SOLITARY WAVES FOR THE HARTREE EQUATION WITH A SLOWLY
VARYING POTENTIAL

KIRIL DATCHEV AND IVAN VENTURA

ABSTRACT. We study the Hartree equation with a slowly varying smooth potential, V(x) =
W (hz), and with an initial condition which is ¢ < vh away in H! from a soliton. We
show that up to time |logh|/h and errors of size € + h? in H*, the solution is a soliton
evolving according to the classical dynamics of a natural effective Hamiltonian. This result
is based on methods of Holmer-Zworski, who prove a similar theorem for the Gross-Pitaevskii
equation, and on spectral estimates for the linearized Hartree operator recently obtained by
Lenzmann. We also provide an extension of the result of Holmer-Zworski to more general
initial conditions.

1. INTRODUCTION

In this paper we study the Hartree equation with an external potential:

{i@tu = —1Au+ V(x)u— (Jz|™" = u]*)u

u(z,0) = up(z) € HY(R3 C). (1.1)

In the case V' = 0, solving the associated nonlinear eigenvalue equation,

1 1
5 AN (In| m)n , (1.2)
gives solutions to (1.1) with evolution u(t, ) = e**n(x). It is known that (1.2) has a unique
radial, positive solution n € H'(R3) for a given A > 0; see [Lieb] and [Lenz, Appendix A], as
well as Appendix A below. For convenience of exposition in this paper we take A\ such that
|n]|3. = 2, but this is not essential. Using the symmetries of (1.1), we can construct from

this 7 the following family of soliton solutions to (1.1) in the case V' = 0:
u(z,t) = e”'”ei‘”‘Qt/Qe”e“‘tuQn(u(:E —a—ut)), (a,v,7,p1) eR* xR xR xR,.

If V' # 0 but is slowly varying, there exist approximate soliton solutions in a sense made
precise by the following theorem.

Theorem 1. Let V(x) = W (hx), where W € C3(R?* R) is bounded together with all deriva-
tives up to order 3. Fiz a constant 0 < ¢y, and fix (vg, ap) € R® x R3. Suppose 0 < § < 1/2,
0 < h < hg, and ug € H'(R?) satisfies

o (z—agp)

||ug — e n(x — ao)|lm < c1h?.
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2 K. DATCHEV AND I. VENTURA
Then if u(t,x) solves (1.1) and

c1 . d|logh|
0<t< —4+ —2>—
SPET Tan
we have
H“@’x) _ 6u(t)'(z_a(t))€w(t)n[(x _ a(tm HH;(RS) < cph?S.
Here (a,v,7) solve the following system of equations
1
a=wv, U= ) / VV (z + a)n*(z)dz, (1.3)

1 1 1
= §|v\2—|—)\—5/V($+a)n2(a:)dw—l—§/x-VV(x+a)772(x)dx,

with initial data (ag,vo,0). The constants hy and cz, depend only on ci, |vo|, and [|W||cs(rs).
They are in particular independent of 9.

Note that in (1.3), the equation of motion of the center of mass a of the soliton is given by
Newton’s equation:

i=—-VV(a),

where V &/ « n*/2. Observe also that because 7 is exponentially localized (see Appendix
A), n?/2 is an approximation of a delta function and hence the effective potential V' which
governs the motion of the soliton is an approximation of V. The more complicated evolution
of v is explained by the Hamiltonian formulation of the problem developed in Section 2.

Our next theorem gives a slightly weaker result in the case of a more general initial condition.

Theorem 2. Let V(x) = W(hx), where W € C3(R?;R) is bounded together with all deriva-
tives up to order 3. Fix constants 0 < c1, and 0 < 26 < 8§y < 3/4, and fiz (vo, ap) € R? x R3.
Suppose 0 < h < hy, and ug € H'(R3) satisfies

g — €0 @=a0n (2 — ag)]| . < clh%“so.

Then for
a d| log h|

0<t<
- — h Cgh

we have '
H“ t,7) — 6u(t).(z—a(t))ew(t)“(t)zn[M(t)(x _ a(t))] ”H%(RB) < eyh 792,

where & % ¢ + h%. Here (a,v, i) solve the following system of equations

a=v+0(E), 1=-% /VV ( + a) n*(z)dr + O(8?), = O(%),

L, ) 1/ (x ) ) 1/ (x > ) -
=—*+Iu—= | V{—+a x)de — — [ xz-VV | —+4a x)dx + O(£7),
510+ =5 . n(x) 2 . n°(x) (€%)
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with initial data (ag, vy, 1,0). The constants hy and ¢z, as well as the implicit constants in the
O error terms, depend only on ci, |vo|, and ||W | csmsy. They are in particular independent

of 0.

This phenomenon has been studied in the physics literature by Eboli-Marques [EbMa], who
show for various explicit (but not necessarily slowly varying) potentials V' that soliton so-
lutions which obey Newtonian equations of motion exist. Bronski-Jerrard [BrJe| proved a
similar theorem in the case of a power nonlinearity, and then more general nonlinearities
were treated by Frohlich-Tsai-Yau [FTY] and by Frohlich-Gustafson-Jonsson-Sigal [FGJS].
More recently Jonsson-Frohlich-Gustafson-Sigal [JEGS] have extended the validity of the
effective dynamics to longer time in the case of a confining potential V', and Abou-Salem
[Abou] has treated the case of a potential V' which is permitted to vary in time. In addition
the case of the cubic nonlinear Schrodinger equation in dimension one was also studied by
Holmer-Zworski [HZ1], [HZ2]. Other papers have established effective classical dynamics in
quantum equations of motion in a wide variety of settings: see [FGJS| and [Abou] for many
references.

Our result improves those of [FTY], [FGJS] and [Abou] in the case of the equation (1.1) in
several respects. First we provide a more precise error bound, improving € from A + ¢ to
h% + e. Second we remove the errors in the equations of motion in the case ¢ = O(h?7°).
Finally, we establish the effective dynamics for longer time: in [FTY] and [FGJS] the result
obtained was valid only up to time ¢(¢? + h)~! for a small constant ¢, while in [Abou] the
result was valid only up to time d|log h|/h and required the assumption € = O(h).

In [FGJS] more general initial data are considered, that is to say e is assumed to be small
but not necessarily @(h'/?*), although in this case the result is obtained only for time 2.
In that situation the methods of the present paper, although applicable, do not improve that
result, so for ease of exposition we have considered only the special case ¢ = O(hl/ 2+) where

we have an improvement.

In this paper we follow most closely [HZ2], which in turn builds on [HZ1] and on earlier work
on soliton stability going back to Weinstein [Wein] (see those papers for more references).
We adapt those arguments to a higher-dimensional setting where in particular there is no
longer an explicit form for 7, and to the nonlocal Hartree nonlinearity. For this last task we
make use of the classical Hardy-Littlewood-Sobolev inequality and of spectral estimates for
the linearized Hartree operator

Luw® 1Aw— (i*n(w—i—w))n— (i*n2>w+>\w,

o2 | |
obtained recently by Lenzmann [Lenz].
We also extend the methods of [HZ2] in that we adapt them to more general initial data. It

is at this point that our proofs depart most significantly from those of [HZ2], and this work is
contained in Section 4. The crucial additional element is a closer analysis of the differential
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equation for the error studied in Lemmas 4.3 and 4.4. This closer analysis applies also to
the Gross-Pitaevskii equation studied in [HZ2], giving us Theorem 3 below.

To state this theorem, we suppose u: R x R — C solves

{i@tu = —1%u+ V(2)u — |ul?u,

u(z,0) = up(z) € H'(R; C). (1.4)

In this case the ground state soliton solution of the corresponding elliptic nonlinear eigenvalue

equation
1 . 1 " 3
S ="=5m =1
is given by
n(x) = sech(z).

We then have

Theorem 3. Let V(z) = W(hz), where W € C*(R;R) is bounded together with all deriva-
tives up to order 3. Fiz constants 0 < ¢1, 0 < &y < 3/4 and fix (vo,a0) € R x R. Suppose
0<26 <8y and 0 < h < hg. Foruy € H'(R) put

o — eivo-(z—ao) sech(z — ao)|| d:€f€ < Clh%ﬂio

Then for
c1 . d|logh|
0<t < —
e
we have
Hu(t,x) o ev(t)'(m—a(t))eiﬁ(t),u(t) sech [M(t)(:l? _ a(t))} HH%(RS) < Czhiéé,

where u solves (1.4) and & d:efé—I— h%. Here (a,v, uu,) solve the following system of equations
2
a=v+0(E), 0= —% / V'(z 4 a) sech?(px)dx + O(8%), 1= O(&?),

1 1
¥ = §u2 + 51;2 —u / V (x + a) sech? (pz)dx + p? / 2V (x + a) sech? (ux) tanh(px)dz +O (&),

with initial data (ag,vo, 1,0). The constants hy and ¢y, as well as the implicit constants
in the O error terms, depend only on ci, o, |vo|, and ||W|csmsy. They are in particular
independent of 6.

To prove this result, one simply replaces Lemmas 5.1 and 5.2 of [HZ2] with Lemmas 4.3 and
4.4 of the present paper. Because the details are very similar to the ones given in Section 4
below, we omit them.

The methods of this paper can be extended to the case of more general nonlinearities under
additional spectral nondegeneracy assumptions: see [FGJS] for examples. In that paper, and
also in [FTY], more general classes of equations are considered under such assumptions. For
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the present work we have restricted our attention to two physical nonlinearities for which
the necessary spectral results are known.

The outline of the proof and of this paper are as follows.

e In Section 2 we recast (1.1) as a Hamiltonian evolution equation in H'(R?®), with
the Hamiltonian given by (2.14). We define the manifold of solitons to be the set of
functions of the form e* @~ e 12n(u(z — a)) for some (a,v,v, 1) € R3 x R3 x R x R*,
and we show that the equations (1.3) come from the restriction of the Hamiltonian
(2.14) to this manifold.

e In Section 3 we review and extend slightly the relevant spectral results from [Lenz].

e In Section 4 we compute the differential equation for the difference between the true
solution u and the ‘closest point” on the manifold of solitons. We then estimate this
difference, proving Theorem 2.

e In Section 5 we show how the additional assumption on the initial condition in The-
orem 1 gives the exact equations of motion (1.3).

e Finally in Appendix A we collect the properties of n which we need for our proofs,
and in Appendix B we review a standard proof of the global well-posedness of (1.1).

2. HAMILTONIAN EQUATIONS OF MOTION

This section is divided into four subsections. In the first we define a symplectic structure
on H! and recall a few basic lemmas from symplectic geometry. In the second we define the
manifold of solitons, which has a natural action on it by the group of symmetries of (1.1).
We compute the Lie algebra associated to this group of symmetries and from that deduce a
formula for the derivative of a curve in the group in terms of the Lie algebra. In the third we
prove that the manifold of solitons is a symplectic submanifold and compute the restriction
of the symplectic form to it. In the fourth we compute the Hartree Hamiltonian and its
restriction to the manifold of solitons, and derive the equations (1.3) as the equations of
motion associated to the restricted Hamiltonian. Most of the ideas in this section are present
in [HZ1, Section 2]

2.1. Symplectic Structure. We work over the vector space

V¥ HYR,C) c L¥(R,C),

viewed as a real Hilbert space. The inner product and the symplectic form are given by

(u,v) o Re/u@, w(u,v) oof Im/u@, (2.1)
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Let H : V — R be a function, a Hamiltonian. The associated Hamiltonian vector field is a
map =g : V — TV. The vector field Zp is defined by the relation

w(”? (EH)U) - duH(v)a (22)

where v € T,,V, and d,H : T,V — R is defined by

d
d H(v) = o SZOH(u + sv).

In the notation above we have

d,H() = (dHy,v), (Eg), = —idH,, (2.3)
where the first equation provides a definition of dH,, and the second a formula for computing
=H.
For future reference present two simple lemmas from symplectic geometry. The proofs for
these can be found in [HZ1, Section 2].
Lemma 2.1. Suppose that g : V — V is a diffeomorphism such that g*w = p(g)w, where
w(g) € C*(V,R). Then for f € C°(V,R)

(g7 ((Ef)g(p)) = Eg1(p), peEV. (2.4)

Suppose that f € C*(V,R) and that df(p) = 0. Then the Hessian of f at po, f”"(po) :
T,V — T7V is well defined. We can identify 7,V with 777V using the inner product, and
define the Hamiltonian map F': T,V — T,V by

F=—if'(po),  (f"(p0)X,Y) = w(Y, FX), 2.5)
In this notation we have

Lemma 2.2. Suppose that N C V is a finite dimensional symplectic submanifold of V and
f e C®(V,R) satisfies

Ef(p) € T,N CT,V, peN.
If at po € N, df(po) = 0 then the Hamiltonian map defined by (2.5) satisfies

F(T,N) C T,N.
2.2. Manifold of solitons as an orbit of a group. For g = (a,v,7, 1) € R*xR3xRxR,
we define the map
H'>urg-ue H (g-u)(z) o e @D 2y (u(x — a)). (2.6)
This action gives the following group structure on R” x R,

(a,v,7, ) - (' 0, o 1) = (" 0", A", 1),
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where / ,
a va
o = U—f-,lu}/, a' = a+ —, ’7// _ ’7"’7/ + — M” _ MM/-
u T
The action of G is conformally symplectic in the following sense:

g'w=pw, g=(a,v,7v, 1), (2.7)

as is easily seen from (2.1).

The Lie algebra of G, denoted g, is generated by the following eight elements:

€1 = —3951, €y = ’ifEl €7 = i,
€y = —0p,, €5 =1Ty, eg=2+x-V. (2.8)
e3 = —0yy, €6 = 1T3,

These are simply the partial derivatives at the identity of (g - u)(x) with respect to each of
the eight parameters (a,v,7, ). The following computation gives the derivative of a curve
in G in terms of this basis.

Lemma 2.3. Let g € CH(R,G) and u € S(R). Then, in the notation of (2.6),

Co(t)-u=gt)- (Y (t)w),

where Y (t) € g is given by

Y(E) = u(0) 3 as(0es + ) 30 Sideans + (50 alt) - o)er + Edes, 29

where g(t) = (a(t), v(t), (1), (1)) = (ar(?), az(t), as(t), v1 (1), va(t), vs(t), (1), (1))

Jj=1

We define the submanifold of solitons, M C H', as the orbit of n under G, where 7 is the
function described in Appendix A.

M=G-n~G/Z, T),M=g-n~g. (2.10)
The quotient corresponds to the Z-action

(G,U,")/,[L) = (CL,U,’Y+ 27rk7ﬂ)7 k€ Z.

We also record the following simple consequence of the implicit function theorem and of the
nondegeneracy of w. The proof can be found, for example in [HZ1, Lemma 3.1].

Lemma 2.4. For ¥ and compact subset of G/Z, let
Uss={u€ H" :inf ||[u—g-n|m < 6}
geX
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If 6 < 09 = 09(X) then for any u € Us s, there exists a unique g(u) € 3 such that

wglw)™ u—nX-n)=0 VX eg

Moreover, the map u— g(u) is in C'(Us;,2).

2.3. Symplectic structure on the manifold of solitons. We compute the symplectic
form w| o on I, M by using

@lyhalesn ) =T [ e n)(a) @) o)

We take this opportunity to remind the reader (as mentioned in Appendix A) that ||||7, = 2
Using formulas given in (2.8) we compute all these forms.

Lemma 2.5. The evaluation at n of the restriction of the symplectic form to M 1is given by

(“’|M)77 = (dv Ada + dy A dp)0,0,0,1) = (d(vda + vdp) ) 0,0,0,1)-

Proof. 1f j, k are both taken from {1, 2, 3,8} or both taken from {4, 5,6, 7}, then the integrand
(ej-m)(z)(ex-m)(x) is a real function, implying that ( ‘M (ej,ex) =0.

If j €{1,2,3} and k € {4,5,6} we have e; = —0; and ej, = ixy_3.

o If j # k — 3 then integrating by parts gives

w}M (e, ex) Im/ e; - n)(z) (e -n)( Im/ 0;n) (1zy— 1Tp_3n) = /(n)(xkgajn).

This implies that (w}M)n(ej, er) =0
o If j =k — 3 by parts integration gives

(], )nles. ex) = Im / () - (@) @T)(x) = / Om)(m) = — / (1 + 2;0,).

Solving this yields that <W|M)n(ej7 er) = —1

If j € {1,2,3} and k = 7 by parts integration gives

@yl e =t [ (e mi@) @) =tm [(-om@ = [@mm =~ [,

implying ( }M (ej,exr) =0.
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If j € {4,5,6} and k = 8, we get

(W‘M)W(ej’ek) = Im/(ej-n)(w)(ek-n)(x) = Im/iﬂvm(2+x-V)n
= 2/37j772+/95j773¢'V77
= 2/%’7]2+/xj77(xla177+x202n—i—xgagn).

Now [ z;n? is zero as it is odd in the x; variable. Since all the terms in this last expression
can be reduced to this for by integrating by parts we see that (w|M)77 (ej,ex) = 0.

If j = 7 and k = 8 we observe that since by integration by parts we have [ nz-Vn = —3||n||3.,
then

(@lyhles e =t [ e @ @) = [ 02+ 2 Fin =2l = Sl
giving that (w‘M),,(ej, er) = 1.

Putting all this together gives the result. 0

We now observe from (2.10) and (2.7) that
w|M:,udv/\da+vd,u/\da—l—dfy/\d,u. (2.11)

Now let f be a function defined on M, f = f(a,v,v,u). The associated Hamiltonian vector
field, =y, is given by

w('a Ef) = df = fada + fvdv + f,ud,u + f’ydﬁy
Using (2.11) we obtain

1 1 0 1
Zr=—Vof Vo+ —(=Vuof —(0,f)v) - Vy+ —f0, + (—U-va——a f)@. 2.12
! [ N( ( Y )v) Dy Iz 1 (2 Y ( )
The Hamiltonian flow is obtained by solving

. ) 1 ) . 1
b= —Vaf —(9,f)v, a:ﬁvvfa p=0,f, ’Y:;U'vvf_auf‘

2.4. The Hartree Hamiltonian restricted to the manifold of solitons. Using the
symplectic form given in (2.1), and

def [ 1 1 1
(™ [ 19uP = Gl (1 ),
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we find that
1 1
d,H(v) = Re/ <—§Au — <\u]2 * m) u) .

The Hamiltonian flow associated to this vector field is

U= (Zg)y = —i (—%Au - (W * %) u) : (2.13)
() = [ 419 = g (P s )

to M is given by computing

The restriction of

Hig-n) = 11 ) = LE )

for ¢ = (a,v,7y,u). The flow of (2.12) for this f describes the evolution of a soliton. We
have in particular

1
y = 5!1}!2 — 3u*H(n),

and because we know that e*'n(x) solves (1.1), we can compute that H(n) = —\/3.

We now consider the Hartree Hamiltonian,

=5 J1vur =g [k () + 5 [ v, 2.14)

and its restriction to M = G - n given by

||2 4

NV M—/V(m)nQ(u(x _a)). (2.15)

Hi vy = ——
vl 2 3 2

The flow of Hy |y can be read off from (2.12):

@:—g/vv <§+a) n*(x)dw, a=w, =0,
1, 9 1 T 9 1 x 9
:§|v| + An ~3 Vv p%-a n(:v)d:v+— z-VV p+a n*(x)dz.

These are the same as the ones given in (1. The evolution of a and v is simply the

3).
Hamiltonian evolution of $|v|? + w = | VV(z +a)n*(pa) when p is held constant. As a result
the evolution of the phase is explalned by (2.15).

Finally we give an important application of Lemma 2.2. We put

1 1 1 A
i) = [ §19uP = g (1 o) + 3 [ 1o,
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and observe that 7 is a critical point of this functional, while the Hessian of Hyat 7 is given
by
def 1 1 _ 1 2
Lw=—=Au—|—x*xnw+w)|n—(—*1")w+ Iw. (2.16)
2 |z] |z]
Now if in Lemma 2.2 we take, H) to be f, N to be the eight dimensional manifold of solitons
M, and p = n, we find that

il (T,M) C T, M. (2.17)

3. SPECTRAL ESTIMATES

In this section we recall crucial spectral estimates for the operator £ from (2.16), which

el
| Ly O Rew
ﬁ“’_{o L_}{Imw}’

1 1 1
L, Rew = —éARew—Q <ﬂ *nRew> n— <ﬂ *172) Rew + ARew,
x x

is the linearization of —1Au — (|u]2 * i) u + Au. We observe that this operator can be
decomposed as follows:

with

and

1 1
L_Tmw = —§AImw — (W *772) Imw + AImw.
x

From Remark 2 following Theorem 4 in [Lenz] we have the following proposition:
Proposition 3.1. Let w € H'(R,C) and suppose that for any X € g, w(w, Xn) = 0. Then,
(Lw,w) > cllwFn, (3.1)

where ¢ is an absolute constant.

Now we consider solutions f of the equation

Lyf = Q(z)n(x), (3.2)

where Q(x) is real-valued and of the form Q(z) = ao(t) +>_ a;;(t)z;x;, with Q(x)n symplec-
tically orthogonal to the generalized kernel of i£, and with a;;(¢) bounded in ¢.
(

Proposition 3.2. The equation (3.2) has a unique solution in (ker(LT))* C L*(R®). This

solution is also in C*°(R3) with the property
ex(V2A-lelge £ o [oo(R3), (3.3)
for all € > 0 and for any multiindex o € N3. Furthermore

w(f,Xn)=0, VX eg. (3.4)
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Proof. We first show that a unique solution exists, which follows from Q(z)n € (ker L,)*.
Indeed, it is sufficient to show this result for any Q);;(x) = z;x; or Qp = 1. By [Lenz, Theorem
4] we know that ker L, = span{0din, 0an,0sn}. Clearly (0;n,n) = 0 for all j € {1,2,3}. It
remains only to show for all 7, 7, k € {1,2,3} that

(=0, zjzm) = 0. (3.5)

If i # j and 7 # k then (3.5) is clear, because the integrand is odd in the x; direction. So we
assume i = j. If j # k then

(—0im, xizgn) = —/3iﬂ($i$k)ﬁ = /Jfk772+/am($€ixk)77-

But zxn? is odd in the z; direction, leading to (3.5). A similar argument gives (3.5) for
j=k.

It follows from the PDE solved by f that if f € H*(R?) then f € H*™?(R?), implying that
f € C°°(R?). The proof of (3.3) now follows closely the proof of Proposition A.1, and we
give it only in outline. We put w = e f and introduce

L2w & e?Lye %w = (Py+ Nw — 2e"n(|z| ™ * (ne™%w)).

We now have

@)= [vup+ (V— §|V¢P+A) wr=2 [ e (ol ) wt [ Qe

Then
furs [ (h-gver)ur <= [Ttz [ (a )t [epm.

The V term is handled as before. The two e? factors in the last term can be absorbed by the
7 factor provided the exponential growth in ¢ is no more than e@m. For the middle term,
observe that, as in the case of V| the convolution |z| 71 % (nf) is continuous and decaying to
zero at infinity. Then, the two e factors can be absorbed by the 1 factor just as in the case

of the last term. In this way we show that
/ w* < C,
and proceed as in the proof of Proposition A.1.

We now prove (3.4). First of all, since f is real, w(f,e;n) =Im [ fe;n =0for j € {1,2,3,8}
since then e;n is real. Next write

3
f=fo+ Z ik Lif=ao, Lifjk= ajz;ty.

J,k=1
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Since L, preserves symmetry in xy, for all k, we observe that if j € {4,5,6}, then

wW( fre,€5m) = /fkeﬂﬂjm =0,

as the integrand will be odd in some z; direction. Finally a calculation shows that L, ((2 4+
x - V)n) = n, from which it follows that

W(femm) = / fi= / L2+ V)n= / Q@2+ V) =0,

which completes the proof. O

4. REPARAMETRIZED EVOLUTION AND PROOF OF THEOREM 2

We write
u(t) =g@)-n+w(t)), w(),Xn) =0 VXeg.
To see that this decomposition is possible, initially for small times, we apply 2.4, which
allows us to define
def ~ def —
g(t) = g(u(t), a=g(t)"tult), w(t)=a—mn,

and derive an equation for w(t). Before doing so, however, we introduce some abbreviated
notations. For g(t) we write g = (a,v,7, 1), and observe that as a result of Re(w,n) =0
and the L? conservation of the original equation we have

2+ wlzz = In+wliz = g~ ullz2 = 1™ luollZ2,
and hence
2—¢ <u< 2+4+¢
2 + [Jwl|72 2+ [Jwl|72
with € as in the statement of Theorem 2. This gives a precise sense in which p ~ 1. For the

remainder of the section we will assume 0 < ¢ < 1, although in our theorems ¢ is required
to be much smaller.

(4.1)

Next we define
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Observe that « takes values in R, # in R3, and X in g. Set further

L™ 1Aw — (]x|’1 * 7)2) w— (|x\’1 « (n(w + u_)))) N+ Aw,

2
N & (jaf ™ xfw) g+ (Jol ™ e + @) w0+ (Jol ™+ fuf?) w.

These terms come from writing out i=g(n 4+ w). The operator £ collects the linear terms,
and N the nonlinear terms.

Lemma 4.1. In the above notation, the equation for w is
, x

Ow = Xn+1 {—V <——|—a) +Oz+ﬁ'$} n
L

+Xw+z[—V (§+a) +a+ﬂ-x}w+m2(—£+/\/’)w.

Proof. The proof of this lemma is a straightforward calculation which follows nearly the
same lines as that of [HZ2, Lemma 3.2], and here we give only a sketch. We first use the
definition of w and the chain rule to write

dw ==Y (n+w)+ g 'Epg(n +w),

with Y taken from Lemma 2.3. Next we use Lemma 2.1 to write g 'Zyg = pu 1=y, and
compute =g+ from formula (2.3). Finally, using the soliton equation

1 1
—\n+ -An+ —*772 n=20
2 ||

gives the desired formula. 0

We now explain the reasons for this notation. Note that if X = 0, then

L . o1 .

a="1, 0= —up, ’y:§|v|2+>\u2—a, i=0.
giving the equations of motion in (1.3). In this section and the following section we prove
that | X| and ||w]| g1 are small, giving Theorem 2. Then in Section 5 we give the improvement

to Theorem 1 under the necessary additional assumptions on the initial data.

To understand the other crucial features of the notation in Lemma 4.1, we introduce the
symplectic projection P, characterized by

w(u,Yn) =w(P(u)n,Yn), VY €g.
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This is given explicitly by

8
P=>eP, P:8—R

2
P(u)= ——5w
W=~

2 .
Pi(u) = W w(u, ej—sn) Im/ 0j_sn(z)dz, j€{4,5,6}

2
Pr(u) = ||77|| (u, esn) Im/ )(2+ 2 V)n(x)de,
2

(uv €j+3n) = Re/“(x)xjﬁ(x)d% .7 S {17273}

Py(u) = ——5w

ot em) = Re [ (@)

We now compute

. Z ([ f@mwo,anwic) e+ ([ famwiz o Vi) e

_ % _g ( / f(x)ﬁj_3n2(x)dx> e + ( / F(@) (402 (x) + 2 - V() dm) 67]
-1 Z ([orar@ine) e+ ([ (1)~ o V(e o)) ]
i +if3-x

Observe that in the case that f(z) = V(x/pu + a) these a and 3 agree with those defined
previously.

We have the following Taylor expansions, where d; is the Kronecker delta:

v (% + a) V(@) +VV(a) e L > ( _ %’“) 224000V (a) + O(h?),

0’ (z)dz + O(h%),
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and thus

—V(§+a)+a+6~x

1< 5;
= —— ( — %) z;x,0;0,V (a / [Z x282

" (z)dz + O(h3),
G k=1

S g a0+ O Q) + O,

7,k=1

where all the errors are polynomially bounded in z. In the sequel we will apply Proposition
(3.2) using this Q(x). Observe that it satisfies the necessary orthogonality condition because
w(i(V(z/u+a),Xn)) =0, and Q(z) is of order h?.

We now study w by writing w = w + w;, where w solves away the principal forcing terms of
the equation of w. More precisely, we put

3
~ € ~ ~ e 88V
w d:f Z wjka wjk d:f— ]L ( )fjk;

3

. 3
Ouiv = iy’ Lib— <_ > (1 - %%k) z;2,0;0kV (a) + 2/ [Z z;0;V (a)

J=1

772(:6)611‘) 1

+ Z 9]kf]k7

7,k=1

where

9 def —0; OkV( ) o —8]8kVV(a) - Q 48j8kV(a),u
jk(t) - dt 1 1t + 115

Lemma 4.2. There exists an absolute constant ¢ such that if |[w||g < 1/c, then

| XT < e(h*llwlla + lwllzn + lwln)-

Proof. Since Pw; = 0;Pw = 0, Lemma 4.1 gives

X=Pli(V(z/p+a)—a—-0F-z)n)+ Pli(V(z/p+a) —a— 0 z)w) — P(Xw)
— 12 P(iNw) — > P(iLw).
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We have already observed that the first term vanishes. Next the estimate |P(Yw)| <
clY|||wl]| g shows that

[P(V(x/p+a)—a— 5 2w)| <chlwlm,  [P(Xw)| < dX|[w]m.

For the P(iNw) term we must estimate the following integral, where 1) are taken from
w, 1, ejna:

/\(ISEI_1 * (Y11)2)) Ystha| < 2] (Yaedn)llos [¥sl] e[| all e

< cl[tihol| |3l e |all 22 < cllvonl| 2 l|al| 2 |3 | | ¥0al| 2 (4.2)

For this we have used Holder’s inequality, the Hardy-Littlewood-Sobolev inequality, and
Sobolev embedding. This results in

[PiNw)| < e([[wlf + l[wli)-

Finally, from (2.17) we have
P(iLw) =0,
which combines with the previous estimates to give
|X| < eh?llwllm + el X wlla + e(lwlz + l[wllzm)-
Here we have removed the factors of p using (4.1). If ||w|| 1 is sufficiently small, this implies
the desired inequality. 0

Lemma 4.3. Suppose there are positive constants c1, and hy such that

|w]lee  m1 < Clh%H, Rty — 1)ty — 1) <, 0 < h < hy,

[t1,t2]

for some t; < ty, 0 > 0. Then
sup [0(t)] < ch?, sup [v(t)] < e,

ti<t<ts t<t<ts B

for a constant ¢ depending only on ci, ho, |W||csms) and |v(t1)].

Proof. The conclusion concerning 6 will follow from || < ch'*? and |a| < . Observe that
our assumption on w implies that the bounds for p in (4.1) can be improved to
1 — ch3ts <p<l+ ch3 s,
By the definition of X and the Taylor expansions and the bound on X, we have
; .

L4 vvia)| + ﬁ‘
T T
which immediately gives the desired bound on |f|. For the bound on |a|, it suffices to prove
|v| < ¢, which we do by first integrating the above inequality to obtain:

sup |v(t)] < |v(t1)] + ch||[VW || (t2 — 1) + | X|(t2 — t1).

t1<t<to

+lp(—a+v)| < o X| < c(h?[w]m + lwlE + lwlz),
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Next we prove a near conservation of classical energy:

(@ + V(a)) _ (’“(’;)‘2 + V(a(tl))> |

< (ty—t1) sup |[0-v+VV -dq
t1<t<to
< (ta—t1) sup ([0 4+ VV(a)l[v]+[VV(a)|la—v])

t1<t<to

sup
t1 <t<t2

<ty —ty) []X| sup |v| + h||VW|| =] X]|
t1 <t<ts

< | X[(ta — 1) [Jo(ta)| + chl[ VW | oo {ta = 11) + €| X[(E2 — 11)]
From this it follows that sup;, <, [v(t)| < ¢, which concludes the proof. O

This will be crucial for the estimate of the true error w.
Lemma 4.4 (Lyapounov energy estimate). Suppose that, for some constants ¢; and ho,
[l m < eh?,  0<h<h
t1,to] T

Then, provided
Ca
[ty — t1] < 7

we have

wllpee 1 < esllwi(tr) || + cah®.

[t1,t2]
The constants co and cy depend only upon ci, ho, ||W||csmsy and [v(ty)|. The constant cs is
an absolute constant.

We postpone the proof of this lemma to the end of the section, first demonstrating how it is
applied in the bootstrap argument. We prove the following proposition, from which Theorem
2 follows.

Proposition 4.1. Let wy = w(0) and fiz constants ¢, > 0 and 0y € (0,3/4). Then there
exist constants hg and ¢ such that if

5 dllogh
0<3<d, O0<h<hey |wollm <htt3®, 0<T§%+|O_hg|
C

then

HIU”LF&T]H% S Ch*‘s (HwOHHl + h2) .

The constants hy and c depend only on ¢, do, |v(0)], and ||W||csms).

Proof. To apply Lemma 4.4, we observe that by the continuity in ¢ of ||wl| Lig, 12 We know

immediately that the hypotheses are satisfied on [0, ¢] for sufficiently small ¢. At this point
the conclusion of the lemma tells us that at the end of this interval the error is still small
enough that we may proceed for larger ¢, until we reach ¢t = ¢y/h. In this way we apply
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Lemma 4.4, k times on successive intervals of length ¢, /h, where ¢, and k will be fixed later,

giving the bound
k—1
k j 2
lwllzgs,, m < Sllwollm + (Z CJza) Cah”.
j=0
This is only valid provided that the hypotheses of Lemmas 4.3 and 4.4 are satisfied over the
whole collection of time intervals. We must use Lemma 4.3 to control |v| uniformly over the
full time interval [0, cok/h|, and to apply this we need
k—1
; 1
S llwoll e + <Z c;,> cah? < etha™, GEPRY < ey,
j=0
for some constant ¢;. We will determine ¢; momentarily, and at that point ¢y will be the
constant which emerges from Lemma 4.4. If

C log h
=G glloshl
Co 10g03
it suffices to have
C1/co ~ c1/c . 1 h 2
C31/ zclh%+350—5 +631/ 20,h270 < clh%“s, & <5\10g |> K < . (4.3)
0g Cs

We are now ready to choose our constants. We first take ¢; such that the second inequality
of (4.3) holds. Then ¢, is given by Lemma 4.4, and we take hq is such that the first inequality
of (4.3) holds. Note that the hypotheses of Lemma 4.3 are satisfied a fortiori. O

It now remains only to prove Lemma 4.4.

Proof of Lemma 4.4. In this proof, unless otherwise mentioned, all constants depend only
upon ¢y, ||W/|lwe.s and |v(ty)].

Let

Now
O, = —ip*Lwy + Xn — 0f

—i—i[—v<g+a)+a+ﬁ-x—i2-v2‘/(a)x+

2 / - V2V(a)mn2(x)dar] n

2422|717
+Xw+i {—V (£+a) —i—a—i—ﬁ-x] w + i Nw.
I
By grouping forcing terms into f;, we rewrite the above as

8tw1:—m2£w1+X7]—|—f1+Xw+z'{—V (g—ira) +a—|—ﬁ~x}w—|—z’u2j\/'w,



20 K. DATCHEV AND I. VENTURA

observing that, using Lemma 4.3, we have || f1||g1 < ch?

We recall that £ is self-adjoint with respect to

(u,v) = Re/u@,

and hence

1
5&:(&017 wy) = (Lwy, dywy)

= — 12 (Lwy,ilw;) + (Lwy, Xn) + (Lwy, fL) + (Lwr, Xw) + (Lwy, Xb)
+ (Lwy, i {—V (24‘&) +a+ﬁ-x} wy) + (Lwy, i {—V (E—HL) +Oé+ﬁ'$} w)

+ (Lwy, i Nw)
=TI+ I+ II+1IV + V + VI + VII + VIII

Now we analyze these terms one-by-one. First
[=11=0.

In the case of I this follows from (2.1), the definition of (-,-). In the case of II, we recall that
w(w, Xn) = 0 by construction of w, and that w(w, Xn) = 0 from 3.4, as a result of which
we have w(wy, Xn) = 0. Finally w(iLw;, Xn) = 0 by (2.17), and then we use (2.1) to relate
<'7 > and C(J(', )

Next we show that
11| < cl|wy || || il < ch®|lwi ]| g

This estimate is straightforward in the case of the convolution-free terms of £. For the
terms with convolutions, we apply (4.2) with f; in place of 1, and the other 1, chosen
appropriately from among n, w, w.

Next we look at IV = (Lwy, Xwy). We first recall that X = Z§=1
c(P*lw|| + |lw||3: + [[w][3:). We the proceed term by term according to Lw; = fw; —
sAwr — (|27 = n?)wy —n (Jz| 7" = (w1 +@1))):

a;€; with |aj] <

1
(wy, Xwy) = ag(wy, 2wy + x - Vwy) = §a8<w1,w1>,

3
<AU}1, XU)1> = Zaj+3(Aw1,ixjw1> + CL8<AU}1, 211)1 +x- VU)1>

Jj=1

3
. 1
= Z aj3(0jwy, iwy) + §a8<Vw1, Vuwy),

j=1
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and thus the above two terms are bounded by ¢|X||lw:||3:. For the terms involving 1 we
use (4.2) to obtain the same bound, giving

V] < e(h? + [[wllm + [lwlz) lJws -

Next V = (Lw;, Xw) has a similar expansion, but including more nonzero terms. We
estimate these terms as before in (4.2), using Holder’s inequalty, Hardy-Littlewood-Sobolev,
and Sobolev embedding, to obtain

VI < el X|[Jwr [ || () @]l 2.
However, ||{(z)0|| g2 < ch?, giving

VI < eh(h* + [[wll s+ [wllz) lwd ] e
For VI once again we obtain a number of vanishing terms:
VI = (Lwy, i {—V (f +a) +a+ﬁ-x] wy)
1

1 4 T
= (3w — o (Ja ™ oy + 90)) o [—v (; n ) fats ] w).
To estimate the first term, we integrate by parts as before and use

1
—ZVV <f+a) +
poo \n

< ch.

For the second term, we use (4.2) together with
x 2
—Vi|i—4a|+a+p5-x|n <ch”.
i

This gives the bound
IVI| < chllwi 3.

For VII we proceed in the same way, without the vanishing terms but also without the
restriction that only H'! norms may be used. We obtain

[—v <§—|—a) +a+5.m]w

< ch?|lwy || g [{@) @ || g < ch*{ws ||

IVII| < ¢||wy]||m

Hl

Finally, for VIII = (Lw,, ipu*Nw) we write w = w; + w and expand. We integrate by parts
for the A term, and use (4.2), twice as needed for the terms with two convolutions. This
allows us to put all factors in an H! norm, giving a bound of

VI < e (R®flwnllar + R flwnlFn + B2 [lwnlf3n + [[wall30)



22 K. DATCHEV AND I. VENTURA
Combining all this gives
[0 (Lwy,wi)] < e (BPllwlle + hllwllz + R {lwllGn + [lwll + llwllz) -

From Appendix B we have uniform boundedness of ||u|| g1, while from Lemma 4.3 we have
uniform boundedness of |v| over our time interval, from which we conclude that ||w|p < ¢,
and hence

[0 (Lowr, wi)| < e (W |wllzr + hllwlz + lwllE) -
Now we use w = wy + w to write ||wl||z < ¢(||w:| g1 + h?) and hence
[0:{Lwr,wi)] < e (B + hllwallz + lJwi 7)) -
Integrating in time gives
(L (), wi () < (Lwn(tr),wi(t)) + et — 1) (B° + hllwi |7 + Jwn [[7)

From (3.1) we have

(@)l < e{Lwr(t), wi(t)),
and by direct estimation we have

[(Lawr (), wi(8))] < cllwi(B)l[-
This leads to

furli iy < s (e2) B
1»
+C(t—t1) (hs—l-hleH%oo H1 + ”w]_H%oo H1> 5
[ty,t]® [ty,6]°=

with ¢ an absolute constant. Requiring that to — t; < ¢o/h for a small constant ¢y, and
subtracting the quadratic term to the left hand side implies

loille s < 28wn ()l + otz =) (B° + hllwnlld ) -

[ty,t]7®

This is a quadratic inequality in ||wi |3 ;1. In general,
[t1.]77®

A>0,B>0,XcR, BX* - X+A>0, X<(2B) ', 44B <1 = X <2A.
In our case, assuming that
(t2 — tl)h||w1||%[o;1 g T (2 = t1)*h® < e

we have
Jwi[[Foe g < AélJwi(t1)]|70 + ch(t2 — ty).

[t1.t2] "%

From this, together with w = w; + w the desired result follows.



SOLITARY WAVES FOR THE HARTREE EQUATION WITH A SLOWLY VARYING POTENTIAL 23
5. PROOF OF THEOREM 1

In this section we make use of the following lemma:

Lemma 5.1. Suppose that 0 < h < 1, and a = a(t),v = v(t),e; = €1(t), €2 = €a(t) are C*
real valued functions. Suppose f : R® — R is C* mapping such that | f| and |f'| are uniformly
bounded. Suppose that on [0,T],

a=v+e€, a(0) = aop
v = hf(ha) + e, v(0)=wg

Leta =a(t) and v =v(t) be the C* real valued functions satisfying the exvact equations

aG=7+e, a(0) = ag
U = hf(ha)+ e, v(0) =1

with the same initial data. Suppose that on [0,T], we have |¢;| < h*=% for j = 1,2. Then
provided T < ch™" + §h~log(1/h), we have on [0,T] the estimates

la —a| < én**log(1/h), |v—71| < éh3 *log(1/h)

The statement and proof of this lemma is almost identical to those of [HZ2, Lemma 6.1].
The only change in this proof is that we use g = fol V f(ha + t(ha — ha))dt.

For Theorem 1 we assume ¢ = O(h?), in which case we have the following ODEs for a and
v

a=v+O0(h""), v = —% / VV (x4 a)n?(z)dx + O(h*™).

Lemma 5.1 allows us to replace these with

1
a=w, 0= —3 / VV(z + a)n?(z)dz.

Direct integration of the error terms in the equations for p and v allows them to be dropped
as well, giving Theorem 1.

APPENDIX A. PROPERTIES OF 7

In this appendix we review the properties of the function 7 which we need in this paper.
This material is essentially well-known, and further information and references may be found
in [Lenz|. First we recall a lemma from [Lenz, Appendix A].

Lemma A.1. For each A > 0, the equation
1 ~
—§A77 +Vn=-\n (A1)

with V- = —|z|~ % 0%, has a unique radial, nonnegative solution n € H'(R3) with n % 0.
Moreover, we have that n(r) is strictly positive.
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In this paper we choose A such that
2
Inllz. = 2.

We will also need the following exponential decay result.

Proposition A.1. Let n € H'(R3;R) satisfy (A.1). Then n € C*(R?), and for any multi-
index o and € > 0 there exists C' such that

10°n(z)| < Ce=(V2A=9lel,

Proof. Observe first that V is continuous and obeys lim ;o0 V = 0. Indeed, write lz|~1 =
X1+ X2, where x; is smooth and agrees with |x|~! near infinity, and x; is compactly supported
and in L? for p < 3. The y; terms is clearly smooth, and we prove the decay by treating it

in two pieces:
C C
/ xi(z — y)n*(y)dy < / ——n*(y)dy < —|nll7-
lyl<lel/2 wi<lel/2 (T = Y) |z

/ xi(z —y)n*(Y)dy < |Ixal L / n*(y)dy
Iyl >zl/2 lyl>e/2

On the other hand note that since n € H'(R?), the Gagliardo-Nirenberg inequality implies
that n € L5(R?), and in particular n?> € L?. Thus x, * n* has a Fourier transform in L',
giving the desired regularity and decay.

Now it follows from (A.1) that n € H?. Differentiating the equation and applying the
previous argument shows that n € H3. By induction we find that n € H*, and in particular
neC™.

We now prove the exponential decay as follows. Let P = —%A + ‘N/, let ¢ € C'*° be bounded
together with its first derivatives, and let

def

1 1 1 ~
P, = ¢?Pe™® = —5A+ V6V - 5|v¢|2 + 586+ V.

Let w = e®n and , observing that integrating by parts gives [(V¢ - Vw)w = — [(V¢ -
Vuw)w — [(A¢)w?, write

0= ((Psy+ N w,w) /|Vw|2 /(‘N/+)\—%|V¢|2) w?

Now, provided |V¢|* < 2)\ — 2¢ we have

2 —~ ~
/w </( |V¢|>w2§—/Vw2§£/ wz—/ Vw?.
2 JioV(@)>—e/2} (o (2)<—e/2}

The integral over {z : V(z) > —¢/2} can now be subtracted to the other side of the inequality,
while {z : V() < —¢/2} is a bounded set as a result of 1im|g) -0 V(z) = 0. We may then
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/w2§0

where C' depends on 7, sup |¢|, and €. If we apply this result with a sequence of functions
¢n, such that ¢, = (v/2\ — 2¢)x; on the ball of radius n and is modified outside that ball to
be smooth with bounded derivatives, we find that eV?*~2<*1y ¢ L2, and similarly

write

6\/2A—2e|x|7]($) c L2

Differentiating (A.1) and applying the same argument proves that
e\/2)\72e|x\aan(x) e LQ,

from which the desired result follows. O

APPENDIX B. WELL-POSEDNESS

In this appendix we prove well-posedness for the equation (1.1) in H'(R3). This result is
known (see for example [Caze]), but for the reader’s convenience we review the result in the
special case which we study here. We adopt the notation [|ullwrs = 32, < 10Ul o

We will use the following Strichartz estimates (see for example [KeTal).

Lemma B.1. Suppose q,r,q,7 € [1,00] satisfy

2 N n_n 2 n n_4+mn
qg r 2 ¢ 2
Then
t
||€ZtAU0||Lq0TL2 < fjug)| 2 / =92 f(5)ds <cllflla Lo
[0,T7) 0 L?O T]LQ [0, 7] "=

for all ug € L*(R™) and f € L7 ([0,T], L™ (R™)).

In the remainder of this section only, ¢ denotes a constant which may vary from line to line,
but is absolute, that is independent of all parameters in the problem. Let V € W1 (R3 R),
and let ug € H'(R?) be given, and define

N(u) = — (]x\’l * \u]2) u, Fu)(t) = ePuy — z'/o ellt=9)A [N(u(s)) + Vu(s)] ds.

A function u solves the Hartree equation if and only if it is a fixed point of F'. We have the
following
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Lemma B.2. For any T > 0, we have

[N ()l @sy < cflul|p2@s) | Vull g @),
1 ()l oo oy, 3y < ol es) +T1/2(C||U||§11(R3) + IV llwrioo sy | wll i1 g2,

where ¢ is an absolute constant.

Proof. We first compute
[ (I ful?) | o < (™ Jul?)[] o lullze < ef[Jul?|| o llullze < cllVallzallullZ2, (B.1)

where we have used in the first inequality Hélder, in the second Hardy-Littlewood-Sobolev,
and in the third Holder followed by the Sobolev inclusion H'(R?) C L5(R?). From this the
result concerning N follows.

We now look at F. We have Heimuo]|Lw([07T]7H1(R3)) = ||uo|| g1 (r3) because the Schrédinger
propagator is unitary on all Sobolev spaces. We then compute using Strichartz estimates
that

t
\ / =2 N (u(s))ds <AIN@I,e s < PPN, o
0 Lo ([0,T],L2(R3)) [o,7=* [o,7™*
Using the same sequence of inequalities as in (B.1) we get that
[ (o7 ) | ogs < [l 70 Jul?|| s el 2 < ellfel®llzellullze = cllullz
The same arguments show that
t
v [ erosntutopas < TV2)ul 3| Va2
0 Le=([0,T],L?(R3))
The result concerning F' follows from this. O

Proposition B.1. For each uy € H*(R?;C) there exists T € R such that (1.1) has a solution
u(x,t) € L*([0,T], H'(R?)). Furthermore this T depends only on |lug|| g -

Proof. We prove this using a standard contraction argument. We adopt the notation || - || =
- 1z qro,ry (royy:

||F<u>—F<v>|rs\ / £ [N (u(s)) — N(o(s))] s + / £ V() — V(s)] ds

< ¢ (IN(() = MOl ypoe + TIVa) = Volo)]
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But then

c|IN(u(t)) — N(v(t)) w5 < T2\ N (u) — Nl o 1o

H L[QO,T] [o,r]""*

1,6/5 +

< T2 [ ” (|x|_1 “ |u|2) (u— U)HLF&T]W;’WS + || (|x|_1 *u(u — 17)) UHL%’T W

T

(™ (= 0)0) ol] 2o ]

< =]l (JJull® + o] + [[o]*)
Thus taking
1/2 1
= e (lll® + ol + ol + 11V oo s )

we find that F' is a contraction on a closed ball of L>°([0, 7], H'(R?)), implying there exists
a solution to (1.1). O

We then use almost conservation of energy to extend this to global well-posedness.

Proposition B.2. The equation (1.1) has a solution in L>(R, H'(R?))

Proof. Because of Proposition B.1, it is sufficient to prove that the H! norm of u is bounded.
Clearly ||u||z2 is preserved so it suffice to bound ||Vu/||z2. To do this we study the energy

E(t) = ||Vu] — /R N(u)a.

An argument as above shows that

_ _ C
/(m e ul) Jul < el el @l < ellullzalVule < —llullze + cel Vul e,

From this we deduce that
IVul7: < c(B(t) + |lullzz + 1VI[Iwie) -

This bounds ||u||;1 uniformly in time, giving the desired conclusion. O
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