Math 185 Problem Set 7

Problem 1. (21 points)

2 8df
(a) Compute/o m

(b) Comput /Qﬂ‘w
ompHte o (3+2cos(0))?

sin?() 27

27
= . T a—a — ).
(c) Compute /0 T beos(d) df, a>1|b| >0. (Answer B (a a )-)

Problem 2. (21 points)

dx
— (A D).
(a) Compute /_oo o Yo (Answer: 7)

00 172

(b) Compute /_OO TG0 dx. (Answer: m/3.)

* 1 2mV3 . , :
(c) Show / E dr = 9 by integrating around the boundary of the circular sector
0 X

shown and letting R — oo. The vertex angle of the sector is 27/3.

Im(z)

> R
L Re(:)

Circular sector with vertex angle 27/3.

Problem 3. (14 points)

*° cos(2x)
(a) Compute /_oo 21

o0

(b) Compute/ cos(22) dz. (Answer: 3m/(2¢?).)

oo (@2 +1)2

Principal value.
Recall if f(x) is continuous on the real axis except at, say, two points z; < xy then the



principal value of the integral along the entire x-axis is defined by

p.v. /_Z = lim [/_2_“ f(z)dx + /::f f(z)dz + /xim f(z) d:c.]

Here the limit is taken as R — oo, 71 — 0, ro — 0. The extension to more points of
discontinuity should be clear.

Problem 4. (14 points)

00 e3iac

te p.v. dz.
(a) Compuepv/oox_% x
(b) Derive the formula p.v./ cos(z) dx = me‘ : 1 m(w) >

oo T— W —mie”" if Im(w) < 0.
Problem 5. (14 points) A
(a) Derive the formula p.v./ m dx = mi(e? — &)
.  sin?(x)
(b) Derive the formula dx =m/2
0 2

Hint: sin®(z) = 1= cos(2z) = 1Re(l — %),

2 2

Problem 6. (7 points)
[e o] \/5

Compute dx. (Answer: 7/v/2.)
0

2 +1

Problem 7. (15 points)
1 for —1 1
Lot f(:v) _ or <z <
0 elsewhere.

(a) (5) Solution: Compute the Fourier transform f(w) = / f(z)e ™% dg.
(b) (10) Show that the formula for the Fourier inverse gives f(x). That is, show
f@) =5 [ fpeted
)= 5 - w)e™* dw.

Hint: this will require an indented contour around 0.

Problems below here are not assigned. Do them just for fun.

Problem Fun.1. (No points)
oo

(a) Let f(z) = e . Let w > 0 and I = / f(2)e®* dx. Use the rectangle with
0

o
vertices at 0, R, R + iw and iw and the known integral / e dy = \/7/2 to show that
0
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[ =e* \V/7/2 +iB. Here B is the imaginary part and we are not concerned with its
value.

o0
(b) Now use part (a) and symmetry to show that the Fourier transform f(w) = / f(z)e ™ dx =
Ve w4, -

Problem Fun.2. (No points)

u o7 - (2n)!
Compute / (cos0)?"df. Forn=1,2,.... (Answer; 2m - (2n)! )
0

22n(pl)2 "

Problem Fun.3. (No points)

o] $2

Compute p.v. /_Oo m dx.

o) 2

Is this th the int 1 ———— dx without the principal value?
s this the same as the integra /_Oo CESIE 2 without the principal value

End of pset 7



