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IntroducingPolynomialOptimization

•Defineapolynomialobjectivef

•Wewouldliketoknowalowerboundforf

•Forexample,iff+t≥0,then−tissuchabound

–Sominimizingiscloselyrelatedtocertifyingnonnegativity

•Ifwehaveamethodofcertifyingf+t≥0,thenwanttofind

theleasttthatwecanwithourmethod

•Wecoulddifferentiate,butthisisimpractical
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CertifyingNonnegativity

•Ahomogeneousforminnvariablesiscalledpositivesemidefinite

(orpsd)ifittakesnonnegativevaluesforall(x1,...,xn)∈R
n

•Ifapolynomialisasumofsquares(orsos)ofotherpolynomials,

itisnonnegative

•Sofarwehaven’tconstrainedtheregionoverwhichtoboundf

•Wemayrestrictittoasemialgebraicset,definedbypolynomial

inequalities:

•S={(x1,...,xn)|p1(x1,...,xn)≥0,...,pm(x1,...,xn)≥0}

•p1,...,pmarethedefiningpolynomialsofS

•Ifapolynomialisasumofproductsofthepi’swithnonnegative

coefficients,itisnonnegativeonS
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History:Hilbert

•In1888,Hilbertshowedthateverypsdternaryquarticformisa

sumofthreesquaresofquadraticforms

•Atthesametime,heprovedthatsomepsdformsarenotthe

sumofsquares(orsos)ofanyotherforms

•Inhis1900addresstotheParisCongress,heposedashis17th

Problemthefollowing:

–Supposefisnonnegative.Doesthereexistarepresentation

f=
∑

i

p
2
i

q
2
i

offasthesumofsquaresofrationalfunctionswithreal

coefficients?
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RepresentationsExist!

•In1926,Artinansweredaffirmatively

•In1964,Krivineshowedthatiffisstrictlypositiveonthe

semialgebraicsetS={x̄:p1(x̄)≥0,...,pm(x̄)≥0},thenfcan

berepresentedintheform

1+
∑

ε∈{0,1}m(
∑

iaεif
2
εi)p

ε1

1···p
εm
m

1+
∑

ε′∈{0,1}m(
∑

jbε′ig2
ε′j)p

ε′
j

1···p
ε′
m

m

wherethe0≤aεi,bε′j∈Randfεi,gε′j∈R[x̄]
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CompactSetsLeadToNicerRepresentations

•In1990,Schmüdgenshowedthatinparticular,ifSiscompact,

thenfcanberepresentedintheform
∑

ε∈{0,1}m

(
∑

i

aεif
2
εi)p

ε1

1···p
εm
m

•In1988,Handelmanshowedthatinparticular,ifSisa

polyhedron,thenfcanberepresentedintheform
∑

ε∈Nm

aεp
ε1

1···p
εm
m
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AnotherNiceRepresentation

•ReturntothesituationofSchmüdgen’stheorem.In1993,

Putinarshowedthatifallthepi’shaveevendegree,andtheir

highestdegreehomogeneouspartsdonothavecommonzeros

inR
n

otherthan0,thenfcanberepresentedintheform

∑

j

f
2
0j+

m∑

i=1

(
∑

j

f
2
ij)pi

•Alltheseproofsarenonconstructive

•Notethatstrictpositivityisrequired;soifwearetryingtofind

alowerboundforfbyrepresentingf+tinoneoftheabove

ways,theremaynotbearepresentationwhichgivesustheexact

minimum
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Kadison-DuboisRepresentationTheorem:

Intro

•In1983,BeckerandSchwarzgaveashortalgebraicproofofthe

Kadison-DuboisRepresentationTheorem(actuallydueto

Krivine)

•DefinitionLetRbearingcontainingR.AsubsetP⊂Riscalled

apreprimeiff

P+P⊆P,PP⊆P,R+⊆P,−1/∈P

andapreprimeisarchimedeaniff

∀a∈R∃n∈Ns.t.n−a∈P
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Kadison-DuboisRepresentationTheorem

•TheoremLetRbearing,P⊆Ranarchimedean

preprimeand

X(P):={φ∈Hom(R,R)|φ(P)⊆R+}

thespaceofrepresentations.Iff∈Rsatisfies

φ(f)≥0forallφ∈X(P),thenforanyn∈N,we

have1+nf∈P.
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AlgebraicProofsofRepresentationTheorem

•BeckerandSchwarzactuallyprovemorethanthis,

butthiswasallthatwasneededfor:

•Wörmanntogiveashortalgebraicproofof

Schmüdgen’stheoremin1998

•Inaid,ofthis,hegaveashortalgebraicproofof

Pólya’stheorem
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Pólya’sTheorem

•Theorem(Pólya)Letf∈R[x̄]behomogeneousand

strictlypositiveontheclosedpositiveorthantminus

theorigin.ThenforsomeN∈N,thepolynomial

(
∑n

i=1xi)
N

fisapositivelinearcombinationof

monomialsinthexi’s.

•ThereareboundsonthenumberN,calledthePólya

exponent,butthesevaryinverselywiththeminimum

valueoffonS
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Schweighofer’sConstructiveProofI

•SchweighofermadeWörmann’sproofconstructive:

•SinceSiscompact,thereisanumberRsuchthat

R−
∑n

i=1x
2
iisstrictlypositiveonS;so,itissos

•UsingtherepresentationofR−
∑n

i=1x
2
i,wemay

extendp1,...,pmtoq1,...,qldefiningthesameset

S,suchthatR[q1,...,ql]=R[x],andscaledsuchthat
∑l

i=1qi=1
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Schweighofer’sConstructiveProofII

•Defineφ:R[Y1,...,Yl]→R[q1,...,ql]byφ:Yi7→qi

•Thenanyelementofφ
−1

fisstrictlypositiveonthevarietyin

R
l
correspondingtokerφ

•Addanonnegativemultiplestimesasumofsquaresofelements

ofkerφtoobtainstrictpositivityonthewholepositiveorthant

Yi≥0

•Homogenizebymultiplyingasnecessaryby
∑l

i=1Yi,whichφ

mapsto1

•NowPólya’stheoremapplies
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Schweighofer’sAlgorithmImplemented

•Schweighofer’salgorithmgivesaHandelman

representationontheqi’s,oraandaSchmüdgen

representationontheoriginalpi’s

•Ihaveimplementedthis,solvinganLPinsandt

–sisanonnegativemultiplierofasumofsquaresof

elementsoftheGröbnerbasisforkerφ

–tisaconstantaddedtoftoconvertcertificationof

nonnegativitytominimization

–TheLPminimizest
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Schweighofer’sAlgorithmCritiqued

•Ihavefoundsomeproblemswithitinpractice

•Theoutcomedependsheavilyonwhichelementof

φ
−1

fwaschosentostartwith

•AHandelman-typerepresentationisfound;restricting

theformoftherepresentationmeansthesizeofthe

representationwillbebigger

•Infact,itisevenworse:requiringtherepresentation

tobehomogeneousmakestherepresentation

invariablyblowup
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HowToFindARepresentation?

•Onceweknowarepresentationexists,wecansearch

forthebestone

•Sumofsquaresrepresentationscanbefoundbythe

Grammatrixmethod,whichcanbesolvedbySDP

•Ihaveimplementedthisintheunconstrainedcase,

andamworkingontheextensiontoPutinarand

Schmüdgenrepresentations

•IhaveimplementedsearchforHandelman

representationsbyLP
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Exactvs.Floating-pointComputations

•Someoftheinterestofthesemethodsliesintheir

abilitytogiveexact,trustworthyanswers

•However,allcurrentSDPimplementationsarebased

oninterior-pointmethodsandusefloating-point

arithmetic

•In1994GáborPatakiproposedasimplex-type

methodforsolvingSDP’sfortheoreticalpurposes

•Alternatively,afloating-pointimplementationcould

beusedasan“oracle”,asinsomeexactLPsolvers
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