66= 1+0+2+3+6+7+9+10+9+7+6+3+2+0+1.
• Does there exist a combinatorial interpretation for the decomposition of the Eulerian

numbers given in (♥)? Whenm= 3 andn= 5, we have
〈7

2

〉

= 1191= 1168+20+2+1.
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