Fourier Analysis and Oscillatory Integrals

Problems from the course by Elias Stein

7/17/06 - 7/21/06

These solutions were put together by the participants of the 2006 Princeton summer school in
analysis and geometry.

1. Suppose f € L*(R?). Show that f is continuous and that f — 0 as & — oo.

(a) Continuity: Suppose &, — £. We want f(fn — f(g)

/f —27rzat£ndx_>/f —2m$§dx

For each z, we have

F(x)e 2 f(z)e 2w
and moreover, since |e 2™%¢| = 1, it follows that,

|f(z)e™ ™S < |f(x)] € L.
We can therefore apply the Dominated Convergence Theorem to yield the desired conclusion.

(b) That
lim f(¢) =

§—o0

Explicit calculation shows that this is true if f is the characteristic function of an n-
dimensional interval. For example, in the one-dimensional case, if f = X[q4], then

o0 b b b
:/ f(x)e_gmfxdx:/ e‘2m§xdx:/ Cos(—27r§x)dx+i/ sin(—2wéx)dx

which equals

——((sin 2wb — sin 2wa) + i(cos 2wb — cos 27a)),

2m§



a quantity that approaches 0 as £ approaches oo. It follows that the same conclusion holds
for finite linear combinations of such characteristic functions. Now such “simple” functions
are dense in L', so we argue as follows: we want to show that

| fim f(&)] < e

for arbitrary € > 0. If {g,} is a sequence of simple functions converging to f in the L'-norm,
then by what we have just seen,

[ fim f(©)] = | Jim f(€) — lim Gu(€)

for each n. But

| fim f(€) = lim gu(€)] = Jim |£(€) = ga(€)],

§—o0

which, by the linearity of the Fourier transform, is equal to
i |(f — ) ()]
By continuity of (f — g,)" (see part (a) above), we have

dm [(f = g2) (O] < sup|(f = g2) (O = I(f = 90) lloe < (] = gu)ll1 <€

for n sufficiently large, as was to be shown.
2. Suppose f € LY(R?). Prove

(a) [|f(z+h)— f(x)|dx — 0 as |h| — 0. Let £ > 0 be given. Choose f. continuous and
compactly supported such that ||f — f-||1 < &/3 (|| - || denotes the L' norm). Now

f(@+h) = f(@)[l < [[f(@+h) = fe(z+ M)+ [ fe(z+h) = fe(@)[ L+ [ (@ +h) = f()][x

The first and last terms are already bounded by €/3. We need only choose h such that

€

oo+ 1) = L] < 5

where M is the measure of the support of f.. But this is possible because a compactly
supported continuous function is uniformly continuous. Since this is possible for any
e > 0, the proof is complete.

(b) If [ |f(z + h) — f(z)|dz < A[h|* as |h| — 0, then f(£) = O(|¢|7*), £ — o0.
The condition on the Fourier Transform is deduced as follows:

Al|* = /If(fv +h) — f(z)|dx > |/e2m5(f(x ) — f(a))dz| = |f(€)(eXiE — 1)

This means that ,
eQm{h -1

o]

~

[F ] <A (1)



3.

4.

For sufficiently small |h| this is true for all &; suppose that the threshold is |h| < . We
now choose h such that €™ £ 1 and write

SN (L1]15)%
FONEN" < A

We will now show that when [£| > 1/e, we can find h with |h| < e such that
(hlieh _

|e2migh — 1| =

To do this, let h = ﬁ This makes the numerator (1/2)* and the denominator 2.
This completes the proof.

(¢c) If« > 1in (b), then f =0 a.e.
From (1) above we see that for £ fixed

[F©)Il@michlh] = + O(|h]*™*)) < A
If a > 1 this is only possible if f(é’) = 0. This implies f =0 a.e.

The result in Problem 1 cannot essentially be improved. Prove that there is an I € LY(RY)
such that for every e > 0, F'(§) # O(|£]™°) as £ — oo

In RY, Let F(z) = Y 02, mnde*”|x|2"2. Since each nde """ integrates to 1 over R?

(substitute nz for x in the Gaussian integral), and since Y~ jz converges (compare

1
n=2 n(logn

the sum to the integral of ———— which is the derivative of —-), we see by the monotone
z(log x) log
convergence theorem that F is in L'(R%). The Fourier transform of nde=7l"n* s e=mlal*/n*

(see the Appendix). Now by the dominated convergence theorem, the fourier transform of

F(z)is G(z) =Y, me*’r'w‘z/”Q. Then for any z € R? with |z| > 2, we have

- 1 2 2 1 2 2 1 1
G _ - —Tlz]*/n > - —Tlz)*/n > o R S
(z) Z n(logn)Ze - Z n(logn)26 = Z n(logn)? — ‘ log |x|’

n=2 nlal n|al

where the last inequality comes from comparing the sum ) to the integral

1
n>|z| n(logn)2

1 : . y . 5 1 . e
fy2\z| Jiosgedy- It is easy to show using L'Hospital’s rule that =" is not O(|z|~¢) for

any € > 0, so the same holds for G(z).

(a) Suppose f € L2(R?), and k > d/2. Show that f can be corrected on a set of measure
zero to become continuous.

Let f € L2(R?) with k > d/2. Then, by definition, f(£)(1 + |¢[>)*2 € L2(R?). By the
Schwarz-Cauchy inequality it follows that

FE) = (FE+[EF)?) - (L+1e*)™? e L'RY)

Using Problem 1 above, it follows that f lies in the same equivalence class of L>®(R?) as

some continuous function, so f (and hence also f), can be modified on a set of measure
zero to become continuous.



Remark: If k > d/p, then every f € LF(R?) can be modified on a set of measure zero
to become continuous: this is the General Sobolev Theorem, proved on pp. 270-271 of
Partial Differential Fquations by L.C. Evans.

(b) Give an example of f € L?(R?) which cannot be corrected to be continuous
Let f(z) = log®(1/|z|))x(x), where x € C5°(R?), supp(x) C B(0,2); x = 1 near 0, and
a € (1/2,1). Since |li‘m f(z) = 400, f can’t be modified on a set of measure zero to
z|—0

be continuous.

Claim. f € L*(R?)

Proof. We use polar coordinates on R?

/ |f(2)]*dz < C/OO log®*(1/r)rdr
R2 0

We will show
lim log®*(1/r)r = 0 (2)

r—0t+

from which it will follow that the the latter integral is finite. But this limit is the same

as
lim log® ~ lim ozlogo‘_lx(l/ac) _9
T—00 T T—00

where we have used L’Hospital’s rule. Now (2) holds.
Let j € {1,2}. Then, near 0, 8;f(x) = 9;log*(1/|z|) = —alog® ' (1/|2|) 525 So

2[z
a—1 1
10;f ()] < Clog (1/|x|)m
for z # 0 sufficiently small. Using polar coordinates, it will follow that d;f € L(R?) if
we manage to show that

1/2 d 1/2 d
/ log2(°"1)(1/r)¥ = / logQ(afl)(l/r)—T < 400 (3)
0 r 0 r

Observe that log? ™Y (1/r) = —(2a—1) 10g2(°‘_1)(1/r)% for0 <r <1/2. Also2a—1 <0
by construction, hence

lim logQ('j‘_l)(l/r)‘Til/2 = log** ! 2
e—0 r=e
So (3) immediately follows. O

Thus it follows that f € L?(IR?)

2
(r) = lim Ji(r) = \/jcoslfr
k——1 T r2

2

5. (a) Show that
J

N



and

2sinr
=25
Proof:

We take the Bessel functions Ji(r) to be defined as

_ (%)k ' irs 2\k—1
Jk(r)—m/le (1 —s*)k2ds,

where I'(z) = [;¢*'e~" is the usual T' function and satisfies I'(1) = 0! = 1.
For the second identity, we calculate

/_1 (1 — )33 ds = /_l (cos(rs) + i sin(rs))ds

1 1
:/ Cos(rs)ds—i-/ isin(rs)ds
-1 -1

which implies

l\:)\»—t
N

ds

as wanted.

For the first identity, assume k > —5 In the above definition of the Bessel functions
Jix(r), we have that as k approaches —5 from the right, I'(k + 5) approaches +o0o and
the (1 — 32)’“’% term makes the integral blow up near s = 1. So, we try to get these
terms to balance using integration by parts.

We use the formula I'(k + 3) = (k4 3)['(k + 2) (which is valid for & > —3), and as
before we write e = cos(rs)+isin(rs) and break the integral into two. The first is the
integral of the even function cos(rs)(1—s2)¥~2, so it is twice the integral on [0, 1] of the
same thing. The second is the integral on [—1, 1] of the odd function sin(rs)(1— s2)*~2,
and is thus 0. We are left with



Since

On any interval [0, 1 — €], cos(rs)(1 — s2)*~2 is bounded uniformly in k, so we see that

1 1—e L 1—e |
lim 2(k + 5)/ cos(rs)(1 — s*)F2ds = 2(0) - / cos(rs)(1 — s*)*"2ds = 0.
0 0

k—>—§

For [1 — €, 1] we integrate by parts to get

2(k + %)/1 cos(rs)(1 — s2)F 2ds =

—€

_ /L (%@) <(k+ %)(1 _ )k (—zs)> ds
(=) -] - [ () u-erie

cos(r(1 —e)) _ /1; (@)/(1 _ )b+,

[NIES

[NIE

— —(26— 6Z)k—i-
1—c¢

which in the limit as &£ — —% becomes

[ ()

Letting € — 0, the integral term goes to 0 while the boundary term converges to cos(r)
as wanted.

(b)

!/

(r‘”Jn(r)) = —r "Jpy(r),
n an integer.

We do this for both definitions of the Bessel functions. Assuming



T = St v L
we calculate
(r " J(r) = — [r " () 1 e (1 — s*)"2ds

dr | T(n+ IvT )

— i _ (%)n ! irs 2\n—3

= _I‘(n+%)ﬁ/_1e (1—5) ds]

— (%)n ' ; irs 2\n—3
M+ D _1(ZS)€ (1 —s%)""2ds

o —1 (%)n—H ! irs - _ 2\n 5(_

_r(n+§)ﬁ/16 ((n+2)(1 2 25))d5

_ ! (5) ! (l?“)@im(l 32)n+2d8

where in the last step we integrate by parts, and all boundary terms are 0. From this
we obtain

= n+1( )

The second definition of the Bessel functions is

1

2
Jn(r) — %/ eirsinae—inade'
0

In this case we calculate

-n 2w
(r " Ju(r)) = d% {r_/ e"smee_mede}

27
rp [T —n. 2 . .
= —2——/ glrsmleo=in gy 4 —2 (7sin O)BZTSIHHB_Z"GdQ.

Meanwhile,



—T_an+1 (T) _ eirsinee—i(n-i-l)Gde

6—10627‘ sin 9€—zn0d0

(cos @ — isin§)e s 0e=m0 g9

2w —-n 2

(COS e)eirsin Qe—inede + T_

ir sin 66_m6d0.
27 Jo

(1sinf)e

Attempting to equate this with what we calculated for (r~".J,(r))", we may cancel
the second integral from each expression, as well as a factor of —%. We now use
integration by parts on the first term of the second expression:

21 1 21
(COS 9)6” Sm0€_med0 = — (Z’f’ cos fe*” smﬁ) e‘medﬁ
r
0 0
27 . 27
| . m o .
— ,—6” sin 96—znt + = 67,7" sin 06—zn9d8
r 0 i Jo

n 27
=0 4+ = / 6”511196_1”9(16),
0

r

where now we use that n € N because this forces e™™? = ¢7™2™ = 1 making the
boundary term evaluate to ;—Tl (1—1) = 0. Staring at the equations for a moment,
we're done.

6. Supply the details of the proof of the interpolation theorem.

Theorem. (Interpolation of Operators.) Let (M, ) be a measure space and let po, qo, p1,q1 €
[1,00]. For each s in the strip 0 < R(s) < 1, let Ty be a linear operator mapping simple
Junctions on M to functions in LY(M) where 1/q = (1—R(s))/q0+R(s)/q. Suppose for any
fized simple functions f and g, ®(s) = [Ts(f)gdu is analytic and bounded in 0 < R(s) < 1
and 1is continuous on the closure of the strip. (Here ' denotes the conjugate exponent).
Suppose further that

1 Towit(Nllao < [1F1lpo

I Tarie (Nl < [ f]py
It follows that
T ()l < 111l

Jor0<0<1,1/p=(1-0)/po+0/p1, and 1/q= (1 —0)/q0+ 0/q1. In particular, for each
such 0, Ty extends in a unique way to a bounded operator L, — L, with norm at most 1.

8



Observe that if we have instead ||Totit(f)lle < Allfllpe and ||Ti+i()llg < B|fllp,, the
theorem can be applied to Ty/(A'~*B*)

Proof. Let simple functions f and g with ||f]|, = ||g||l¢ = 1 be given. Define

fs = 1£1*“Psgn(f) and g, = |g/*** sgn(g)

where a(s) = (1 — s)/po + s/p1, B(s) = (1 — s)/q, + s/¢}, and sgn(f) is the function such
that f = |f|sgn(f). A direct calculation shows that f, = f and that gy = g. Let

¥(s) = [ T(f)gudn
D)W (0+t)| < 1. In fact

(W(0+at)] < /|To+it(|flp/po“”((l_t)/”““/p”Sgn(f))l lg|*/%dy (definition)

< ||| Toae (| f /Pt =0 pott/p) sgn ()| [|go] 19|77/ % || (Hélder’s #)
< S [P720 || po g7 /90| = 1 (by hypothesis)

2)|W(1 4+ ¢t)| < 1. This calculation is the same as the previous one, except that the roles of
the subscripts 0 and 1 are interchanged.

3)¥(s) is analytic in the strip. In fact, suppose f = > anx, and g = > byxn, where a,
and b,, are complex coefficients and y,, are characteristic functions of measurable sets in M.
Then we have

w<s>::EEIEE)|amr“@psgn<am>wnv“@¢sgn(@Jl/anXWJXﬁdu

Here we have used the linearity of 7T, to pull the s dependence of the functions f,; and g
out of the integrand. Since the integral is now analytic in s by hypothesis, we have a sum
of analytic functions which is again analytic.

From these three facts it follows that [U(s)] < 1 in the strip. In particular |[¥(0)| < 1.
We now fix 6 and regard ¥,(¢) as a bounded linear functional on g € LY (M), where now
|W,(0)] < ||lglly- This means that the norm of Tp(f) as a linear functional on L9 (M) is
bounded by 1, from which it follows that ||Tp(f)||, < 1. For f with p-norm different from 1,
we apply this last inequality to f/||f||, and obtain ||Ty(f)||; < ||f]|, as desired.

O
. Let Ff = f and suppose
F: LP(R) — LYR") (4)
is bounded, say R
1f1lg < Allfll, (5)

where the constant A is independent of f.



(a) Show that necessarily 1/p+1/q = 1.
q=-"

p_ ~
Fix f € L? such that || f||, # 0. Fix § > 0. Define g(z) = f(dx). We get

oty = ([ o) v ([5swpe) g,

This gives us that g € L” and so we know that g € LY. We get
9O = [ e orydn =50 [ DD (5 d(a) = 57 f(¢/o
We get [|g]l, = 54| f],. Using (5) we get

5|l = g1l < Allgll, = A5 7], ©)

Using (5) and (6), we get
54/ a+1/p=1) < (7)

Letting d in (7) tend towards 0 and oo, we get that 1/p+ 1/q = 1.

(b) Show that necessarily 1 < p < 2
Consider f(z) = e ™ where 6 = a + i3, a > 0,3 € R. Then

1/p 1/p .
Hfl!p=< / \e"f“'zlpdx) :( / e‘”“”'x'Qdas) = (ap) > (8)

. 1/q
”qu _ (/‘|5|—d/26—ﬂ|9&2/6‘qdm)

— ( / ‘|5|—d/26—7r|x\2a/|6|2

_ ( / |5|—dq/2€—w|x|2qa/|a|2dx)

1/q
= |81~ (agls]2) " ( / 6_”|$|2dx)

= |4 —d/2+d/q,,~d/(2q) ;,—d/(2q)

Also

dx

q 1/q
1/q

q
Thus

6] —d/2+d[q=d/(20) =4/ Qa) < fq=/(P) =/ (2p)

A—la—d/2(1/p+1/q)q—d/(2Q)p—d/(2p) < |5|d(1/2—1/C1) (9)

by fixing a > 0 and letting 5 — oo, we get |§] — oco. To get (9) to hold, we must have
q > 2, which is just 1 < p < 2 (by part a).

10



8. Consider J,(r) with n integral. Show

(a)

|J(r)] < Ar=Y/2 uniformly in n and r, if r > cn, for any fixed ¢ > 1.

We will use the following van der Corput estimate (see p334 of Harmonic Analysis
by E. M. Stein): If ¢ is real valued and C* in (a,b), and satisfies [¢*)| > 1 (and ¢’

monotonic for k = 1), then we have
b
‘/ ei)«i)(a:)dx‘ < CpNVE
a
Because n is an integer, we use the formula

1 21 o )
Jn(r) — _/ 617‘51n9€—2n9d9
21 Jo
Observe that if in the hypotheses of the estimate we have |¢(*)| > ¢ rather than |¢p(*| >
1, this only changes the leading constant by a factor of e'/*. Now 7 is in the role of X,
and f(#) = sin @ — 20 is in the role of ¢. Using r > cn, we see that f'(¢)) > cost —1/c,
and f”(0) = sin@. Choose a partition of unity 1 = wg + ) 7_; w; such that each w; for
1 <7 < nis supported near one of the regions where cos — 1/c¢ < 0. For these regions
we have f”(0) bounded away from zero, so we apply the estimate with k& = 2, and for
the remaining term we apply it with & = 1. Observe that the bounds we get on |¢(®)|

depend on the partition of unity and on ¢, but not on n or r. Overall then we get the
desired bound of Ar—1/2.

|Jo(r)| < An=N, for each N, if n > cr, for any fixed ¢ > 1.

For this we use the nonstationary phase principle. Let f(¢)) = 6 — Zsin6, and observe

that . .
f/(9)21—ZCOSQ>1——COS€21——.
n c c

This allows us to apply repeated integrations by parts in the following manner:

2 2 . ’ 27 2 /
/ oinf ) gp :/ oind () ?”f (0) 4 = il 0) _ 1 _/ it () ( 1 ) do.
0 0 mf’(@) mf’(@) 6=0 0 mf’(@)

The boundary terms cancel because f(2m) — f(0) = 2w, while f/(0) is 2m-periodic.
The new integrand is now manifestly O(n=1). to obtain better powers of n, we repeat
this integration by parts. The boundary terms are of the form ™9 g(#), where g(f)
is a function of f/(f) and its derivatives, and hence continue to give no contribution.
Meanwhile each successive integration by parts gives an additional factor of n=! in the
integral.

|J.(1)] < Ar=Y/3, uniformly for all n and r.

Here we again use r for A, and f(#) = sinf — 26 for ¢. This time we observe that
|f7(0)] + |f"(0)] > ¢ for some ¢ > 0 independent of n and r. We can now decompose
(0,27) into subintervals, on each of which we have a lower bound on either |f”| or on
|f""|. We break up our integral into several pieces using a partition of unity as before,

and this time each piece is bounded by either Cr~'/2 or by Cr~'/3. So overall we get
Ar—1/3,

11



9.

10.

b
Let Iy(\) = / (@) dy. In obtaining the estimate Io(\) = O(A~'), show that the condition

that ®' is monotonic cannot be relaxed.

Let A = 1. The real part of the integrand is then cos(®(x)). Suppose that &' oscillates so
that it is large when cos(®(z)) < 0 and is small when cos(®(x)) > 0. This implies that ®(z)
escapes quickly when cos(®(x)) < 0 and changes slowly when cos(®(x)) > 0. Hence the
measure of the set where cos(®(x)) > 0 is much larger than the measure of the set where
cos(®(z)) < 0. Thus the real part of the integral is unbounded as b — oc.

Write out a proof of “Morse’s Lemma”: If ®(0) = |V®(0)| = 0 and V2®(0) has nonvanishing
determinant, then there is a smooth change of variables x — y, so that near the origin

Q) =yl + B+ y2— Y2+ +y3).

Lemma (Morse’s Lemma). Given that 0 is a nondegenerate critical point of a smooth real
function f on a manifold M, that is |V f(0)| = 0 and det(VZf(0)) # 0, and that f(0) =
there is a local coordinate system (y;) such that f(y) =i +ys+-+yo — (o +--+ +¥3)
around the origin.

In the proof we use the inverse function theorem and the following simple lemma.

Lemma (Hadamard’s Lemma). Let f : U — R be C* for some k > 1 defined on a convex
neighborhood U of 0 € R™, and f(0) = 0. The there exist functions g; € C*1 i=1,...,m

defined on U such that f(x1,...,&m) = > ooy %igi(@1,. .., Tm) and g;(0) = %(0).

Proof. Note that

df (txy, ... txy,)
ey T dt = t sty ) adt
f(xla , XL ) /0v dt / Zaxl T X )SE

Thus g;(x1,...,Tn) = 01 %(ml, ..., tx,,)dt satisfies the required conditions. ]
Proof of Morse’s Lemma. Let (z1,...,x,) be a coordinate neighborhood around 0. By
the above lemma, we can write f(xy,...,%,) = Y. x:i9i(z1,...,2m). Since we have

IVfl =0, ¢:,(0) = %(0) = 0. Thus we can apply Hadamard’s lemma to each g;, getting
9i(T1, - ) = D000 wihig (2, ., @) and

fx1, ..., xm) = Z izl (T1, .., T)
ij=1
Without loss of generality, assume h;; = hj;. Otherwise we could define }Nlij = %(h” + hji),
resulting in h;; = hj and f = > x;x;h;;. Note that by Hadamard’s lemma, we have
hi;j(0) = 2 2 _(0), so (hi;(0)) is nonsingular.

2 Ox;0x
We now proceéd by induction. Suppose there is a neighborhood U; C U parametrized by
coordinates (u;) around 0 and a diffeomorphism ¢, z; = ¢"(uy, ..., u,,) such that
(fop)(u)=4ul tus+---+u | + Z wiugHij(uy, ..o Up) (10)
©,j>T

12



11.

and (H;;) symmetric for all u € U;. Note that since (h;;(0)) is nonsingular and ¢ is a
diffeomorphism, we have
0.7 det (¢/(0)" (hi5(0))¢'(0))

where the right hand side is equal to the matrix form of (10) with H;; evaluated at 0. Thus
at least one entry of H,;(0), 7,7 > r is nonzero and by a linear change of the last n — r
coordinates we can make H,,.(0) # 0. By continuity, H,.(u) # 0 in some neighborhood
Uy C Uy of 0. Let g(uy,...,un) = v/|Hw(u)|, a functlon definted on U,;. Consider the
following coordinate change:

Vi = U; 1T
_ i zr ul 7777 um) —
Uy = g(u17 e U ) (uT + Zz>r Hyr(ut,e.sum) ) ¢ r

-----

The Jacobian of this transformation at u = 0 is simply ¢(0) # 0 so by the inverse function
theorem there is a neighborhood Us C U, of 0 on which the above coordinate change, which
we denote v = 9 (u), is a diffeomorphism. Note that now we have

% H H; r
V0, = FHyp (0)upu, 42 ZuTuiHm-(u) + Z Uitly ]H( () )|J ()
rr (%

> ©,]>T
so that the w, terms in (10) can be replaced by v,v, minus a sum over indices larger than r,
leading to

(f o gbo @Zj_l)(v) = Z*:U% 4+ ... :|:U72, + Z Ui’lijf{ij(vl, e ,vm)

©,]>T

with fIij smooth and symmetric. This completes the induction step of the proof.

Show that the averages theorem (in R®, A : L*/®* — L*) cannot be improved.
Let € > 0 be given. We will find f € L*3(R) such that A(f) = [ f(z—y)do(y) & L***(R).
We first observe that xp(o2)|z|~* € L' (R*) < 3 > a. So

XBoo|r|™ € LY3(R?) iff a<9/4 (11)

We will take f(z) = xp(o2)|z|™®, where a < 9/4 is to be determined later. Then f € L*/3
by (11) Now we observe that Af(z) is radial. In fact, if p : R — R? is a rotation, then

Af(pr) = /S2 XB(0.2)(PT — y)da(y) _ /52 XB(0,2)(pT — pz)da(z)

lpx — yl |px — pz|*
X B(0,2) (JU - Z)
= = Ldo(z) = Af(x
/52 |z — 2| ) (®)

Let r € (0, 3) be given. Let z = (0,0 r) Then, using spherical coordinates, we get, for o # 2

sin pdpdf T sin pdp
Af(l') - e _ 2\a =2r _ 2\
]a: y[ (1 —2rcosy +1?) o (1—=2rcosg+r?)

S2
I A TR ( (1+7)22 — (1 —7r)>9)
28 Jumge u? (1—a/2)r

13



12.

We expect Af to be very large when |z| ~ 1. Now the function x — (ﬁ(l + |x])2 )4t s

(1 a2 =

integrable for |z| near 1. So, we want to find « such that f|a:\€[1/2 1](Ix\

+00. In spherical coordinates, this integral is

1 1
C/ (1(1 —r))EUt 20 > D [ (1 — )2y
12T 1/2

Now
1 1 1 12
/ (1 _ T)(Qfa)(4+s),r2dr > _/ (1 _ 7n)(2ﬂ)¢)(4+s)dr — _/ 8(27a)(4+5)d8
1/2 “ 4 i 4 Jo
If (2—a)4+¢e) = —1, then this integral is +oco and Af ¢ L*™(R?®). However, then
a =2+ 1, s0 f € L'Y3(R?).

Show that the spherical maximal theorem fails for p < d%lr

We will construct counterexamples depending on p and d, and in each case the spherical
maximal function of our counterexample will be everywhere infinite. If d = 1, the spherical
maximal theorem fails for all p < co. Indeed, consider f(z) = x(x)|z|?, where € > 0 and x is
any compactly supported function which is positive near the origin. The spheres in this case
are pairs of points, and as one of the points approaches the origin we see that the absolute
value of the average increases without bound.

_d_

—Lso fix p € [1, 7%), and put

We now assume d > 2, and treat first the case p <

f(x) = x(@)|z] 7

log™ !x\’ ,

where y is the characteristic function of the ball centered at 0 with radius 1/2. We first
verify that this function is in L? by computing as follows:

1/2 d log1/2
J1s = [ @l oo = [ 7 =0 e [T s < o
o rlog”r o

where we used polar coordinates, followed by the change of variables logr = s.

We now estimate from below the spherical maximal function at a point zo. Fix 2y € R?\{0},
e € (0,min{1/2, |xo|}), and let D, denote the intersection of the sphere centered at xy with
radius |zo| — 5 with the ball centered at 0 with radius e. We observe that the area of D, is
bounded below by ce?~!, where ¢ is a constant proportional to the area of the unit ball in

R%1. On the other hand 5 < |z| <efor v € D,, so we may write

/fda 2/ fdo > celeh
S D

Butd—1— % < 0forpe[l, d;fl), so letting ¢ — 0 shows that the spherical maximal function
is infinite at zg.

2 £
1 "—‘.
Og P2

If p= d%‘ll, a more delicate analysis is necessary. We put

f(@) = x(@)|z[~"" [log ™ ||

Y

14



13.

and observe that, by the same reasoning as before, f € LP. To see why the spherical
maximal function is infinite, consider the following heuristic argument: Let Ds. denote the
intersection of the sphere centered at zy with radius |zo| — § with the ball centered at 0 with
radius €. For a fixed € > 0, ¢ << |zo|, as § — 07 the integral over D;. resembles more and
more closely the integral over a disk of codimension 1 centered at zero and with radius €.

We then have
: d—2 °odr
fdo > fdo~c | f(r)r“=dr=c =00
S D. 0 o rlogr

4 Y

The technical difficulty lies in justifying the ‘~’. We give a brute force treatment of the
integral here without quite following the above line of reasoning, but if anyone knows a

simpler proof, I'd love to hear it. For now, consider the sphere centered at x, with radius

|zo|, and parametrize the portion of this sphere near the origin using « dof £(0, zg, x).

Observe that the surface measure on the sphere is given in terms of a by [ f(a)do =
clao|* [ f(a)(sin )" 2da, which we write more simply as [ f(a)do = ¢ [ f(a)(sina)??da
(the constants here will be allowed to depend on z;). Observe that, by the law of sines, we
have |z = |zo| 224 = c¢sin §. Putting this together we see that

cos §
/fda > c/ f <csin 2) (sin o) ?da
s 0 2
€ : d—2
o[ me) da
0 (sin %) log (c sin %)

€ a\d—2
= c/ (cos 2) do.
0

sin § log (c sin %)

Here we have restricted to a neighborhood of the origin, and simplified our integral using
double angle formulas. We now use the substitution u = csin g:

a—3

esing (1 _ 2%
_ c/ A=)z
0 ulogu

This last integral is divergent, which proves that the maximal function is infinite.

Suppose that S is a smooth hypersurface in R? given as a graph S = {z : x4 = F(a2'),
7’ € R} with F smooth. Verify the formula giving the induced Lebesgue measure: that
for any continuous f of compact support

(2, F(z))(1 + |V F|?)Y2da’

where S. = {z : d(z,S) < €}
We first show that

(Vo F(a'), —1)
(L Vo ) 72

S. = {(«/, F(z')) +t L2 €RTLE € (—¢,€)}

15



14.

This means that S, is a tubular neighborhood of S obtained by taking points (', F'(z")) of S
TS AT
We first observe that S, contains this set because each point (z/, F'(2")) + t®(2’) in it is no
more than € away from the point (2, F'(2’)). To see the reverse containment, let a point in
S¢ be given, and suppose we have chosen our coordinates so that this point is the origin. We
will show that it is of the form (2/, F(z")) & d®(2’), where xq = (2/, F(2')) is any point at
which the minimal distance is attained and ¢ is such that |zo| = d(0,S) = ¢. This is the same
as showing that the vector pointing to x is perpendicular to S, i.e. that it is perpendicular
to any curve in S passing through zo. To see this, let z(¢) be a parametrization of a curve
passing through zy at ¢ = 0, and observe that because ¢t = 0 is a local minimum of |x(t)?
we have 0 = 4| —olz(®)|* = 22/(0) - 2(0). And this dot product being zero expresses exactly
the fact that the vector pointing to z¢ is perpendicular to x(t).

Now let g(2',t) = (z/, F(2')) +t®(2') and put ¢(z') = (1 + |V F(2')|?)/2. The Jacobian of
g is given by

and adding multiples of ®(z’) = the unit normal vector to S at (2, F'(z')).

~ (1d4tJ(®) | VF +tV®
10 = (s T 1)

where J(®) is the Jacobian of ®. Now we rewrite our integral using the change of coordinates
given by g

x)dr = x)dx = 6 ' F(a ®(2'))|det(J dtdx’
[s@ae= [ g [ @ @) ) e o)l

We now divide this by 2¢ and let € — 0. But the fact that f and J(g) are continuous and f
is compactly supported allows us to pass the limit through the integral in 2/, so that we get

lim 1 /E f((a', F(2')) +t®(a"))| det(J (g))|dt = f(a', F(a"))|det(J (9))l],_,

e—0 2¢

But an argument by induction on the dimension d shows us that

1+ |VF(a)
ety = L = (14 [V F )
which gives
lim — f(z)dx = f@', F(a")(1 + |VF('))?)?da’
e—0 2¢ S Rd-1

as desired.
Verify that the intrinsic definition of Gauss curvature (in terms of the Gauss map of the
normals to the unit sphere) agrees with the coordinate dependent definition given for graphs.

We will do this by computing the Gauss curvature according to the intrinsic definition, and
then verifying that this agrees with the definition for graphs.

Let n(x) : S — R? map each point in the given surface S to a unit normal vector at n;
locally this is well defined up to sign. Recall that the directional derivative of the normal
vector at a point n(z) in the direction of the tangent vector v is given by Vn(zg) - v where

16



the matrix Vn(zg) has entry (7, j) given by 9;n;(zo). Observe that this matrix maps tangent
vectors to tangent vectors. In fact, if () is a curve in S passing through z( at time zero,
then we have

n(3(0)) - n(3(0)) /() = &| [n(r(H)P =0

The first equality follows from the chain rule, and the second from the fact that all the
normal vectors have unit length. Intrinsically, the Gauss curvature is defined to be the
determinant of this matrix as a map from the tangent space to itself. In odd dimensions this
is only uniquely defined up to sign, because our normal vector was only uniquely defined up
to sign, and because det(—A) = (—1)" det A.

We now compute this explicitly in coordinates. Suppose first we wish to compute the Gauss
curvature at the origin and that the surface is given by S = {z4 = f(z1,...,24-1)} here with
f(0) =0 and V£(0) = 0. We will reduce the general case to this one later. Let p : R — R?
be given by p(x) = x4 — f(x1,...,24-1). Then S = p~*(0), and a unit normal vector may
be defined by n(z) = ;2%;‘. But |[Vp(x)| = /1 + |V f(21,...,24-1)]?, so [Vp(0)] =1 and
n(0) = (0,...,0,1).

Now

dip(x)
()]

We are interested in this matrix as a map from the tangent space at the origin to the tangent
space at the origin, so we only allow ¢ and j to range from 1 to d — 1. This gives

_0,0.(0) | 9.5(0)3,|Vp(0)
OO

The first term simplifies because |Vp(0)| = 1, and the second vanishes because V f(0) = 0.

(Vn(z));; = 9jmi(x) = 0

(Vn(0)):; = = —0;0:f(0)

The determinant of this matrix is thus exactly the determinant of the Hessian of f, up to a
sign in odd dimensions, which is exactly coordinate dependent definition of Gauss curvature.
To reduce to the general case to the case just solved, observe that we can find a translation 7
and a transformation M € SL(R4™1) such that 7 sends xg to 0 and M reorients the surface
so that it is the graph of a function f with f(0) = 0 and V f(0) = 0. We must check that the
determinant of the Hessian of f at xy equals the determinant of the Hessian of for to M~}
at 0.

0:0;(f o7 o M71)(0) = 0D _(Orf) 0 71 0 M (x) + M} (2))]amas

k
= Z Oy f (o) My M,
k0

This means, if V2 denotes the Hessian, that V2(f o 771 o M~1)(0) = M~ 'V f(zq) M~ .
Taking the determinant of both sides and using the fact det M~ = 1 we find that the two
determinants match.

17



16.

. Consider (s fooo s71 f(u)du, where f € C*(R) and of compact support. Show that the
residue of tbe meromorphic continuation of I(s) at s = —k is f<k) 0

We want to calculate the residue of I(s),s € C for each —k, k = 0,1,2,..., where I(s) is
given by (12)

I(s) = /0 T () du, (12)

Here f € C'° and s > 0. Our first goal is to ensure that we have a meromorphic continua-
tion of the function over the proper domain and then to calculate the residue. If we consider
sI(s),Rs > 0, we get (13)

sl(s) = S/DOO ' f(u)du = ut f (u) | — /000 w® fO (u)du = — /000 w’ fO(u)du (13)

So, we now have a definition of I(s),0 > Rs > —1 given by (14)

I(s) = -1 /OO w® fO (u)du. (14)

S Jo

Continuing by a similar argument, we get the following definition for I(s),—k > Rs >
—(k+1),k=0,1,2,... given by (15)

1) = lﬁo (s_+1j>

We notice two simple facts about the definition 15. First, the function I(s) is the meromor-
phic extension of our original I(s). Second, I(s) has simple poles at —k, k= 0,1,2,.... So,

/Oo us—l—kf(k—i-l)(u)du (15)
0

in order to calculate the residue of I(s) at s = —k we must simply compute (16)
lim (s + k)I(s) (16)

And here is the computation

lim,_, _p(s+k)I(s) =
limg . x(s+ k) [H?:o <S+]>] o usthf k1) (u)du =

lim,__j(—1) [Hf;é <S+]>] Ji2° ustE FOD (1) g = (17)
(—1) [Hf;é (72}“)} Ji2° O () du =
%

This is the desired result.

Suppose t — ~(t) is a smooth curve in R® with non-vanishing torsion (i.e. the vectors
v'(t),7"(t), and " (t) are linearly independent for each t). Let do be the measure carried

on this curve, given by
fdo = / fy (t)|dt
R3



17.

Show that (do)” = O(|¢|7Y/3).

We prove this instead for du = ¢do, where ¢ € C§° such that ¢ restricted to the curve is
supported in the interior of the curve. We use a partition of unity (which will be specified
later) to write

1
/6_2mx{d#($) _ Z/ e—2m"y(t).£¢n(t)w/(t)‘dt
n 0

Each of these integrals can be written

/e—?wiAv(t)-n¢n(t)|7’(t)|dt = /eim(t)lbn(t)hl(t”dt

where A = |£|. This is an oscillatory integral. We know for each ¢, either ®'(¢y), ®"(to), or
®"(ty) is nonzero from the hypothesis of nonvanishing torsion. This means it is uniformly
nonzero in a neighborhood of ¢y, so provided our partition of unity is chosen in such a way
that on the supports of the 1, we have one of ®', &’ or ®” bounded away from zero, we
can apply a van der Korput estimate. This tells us that [ e®®q, (¢)]y/(t)|dt = O(A~L/F),
where k is the order of the derivative which we know is nonvanishing on the support of ,.
In the worst case we get decay of O(A~Y/3) = O(|¢]~1/3).

Let S be a smooth hypersurface in R whose curvature vanishes at one point. Then the
averages theorem, restriction theorem, etc. may fail as stated. For example, take S to be
the curve o = x¥ in the plane, with k an integer > 2. Then the curvature of S vanishes at
the origin only.

(a) Show that in this case the inequality ||A(f)|re < A|f|l» cannot hold for p = 3/2,
q=3.
Consider f of the form f(xq,xs) = % where y is the characteristic function

of the disk centered at zero with radius 1/2. We have

3/2 1/2 1
3/2 0, — x(71, 2) d dae — / o <
/f v | 22| log |22 [3/2 o o |z2||log|za||?/? T2 = 00

so that f € L%?2. We consider (1, 75) with |z1] < 1/4 and 0 < x5 < 1/4, and estimate
A(f) from below as follows:

af@) = [ flo— oty = [ K= R = WYV F RE2dh
s o1 ez — PP logla; — A

N /x dh
C .
~ o lwa = WEPE|log |zs — Y|

Here we use the fact that |loga| < ca™ for small a to remove the logarithm,

> /$2 dh
c _
=)y |wa — RE[230

z2 2k
k(2/3— 1-2 45k
> cx, h(2/3 6)/ dh =czx, * .
0
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Taking cubes of both sides and integrating, we find that
1/4 /4 1/4 ok
/Af )Vdx >/ f(x1, 20)*daoda, > c/ xg(l 3+6k),
—1/4 0

If £ > 3 and ¢ is sufficiently small, the last integral is divergent, making it impossible
for Af to be in L3.

(b) Show that ||R(f)| r2¢s) < Al fl|Lr(r2) fails for p = 6/5 in this case.
Let € € (0,1] and let x. be the characteristic function of the set
{(£1,6) : —e <& <e,—" <& <}
and consider f. = F!y.. We have on the one hand

€ 1/2 € 1/2
IR(f)lr2(s) = (/ \/del) > (/ dml) 2

—&

Meanwhile f. is given by

€ ek . .
fs(Q:) _ /e%imfxg(f)df _ / e%m&d{l/ esz?degQ _ csm(?m:ls) sm(27rx25k)‘
—¢ _ek

1 X2

We can then compute

: : 5/6
11 B |s1n(27rx15)|6/5dx | sin(27x,e*)(/° I
e = PARE : ENRE ’
5/6
< 15 [ |sin(2may)[*° |6/5 ) ( ks [ ]8In(2mzy |6/5 xz) /

|l‘1|6/5 |[E2|6/5

1+k
=& || full oss

Letting € — 0 we see that so long as k& > 3, no inequality of the form ||R(f)|r2s) <
Al| | £o/5r2) can be true.

18. Let u(x,t) be the standard solution of the Schrédinger equation i0yu = A,u with initial
condition u(z,0) = f(z) given by

ula, ) = [ fe)dg
Rd
Prove

(a) sup, |u(z,t)] <t~ fhr.
Let g(x) = (— 47r2't) d/2¢l2l/4it (with the square root chosen in the right half-plane).
Then g(¢§) = dmitlel® (see the appendix). Now suppose f € C§°(R"™). We write

u(z,t) = /d iz ’Efgdé fxg(x / fz —y)(—4mit)” a/2elul® Mt gy,
R

Hence |u(z,t)| < ct=%2||f||; for all 2. A density argument allows us to extend the result
toall f € L.
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(b) When d = 1, sup/ |0pu(z, t)|?dt < c||f||%%/2.
z Jo

We first compute dyu(z,t) = [ e # (2rmiz)e® ™ f(£)dé. We then divide the integral
into two pieces and make the change of variable n = £2 in each:

/oo 647T2it§2 (27T’L'§)€2m$§f(€)d€ _ /°° 647r2itn (Wi)eme\/ﬁf(\/ﬁ)dn
0

0

0 0
/ 647r2it§2 (27Ti€)€2mx£f(§)d§ _ / e47r2it77(ﬂ.z‘)e—QWiz\/ﬁf(—\/ﬁ)dn

— o0

Combining these two and using another change of variable to rescale, we find

duulat) = [ ) (V) — eV (o) ) d
= / " it e )i,

Here ¢ is defined in such a way that ¢(z,7) = 0 for n < 0. Applying now Plancherel’s
theorem we see that

/ Bpu(e,t)Pde = / (e, m) 2y

< [ TWARRE i Py
= an [ (AP + IF - Pede
— an [ 17Ol < anlfI2;,

o

From this the desired result [ |0,u(x,t)[?dt < ¢ f||3. follows.
1/2

Appendix

Let z € R and f(z) = e ™ for § # 0,R(6) > 0. We compute f(£) as follows: Observe that f
satisfies the following differential equation

(% +27mdz) f(z) =0

Taking the Fourier transform of both sides we see that

(2mg+¢5d%) (€) =0
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We multiply by the integrating factor emlel /e (our distributions may no longer be tempered at this
point) to get

d |, 252
d—g(e CLFE) =0

But a distribution of zero derivative is constant, so that

~

f(&) = Cemeh

Now C' = f(0) = [ f(z)dx. If § is real, this can be computed by a change of variables to be d1/2.
If  is complex, after multiplying and dividing by the square root of § which lies in the right half
plane, we write the integral as a contour integral over the line T" given by {z = §(z) : z € R:

> 2 2
/ 6771'523 _ 571/2 / e dz
—00 r

Now a deformation of contour shows that this last integral is 1. In the d—dimensional case this

gives us
(e—mﬂx|2)A _ (5>—d/26—7r|§|2/6

with the square root of § chosen in the right half plane.
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