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i∂tu = −
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∆u−F (|u|2)u,

where u = u(x, t) ∈ C with x ∈ Rn.

We will look at two examples:

F (|u|2) = |u|2

n = 1
and

F (|u|2) = |x|−1 ∗ |u|2

n = 3

Compare this to the standard linear equation

i∂tu = −
1

2
∆u+ V u,

where V is a real valued potential function.

In both examples above, the nonlinear term acts as an

attractive effective potential, which causes the focusing effect.
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i∂tu = −
1

2
∆u− F (|u|2)u, u : R× Rn → C. (1)

In the case F (|u|2) = |x|−1 ∗ |u|2, n = 3, the equation (1) is called

the Hartree equation. This equation models boson gases at low

temperature when the gas particles interact by the Coulomb

electrostatic force: this is the source of the |x|−1 in F .

In the case F (|u|2) = |u|2, n = 1, the equation (1) is called the

Gross-Pitaevskii equation. This equation models boson gases

in a narrow channel, and also the modulation and self-focusing

of light in a nonlinear optical medium.

For the remainder of the talk, for definiteness, we will focus on

the Hartree case, although many analogous results are true for

the Gross-Pitaevskii and for other nonlinearities.
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This leads us to the equation
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2
∆η − (|x|−1 ∗ |η|2)η = −λη,

which has a unique positive, radial solution for any λ > 0. We

will fix λ so that ‖η‖2
L2 = 2.

From this soliton state we have a family of solutions

eix·vei|v|
2t/2eiγeiλtµ2η(µ(x−a− vt))

to

i∂tu = −
1

2
∆u− (|x|−1 ∗ |u|2)u.

Here (a, v, γ, µ) ∈ R3 × R3 × R× R+.

Notice the center of mass obeys a classical equation of motion.
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V : R3 → R can give a richer example of the same phenomenon:

i∂tu = −
1

2
∆u− (|x|−1 ∗ |u|2)u+V (x)u.

More specifically we will find solutions

u(x, t) ≈ eix·v(t)eiγ0(t)η(x− a(t))

with ȧ = v and v̇ ≈ −∇V (a). (Precise statement soon!)

Compare this to

u(x, t) = eix·vei|v|
2t/2eiγeiλtµ2η(µ(x− a− vt))

in the case V ≡ 0.
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Then for

0 ≤ t ≤
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, , 0 ≤ δ < 1/2 0 < h ≤ h0,

we have

‖u(x, t)− eiv(t)(x−a(t))eiγ(t)η(x− a(t))‖H1 ≤ c2h
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The constants h0 and c2, depend only on c1, |v0|, and ‖W‖C3(R3).

They are in particular independent of δ.

(We will see presently that the natural unit time scale in this

problem is h−1.)
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‖u(x, t)− eiv(t)(x−a(t))eiγ(t)η(x− a(t))‖H1 ≤ c2h
2−δ,

with
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1
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∫
∇V (x+ a) η2(x)dx = −∇V (a) +O(h3).

Note however that ∇V = h∇W is order h, and hence to see an

appreciable change in v we must wait until time t ∼ h−1.

Remark. The same result is valid if we take

‖u(0)− eiv0(x−a)η(x− a0)‖H1 ≤ c1h
2.

We also have a slightly weaker result in the case

‖u(0)− eiv0(x−a)η(x− a0)‖H1 ≤ c1h
1/2+δ0 .
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• More precise equations of motion. Where previous authors

had
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ȧ = v, v̇ = −
1

2

∫
∇V (x+ a) η2(x)dx

is numerically striking:



Hamiltonian formulation.

The equations of motion for the parameters a and v (and also

for γ) come from a Hamiltonian formulation of the problem.



Hamiltonian formulation.

The equations of motion for the parameters a and v (and also

for γ) come from a Hamiltonian formulation of the problem.

We define the following symplectic form:

ω(u, v) = Im

∫
uv̄, u, v ∈ H1.



Hamiltonian formulation.

The equations of motion for the parameters a and v (and also

for γ) come from a Hamiltonian formulation of the problem.

We define the following symplectic form:

ω(u, v) = Im

∫
uv̄, u, v ∈ H1.

Now i∂tu = −1
2
∆u− (|x|−1 ∗ |u|2)u+ V (x)u.



Hamiltonian formulation.

The equations of motion for the parameters a and v (and also

for γ) come from a Hamiltonian formulation of the problem.

We define the following symplectic form:

ω(u, v) = Im

∫
uv̄, u, v ∈ H1.

Now i∂tu = −1
2
∆u− (|x|−1 ∗ |u|2)u+ V (x)u.

is the Hamiltonian flow corresponding to the Hamiltonian

HV (u) =
1

4

∫
|∇u|2 −

1

4

∫ (
|x|−1 ∗ |u|2

)
|u|2 +

1

2

∫
V (x)|u|2.



Hamiltonian formulation.

The equations of motion for the parameters a and v (and also

for γ) come from a Hamiltonian formulation of the problem.

We define the following symplectic form:

ω(u, v) = Im

∫
uv̄, u, v ∈ H1.

Now i∂tu = −1
2
∆u− (|x|−1 ∗ |u|2)u+ V (x)u.

is the Hamiltonian flow corresponding to the Hamiltonian

HV (u) =
1

4

∫
|∇u|2 −

1

4

∫ (
|x|−1 ∗ |u|2

)
|u|2 +

1

2

∫
V (x)|u|2.

We have used here

ω(v,ΞHV
(u)) = duH(v), ∂tu = ΞHV

(u).
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symplectic submanifold, and so it makes sense to consider the

Hamiltonian vector field associated to HV |M .

It is from this that we obtain the equations of motion

ȧ = v, v̇ = −
1

2

∫
∇V (x+ a) η2(x)dx, γ̇ = ...
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Hamilton flow of the restricted Hamiltonian.

(µ ends up varying so little that we can neglect it).
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Using the implicit function theorem, we write (initially for small

time)

u(t) = ũ(t) + w(t),

where ũ is on M , the manifold of solitons, and w is

symplectically orthogonal to M .

For u sufficiently near M this decomposition is unique.

We then show that, provided w is small, ũ follows very closely

the trajectory predicted by the equations

ȧ = v, v̇ = −
1

2

∫
∇V (x+ a) η2(x)dx, γ̇ = ...

This is because ΞHV
is very nearly tangent to the manifold of

solitons.

It then remains to prove that w is small.
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Recall that w is the difference between u, the true solution,

and M , the manifold of solitons.

We write a differential equation for w, and prove that w stays

small using a bootstrap argument.

To do this we employ a variant of the Lyapounov functional,

used by Michael Weinstein (1986):

‖w‖2H1
x
≤ cRe

∫
Lww̄dx, (2)

where L is the linearization of the Hartree differential operator.

Lw def
= −

1

2
∆w −

(
1

|x|
∗ η(w + w̄)

)
η −

(
1

|x|
∗ η2

)
w + λw.

That the estimate (2) is valid for w symplectically orthogonal

to M is a result of Enno Lenzmann (2008).
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We build most closely off of work of Holmer-Zworski (2007),

who prove a similar theorem for the cubic NLS in 1 dimension:

i∂tu = −
1

2
∂2
xu− |u|2u+ V (x)u.

The main novelties in our case are:

• We no longer have an explicit formula (namely

η(x) = sechx) for the soliton. As a result of this we must

use more abstract arguments to study our linearized

operator L, including crucially the work of Lenzmann.

• We study more general initial data. Where H-Z required

‖u(0)− eiv0(x−a)η(x− a0)‖H1 ≤ c1h
3/2+δ0 ,

we only require

‖u(0)− eiv0(x−a)η(x− a0)‖H1 ≤ c1h
1/2+δ0 .
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Extensions to other nonlinearities.

This phenomenon can also be observed for other nonlinearities:

Fröhlich-Tsai-Yau (2002), Fröhlich-Gustafson-Jonsson-Sigal

(2004), and Abou-Salem (2008) study general equations of the

form

i∂tu = −
1

2
∆u− F (|u|2)u+ V (x)u.

They make six assumptions on F : 1) the existence of a

conserved energy, 2) the existence of solitons, 3) the usual

symmetries of the equation, 4)orbital stability of the solitons,

5)global well-posedness in H1 and H2, and

6) A nondegeneracy condition on L analogous to that provided

by Lenzmann in the Hartree case.

This assumption is the most delicate, and poses the most

substantial barrier to the further extension of these results.
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