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where q ∈ R is a coupling constant.
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Over the last two years, numerical and analytic work by

Holmer-Marzuola-Zworski and Holmer-Zworski has described

the interaction of the soliton with the potential under various

assumptions on the speed of the soliton v and the size of the

coupling constant q.
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consider both attractive and repulsive potentials (q < 0 and
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(Of course this list of previous work is not exhaustive!)



Recall

u0(x) = eixv sech(x− x0), i∂tu = −
1

2
∂2
xu− |u|2u− qδ0(x)u.



Recall

u0(x) = eixv sech(x− x0), i∂tu = −
1

2
∂2
xu− |u|2u− qδ0(x)u.

For x0 � −1, v > 0, we expect the solution to essentially remain

the rightward propagating soliton

u(t, x) = e−itv
2/2eixv sech(x− x0 − vt),

until time t ∼ |x0|/v.
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H-M-Z (2007) proved a similar theorem for q > 0.
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The same method is likely to give a similar (although weaker)

result in the case q < 0, but the calculations are prohibitively



complicated...



Some ideas from the proofs.



Some ideas from the proofs.

The Strichartz estimate:



Some ideas from the proofs.

The Strichartz estimate:

Suppose

i∂tu+
1

2
∂2
xu− qδ0(x)u = f(t, x), u(0, x) = u0(x),

for t ∈ [0, T ].



Some ideas from the proofs.

The Strichartz estimate:

Suppose

i∂tu+
1

2
∂2
xu− qδ0(x)u = f(t, x), u(0, x) = u0(x),

for t ∈ [0, T ].

Then, for q ≥ 0, and for p, r, p̃′, r̃′ suitably related,

‖u‖Lp
tL

r
x
≤ C‖u0‖L2

x
+ C‖f‖

Lp̃′
t L

r̃′
x
.



Some ideas from the proofs.

The Strichartz estimate:

Suppose

i∂tu+
1

2
∂2
xu− qδ0(x)u = f(t, x), u(0, x) = u0(x),

for t ∈ [0, T ].

Then, for q ≥ 0, and for p, r, p̃′, r̃′ suitably related,

‖u‖Lp
tL

r
x
≤ C‖u0‖L2

x
+ C‖f‖

Lp̃′
t L

r̃′
x
.

For q < 0, the dispersion is imperfect, and we have instead

‖u‖Lp
tL

r
x
≤ C‖u0‖L2

x
+ CT 1/p‖Pu0‖Lr

x
+ C‖f‖

Lp̃′
t L

r̃′
x

+ CT 1/p‖Pf‖L1
tL

r
x
,

where P is the projection onto the bound eigenstate.



Some ideas from the proofs.

The Strichartz estimate:

Suppose

i∂tu+
1

2
∂2
xu− qδ0(x)u = f(t, x), u(0, x) = u0(x),

for t ∈ [0, T ].

Then, for q ≥ 0, and for p, r, p̃′, r̃′ suitably related,

‖u‖Lp
tL

r
x
≤ C‖u0‖L2

x
+ C‖f‖

Lp̃′
t L

r̃′
x
.

For q < 0, the dispersion is imperfect, and we have instead

‖u‖Lp
tL

r
x
≤ C‖u0‖L2

x
+ CT 1/p‖Pu0‖Lr

x
+ C‖f‖

Lp̃′
t L

r̃′
x

+ CT 1/p‖Pf‖L1
tL

r
x
,

where P is the projection onto the bound eigenstate.



Crucially, the constant C does not depend on q.



In the case q < 0, to compensate for the loss in the Strichartz

estimate, we must introduce a new technique.



In the case q < 0, to compensate for the loss in the Strichartz

estimate, we must introduce a new technique.

The energy estimate:



In the case q < 0, to compensate for the loss in the Strichartz

estimate, we must introduce a new technique.

The energy estimate:

If u satisfies

i∂tu+
1

2
∂2
xu− qδ0u+ |u|2u = 0,



In the case q < 0, to compensate for the loss in the Strichartz

estimate, we must introduce a new technique.

The energy estimate:

If u satisfies

i∂tu+
1

2
∂2
xu− qδ0u+ |u|2u = 0,

then

‖∂xu(t, x)‖L2
x
≤ 2‖∂xu(0, x)‖L2

x
+ 2|q|‖u(0, x)‖L2

x
+ ‖u(0, x)‖3L2

x
.



In the case q < 0, to compensate for the loss in the Strichartz

estimate, we must introduce a new technique.

The energy estimate:

If u satisfies

i∂tu+
1

2
∂2
xu− qδ0u+ |u|2u = 0,

then
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This is proved by multiplying the equation by ∂tu, integrating in

space and time, and taking the real part.
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smaller, unit-sized pieces.

We use a single, smaller piece, of size v−1+ε for the interval in

which the soliton interacts with the potential. (Note the error

in the above image!)

In the pre-interaction phase, we use the Strichartz estimate to

control the error, one time interval at a time.
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u(t) = ei(t−t1)Hqu(t1) +

∫ t
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ei(t−s)Hq |u(s)|2u(s)ds.
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and Hq = −1
2
d2
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The first term is linear, and hence easier to analyze. The

second term is small because |t− t1| . v−1+ε.
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Now we use the linear theory to treat the first two terms, while

the last seven are even smaller, because they all have at least

two integrals.

This added precision reduces the error in the interaction phase.

As a result we are in a position avoid an accumulation of errors



in the post-interaction phase when q < 0, and are able to

improve the transmission result for q > 0.
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evolves according to the nonlinear equation. For this term the

energy estimate is used.

The second part obeys a more complicated equation, but has

the crucial feature that Pw2(ta, x) ≡ 0.

Now when we use the Strichartz estimate, the second term is
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