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ABSTRACT. We study the Gross-Pitaevskii equation with an attractive delta func-
tion potential and show that in the high velocity limit an incident soliton is split
into reflected and transmitted soliton components plus a small amount of disper-
sion. We give explicit analytic formulas for the reflected and transmitted portions,
while the remainder takes the form of an error. Although the existence of a bound
state for this potential introduces difficulties not present in the case of a repulsive
potential, we show that the proportion of the soliton which is trapped at the
origin vanishes in the limit.

1. INTRODUCTION

The nonlinear Schrodinger equation (NLS) or Gross-Pitaevskii equation (GP)
(1.1) i+ 302u + ul*u =0,

where u = u(z,t) and x € R, possesses a family of soliton solutions

u(x,t) = o L Asech(\(z — xg — vt))
parameterized by the constants of phase v € R, velocity v € R, initial position
xo € R, and scale A > 0. Given that these solutions are exponentially localized,
they very nearly solve the perturbed equation

(1.2) iOu + 20%u — qdo(x) + [ulPu =0,
when the center of the soliton |zg + vt| > 1. In fact, if we consider initial data
u(z,0) = e sech(z — x)

for g < —1, then we expect the solution to essentially remain the rightward prop-
agating soliton em”e_%wgtsech(x — xp — vt) until time ¢ ~ |zg|/v at which point a
substantial amount of mass “sees” the delta potential. It is of interest to examine the
subsequent behavior of the solution, as this arises as a model problem in nonlinear
optics and condensed matter physics (see Cao-Malomed [1] and Goodman-Holmes-
Weinstein [2]). In the case |q| < 1, Holmer-Zworski [5] find that the soliton remains
intact and the evolution of the center of the soliton approximately obeys Hamilton’s
equations of motion for a suitable effective Hamiltonian. This result applies to both
the repulsive (¢ > 0) case and the attractive (¢ < 0) case, and identifies the |¢| < 1

setting as a semi-classical regime.
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On the other hand, quantum effects dominate for high velocities |v| > 1. In
Holmer-Marzuola-Zworski [3][4], the case of ¢ > 0 and v > 1 is studied (most inter-
esting is the regime ¢ ~ v), and it is proved that the incoming soliton is split into
a transmitted component and a reflected component. The transmitted component
continues to propagate to the right at velocity v and the reflected component propa-
gates back to the left at velocity —v, see Fig. 1. The transmitted mass and reflected
mass are determined as well as the detailed asymptotic form of the transmitted and
reflected waves. The rigorous analysis in [3] is rooted in the heuristic that at high ve-
locities, the time of interaction of the solution with the delta potential is short, and
thus the solution is well-approximated in L? by the solution to the corresponding
linear problem

(1.3) i0pu + $02u — gdo(z)u = 0.

This heuristic is typically valid provided the problem is L? subcritical with respect
to scaling. In this case, it is shown to hold using Strichartz estimates for solutions to
this linear problem and its inhomogeneous counterpart, with bounds independent of
q. The Strichartz estimates are also used in a perturbative analysis comparing the
incoming solution (pre-interaction) and outgoing solution (post-interaction) with
the solution to the free NLS equation (1.1). One then proceeds with an analysis
of the linear problem to understand the interaction. Let H, = —%8% + gdo(x) and
consider a general plane wave solution to (H, — %/\Q)w =0,

Ape ™ L B e for >0
w(z) = o o\
A_e " 4+ Bye forx <0
The matrix
AL A_
so0-[51]~ [3]

sending incoming (+) coefficients to outgoing (—) coefficients is called the scattering
matrix, and in this case it can be easily computed as

ty(A) 7q(N)
sy = [A0) 0
SR VRN
where t,(\) and r4()) are the transmission and reflection coefficients

i\ q
tg(A) = F— and rg(N)

T iA—q

We have that at high velocities and for 1 < —1,

(1.4)

e~ MaleiVsech(z—121)] & t(v)e o[ sech(z—z1 )] +7(v)e M0 [e @ sech(z+21)].

From this we can infer that the transmitted mass

el
_ x>0 — l 2
O T, M0l
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FIGURE 1. Numerical simulation of the case ¢ = —3, v = 3, xg =
—10, at times t = 0.0, 2.7, 3.3,4.0. Each frame is a plot of amplitude
|u| versus x.

matches the quantum transmission rate at velocity v, i.e. the square of the trans-
mission coeflicient

02
p

This is confirmed by a numerical analysis of this problem in Holmer-Marzuola-

Ty(v) = [tq(v)?

Zworski [4], where it is reported that for ¢/v fixed,

v2

R +0(w™?), asv— +oco.

Ty(v)
Further, (1.4) gives approximately the form of the solution just after the interaction,
and one can then model the post-interaction evolution by the free nonlinear equation
(1.1) and apply the inverse scattering method to yield a detailed asymptotic. The
results of [3] are valid up to time log v, at which point the errors accumulated in the
perturbative analysis become large.
When ¢ < 0, the nonlinear equation (1.2) has a one-parameter family of bound
state solutions

(1.5) w(z,t) = ™2 xsech(A|z| + tanh ' (Jg|/A)), 0 < |g| < A
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The numerical simulations in [4] show that at high velocities, the incoming soliton
is still split into a rightward propagating transmitted component and a leftward
propagating reflected component, although in addition some mass is left behind at
the origin ultimately resolving to a bound state of the form (1.5). However, the
amount of mass trapped at the origin diminishes exponentially as v — +o0o and
the observed mass of the transmitted and reflected waves is consistent with the
assumption that the outgoing solution is still initially well-modelled by (1.4).

In this paper, we undertake a rigorous analysis of the ¢ < 0 and v large case. This
analysis is complicated by the presence an eigenstate solution u(z,t) = e3ta® o= lalle]
to the linear problem (1.3). Therefore, the Strichartz estimates, which involve global
time integration, cannot be valid for general solutions to (1.3). However, they can be
shown to hold for the dispersive component of the solution e~#*4(¢ — P¢), where P
is the orthogonal projection onto the eigendirection e~191l. In the pre-interaction,
interaction, and post-interaction perturbative analyses, this eigenstate must be sep-
arately analyzed. This introduces the most difficulty in the post-interaction anal-
ysis, although (as explained in more detail below), we are able to obtain suitable
estimates by introducing a more refined decomposition of the outgoing waves and
invoking some nonlinear energy estimates. We thus obtain the following;:

Theorem 1. Fiz 0 < e < 1. Ifu(x,t) is the solution of (1.2) with initial condition
u(z,0) = e™sech(x — z0) and xg < —v°, then for |q| 2 1 and

(1.6) v > Cloglql) /e + Ol 120F2) 4 €. (g)
we have
1 2 v? 1 _T(1-2¢) —(1-2¢)
(L.7) 3 u(z, t)|"de = mJFO(\q,W 6 )+ O(v )
x>0

uniformly for “post-interaction” times
x
M +ov e <t <elogw.
v
Here the constant C' and the constants in O are independent of q,v, e, while Cgy, is
a constant depending on € and n which goes to infinity as € — 0 or n — oo.

The proof is outlined in §3. It is decomposed into estimates for the pre-interaction
phase (Phase 1), interaction phase (Phase 2), and post-interaction phase (Phase 3).
The details of the estimates for each of the phases are then given in §4 (Phase 1),
§5 (Phase 2), and §6 (Phase 3).

The assumption that v = \q]%(l‘*'za) is new to our ¢ < 0 analysis; no assumption
of this strength was required in the ¢ > 0 case treated in [3]. It is needed in order to
iterate over unit-sized time intervals in the post-interaction phase. The perturbative
equation in that analysis has a forcing term whose size can be at most comparable
to the size of the initial error. The condition that emerges is |q|>/?(error)? < ¢. Since
the error bestowed upon us from the interaction phase analysis is |q|%v_%(1_€), the

%(1+2s).

condition |g|?/?(error)? < ¢ equates to v > |g|1 Provided this condition is

satisfied, we can interate over ~ elogv unit-sized time intervals, with the error
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bound doubling over each interval, and incur a loss of size v®. This enables us to
reach time €logv.

The assumption v 2, |q]%(1+25) is not a serious limitation, however, since the most
interesting phenomenom (even splitting or near even splitting) occurs for |q| ~ v.
Furthermore, if the analysis is only carried through the interaction phase (ending

~1%2) and no further, then only the assumption v > |q]%(1+5)

at time |zo|/v + v
is needed. We believe that if our post-interaction arguments are amplified with
a series of technical refinements, we could relax the restriction needed there from
v 2 ]q|%(1+2€) tov 2 |q|%(1+5). On the other hand, the condition v 2 \q|%(1+€) shows
up in a more serious way in the interaction analysis, and to relax this restriction
even further (if it is possible) would require a more significant new idea.

The condition v 2 ]q\%(Ha) comes about as a result of applying Strichartz esti-
mates to the flow e~ #a¢ rather than just to the dispersive part e~#Ha(¢ — Pg),
and the additional error found in the ¢ < 0 case compared to the ¢ > 0 case arises
in the same way. As discussed in Theorem 3 below, in the case ¢ > 0 we have
O(v=1*) in place of (’)(|q\%v_%+) + O(v~!*) for ¢ < 0 (which in the crucial regime
lg| ~ v becomes O(v~61)). However, the numerical study conducted in [4] (see
equation (2.4), Table 2, and Fig. 5 in that paper) suggests that the trapping at the
origin should be exponentially small instead, indicating that this is probably only
an artifact of our method of proof.

The proof of Theorem 1 is based entirely upon estimates for the perturbed and
free linear propagators, and some nonlinear conservation laws (energy and mass);
there is no use of the inverse scattering theory. However, as in [3], we can combine
the inverse scattering theory with the proof of Theorem 1 to obtain a strengthened
result giving more information about the behavior of the outgoing waves. This result
we state as:

Theorem 2. Under the hypothesis of Theorem 1 and for

M—|—1§1§§Elogv,
v

we have
(1.8) )
u(z,t) = pol[ty(v)])e2dTa@Pteiarata(v) gizv—itv T (1)soch (T, (v)(z — 2o — tv))

+ ¢0(’7“q(v)|)e%i|éq(”)‘2t6i arg7"1(”)e_m“e_itUQRq(v)sech(éq(v)(a: + x0 + tv))

~1/2
+ 01z <(t— ) ) + Opa (gl o 80729) 4 O 1)

where
(1.9) Ty(v) = 2ltg(0)] =1y, Ry(v) = 2lrg(v)| — 1,
[ sin? o ¢
onte) = [ (14 25T ) e
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When 2|t (v)] = 1 or 2|ry(v)] = 1 the first error term in (1.8) is modified to
1
Orge ((log(t — |zo| /v))/ (t = |20l /v))2).

The proof of Theorem 2 is not discussed in the main body of this paper, since all
of the needed information is contained in §4 and Appendix B of [3]. The main point
is that Theorem 1 in fact establishes that for times |zo|/v+1 <t < elogv, we have

u(z,t) = e_it”2/2eit2/26imNLSO(t — ta)[t(v)sech(x)]|(z — o — tv)
+ e_itvz/QeitQ/Qe_imNLSg(t — ta)[r(v)sech(z)](x + xo + tv)
+ 0179 + O(|g[s0s11729)

where NLSy(t)¢ denotes the free nonlinear flow according to (1.1). This is the
starting point of the arguments provided in §4 and Appendix B of [3], which carry
out an asymptotic (in time) description of the free nonlinear evolution of asechz,
for a constant 0 < o < 1.

Although the main point of the present paper is to handle the difficulties involved
in the case ¢ < 0 stemming from the presence of a linear eigenstate, some of the
refinements we introduce (specifically, cubic correction terms in the interaction phase
analysis) improve the result of [3] in the case ¢ > 0. In fact, these refinements
are simpler when carried out for ¢ > 0 directly, and we therefore write them out
separately in that setting in §7. We summarize the results as:

Theorem 3. In the case ¢ > 0, the assumption (1.6) in Theorem 1 can be replaced
by the less restrictive v > C(log |q|)'/% + C’an(q)%, and the conclusion (1.7) holds
with the first error term dropped (that is, (’)Lg(\q]%v_%(l_%)) is dropped and only

O(v=1%2¢) js kept). Also, the conclusion of Theorem 2 holds with Or2 (|q|%v_%(1_2€))
dropped from (1.9).

Thus in the ¢ > 0 case we improve the L? error from O(v~1/?%) to O(v'%).
It may be possible to to improve this error further to O(v=2*") using an iterated
integral expansion of the error in the spirit of Sections 5 and 7, although a more
detailed analysis than the one given there would be needed.

We now outline the proof of Theorem 1, the main result of the paper, highlighting
the modifications of the argument in [3] needed to address the case of ¢ < 0. We
will use the following terminology: the free linear evolution is according to the
equation 10u+ %@%u = 0, the perturbed linear evolution is according to the equation
10yu + %agu — gdou = 0, the free nonlinear evolution is according to the equation
10y + %Ozu + |ul?u = 0, and the perturbed nonlinear evolution is according to the
equation idyu + $02u — gdou + |ul>u = 0.

The analysis breaks into three separate time intervals: Phase 1 (pre-interaction),
Phase 2 (interaction), and Phase 3 (post-interaction). The analysis of Phase 2,
discussed in part earlier, is initially based on the principle that at high velocities,

1+

the time length of interaction is short ~ v~ and thus the perturbed nonlinear

flow is well-approximated by the perturbed linear flow. In [3], this was proved to
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hold for ¢ > 0 with a bound on the L? discrepancy of size ~ v=3+. In the case
q < 0, we suffer some loss in the strength of the estimates due to the flow along the
eigenstate |q\%e_"1”x‘, and by directly following the approach of [3] the best error
bound we could obtain is ~ |c_1|%1f§Jr + v 2t. In the important regime |q| ~ v,
this gives an error bound of size vféJr, which does not suffice to carry through the
Phase 3 post-interaction analysis discussed below. For this reason, we are forced to
introduce a cubic correction term to the linear approximation analysis in Phase 2.
The Strichartz based argument then shows that the L? size of the difference between
the solution and the linear flow plus cubic correction is of size ~ |q]%v_%+ + v,
However, since the cubic correction term is fairly explicit, we can do a direct analysis
of it (not using the Strichartz estimates) and show that it is also of size v=1*. Thus,
in the end, we learn that the solution itself is approximated by the perturbed linear
flow with error |q|%v_%+ + o7,

We then carry out the analysis of the perturbed linear evolution, as disscussed
earlier, and show that by the end of the interaction phase, the solution is decomposed

into a transmitted component (modulo a phase factor)
(1.10) t(v)e™sech(z — xo — tav)
and a reflected component (again modulo a phase factor)
(1.11) r(v)e”sech(z + g + tav) .

In the post-interaction analysis, we aim to argue that the solution is well-approximated
by the free nonlinear flow of (1.10) (that we denote w,) plus the free nonlinear flow
of (1.11) (that we denote wuyef). It is at this stage that the most serious difficulties
beyond those in [3] are encountered. The approach employed in [3] was to model the
solution u as u = gy + Ut + w, write the equation for w induced by the equations

for w, ugy, and uger, and bound ||w]| Liy, 1, L2 OVer unit-sized time intervals [ta, tp)] in
asty

]
terms of the initial size ||w(ty)||z2 for that time interval. This was accomplished
by using the Strichartz estimates. The Strichartz estimates provide a bound on a

whole family of space-time norms ||wl|| Ly o where (g, r) are exponents satisfying
an admissibilty condition % + % = % This family includes the norm Lai tb]L%; the
other norms (such as Lﬁm tb}Lg) are needed since they necessarily arise on the right-
hand size of the estimates. From these estimates, we are able to conclude that the
error at most doubles over unit-sized time intervals, and thus after ~ clogv time
intervals, we have incurred at most an error of size v°.

This strategy presents a problem for the case ¢ < 0, since the linear eigenstate
1/2

lq|'/?e~19ll#] is well-controlled in Ly tb}Li (of size ~ 1) but poorly controlled in

Lﬁa,tb} LS (of size ~ ]q\%) We thus opt to model the post-interaction solution as
U = Uty + Uret + Ubg + W, Where upq is the perturbed nonlinear evolution of the L%
projection of (u(tq) — tper(ta) — utr(tq)) onto the linear bound state ]q\%e_m”z‘. Then
we can use nonlinear estimates based on mass conservation and energy conservation

to control the growth of upq over the interval [¢4,¢5]. Then w(t,) is orthogonal to
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the linear eigenstate, and we can use the Strichartz estimates to control it over the
interval [t4,%5]. In the estimates, we take care to only evaluate upg in one of the
norms controlled by mass or energy conservation. This argument is carried out in
detail in §6.

ACKNOWLEDGMENTS. We would like to thank Maciej Zworski for helpful discussions
during the preparation of this paper. The first author was supported in part by
NSF grant DMS-0654436 and the second author was supported in part by an NSF
postdoctoral fellowship.

2. SCATTERING BY A DELTA FUNCTION

Here we present some basic facts about scattering by a d-function potential on
the real line. Let ¢ < 0 and put
1 d? 1 d?
H, = ———— 4+ gdo(x), Hy=———.
e 2 dx? + a%(2) 0 2 dzx?

The operator H,, is self-adjoint on the following domain:

D(Hy) = {f € H*R\{0}) : f'(07) — f'(07) = 24f(0)},

where f(0) means lim, .o f(2) and f'(0%) means lim,_,o= f’(x). This can be seen
by verifying that the operators H, +1i are both symmetric and surjective on D(H,).
We define special solutions, ex(z, ), to (Hy — A\?/2)ex. = 0, as follows

(2.1) ex(z,N) = t,(N)eFA gl + (eFe 4 rq()\)eﬂ)‘m)x% ,
where ¢, and r, are the transmission and reflection coefficients:

A q

(2.2) ) = 5o ) =

They satisfy two equations, one standard (unitarity) and one due to the special
structure of the potential:

(2.3) [taI + g2 =1, tg(X) = L4 14(N).
Let P denote the L2-projection onto the eigenstate e?*!. Specifically,
(24) Poa) = lal" et [ g2 oy) dy

Yy

We have e~#HaPg(z) = e%itq2P¢(m). Note that P¢ is defined for ¢ € L7, 1 < r <
oo, and by the Holder inequality,

11
(25) [Pl <clglr m2|lgllLn, 1<rir < oo

We use the representation of the propagator in terms of the generalized eigen-
functions — see the notes [8] covering scattering by compactly supported potentials.
The resolvent

Rg(N) = (Hq = X?/2)7,
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is given by
Ry(N)(z,y) = Z/\tql()\) (e (z Ne—(y, M(@ — 9)4 + ex(y, Ne—(z, ) (z — y)2)

Using Stone’s thoerem, this gives an explicit formula for the spectral projection, and
hence the Schwartz kernel of the propagator:

1 [ . - - ‘
|7 (e o Ve ) + e e (5. 0)) @A+ e
0

2.6) e e = —
(2.6) e o

We introduce the following notation for the dispersive part of e~#Ha:
Uq(2) def o—itHy _ p3ite® p,

The propagator for H is then described in the following

Lemma 2.1. Suppose that ¢ € L' and that supp ¢ C (—o0,0]. Then

(2.7) e Mag(z) = €30 Po(x) + e 0 (¢ x 1) (2) 25,

+ (e () + e (§ % py) (—)) 20
where
(2.8) To(@) = 8o(2) + po(),  pgla) = qe®al,

Observe that we have, using a deformation of contour,

Dq(A) = =Ny = ——— Tdx = rq(A

) = [ eV = L [ etan =)

Tq(A) = 1+ 1¢(A) = tg(A).
Observe also that HyR = RH,, where R¢(z) = ¢(—x), so that the restriction on the
support of ¢ is not a serious one, and the formula will allow us to estimate operator

norms of U, using e—itHo —itHp
we conclude

(2.9) 1Ug@lize < 116l 10,

where p € [2,00] and p' = z%'

. Indeed, from the Hausdorff-Young inequality for e

Proof. Tt is enough to show
Ua()6(2) = [0 8(z) + =10 (g x p) (—2)] 2% + €0 (6 5 1) ().
From the definition of the propagator we have
Ua(000ta) = 5= [ [ P (ex (o Ve ) + e (@, Ve 0) o)y,
and so we must verify
L (7w <e+<x, N [ motdy + e (@) [ e_<y,A>¢<y>dy> 0

2m Jo
— [ H0g(x) + e M0 (6 x pg)(—)] . + e O (¢ % 7, ().
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We compute first

0 0
/ er (g No(y)dy = / NG (y)dA + gV / MG () dA
= d(\) + 1g(=N) (=),
——— 0 . A
/ (0 No(w)dy = 1,V / EMH(y)AN = ta(~N)B(~ ).

We first verify the equation for positive x:
1 [ o o
o [ (este [ SNy + (o) [ Nowy) dx
_ L
- 2 0
_ L
- 2 0

h eI/ <e+(:c, MG + 1g(=N)d(=N)) + e (x, )‘)tq(_)\)é(_)‘» dA

T (1,0 (B) + (N~

(€7 4 (NNt (- 1)d(-) ) dA

At this stage we use t;(A\)rg(—A) +rg(N)tg(—A) = 2Re (%(MW) =0:

L[> e e . i
=g | e (taNE7GN) + €7t (~N)G(-A) ) dX
= % b e_it)‘Q/th()\)eiMé()\)d)\ = e (1 % ¢)(x).

The proof for negative x is similar, except that it uses r4(A)rq(—\) 4+ t4(A)tg(—A) =
[rg(M)I? + [tg(N)|? = 1. m

We have two simple applications of Lemma 2.1: the Strichartz estimate (Propo-
sition 2.2) and the asymptotics of the linear flow e« as v — oo (Proposition 2.3).
We start with the Strichartz estimate, which will be used several times in the various
approximation arguments of §3.

Proposition 2.2. Suppose
(2.10) iOpu(w, 1) + 30%ulw, t) — gdo()ule,t) = f(z,1), ulz,0)=¢(z).
Let the indices p,r, p, T satisfy

and fix a time T > 0. Then
1 1
211 ulley g < clidllz + TP + IIfHLfO,T]L; + TP Flley, ,ocr)

The constant c is independent of ¢ and T. Moreover we can take f(x,t) = g(t)do(x)

]

1
and, on the right-hand side, replace || f|| 5 with ||g|| 2« andreplace T»||Pfll;1  1r
[0,7] L3 [o,T "z

[0,T7]

L

. O |
with T#1g]"+ gl

0.1]
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Proof. This will follow from

(2.12) Uy(t)p(z) + /0 Uyt —s)f(x,s)ds

oy SV )
To prove this estimate, we observe that the case ¢ = 0 is the standard Euclidean
Strichartz estimate (see [7] and [3, Proposition 2.2]). The case ¢ # 0 reduces to
this case as follows. We write ¢~ = 2% ¢ and ¢ (z) = Ra ¢ where again R¢(z) =
¢(—x). Note that ¢ = ¢~ + Re™, that Uy(t)R = RU,(t), and that (Rf) g =
R(f * Rg). Now, from Lemma 2.1, we have

Ugd =[Uo(t)p™ + Un(t)(¢™ * pg)] 2% + Up(t)(¢™ * 7g)a",
+ [Uo(t)¢™ + Uo(t) (¢ * Rpg) |2 + Uo(t) (¢ * Rrg)al.

< 5 -
T]L; —= CHfHLI[’O‘T]sz

This follows from applying Young’s inequality to the spatial integral.
This completes the proof of (2.12). To obtain (2.11), we observe that [|Pé(z)||;p - =

0,177z
TVP||Pé(x)||; and H JEP (2, 5)ds < TVP|Pf(2,5)lg, , 1y The first is

0,717
immediate, and the second follows from the generalized Minkowski inequality:

t t
| [ Pt sgas <| [1es sz
0 LfoyT]Lg 0

We must now show that || f* % a,|| i, where oy is either 7, or p,.

T
STl/p/ |Pf(x,s)|rds.
0

L, 1)
O

We now turn to the large velocity asymptotics of the linear flow e~#Ha.

Proposition 2.3. Let 0(x) be a smooth function bounded, together with all of its
derivatives, on R. Let ¢ € S(R), v > 0, and suppose supp[é(z)p(x —x0)] C (—o0,0].
Then for 2|xzo|/v <t <1,
(2.13)

e—ith [eizv¢($ _ 330)] — t(v)e—itHo [eim}qb(l’ _ J/‘O)] + T(U)e_itHO [e_im}qb(—$ _ 330)]

+ e(z,t)
where, for any k > 0,

le(e Dl < 1006 — a0l + gl @)ooy

+4)[(1 — 0(2)¢(a — @o)ll 2 + [|P[e*0(x)d(z — z0)]| 2

Remark 2.1. In §3, Proposition 2.3 will be applied with 6(x) a smooth cutoff to
x <0, and ¢(x) = sech(z) with o = —v® < 0.

Before proving Proposition 2.3, we need the following
Lemma 2.4. Let ¢ € S(R) with supp ) C (—o0,0]. Then
(2.14)  Uy()[e™ ¢ ()](z) = e "0l p(a)](2)2? + t(v)e T [ p(x)] (x)h,
+r(v)e o [Ty (— )] ()2 + e(x, 1),
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where
e, )z < > 0.0
uniformly in t.
Proof. We apply (2.7) with ¢(z) = ei®4)(z) to find that
e(a, 1) = €706 5 (pg — g (0)00) (~)Ja + €706 (g — by 0)00) (2)]2.

We pass to the Fourier transform using Plancherel’s theorem:

le™* 0wl 2 = c|| @] 2

So that it suffices to verify
A I A
[ X = 0)(rg(A) = rq(v))llz2 = ANz,

[ = 0) () = to(@)lzz < SIMEO 2.

We write out now

—r (v g2 —v) ~tq\V) = =)
A W i R ALl O s ¥
A — A — ]

[rqg(A) = rq(v)] = [tg(A) = t4(v)| = VA2 + 10?2 4 ¢ s

We plug this in to obtain our estimate:

9O (X) =g )]z = [BO-0)(tgN) gDz < - IM e < 002
g
Now we turn to the proof of Proposition 2.3.
Proof. We will prove (2.13) by showing that
U, ()™ p(z—0)] = t(v)e O™ b(x—mx0)|+r(v)e 0 [e ™0 b (—x —x0)]+E(x, 1),

where, for any k > 0,

ez, )l 2 S%II%[G(»@W(% o)l 22+ (1) () | g +41 (1= () bw—20) | 2.

(tv)
We use (2.14) with ¢(x) = 0(x)¢(x — x¢), which gives (using e; for the error term
arising from the lemma),
Uq(t)[e°0(x)d(x — 0)](x) =e~*H0[e'0(2)$(z — z0)](z)2?
+t(v)e [0 (2)g(a — wo)] ()2
+ r(v)e [T mY(2)p(—x — x0)] ()2
+ eq(z,t).
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We rewrite this equation with 6 omitted at the cost of an additional error term:

Ug(t)[e" d(x — wo)| () =e ™" [" p(x — wo)](2)2?

+t(v)e [ gz — x0)](x)2]

Fr()e [Ty — )] (2)2% + e1(2,2) + ea(s, ).
Using the notation f(x) = e™(1 — 6(x))¢(x — ), this error term is given by
e2(, 1) = Uy(8) £ () — €71tH0 f(2)a®. — t(w)eitH0 f(2)2, — r(v)e 0 f(—)al.

Recall that e =0 is unitary, and that |U,(t)| r2—r2 = 1. This gives us a bound on
€9:

lea(z, 8|2 < 4l fllr2 = 4[[(1 = 0(z))o(z — x0)| L2

We have a bound on e; from the lemma, so combining everything we have, we
see that to prove the proposition it remains only to prove

le™* 0 e é(x — o)) ()2 || 2 + [[t(v)e™ o[ 0(2)p(a — 20))(x)2? || 2

+ lr(w)e e o(—a — 20)) ()2 12 < (@) S s

(tv)*

for every k > 0. However, because |t(v)| < 1 and |r(v)| < 1, and because e 0 R =
Re~"Ho where Ro(x) = ¢(—x), it suffices to prove

(2.15) le™ ™ o[z — 0)](2)2” || 12 < %IKM%(@HH@-

We expand as follows, first using the definition of the propagator:

1 o N
/emxztv/z/emyezy%(y — xg)dydA.

e (x — a0)] () = 5

Here we change variables y — y + zg to simplify the Fourier transform.

1

" 2r

/em—nA?/zemo(u—A)d;()\ — v)dA,

Here we change variables A\ +— A 4 v.

_ ieixv / eix)\fit()\+v)2/2efixo)\é()\)d/\
27

_ 2iei:z:vefith/Q / ei)\(azfxoftv)efit)\2/2¢2()\)d)\.
s

After k integrations by parts in A, this becomes

1 eixv—itv2 /2

_ ))k /eiA(x—xo—tv)alj (e—it)\g/2¢;(>\)) d\.

27 (i(z —xo — tv
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By assumption we have 2|zg|/v < t < 1, so that —z¢g — tv < 0 and |z — xg — tv| >
| — xo — tv| > tv/2 when z < 0. Hence

—itHo izv - 0 Ck iNz—zo—tv) gk [ —itA2/2 ]
e~ o[ p(a acg)](:n)x_HL% < (o) /e 0=ty <e (b()\)) A p
Ck —q 2 A
= () [k (e 72500)) 2
k

< oy 0 @@,

=0 :

Since t < 1, (2.15) follows. O

3. SOLITON SCATTERING

In this section, we outline the proof of Theorem 1, the details of which are executed
in §4-6. We recall the notation for operators from §2 and introduce short hand
notation for the nonlinear flows:

e Hy=—102. The flow e 0 is termed the “free linear flow”.

o H = —%8% +gdo(x). The flow e~ is termed the “perturbed linear flow”.

We also use Uy(t) def o—itH, _ e%itqQP, the propagator corresponding to the
continuous part of the spectrum of Hj.

e NLS,(t)¢, termed the “perturbed nonlinear flow” is the evolution of initial
data ¢(z) according to the equation idu + $02u — qdo(2)u + |u|?u = 0.

e NLSy(t)¢, termed the “free nonlinear flow” is the evolution of initial data
¢(z) according to the equation i0;h + $02h + |h|?h = 0.

From §1 and the statement of Theorem 1, we recall the form of the initial condi-

tion, ug(z) = e®sech(x — x¢), v = 1, 29 < —v° where 0 < ¢ < 1 is fixed, and put
u(z,t) = NLSy(t)uo(z). We begin by outlining the scheme, and will then supply the
details. In this section, the O notation always means L2 difference, uniformly on
the time interval specified, and up to a multiplicative factor that is independent of
q, v, and €.
Phase 1 (Pre-interaction). Consider 0 < t < t;, where t; = |zo|/v — v~=(179)
so that zg + vt; = —v®. The soliton has not yet encountered the delta obstacle
and propagates according to the free nonlinear flow. Indeed, there exists a small
absolute constant ¢ such that (g)3e~"" < ¢ implies

£

(3.1) u(z,t) = e /262 ™0sech(z — 29 — vt) + O(|q|2 (q)2e ™), 0<t<t.

This is deduced as a consequence of Lemma 4.1 in §4 below.

Phase 2 (Interaction). Let to = 1 +0'7¢, so that xg+tov = v°, and consider t; <
t < to. The incident soliton, beginning at position —v°®, encounters the delta obstacle
and splits into a transmitted component and a reflected component, which by ¢ = ¢,
are concentrated at positions v® and —v°®, respectively. More precisely, there exists
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—laq|v®

a small absolute constant ¢ such that if v{g)3 (e 2 4 e,wE) + U_%(1_€)|q\% <,

then at the conclusion of this phase (at t = t2),

(3.2) u(z, te) = t(v)e*it2“2/2eit2/26ix”sech(x — x9 — via)
+ r(v)e_itQ”2/2eit2/26_imsech(x + x0 + vta)
+ O 5179g[3) + O~ 179),

This is proved as a consequence of Lemmas 5.1, 5.2, and 5.3 in §5.
Phase 3 (Post-interaction). Let t3 = to + elogv, and consider [t2,t3]. Suppose

=1 |U€ 5 .
lq| 9 (q)3v~140=22) L yy(g)3 (e 2 e ) < cand (¢)v™" < ¢ n, where c is a small
absolute constant and ¢, is a small constant, dependent only on € and n, which
goes to zero as € — 0 or n — oo. The transmitted and reflected waves essentially do

not encounter the delta potential and propagate according the free nonlinear flow,
(3.3)  ulw,t) = e M2 2 VNLS (¢ — t9)[t(v)sech(z)](z — mo — tv)

+ e_itvg/QeitQ/Qe_imNLSo(t — ta)[r(v)sech(z)|(z + xo + tv)

+ O 1)) 1 O(|g|sv 502y ) <t <t

Now we turn to the details.

4. PHASE 1

Let uq(x,t) = NLSq(t)up(x) and note that

ui(x,t) = e*itUQ/Qeit/ze“”sech(x — 9 — tv)

Recall that t; = |zo|/v —v~(179), so that at the conclusion of Phase 1 (when t = t;),
the position of the soliton is xg + vt; = —v°. Recall that u(x,t) = NLS,(¢)uo(z)
and let w = u — u;. We will need the following perturbation lemma.

Lemma 4.1. Ift, <ty <t1,tp —t, <c1 <1, and

1 3 1 _1
()2 llw(z, ta)llzz +lgl2 (@)= [wa (0.0, < ealal™7,
then
1 3 1
lwllzs,  pp < es (@2 etz +lal (@2 [ .0y, ).

where (p,r) is either (00,2) or (4,00), and the constants c1,ca, and c3 are indepen-
dent of the parameters €,v, and q.

Before proving this lemma, we show how the phase 1 estimate follows from it. Let
k > 0 be the integer such that kc; < t; < (k+ 1)cy. (Note that k£ = 0 if the soliton
starts within a distance v of the origin, i.e. —v —v® < g < —v°, and the inductive
analysis below is skipped.) Apply Lemma 4.1 with t, = 0, t;, = ¢; to obtain (since
w(-,0) =0)

3 1 3 1
lwllzes, 12 < eslal(@)2 (0. 0)|lres | < eslal?(g)2sech(zo + ver).

c1]
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Apply Lemma 4.1 again with t, = ¢, t, = 2¢1 to obtain

1 3 1
2 < es((@)2[lw(-s e)llpz + |2 (g) 2 lur (0, 8)[ =

[e1,2¢1

)

< c%]q\%(q>sech(x0 +wey) + Cé\qlg<q)%sech(:ro + 2veq).

lwllzes |

We continue inductively up to step k, and then collect all k estimates to obtain the
following bound on the time interval [0, kc;:

[0,keq]™®

k
3 i k—j .
lwllze, 12 < eslal? D s (g) = sech(ao + juer).
j=1

We use here the estimate secha < 2e~1el:

k—1 ,
< Blgl2 (@) T ety el (g) T el
7=0

We introduce here the assumption that cg 1<q>_%e”61 > 2, which allows us to esti-
mate the geometric series by twice its final term, giving

< C‘q|%6x0+clvk.

Finally, applying Lemma 4.1 on [kcy, t1],

3, .1 3, .1 3,1 e
”QUHL[O&M]Lg <c (‘Q|2 (g)ze™0rer% L g12 (g)2sech(zg + tw)) < clqlz{q)ze™",

where we have used xg + civk < zo + t1v = —0°.

independent of ¢, v, and . As a consequence, (3.1) follows. So long as this last line

The constant ¢ here is still

is bounded by c(q)i the repeated applications of Lemma 4.1 are justified.
Now we prove Lemma 4.1:

Proof. We begin by writing a differential equation for w in terms of u:
1
10w + iaiw — qdo(2)w = ur|ur |* — (w + ug)|w + ur|* + qdo(x)ur
= —w|w|* = 2u|w|? — Trw? — 2\u|Pw — w3W + qdo(x)uy.

We rewrite this as an integral equation in terms of the perturbed linear propagator
e~tHat = U, () + ¢it*/2P | regarding the right hand side as a forcing term.

w(x,t) = (Uq(t —tqy) + ei<t*ta)q2/2P> w(z,t,)
t
+ / Uy(t = s) (—wlw]? — 2ui|w]* — @w? — 2|uy [Pw — wiw + qdo(x)u1) ds
ta

t
+ / eilt=5)*/2p (—w\w|2 — 2ug |w|* — ww? — 2|ur|*w — uiw + qdo(w)us) ds
la

=14+ 11+ IIL
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We define ||w||x = [|w||ze ||wHL4 nZS and then proceed to estimate the

[ta t]

X norm of the right hand side term by term. In what follows, (p,r) denotes either
(00,2) or (4,00).
1. We observe from the Strichartz estimate that

1Uq(t = ta)wllx < cllw(z, ta)llrz-
Next, using the Holder estimate for P, we have
1Pw (@, ta)lg = (s — ta) /P || Pw(z, ta)l| 1y < ety — ta) /Pla|" >~ w(z, ta) | 2.
Taken together, and using ¢, — t, < c1, these bounds can be written as

H ( (t—to) + e"(t*ta)qzﬂP) w(z,ty)

II. For the terms involving U, we will use the Strichartz estimate, which tells us
that

< ela) e, o)z

< 5 .
<elflls, i

/t Uy(t —s)f(x,s)ds
ta X astp)

whenever 2/p + 1/7 = 5/2. The first term, w|w|?, is cubic, and we will use p = 1

and 7 = 2: .
’/ U,(t — s)w|w|?(z, s)ds
ta X

We first pass to the L3° norm for two of the factors.

< cfw? Hth ZE

< e llwlliz Oz Ol
astp

And then pass to the L{° | horm for the other factor.

[tats

<clwlzg , r2llw?llz

b = = cllwlizee ]LQHWH%Q oo

[ta,tp] T
Finally we use the boundedness of t;, — ¢, to pass to the X norm.
1
< C(tb - ta)2 ||w||§(

The quadratic and linear terms follow the same pattern. Observe that the distinction
between w and w, and between u; and uy, does not play a role here:

t
/ U, (t — s)ur|w|?(z, s)ds
ta

1 1
< ety — ta)2 [urllxlwlk < ety — ta) 2wl

X
t
H/ U, (t — s)wlui|*(z, s)ds
ta X
For the delta term we have no flexibility in the choice of exponents.
t
/ a(t = )d0(z)ur (0, 5)ds|) < elgll|ua (0, )] o
ta X fa tp]

III. The P terms we will similarly estimate one by one:

<c(ty—t )QHU)HLGt LS-

,tp)

lq|

t
/ el(tfs)QQ/zP( —wlw|? = 2uy |w|* — Trw? — 2Jui |Pw — 3T + gbo(x)uq)ds
ta

|

Ll

[t ty) Lo
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3 2
< c(IPlwlluy, , oy + IPurlwlle, o

FIPPuly, | g+ lall P 0,01, 1)
a,tp) [ta,tp]

Here we used a generalized Minkowski inequality to pass the norm through the
integral, just as we did in the proof of the Strichartz estimate. Note that the
constant ¢ in the second line depends on p, but since p only takes two different
values we will not make this dependence explicit in our notation. For the delta term
as before we have no flexibility in the choice of L™ norm:

_ 3 1
all Poo(e)n (0.0, 15 <l 0., < clal}a) 2 0.0

ta,tp]
For the cubic term in w we proceed using the same Hdélder estimate for P. Here we
use r1 = 2, giving this term a factor no worse than <q>%:
1Py, g < el 2 =l lulk.
The last step is the same as that in the w3 term in II above. We now estimate the
quadratic and linear terms in w. We have

2 2 _ 2 2
[ Pugw HL[ltaytb]L; < cllw HL[ltmtb]Lg = CHw”Lﬁa,tb]LiT < cflwllx

3
rp < clto = ta)*wl x.

avtb] x

|1Putwly, 1 <clwlly,

\tp)
When r = oo this last step is achieved by passing from L[Qta’tb} to Lﬁm 4] and using
the boundedness of the time interval. When r = 2 we interpolate using Holder’s
inequality between L2 and L°.

Having estimated each of the terms individually, we combine our results. We use
ty —ty < c1 <1 to pass from lower norms in time to higher ones, only tracking the
power of (t, — ty) for the linear term in w.

Jwllx < c<<q>%r\w<m,ta>||Lg + lal? (@) lur (0,6)]

[ta,tp]
+ (ty — ta) P wllx + wlk + IQ|1/3\|W||§<>-

We now take ¢; sufficiently small (recall that ¢, — ¢, < ¢1) so that the linear term
in ||w||x can be absorbed into the left hand side:

1 3 1
lwllx < e (@ lwto)llzz + lal* @3 a0l +lwl +la el

with a slightly worse leading constant c. We rewrite this inequality schematically

using = = |Jw||x:
0<A—x+ Bx?+ Cz5.
. def
We now consider ||w| x ) for [|w||x () = Hw”LﬁZ,t/]L% + Hw||LE1ta oL for t' € [tq, tp).

This is a continuous function of ¢/, and, for each ¢ € [ta,tb]; |w|| x ) obeys the
above inequality. Therefore if we find a positive value xy for which the inequality
does not hold, we will be able to conclude that ||w| xuy < xo for every t' € [t4, 1],
and hence also that ||w||x < xo.
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We will use xg = 24, and arrange A, B and C' so that this gives a negative right
hand side. In fact, we have

A—2A+4BA% 4+ 8CA® = —A + A(4BA + 8CA?).

To make this negative we impose 4BA < % and 8CA? < %. We thus obtain z < 24,
or, in the language of ||w||x,

1 3 1
lwllx < e (@) o t)llzz + 1ol @ a0l ),

. 1 3 1 _
provided that (g)2|[w(z,ta)lIr2 + |2 (@) 2 [Jur (0,8)[lr < clq|~*/C. O

[tastp]
5. PHASE 2

We begin with a succession of three lemmas stating that the free nonlinear flow
is approximated by the free linear flow, and that the perturbed nonlinear flow is
approximated by the perturbed linear flow. The first lemma states that the nonlinear
flows are well approximated by the corresponding linear flows, the second gives a
better approximation by adding a cubic correction term, and the third shows that
the improvement is retained even if the cubic term is omitted. In other words,
we ‘add and subtract’ the cubic correction. Our estimates are consequences of the
corresponding Strichartz estimates (Proposition 2.2). Crucially, the hypotheses and
estimates of this lemma depend only on the L? norm of the initial data ¢. Below, the
lemmas are applied with ¢(z) = u(z,t1), and [|u(x,t1)| 2 = |luol[z2 is independent
of v; thus v does not enter adversely into the analysis. We first state the lemmas
and show how they are applied, deferring the proofs to the end of the section.

Lemma 5.1. Let ¢ € L% and 0 < t. If (1 +£."%q|1/3) < c1(||gll 2+, | Pl o) 2,
then

(5.1) INLSg()d — e ™ igllp 1 < oty (L4 8/ 1al ) (16112 + &1 Pl )%,

[0,tp]

where P and R satisfy % + % = %, and c¢1 and co depend only on the constant
appearing in the Strichartz estimates. We alert the reader that in our notation P is
used both as a Strichartz exponent and as the bound state projection (2.4).

Lemma 5.2. Under the same hypotheses as the previous lemma,
(5.2)

INLS ()¢ — gl e

[0,tp]

3
i < gt (144 1) olla + 4} 1 Pols)

3/2 1/6 2 1/6
+ 8 (14" 1a1%) (162 + 3% 1Pl o)1 6 2

1/6 1/6
i, (146/17) (ol + /1Pl Nl
where

t
g(t) = e—ith¢+/ ¢ ilt=5)Ha | g=isHa g2 p=isHa g g
0
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Lemma 5.3. Fort; <ty and ¢ = u(z,t1), we have
(5.3)

t2
H / e—i(tQ—S)Hq |e—iSHq¢’26—iqu¢dS
t1

L3
1 313 —ve 2| ,(3,—2v° AT B U
<cltta—t)+ (= t)F ({@)FlalFe™ + (@%aPe™ + (g)lal2e ™),
where c¢ is independent of the parameters of the problem.

In order to apply these lemmas, we need to estimate [|[P¢[zs. As before, let
p1(x) = e 0?2t/ 2¢imvgech (2 — 3o — vty) and ¢y = ¢ — ¢1. It suffices to estimate
[Po1lrs and ||Pé2|lrs. By (3.1),

3 1 _ e
Ipallrz < cla)2lqlze™
and thus, by (2.5)
3. 5 e
[P¢allrs < c(g)2lgloe™ .

On the other hand, a direct computation gives

|Po1(z)] < ]q|eq‘$| /eq|ylsech(y —xo — vit1)dy
zo+vt1

2
= |g|e?®! (/ eWlsech(y — zo — vty)dy

— 00

oo
+ / eWWlsech(y — zo — vtl)dy>
zg+tvty
2

In the first integral we use the fact that e?¥! is uniformly small in the region of
integration. For the second we use the fact that ¢l is bounded by 1 and that
secha < 2e™<.

la|

[Py ()] < clqle?™! <67(“”0+““) - e%(xf’““)) < c|gle?"! <€,,q2‘vs + efzvg> .

This implies that

,‘ |,UE €
|Poullrg < claf? (e757 +¢7)

Combining,
(5.4) IPgllzg < cla)?lalf (e73 +ef*").

Set ty = t1 + 20'7° and ¢(x) = u(z,t;). We now give an interpretation of our
—la|v®

three lemmas under the assumption v{g)? (e 2+ e%> —Hf%(lfg)]qﬁ < 1. This
makes (5.2) into

_ _T(1— 1
(e, t2) = g(t2)llzz < ¢ (v + 0780 q)F)

and (5.3) into

—(1-¢)

Hg(tg) —e Mt oy )|l < ew .

L3
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Overall this amounts to
u(-, t2) = NLSq(t2 — t1)[u(-, t1)]
= oM )] + O s 1 Dgls) + 0w 1),

By combining this with (3.1) we find that under our new assumption the errors from
this phase are strictly larger, giving

(5.5) u(-, te) = e~ 1v* /2t /2 —ilt2—t1) Hy [e“sech(z — zo — t1v)]
+ 050 Igf$) + 0@ 19),

By Proposition 2.3 with (z) = 1 for x < —1 and §(z) = 0 for = > 0, ¢(x) =
sech(z), and x replaced by zg + t1v,

e~ =t Ha [oiVgech (2 — 29 — vt)](2)
= t(v)e 2 Ho[iVgech (2 — zg — vty)](2)
+ r(v)e Tt Ho [ Vsech (1 4 2 + vi1)] ()
+O(v™h),

(5.6)

where we have used the assumption that e™¥" < v~!. Now we use (7.2) and (7.3) to
approximate e~*H0 by NLSy, picking up an error of O(v'~¢). By combining with
(5.5) and (5.6), we obtain

u(-,t) = t(v)e*itI”Q/zeitl/QNLSO(tg — t1)[e"sech(z — xg — vt1)](z)
+r(v)e V26 2NLS (t — t1)[e " sech(z + zo + vt1)]()
+ O 509|g|3) + O(v= 179,
By noting that
NLSo(ts — t1)[e"®sech(z — z¢ — t10)]

fi(tgftl)v2/2ei(t27t1)/26ixv

=e sech(z — xg — tov),

and
NLSo(t2 — t1)[e”*sech(z + xq + t10)]
_ e—i(tg—tl)v2/2€i(t2—t1)/2€—imvsech(x +xg + tQ’U),

we obtain (3.2).
Now we prove Lemma 5.1:

Proof. Let h(t) = NLS,(t)¢, so that
1
iOth + §a§h — qdo(x)h + |h|*h = 0.

Where in Phase 1 we used L} L as an auxiliary Strichartz norm, here we will use
LYLE. We introduce the notation ||h||x: = ||h| e 12 + HhHL?O L8 and apply the

[0,tp] 7 ty
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Strichartz estimate

Ille | 1y < ellléllze + 8, P11 Poller + || Pl o+ PIPRPRI L, 1)

[0,tp] 0,651

once with (p,r) = (00,2) and (p,7) = (6/5,6/5), and once with (p,r) = (6,6)
and (p,7) = (6/5,6/5). We observe that Hélder s inequality implies that || f||3, <

| fllzea | fll ez || f1 es prov1ded < 3p1 + 3p2 + 3p3 This gives us
1/2
00 s < Wil sl o < et
0.t

We also have

2 3 1/2
R IR L VPR i 1

1 6 2/3
VOIPIPRILy e < ety lal I

yielding
1/6 1/2 2/3
Ihllxr < c(lgllz + 1Pollr2 + 2 C1Po| s + b3 *IRll% + €22 |al /3| hlf%).
We then use the fact that P is a projection on L? to write
1/6 1/2 2/3
Ihllx: < e8]z + 6/ I PollLe + /% |1hl%: + 23 1g) 3|1 h]%).

Using, as in Phase 1, the continuity of ||h| x/(,), we conclude that

1/6
Ihllxr < 2¢(||¢ll 2+t 1P| o),

1/2 | 42/3 1/6
so long as 8¢2(t," + 1, °[g| /%) (]l 2 + 1, | Pelle)? < 1.
We now apply the Strlchartz estimate to u(t) = h(t) — e""*a¢, observing that
the initial condition is zero and the effective forcing term —|h|?h, to get

1/P

(5.7)  [In(t) - _Zth¢||LP LB < c|[[nhll, o/ Lo/5 T 1y ||P!h\2hHL[107tb]LR

1/2 1/P ~1/R
< ety HhHX/+ct/ VYRR 1)

lq|
< ety + ety P21 )%

<ty (1L + 1 17 P) (6l 2 + t1/° | Pl o).

Now we prove Lemma 5.2:

Proof. A direct calculation shows

h(t) — g(t) = /Ot e M (|R(s)h(s) — e Mg 11g) ds
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The Strichartz estimate gives us in this case
1h =gl 12 < [1h12h — [e~Hag?e = ag) L5 19
+ ”P (|h’ h— |6715Hq¢’26 iSHq¢) ||L[10 " L2

] x

= I + II.

We introduce the notation w(t) = h(t) — e #Ha¢ and use this to rewrite our differ-
ence of cubes:

|h|2h _ |€7iqu¢|267iqu¢ _ w’w|2 + 267iqu¢|w|2 + eiqu$w2
+ 2|e a2 4 (e_iSHq¢)2@

We proceed term by term, using Holder estimates similar to the ones in the previous
lemma and in Phase 1. Our goal is to obtain Strichartz norms of w, so that we can
apply Lemma 5.1.

1. We have, for the cubic term,

LG

T

3 <ct) o0 ;
I e < s ol gl

< ety (1+t,°la| )2 (Igll 12 + t3/°|| P&l 16)°.

For the first inequality we used Holder, and for the second Lemma 5.1. Next we
treat the quadratic and linear terms using the same strategy (observe that as before
we ignore complex conjugates):

—isH 2 isH,
e gl s o < ety e, pallollg ol 0l o

< et (1 + /%1917 (|10l 2 + /| P&l o) ]l L2

13Hq¢H

_isH.
" "¢|2wHLFO/§b]Lg/5 < ety Hw||L°o rzle LS o L8

e

< cty([18ll22 + 8/ Pell o) | 61132

II. In this case we have

|PlwlPwl| s g2 < ety

[0,t] 72

||wHL6 ]Lg

<dm+HWW®MWm+#@wmm%

2 —isH, 1/2 —isH
1Pl Hagly o < ety iy glle™ M0l o

<amu+#“mmvwwp+éﬁmwmfwm%

[Pwle™* s 1

—isH, 2
oz el relle ol

6
]L

1/6 1/6
<dﬂ1+t/m“%mmu+¢/HPmu@wwﬁw
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Putting all this together, we see that

3
Ih =gl L2<c[tb (1+6"1a1") " (Illze + 8/ ° 1 PollLs)®
22 (10101 7) (ol = + 13/ 1Pl o)l 2

1y (1 18/01015) (lollze + 11 PlLe) 012 |

Finally we prove Lemma 5.3:

Proof. We write ¢(z) = ¢1(z)+¢a(x), where ¢y (z) = e~ 119°/2¢it1/2¢irv50ch (2 — xg —
vt1), and estimate individually the eight resulting terms. We know that for large v,
¢9 is exponentially small in L? norm from Lemma 4.1. This makes the term which
is cubic in ¢ the largest, and we treat this one first.

I. We claim Hfttf e~ ta=s)He|g=isHq g, |2¢=isHa ) 5 , Sclta —t).
We begin with a direct computation :
to . . .
(5.8) ‘ / e—z(tg—s)Hq ‘C_ZSHq¢1|2€_ZSHq¢1dS
t1 L2
- —i(ta—s)Hq | ,—isH, 2 —isH,
(5.9) < (t2—t1)||e e e e L
[t1,t2] 7%

(tg—tl H’e stq¢ ‘2 stq¢ HLﬁO ]L2 )
1 x

It remains to show that this last norm is bounded by a constant. We use (2.7)
to express e 4 in terms of e "*Ho recalling the formula here for the reader’s

convenience:

efith(bl(x) _ [efitHo(bl(x) + efitHo ((m * pq)(—x)}x(l
+ e O () 5 7,) ()2 + 279 Py ().

This formula is only valid for functions suported in the negative half-line, but this
will not cause serious difficulty and we ignore the problem for now. We first evaluate
this expression with €*Y4(x) in place of ¢1(z). Here ¥(x) = sech(x — x¢ — vt), and
the other phase factors do not affect the norm. The first term uses the Galilean
invariance of e~*Ho directly:

e itHO g1y ()20 — efituz/QeixvefitHow(x — vt)z®
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For the second and third terms we use in addition the fact that e ~®Ho ig a convolution
operator, and convolution is associative:

e~ Ho (0« po ) (—a) 2 = [(e*itHOeix”z/;) % g (—z)z®
e—itq;2/2 [(eizve—itHow(l, _ Ut) % pq] (—:E)l'(l
— o it?/2 v [(efitHow(x — ut) ( )] (
)] (@

e—itHo (eiwi % Tq)(l‘)zﬂg_ — e—itv2/2€ixv [( —thow(x _ Ut) —zzv

The final term we leave as it is, so that we have

(510) e MHaey(g) =it 2ei [ oy (1 — i)
(5.11) + [(e70p(a — vt) x (7 pg)] (—2)] 22

4 g ttv?/2iav [(e*itHO”L/J(a? —vt)) * (efmqu)] (33)373
(5.12) + 2™ Pelvty(z),

Before proceeding to the estimate of (5.8) we introduce the following notation:

fo(@) = f(2)2l,  fi(z) = f(-a)al

so that f = Rfy + f—, where Rf(z) = f(—=), and (5.10) will be applicable to fu.
We then write

‘efiqu¢1|2efiqu¢1 — R(‘efiqud)l_i_‘Qefiquqsl_i_) 4ot |efiqu¢1_ |267iqu¢1_7

with a total of 8 terms. After applying (5.10) three times to each of them, we will
have 8 - 43 terms. We will estimate these terms in groups. We observe first that the
distinction between ¢14 and ¢;_ will not play a role, and neither will the presence
or absence of R. We accordingly write 1 for sech(x — xo — vt1)+ and omit R when
—rv

it appears. In what follows o, denotes either e Pq> e_m’Tq, or dg, each of which

has L! norm 1.
H‘(e_iSHow(:n —vs)) * O'q‘Q (e_iSHOw(:U —vs)) * aqH

[e's} 2
[tlvt2]LI

< c|[|(e7® oz — vs)) x 0| (7o — vs)) * 0

‘ oo 2
Liy e ba

Now we pass from L2 to L™ for two of the factors, and use Young’s inequality:|| f *
allp < 1| fllpllglli, once for p = 2 and twice for p = oo, and then use the Gagliardo-
Nirenberg-Sobolev inequality which states that the L® norm is controlled by the
H'! norm. Because the H! norm is preserved by e *H0  we are home free:

<ec H(e_iSH(’z/J(:L’ —vs)) * O'qHLoo 12 (e_iSH%Z)(J: —vs)) * aqHLoc Lo
[t1,t2] 7™ [t1.t2]

< - 2. <e.
< c”SeCh(l’)HL[tlytz]L%”S€Ch(x)HL[tl’t2]H; ¢
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Terms where one or more of the factors of (e~*Mo4)(xz — vs)) are replaced by
ezitd’ Pe™*y)(x) are treated in the same way. We have

where p is either 2 or oco.

1., 2 .
§th PeivT H <
e e () e s (@)l

p
Lz

II. For the other terms the phases will play no role, because we will use Strichartz
estimates. The smallness will come more from the smallness of ¢9 than from the
brevity of the time interval.

to ) . .
H / e—z(tg—s)Hq |e—stq¢1 ‘QE_ZSHngQdS
t1

< cllle”Hag Pe Hagy || 0 1o
L% [t1*t2] T

We have used the Strichartz estimate with (p,7) = (1, 2), and combined the resulting
terms using (2.5). We use Holder’s inequality so as to put ourselves in a position to
reapply the Strichartz estimate.

L. _isH 2 —isH,
<c(ta —t1)2|le qulHLf*tl,tQ]L?He P2l 12

1 1 2
< etz = 11)% (llonllzz + (2 = 1) Pz ) (leallzz + 1Poalza)
Once again we use (2.5) to combine terms, this time with a penalty in |g|.
1
< elty —11)2(q) 101172 |62l 2
1,08, 8 e
<clta —t1)2(q)2lgl2e™” .

Similarly we find that

to
‘ / e—i(tg—s)Hq |6—iqu ¢2|26—iqu b1ds
t

1

1 _ =
< ety — t1)2(g)*|q]Pe™"
L2

< et —t1)7(q)?|g|7e "

to
/ efi(tgfs)Hq‘ef’iqu(sz’Zefiququds
t ngn

1

6. PHASE 3
Let t3 = to 4+ elogwv. Label
e (z,t) = e_it”2/2€it2/26ix”NLSO(t — ta)[t(v)sech(x)](z — z¢ — tv)
for the transmitted (right-traveling) component and
Upet(T, 1) = e_itUZ/Qei”ﬂe_i”NLSo(t — to)[r(v)sech(z)](z + xo + tv)

for the reflected (left-traveling) component. By Appendix A from [3], for each k € N
there exists a constant ¢, > 0 and an exponent (k) > 0 such that

c(log v)7 (k) ci(log v)7 (%)

ng ) |Utr(0,t)| < Uks

(6.1) Juse (2, )2 <
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and
o (log v)7™) ci(logv)7®)
62) Nl )2, < FEE L Juer(0,1)] < EEEE
both uniformly on the time interval [ta, t3].
Let us first give an outline of the argument in this section. We would like to

control ||wl| L, L3 where w = u — ugyy — uger. If, after subdividing the interval
2 z

t

[t2, t3] into unit—:;]ized intervals, we could argue that w(t) at most doubles (or more
accurately, multiplies by a fixed constant independent of ¢ and v) over each interval,
then we could take t3 ~ logv and conclude that the size of [|w(¢)|[z2 would only
increment by at most a small positive power of v over [to, t3]. This was the strategy
employed in [3]. The equation for w induced by the equations for u, ut, and uyef

took the form

(6.3) 0 = idyw + 192w — gdow + F
where F' involved product terms of the form (omitting complex conjugates) w3,
WAgr, W lref, WUZ,, Wi Uret, and wufef, ufefutr, U2 Uref, @O0Utr, ¢OoUret. The Strichartz
estimates were applied to (6.3) to deduce a bound on ||w|| L5, L for all admissible
pairs (p, r) over unit-sized time intervals [¢4, ;). Although a bound for (p,r) = (o0, 2)
would have sufficed, the analysis forced the use of the full range of admissible pairs
(p,r) since such norms necessarily arose on the right-hand side of the estimates.

A direct implementation of this strategy does not work for ¢ < 0. The diffi-
culty stems from the fact that the initial data w(t,) for the time interval [tq, tp]
has a nonzero projection onto the eigenstate |q\1/26*|q”x‘. While the perturbed

linear flow of this component is adequately controlled in L£° , L2, it is equal to

[tavtb]
a positive power of |g| when evaluated in other Strichartz norms. For example,

||e%itq2\q|1/26_|q””| lre 16 = |q|1/3. Thus each iterate over a unit-sized time inter-

[ta.tp] ™
val [tq, 1] will result in a multiple of |q|*/3

, and we cannot carry out more than two
iterations.

Our remedy is to separate from the above w = u — uy — Uper at £ = t, the
projection onto the eigenstate |q\1/26*|q”x‘, and evolve this piece by the NLS, flow.

Specifically, we set
upd(t) = NLSy(¢) [P(u(te) — tun(ta) — uret(ta))]
and then model u(t) as
u(t) = wr(t) + Urer(t) + upa(t) + w(t)

This equation redefines w(t) from that discussed above, and it now has the property
that w(t,) is orthogonal to the eigenstate |q|*/2e~1417l. We will, over the interval
[ta,ts], estimate w(t) in the full family of Strichartz norms but will only put the
norms L‘[fhtb}Lg and L([E,tb}H% on upq(t). These norms are controlled by nonlinear
information: the L? conservation and energy conservation of the NLS, flow. The use
here of nonlinear information is the key new ingredient; perturbative linear estimates

for upq are too weak to complete the argument.
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The equation for w(t) induced by the equations for u(t), upq(t), uy(t), and upe(t)
takes the form
0 = i0yw + 192w — gdp(z)w + F
where F' contains terms of the following types (ignoring complex conjugates):

(delta terms) w00, Urefdo

(cubic in w) w3

(quadratic in w) Wy, W lpep, W2Upq
. . 2 2

(linear in w) wug,, wuzy,
. . 2 2 2 2 2 2

(interaction) ubqUiy,, UpdUpsp, UrefUp s UrefUiys UtrUp g, Utrloos

2
WU, Wlreflty, WUHdUtr, WUHJ Uref

The integral equation form of w is
w(t) = Ug(®)[(1 = P)(ulta) — uer(ta) — tret(ta))]

t
i / (B PE(W) 1 Uyt — 1)1~ PYE(Y))
0

We estimate w in the full family of Strichartz norms, and encounter the most adverse
powers of |g| in the PF component of the Duhamel term. Of the terms making up F,
the most difficult are the “interaction” terms listed above that involve at least one
Upg. Let A def [w(ta) — utr(ta) — tref(ta)]| 2 Then we find from the L? conservation
and energy conservation (see Lemma 6.1) of the NLS, flow, that

||Ubd||L‘[>t°a!tb]L3c <A, HaxudeLﬁso,l,tb]Lz < c|qlA.

5 —

Using these bounds, we are able to control the interaction terms ¢ upg and Ureftihg
as

_1
12 + lurefunallzee 12 < gl "2 A+ |g'A®

| uerung HL‘;;; oty

ity
(see Lemma 6.3). The estimate of the interaction terms comes with a factor |¢|'/2,
and thus the bound on the interaction terms with at least one copy of upq is of size
A+q| 3 A3. We want this to be at most comparable to A, so we need |q|%A2 < 1. But
the estimates of Phase 2 leave us starting Phase 3 with an error of size |q|%v_%(1_€).
Let us assume, as a bootstrap assumption, that we are able to maintain a control

: 1T . . .
of size |¢|3v76("=2%) on the error. Then, even in the worst case in which A ~

|q|%v_%(1_25), the condition |q]%A2 < 1 is implied by v 2 |q|%(1+25). So, if we
impose the assumption v = \q|%(1+2€), we can carry out the iterations, with the
error at most doubling over each iterate. If it begins at ]q|%v_%(1_6), then after

%(1_25), the size of the bootstrap

~ elogv iterations, it is no more than ]q|%v_
assumption.

Now, to prove the error bound of size |¢| 5v~5(179) in the Phase 2 analysis required
the introduction of the cubic correction refinement; the shorter argument in [3] would
only have provided a bound of size |q]%v7%+5. The bound |q]%v7%+5 combined with
the condition |q]%A2 < 1 gives the requirement v 2> |q\%+5, which is unacceptable
since the most interesting phenomena occur for |g| ~ v. This is the reason we needed

the cubic correction refinement in Phase 2.
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We now give the full details of the argument. We begin with an energy estimate
for our differential equation:

Lemma 6.1. If u satisfies
1
i0u + §8£u — qdou + |ul?u =0,
then
(6.4) 10z u(z, 1) 2 < 2[|0ula,0)| 22 + 2lglllulz, 0)| Lz + lu(z, 0)]7;-

Proof. Multiplying by 0yu, intergrating in space, and taking the real part, we see
that

1
Re <2/8§u8tudx — qu(0,t)0yu(0,t) + / u|2u8tudx> =0.
Here we multiply by 4 and integrate by parts in the first term:
—0; / |0, u|?dz — 2q0|u(0,1)* + 3t/ lu[*dz =0
Integrating from 0 to ¢ and solving for [|8,u(t)||,, we find that
|0zu(z, )75 = [|0zu(z, 0)[|72 + 2q|u(0,0)|* — 2q|u(0, t)[*
. )4 — a0y
Dropping the terms with a favorable sign from the right hand side, we see that
D, )12 < 0wz, 0)2 + 2lallu(@. D] + e D44
Next, using [|ul|3, < lull 2 lull Lo, together with ul|2e < |ul| 2 |0zl p2, we have
10w, t)lI72 < 10zule, 0)[7; + 2alllul, )2 l10xu(, )l
+ [lu(z, 1) 7210z u(z, 1)l 2
Here we use [[u(a, )2z = |[u(z,0)12:
1w, )12 < 10au(w,0)l3; + (2lallu(z,0)llzz + lu(z, 013 ) su(w, )] 2
Using ab < $a® + $b% to solve for ||0,u(z,t)||, we obtain
2
|0ru(e, )2, < 20su(z.0)[3 + (2lallluCz, 0l 2 + uz, 0)[3; )
This implies the desired result. O

We now give an approximation lemma analogous to that in Phase 1, but with the
error divided into two parts.

Lemma 6.2. Suppose t, < t, and t, —t, < c1. Let unq(t) be the flow of NLS, with
wnatial condition

(6'5) ubd(ta) = P[U(ta) - utr(ta) - uref(ta)]a
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and put
(6.6) W= U — Uty — Uref — Ubq -

Suppose \q|%Hubd(ta)||L% <1 and, for some k € N,

log v)7 () 1
)z + e L 4 )z + ol nata) | < co.
Then
(log v)"(k)
Il 22 < e (ottlzg + (b)) 5 )

1
 una(to)lzz + ) ot ).
The constants c1, c2, and c3 are independent of q, v, and .

Once again we apply our lemma before proving it. Suppose now that for some
1
large ¢ and k, where c is absolute and k depends on &, we have |q|{q)? [|w(t2)||* < ¢

o (k)
and c(k) <q>2(logv+)ak < c[Jw(t2)[[ 2. These additional assumptions cause the conclu-

sion of the lemma to become Hw||L<[>to B2 < c||lw(ta)|| 2, and they will follow from
atp] x

assuming |q|'*(q)3v™14(1728) < ¢ and (g)v™™ < c.n, where ¢ is an absolute constant
and ¢, is a small constant, dependent only on ¢ and n, which goes to zero when
¢ — 0 or when n — co. Let m be the integer such that me; < elogv < (m+1)c;. We
apply Lemma 6.2 successively on the intervals [to, to+c1], ..., [ta+(m—1)c1, ta+meq]
as follows. On [te,ts + ¢1], we obtain

l[w(-, )| e

[tg,t2+1]L% < C3Hw('? tQ)HLg-

Applying Lemma 6.2 on [t + ¢1,t2 + 2¢1] and combining with the above estimate,

lw( )l zes

2
[t2+1,t2+2]L52€ S 63”’[1}(7 t2>”L3

Continuing up to the k-th step and then collecting all of the above estimates,

lwt )z, z2 < w6z < ol )l < e (o712 +|glfomE0729).

[t2,t3]

Notice that upq(t) and w(t) are redefined by (6.5) and (6.6) as we move from one
interval I def [ta+(j—1)c1, ta+jc1] to the next interval ;41 def [tatjcr, ta+(j+1)e]
in the above iteration argument. That is, on I, unq(t) is the NLS, flow of an initial
condition at t = to + (j — 1)c1, and on Ij41, upa(t) is the NLS, flow of an initial
condition at t = t9 4 jc1 that does not necessarily match the value of the previous
flow at that point. In other words, at the interface of these two intervals,

Iim  wupg(t Im  upq(t
A pa(t) # pJm ba(t)

It remains to prove Lemma 6.2. On the way we will need to estimate the overlap
of upq with u, and uper.
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Lemma 6.3. Let t, < tp, let uy, and uper satisfy (6.1) and (6.2), and let upq be the
flow under NLS, of an initial condition proportional to el Then

l|utrunall oo

b2t llurerunllree

2
arty) e

(6.7) o
< e (Jal™* uwa(ta) 2 + lal* (@)% uva(ta) I3 )

Proof. We prove the inequality only for ||ugupq|| Lee L3 the argument for ||upefting | L L2
a-sty a-»tp

being identical. We will use the following formula for uyq:

. t
upq(x,t) = cue%t”2]q|%eq|w‘ —i—/ efz(tfs)Hq|ubd(x,s)|2ubd(x,s)d8,
ta

where ¢, is the overlap of upq with the linear eigenstate, and is a constant bounded
by the Li norm of upq. We then have

wgp el H
o0
L[tavfb]

t .
Uiy / e~ Ht=8)Hq lupa(s) |2ubd(s)ds
to

1
HutrudeLEOMb 12 < culql?

] L2

_|_

oo 2
L[ia »tb]Lx

For the first term it is enough that the linear eigenstate has L' norm proportional
1
to |¢|”2. We remark that a better estimate is possible using the fact that upq and
uty are concentrated in different parts of the real line.

/ e (2, )220 i < e (a, )2 g] ™ < gl

Putting back in the factor of |Jupa(ta)llr2 |q|%, we obtain the first term of the desired
estimate.
Now we treat the integral term.

t
Uiy / e it=s)Hq luba(s) ]2ubd(s)ds
)

oo 2
L[tavtb] Le

<c )
oo 2
L[ta 1tp) Lz

t
/ e it=s)Hq luba(s) ]2ubd(s)ds
¢

2

where we have used the explicit formula for u, to take its supremum. We now use
a Strichartz estimate:

< (Imalll oy + PRl 1z

1.3
< clq|2 HudeLﬁ‘;,zbJL}”

< clal? llupal2e o lluvallzee . rze-
- [ta,ty] = [ta,tp] 7%

Here we use || f[[ 7o < [Ifllz2 101 L2-

1 3 3
< clq|? ; Oztiball 7
< clalzllualfye | rallOunallze | o

] x
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Applying (6.4) gives

1 5 1 1 1 3
< clalbnally s (1osma(otlEy + laHluna(o. o)1, + uaCo 1 )
asty

But the L2 norm of uyq is conserved, so that HudeLﬁo k2= lluba(ta)llr2. More-
aty]l T T
over, because upq(tq) is proportional to e?l*!, we have |0, upq(z, ta)| = |q||uba(z, ta)l,

giving [|0zuba(,ta)l| 2 = |g|l|una(ta)|/ 2. This allows us to conclude

:ww%mméwawmﬁywhmwmm@+mm@mﬁg
Combining terms, we obtain
< clal2(g)? upalta) 32,
giving us the second term of the conclusion. O
Now we proceed to the proof of Lemma 6.2.
Proof. We begin by computing the differential equation solved by w.

1
0 =10+ 58271 — gbo(z)u + uluf?

. 1
= 0w + §8§w — q0o(z)uy — qdo () Ures
+ (Utr + Uyef + Ubq + W)| Uty + Uyer + Ubq + w|2

- ’utr|2utr - ‘uref‘Quref - ’ubd‘Qubd-

This can also be written as the following integral equation:

t .
(6.8) w(t) = e_i(t_tz)qu(tg) + / e it=s)H, [qéo(x)utr(s) + q00 () Ures

to
— |Utr(8)|2uref(8) N — \w(s)\Qw(s)]ds.
For this estimate we will use ||w||x = HwHLff 2t Hw||LE1t e and accordingly
atp] T atp] T

estimate the Lﬁa; tb]L; norms of each of the terms on the right hand side of (6.8) for
(p,r) equal to either (00, 2) or (4,00). We choose these norms in order to be able to
apply the Strichartz estimate.

First we treat the term arising from the initial condition. Here we use the fact

that by construction, our initial condition satisfies Pws(t,) = 0.
—i(t—tg ) H,
|emtemt )| < clwlta)lz
[ta,tp]

Second we treat the delta terms, for which we obtain the following:

t
‘ / e =) a6 (1) uge (5)ds < e{q)?|Jue(0, )]

oo s
[ta’tb]
Ly

t P
e L[ta ,tp]

< () [luret(0,1) |22 , -

[tatp)

t .
/e_’(t_s)quéo(m)uref(s)ds

la

p
L[ta itp] Ly



FAST SOLITON SCATTERING BY ATTRACTIVE DELTA IMPURITIES 33

We have used here the bound on ¢, — t, to pass from the Lé{l Stb] E’t‘; B

norm, and we have combined all the terms under the one with the least favorable
power of (g). These last expressions are estimated using (6.1) and (6.2) respectively,

to obtain, in both cases

norm to the L

(k) (log o) ®)

< c(g) ke

Third we the treat term which is cubic in w. For this we have

t
‘ / efl(tfs)Hq‘w(S)Pw(S)ds <c <Hw3HL6/5 1,6/5 + ”P’LU3HL1 ]LT>
r [ta tp] ™™

tq [ta,tp] "™

p
Litg iy Lo

3 3
< (0l e+ ol i)

[ta,tp] "
: 5/9). 114/9 : :
At this stage we use ||| 155 < [Jw]|/5 ||w;~, and an analogous inequality for
|w||p3-. We then use the boundedness of ¢, —1, to pass to the L‘[ﬁytb]Lg and Lﬁwtb]L;O

norms, giving us
< cl|wlk-

Fourth we treat terms of the form w?upg, as usual ignoring complex conjugates.
This time we use p = 1, 7 = 2 on the right hand side of the Strichartz estimate.

t
/ e =M gy (6)2upq(s)ds

123

P
Litg Lo

2 2
lwPunally, |, zz+ IPwPunalley, 1)

< 0<
a,tp)

10,2
<cf vz + el ol 12)

2
I uball Ly, b B

a,tp)
1_ 1

We have used ||[Pf|lzr < c|g|™ 1| f|lzr= to pass to the L2 norm, incurring a

penalty no worse than \q|1/ 2. This allows us to put an L2 norm on upq, which is our

preferred norm for this part of the error.

1
< clalz|lupall e | r2llwlk-

[ta,tp] @

Here we use ‘q’%HUdeLoo

2 <1
[taxtb]LI -

< cllwllk-

2

Fifth we treat terms of the form w?u¢ and w?ugs. These terms obey the same

estimate, and we write out the computation in one case only.

t
/ e =) ayy (6)2ue(s)ds

ta

p
L[tavtb]L2

2t HP"LUQUtrHL[lta LT> .

2
< ¢ (w?unllzy I

a:tb]
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The first term is the same as in the upgq case. For the second term we pass to the
L2 norm, so as not to be penalized in |g|.

< e (lwlBlullege 12 + oty | 1)

astp)
Here we use the fact that our explicit formula for uy, allows us to control all of its
mixed norms.
2
< cllw||%-

Sixth we treat terms of the form wu?,, wu?

copr and W Urer, again writing out the

computation in one case only.

¢
H / e =) Hayy ()2 (s)ds
ta

P
Litg e Lo

IN

2 2
¢ (lowdliry, oz + 1Pwddliny 1)

IN

2 2
c(lollny,, rallueli , roe +llewly | rollulZee 1)

[ta,tp]
elta = to)*"* (wllpes
astp)

IN

2
ol ) el s
< ety — ta)*|wl x.
Seventh we treat terms of the form wuiu,q and Wuertipg-

t
/e—z(t—S)qu(s)Utr(S)Ubd(S)d‘s

ta

p
L[tawtb] L

<c (kutrudeL[ltmtb]Lg + prutrudeL[ltaytb]Lg)

reelluvallpe 12

[ta,tp]

1
<c(+lal)lwlpy, | rellualg )

3,1
< ety ~ to) ol fuall e, s2lwllx.
3
< ety — ta) * |w] x-
where in the last step we again use |q]% ”udeLff o2 <1
atp] T
Eighth we treat terms of the form wuﬁd.
t
’/ e = Hay(s)ud  (s)ds
ta LP Lr
[ta,tp] 2

2 2
<c <kubd’LE‘tftb]L% - prudeL[lta,tb]L;>
<c wud
>~ |Q||| bd”L?t/a?),tb]Lﬂlﬂ
2
< C‘q’”wHLﬁf’,tb]L?’HudeLEan,tblLé

1
<e(ty — ta) 2wl x
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Ninth we treat terms of the form ufruref and utrufef, once again writing out the

computation in one case only.

¢
‘ / e*i(t*S)H‘?utr(s)Quref(s)d
ta

LP

(ta.tp) L%

< (Il gy + 1Pl i)

< clall unerlzzs

Ll
< C‘qmutruref”Lfo L2 HutrHLﬁo + ]LQ'

At this point we use the explicit formula for ug, to bound ||y, || Lge L3 and we split
atp] T

up || werteret|| L L2 into regions along the positive and negative real axis.
aty

< clal (el e ol 2

[ta,tp] >0

Flli oz i, 0 )

og0)7®)
< c(k)lq/ 2

Tenth we treat terms of the form ubdutr, UpqUtrUref a0 Upgu>

ref*

t
/ e_Z(t_S)H‘?ubd(s)utr(s)st
ta LP Lr
[tavtb] x

< e (llwaudlley, , 12+ 1Puavtllny | 1:)

tp)

< clal* fupa s | 12

SCICI\QHUdetrHLt 2

< e (Ilupa(ta) 22 + lal(@) lualta) 33)

Eleventh, and last, we treat terms of the form ugdutr and U%duref.

t
/ e*i(t*S)H‘lubd(s)zutr(s)ds
ta

P
Litg ) La

< e (Il oy + 1Pl o)

= C‘Q|||ubdutr||Lﬁ° o B

= C\Q|||Ubd||L<>t° y ]L§||UbdutrHL°° L3

But using once again ]q|§ H’UdeHLz[)to o2 < 1 we see that this obeys the same bound
aty] T

as the previous term.
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Combining these eleven estimates, we find that

log v a(k) 1
follx < e(lw(ta) 2z +eCk)a)* EL 4 )z + lal (@) a2

1
(= ta) ] + ol + o)),

Choosing ¢ sufficiently small allows us to absorb the linear term into the left hand
side. A continuity argument just like that in Phase 1 now gives us the conclusion. [

7. PHASE 2 FOR ¢ > 0

In this section, we prove Theorem 3. We repeat the three lemmas of Phase 2 in
the case ¢ > 0. These results are used in the course of Phase 2 in the case ¢ < 0
in order to approximate the flow of e~*H0 by that of NLSy, and they also give an
improvement of the asymptotic result in [3] for ¢ > 0.

Lemma 7.1. Let ¢ € L? and 0 < ty. If ¢ >0 and t;/Q < c1\|¢||222, then

(7.1) INLS,(1)6 — e gl 1 < eaty/ 16132,
where P and R satisfy % + % = %, and ¢ and co depend only on the constant

appearing in the Strichartz estimates.

Proof. Let h(t) = NLS,(t)¢, so that
1
iOth + §8§h — qdo(x)h + |h*h = 0.

We use again the notation ||h||x = HhHLfS’t |
ity

L%‘*‘HhHLﬁ) e We apply the Strichartz
E s b xT
estimate, which in this case reads

1Bllre e <c(llollze + IHhI2hIILfm )
'tb

[0,tp] 17z
r) = (00,2) and (p,7) = (6/5,6/5), and once with (p,r) = (6,6)

once with (p,
= (6/5,6/5). As before, the h terms are each estimated using Holder’s

and (p,7)

inequality as
1/2

1875 <t /

18/5 > Gy,
[o,tb]LI

3
I

1A%,
yielding
1/2
Inllx < e(l@llze + & 1l1%)-

Using the continuity of ||k x/(,), we conclude that

12l < 2¢ll9] 2,

so long as 80275;/2”@%)”%2 <1
We now apply the Strichartz estimate to u(t) = h(t) — e~#*Ha¢p, observing that
the initial condition is zero and the effective forcing term —|h|?h, to get

— 1/2 1/2
19() = el g pe < lBPRI e s < ety * Il < et 9]
, ;
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Lemma 7.2. Under the same hypotheses as the previous lemma,

3/2
(72)  INLSy(6 — gluze, 12 < ¢ (Bl913: + 1617 + o9l
where

t
g(t) = e—z‘thqH_/ e ilt=s)Hy| o =isHy 512 —isHa g
0
Proof. A direct calculation shows

t
()~ 9(6) = [ (h(s) Ph(s) e oMo ds.
0
The Strichartz estimate gives us in this case

1= gl 22 < IBPR — e *HaPeHag] oo o
ity [0,¢5] @

We introduce the notation w(t) = h(t) — e~®a¢, and use this to rewrite our
difference of cubes:

|h|2h _ |€—iqu¢|2€—iqu¢ — w[w|2 + 26—iqu¢|w|2 + eiqu$w2
+ 2|e~sHagp| 2y + (e*iSHW)Qw

We proceed term by term, using Holder estimates similar to the ones in the previous
lemma and in Phase 1. Our goal is to obtain Strichartz norms of w, so that we can
apply Lemma 7.1.

We have, for the cubic term,

3 1/2
w <ct W7o
e T

2
[ta,tb]Lﬂ%HwHLF LS

ta,tp)
< ctp o)l

For the first inequality we used Holder, and for the second Lemma 5.1. Next we
treat the quadratic terms using the same strategy (observe that as before we ignore
complex conjugates):
—isHy 2 L < 1/2 o —isHy
e~ ol e o < ety fulluge el e le o0l o
3/2 7
< ety lI7.
And finally the linear terms:

—isHy 112 1/2 —isHg 4112 5
e ol s o < oty lwlige , rzlle™ Iy 1 < ctildlla

[ta,tp]

Putting all this together, we see that

3/2
I =gl 1z < e (BlI0l13 + 62167z + tlll3:)

0,tp]

0

Finally we estimate, at time t2, the error incurred by dropping the integral term:
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Lemma 7.3. Fort; <ty and ¢ = u(z,t1), we have
(7.3)

to
H / efi(tgfs)Hq |67iqu¢|2efiqu bds <
t1

L3

c|(ta —t1) + (t2 — tl)% (qe,vl,é i q2e’2”1"5 X qgefsvlﬂs)} 7
where ¢ is independent of the parameters of the problem.
Proof. We write ¢(z) = ¢1(x) + ¢o(x), where ¢y(z) = e 1v*/2¢it1/2¢iwvgech (1 —
xg — vt1), and estimate individually the eight resulting terms. We know that for

large v, ¢o is exponentially small in L? norm from Lemma 3.1 of [3]. This makes
the term which is cubic in ¢; the largest, and we treat this one first.

I. We claim Hfttf e*i(tQ*S)H‘?|€7i8H‘1¢1|267i5Hq¢1ds‘ L <c(ta —t1).

We begin with a direct computation

to
‘ / efi(tgfs)Hq ‘efiqu¢1|2€fiqu¢ldS
t1

L2
< (t2 — 1) He_i(tz_S)Hq|€_i8Hq¢1’2€_iSHq¢1H
L([?l’tz]L?”

<celty —t1) ||le”™ g1 P Tagn ||, 1,
[t1,t2] 7

]
It remains to show that this last norm is bounded by a constant. This follows exactly
the same argument as that given in part I of Lemma 5.3, with the difference that
terms involving P are omitted.

II. For the other terms we use simpler Strichartz estimates. The smallness will
come more from the smallness of ¢9 than from the brevity of the time interval.

to
/ efi(tgfs)Hq|ef’iqu¢1’267iqu¢2ds
t

1

L3

< cllle” Mgy [Pe a1 1o
[t1,t2] 72

We have used the Strichartz estimate with (p,7) = (1, 2), and use Holder’s inequality
so as to put ourselves in a position to reapply the Strichartz estimate.

L. _isH 2 —isH,
<c(ta—t1)zle q¢1||Lf4tl,t2]L§°He “P2llLe 12

1
< c(tz — t1)2 |61l 72 02 2
< c(tg — tl)%qe_’ﬂi&

Note that here § = 1 — . Similarly we find that

H / e—z(tg—s)Hq |€—stq¢2|2€—stq¢1d$
t1

< c(tg — tl)%q26_2”176
L3

1-6

to . . . 1
H / e~ M2m ) e o=istly g, 2o=isa g, | < ety —t1)2¢ %
t1

L2

x
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n

1—¢)

These three lemmas improve the error in the case ¢ > 0 from v to v ,

or, in the language of [3], from v=3 to v0,

(1]

0
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