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LAURENT POLYNOMIALS AND EULERIAN NUMBERS
DANIEL ERMAN, GREGORY G. SMITH, AND ANTHONY VARILLY-ALVARA DO

ABSTRACT. Duistermaat and van der Kallen show that there is no naatmomplex Laurent
polynomial all of whose powers have a zero constant ternpiled by this, Sturmfels posed two
questions: Do the constant terms of a generic Laurent patyaldorm a regular sequence? If so,
then what is the degree of the associated zero-dimensibeald In this note, we prove that the
Eulerian numbers provide the answer to the second questtomproof involves reinterpreting
the problem in terms of toric geometry.

1. MOTIVATION AND STATEMENT OF THEOREM

In [DK], J.J. Duistermaat and W. van der Kallen establish thatafoyr Laurent polynomial
feClz 2*1] that is neither a polynomial innorz 1, there exists a positive power bfthat has
a nonzero constant term. Motivated by this result, Stursnféiy, §2.5] asks for an effective
version: Can we enumerate the Laurent polynomials that theeveongest possible sequence of
powers with zero constant terms?

By rephrasing this question in the language of commutaiyetaa, Sturmfels also offers a
two-step approach for answering it. Specifically, constterLaurent polynomial

f(2) =2 M X 1 Z M X 242 (#)

and, for any positive integer let [[fi]] denote the constant coefficient of thth power of f.
First, Problem 2.11 ingtu, 82.5], together with computational evidence, suggestiilfowing:

Conjecture 1. For any pair of positive integerisn, n), the coefficientd f1], [f?],...,[f™™"]
generate the unit ideal in the polynomial ri@x_m1,...,Xn—1].

Second, assuming this conjecture, Exercise 135in, [§2.6] asks for the degree of the ideal
lmn = ([f],[f2],...,[f™"]). The zeros ofmn, would be the Laurent polynomials of the
form (&) that have the longest possible sequence of powers witlsiviug constant terms.

The goal of this article is to complete the second part. Idd#e following theorem provides
the unexpected and attractively simple answer. Follow@ig®, §6.2], the Eulerian numbéf)
is the number of permutations pf| := {1,...,n} with exactlyk ascents.

Theorem 2. If Conjecturel holds, then the degree of the idealdis (™" 1).

The conclusion is equivalent to saying that the dimensiol€f m1,...,Xn—1]/Imn, @s a
C-vector space, i§™ " 1).

Notably, this theorem gives a new interpretation for theeah numbers:< . > enu-

merates certain Laurent polynomials. Even without Conject, we show that these Eulerian

m+n—1
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numbers count the solutions to certain systems of polyniegizations; see Propositidn De-

spite superficial similarities between our work and othgregpances of Eulerian numbers in

algebraic geometry (e.gSfa Bre, Ste BW, Hir, BS]), we know of no substantive connection.
Our proof of Theoren, given in &, recasts the problem in terms of toric geometry. Building

on this idea, 8 provides a recursive formula for the degree of ideals simddm , that arise

from sparse Laurent polynomials. As a curious by-produetpitain an expression fé’l";ﬁl

as a sum of nonnegative integers if) ( We list several questions arising from our work #h 8
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2. TORIC REINTERPRETATION

This section proves Theorekby reinterpreting the degree &, as an intersection number
on a projective variety (m,n). Subsection &.1introduces a homogenization of the idéak,
82.2describes the toric variet¢(m,n), and 8.3 computes the required intersection number.

2.1. HOMOGENIZATION. For positive integereiandn, consider the Laurent polynomial
frm X mZ M X a2 M Xy 2 X, 2,

and, for any positive integerlet [[1c~ '] denote the constant coefficient of tith power off. Let
She the polynomial rin@[X_m, . .., %] and letd be theS-ideal ([ f1],[f2],...,[f™"1]). The
C-valued points of VJ) ¢ A™" 1 are precisely the Laurent polynomials for which the coristan
term of the firstm+n— 1 powers vanishes. Sindds contained in the reduced monomial ideal
B:=(X_m,...,X_1) N (X0, X1, ..., %n), the C-valued points of \{J) not contained in \/B) give
rise to Laurent polynomials that are neither polynomialsiorz—*.

To understand more explicitly, letw := [-m - n]t € Z™™1 |f 4 € N™1 then the
multinomial theoremGKP, p. 168] implies that

£ I u I m+-n
[1= Z <u)m - Z (Ul.. )XU1leizm+1"'Xg++l'

il = o tmint

w-u=0 w-u=0
Hence, for all positive integers the polynomial[[fi]] is homogeneous with respect to the
Z?2-grading ofSinduced by setting dég;) := [}] € Z? for all —m < j < n. In particular,J is
invariant under the automorphism®tletermined by the mafy(z) — A f(£2) whereA , € e C*.
Moreover, ifx_, andx, are both nonzero, then there exist scakgré € C* such that the image
of f under this(C*)2-action has the formé).
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2.2. TorIC VARIETY. Whenm+n > 2, letX(m,n) be the toric variety with total coordinate
ring S(a.k.a. the Cox ring) and irrelevant ideBjl see Cox, 82]. The varietyX(m,n) provides
a toric compactification for the space of all Laurent polymamof the form @&). When no
confusion is likely, we simply writeX in place of X(m,n). Proposition 2.4 in Cox shows
that homogeneouSideals (up tdB-torsion) correspond to closed subschemes.dflence, the
idealJ determines a closed subschemg¥) of X. If X_X, is @ nonzerodivisor on ¥/(J), then
§2.1shows that the degree of the idéakh equals the degree of¥(J). We prove Theorern2
by computing the latter degree.

More concretelyX is the toric variety associated to the following stronglyveex rational
polyhedral farz; see Ful, §1.4]. The lattice of one-parameter subgroup is Z™"~1 and
the rays (i.e. one-dimensional cones) in theIaare generated by the columns of the matrix:

1 -2 10.---0

2 -3 o1--0

. . . . . . (&)
m+n-1 -m-n O O --- 1

With the column ordering, we label the raysarby p_n,...,pn. For integers X i < mand
0< j <n,leta; j be the cone iR™ "~ 1=N®zR spanned by all the rays except; andp;.
The fanX is defined by taking thesg j as the maximal cones. By constructidhis a singular
simplicial projective toric variety of dimensian+n— 1.

2.3. INTERSECTION THEORY. SinceX is a simplicial toric variety, its rational Chow ring
A*(X)g has an explicit presentation; seeufl, 85.2]. Specifically, ifD; is the torus-invariant
Weil divisor associated to the rgy for all -m< j <n, thenA*(X)g = Q[D_p,...,Dn]/(M+
L) where the monomial idea¥l := (D_yD_my1---D_1,DoD1---Dn-1Dp) is the Alexander
dual of B, and the linear idedl := (iD_n— (i+1)D_mi1+D-mit1:1<i<m+n-1)
encodes the rows of the matrid).

Choosing a shelling for the fanyields a basis foA"(X)g; again seeful, §85.2]. With this
in mind, we order the maximal conesdby gj j > ok ¢ if i+ ] >k+Lori+j=k+/Zandj > /.
Let 7j j be the subcone afi j obtained by intersecting the maximal camg with all conesoy ¢
satisfyingoi , > 0; j and dimag; j N ok = M+ n— 2. We obtain a shelling fak (i.e. condition
(*) in [Ful, p. 101] is satisfied) because dimy N ok, = m+n—2if and only ifi =k andj # ¢
oriZkandj=/,s0Tj=0jN(Nki0k;j) N (Ne=jTi.c). Hence, the collectiod|V (T j)]}
forms a basis foA*(X)q.

SetD_j j):=D-i+1---D-1-Do---Dj_1; the emptyprodudD(_Lo):listhe unit inA*(X)q.
The generators d¥l imply thatD( j)=0inA*(X)q if i >mor j>n. Sincer is spanned
by the rayso, with —i < ¢ < j, it follows that[V (7 j)] = D(_j j). Thus,D(_jj forl<i<m
and 0< j < nforms a basis foA*(X)g. The degree of a zero- dlmenS|onaI subsch¥noé X,
denoted de), is the rational number such thia) = degY) D(_p,) in AT~ 1(X)q.

The following calculation is the key to proving Theor&mn

K/ k
Lemma3. For 1< k< m+n—1, we have kD§ = Z\<' 1>D(_i7k+1_i) in A*(X)q-
2 \i -
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Proof. We proceed by induction dx Since<é> =1, the cas& = 1 follows from the definition
of D(_j j). Assume that the lemma holds farBy the induction hypothesis, we have

k
(o DEDE = [l DD = 5 (k- D] | YD erns |-

The linear relations, generated byinclude the relatiofk+1)Dg = (k+1—i)D_j +iDyy1j
for L<i<mand O<k+1—i<n. SinceD(_jy1-j)=0fori >mork+1—i>n, we have

(k+1)! D& = i[(k—Fl—i)Di + Dy 1] K' El>D(—i,k+1—i)}

K ./ Kk K/ k
= _Z(k+ 1- ')<i - 1>D(i1,k+1i) +_Z' <i - 1>D(i1,k+2i) :
1= 1=

By reindexing the first sum and using the equatiéf)s= 0= ( ¥,), we obtain

k-+1

/K K / k
(k+1)! D = .;(k‘l‘Z— I><i _ 2>D(i,k+2i) +,Z' <i _ 1>D(i1,k+2i)
= i=

= :(g ((k+2— i)<i 52> +i <i El>) D ictke2-i)-

Finally, the recurrence relation for Eulerian numbers @ge6.35 in GKP, p. 254]) implies

(k+1)! Dyt = Z<, _1>D(—i—1,k+2—i)' D
1=

Using this lemma, we can compute the degree of certain cdenjlersections ikX.

Proposition 4. Let g, ...,0mn—1 be homogeneous elements of S suchdegty;) = [(J)} for
1<j<m+n—21If Vx(di,...,0mnn-1) IS a zero-dimensional subscheme of X, then its degree
is (Tl

Proof. Each homogeneous polynoml defines a hypersurface K. This Cartier divisor is
rationally equivalent toj Do because dég;j) = [}] for 1 < j <m+n—1. The subscheme
Z:=Vx(91,---,9m+n—1) has dimension zero if and only if it is a complete intersettidence,

the degree oZ equals the appropriate intersection number, namely théicieat of D(_p, ) in

|‘|E“:+1”‘1 jDo; see Proposition 7.1 irfu2. Using Lemma3, we have

m4-n-1
: m+n—1
jDo = (m+n—1)!Dg‘+”—1:< - >D(m7n). O

-1 m—1

Proof of Theoren2. Applying Conjecturel for the pairs(m,n— 1) and(m—1,n), we see that
Vx(J) NVx(X_mXn) = @. It follows that[Vx (J)] belongs to the socle &*(X)q, and thus that
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Vx(J) has dimension zero. Sincemx, is a nonzerodivisor on ¥/(J), we see that détmn)
equals deg ¥ (J); see 8.2 Therefore, applying Propositidhcompletes the proof. O

3. SPARSELAURENT POLYNOMIALS

In this section, we compute the degree of subschem¥érofn) corresponding to certain sparse
Laurent polynomials. These degrees satisfy a Pascaliamresce relation, and may thus be
regarded as a generalized form of Eulerian numbers. Thipatation generates an intriguing
decomposition o(m$fll> as a sum of nonnegative integers; ség (

Fix a pair of positive integerém, n), and letd be a positive integer dividing+ n. Consider
the closed subschenxg of X corresponding to Laurent polynomials of the form

XomZ X g Z ™ X g2 X0 2"
In other words,Xy is the subscheme of defined by the monomial ideal generated by the
variables not belonging tox_m,X_m+d, - - -, Xn—d, ¥n}. Whend = 1, we haveXy = X.
For 1< j <m+n-1, letgj be a generic polynomial i§ of degree[g)} . These generic poly-
nomials cut out the subscherde= Vx(ds,...,0nin-1). ConsiderZy :=ZNXy. To compute
the degree oZy, we introduce the following notation. If & / < d — 1, then we define

<d—1>u_ 0 ifged(f+1,d)#1,
¢ Jg |1 ifged(f+1,d) =1,

and we extend the definition Qf}d for all triples (k, ¢,d) such thad dividesk+ 1 via

K\ k—d k—d
<£>d.—(£—|—1)< / >d—i-(k £)<€_d>d.
Whend = 1, it follows from this recursion tha(ﬂ,ﬁ} = <‘,§>l

Proposition 5. The scheme ghas dimension zero and degré’@;ﬁ% whengcd(d,n) = 1;
otherwise the schemeg 5 empty.

Before presenting the proof, we record a technical lemmaW. ée the vector space of all
polynomials inS of degreem with support contained iIfX_m,X_mid,---,Xn—d,Xn}. Given
a subset” C {d,2d,...,m+n—d}, let D(.’) be the subscheme & defined by the ideal
generated by\ for alli € ..

Lemma®. If & C {d,2d,...,m+n—d}, thendimD() < " —1—|.7|.

Proof. It suffices to show thaD(.#) is contained in a finite union of subschemes with dimen-
sion™ —1—|.7|. ToapointP = [p_m: P-m4d : --- : Pn] in D(.’), we associate the support
setsé; :={i > 0| pj # 0} and&_ := {i > 0| p_; # 0}. From the definition oKXy, we deduce
that&, C {mm—d,...} and&- C {n,n—d,...}. Observe thaP lies in the subspace defined
by the ideal(x; | i € {—m,—m+d,...,n}\ (& U&-)}) and that this subspace has dimension
& +|&-| — 2. Hence, itis enough to proyé | +|&-| —2< ™ — 1 || = |.#C| where
A= {d,2d,...,m+n—d}\ .. To accomplish this, we consider the set

P ={i+jlieé&, jedé_,andi+|j<m+n—-d} C{d,2d,...,m+n—d}.
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To complete the proof, one verifies that C .#C and thai &, | + |£_| — 2 < | 2|. O

Sketch of the Proof for Propositidh To begin, we assume that detin) = 1. LetP(W) be the
productP(Wy) x P(Waq) x -+ x P(Winn_d) @and consider the incidence variety

U:={(P.(hg,-,hmin—d)) | ha(P) = --- = hyyna(P) = 0} C Xy x P(W)

with projection mapgg: U — Xy andme: U — P(W). We claim that dind < dimP(W). To
see this, observe that a general p&)ih X4 does not belong to the base locus of &jyso the
fiber rrl‘l(Q) has dimension difi(W) — 2+ 1. One must also consider the dimensions of the
variousnl‘l(D(Y)), but Lemma6 shows that none of these preimages has dimension greater
than dimP(W). SinceZy equals the fiber ofe, over a general point dP(W), the inequality
dimU < dimP(W) implies thatZy has dimension zero. The appropriate modifications to the
proofs of Lemma3 and Propositiod show that the degree ais ("M 1>d

Next, assume that := gcdd,n) > 1. If m := m/e, n' :=n/e, andd’ := d/e, then there
is an isomorphisnxyg = X(m,n)q =, X, n')g = X5 Under this identificationZy is deter-
mined by the idealgy, Gzq'; - - - » Ge(rv-+n1)—d) - LetU’ be the incidence variety for the parameters
(m',n’,d"). From the proof of Lemm&, we deduce that_,;xy is a nonzerodivisor on the top
dimensional components bf. Hence, the generic polynomigl.y is also a nonzerodivisor
onU’, so the intersection of the general fibrergf U’ — P(W) with the hypersurface defined
by Onvr IS empty. Therefore, we hadgy = o. O

To obtain a decomposition for the Eulerian numbers, weiStrdite generic complete inter-
sectionZ by singularity type. Lej be the open subscheme X{f consisting of all singular-
ities of typeB(Z/dZ). Each point inZ belongs toXy for somed that dividesm+ n. Setting
Z4 = ZN Xy, we obtain

m+n-1 o
< m_1 >:deq2):dz deqgZy). ©)
|mH-n
Moreover, Mobius inversion and Propositibryield dedZ;) = (o) ("] 1> g Where

c\(m+n /d
U is the classical Mdbius function; see eq. (4.55) and (4 5¢EKP, p. 136].

4. FURTHER QUESTIONS

4.1. REGULAR SEQUENCE Theoren® underscores the significance of Conjectuirdo prove
this conjecture, it would be enough to show that(¥f1],...,[f™"]) is the empty set. From
this perspective, the proof of Propositibireould be viewed as evidence supporting this conjec-
ture: for generic element of Swith degree[} |, the subscheme Mgz, . .., gmn) is indeed
empty. On the other hand, Conjecturés false over a field with positive characteristic. For
instance, iff (2) := z 1 +z € F,[z,z 1], then we havéf'] = 0 for alli.
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GoMBINATORICS. The positivity and simplicity of many formulae in this afe suggest

that we have uncovered only part of the combinatorial stmectTo help orient the search for
further structure, we pose three specific questions:

[BS]

[Bre]
[BW]
[Cox]
[DK]

[Ful]
[Fu2]

[GKP]

[Hir]
(M2]

[Sta]

[Ste]

[Stu]

DERMA

e Can one find an explicit basis f@[X_m1,...,X—1]/Imn together with a bijection to
the permutations dim+ n— 1] with exactlym— 1 ascents?
: s o /min-1 " _
. Doesj;dlm@(m) [(,)] = ) hold for all positivem andn? Whenm=3

m—1
andn= 3, we have(3) =66=1+0+2+3+6+7+9+10+9+7+6+3+2+0+1.
e Does there exist a combinatorial interpretation for theodggosition of the Eulerian
numbers given in®)? Wheném= 3 andn=>5, we have(;> =1191=1168+20+2-+1.
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