AMS Meeting, University of New Mexico
Fast soliton splitting by an attractive delta potential.

Kiril Datchev and Justin Holmer
UC Berkeley

13 October 2007



Our starting point is the nonlinear Schrodinger equation (NLS)

1
10ru = —iﬁiu — |ul*u,



Our starting point is the nonlinear Schrodinger equation (NLS)

1
10ru = —iﬁiu — |ul*u,

where u = u(t,x) € C with £ € R. This equation has a family of
soliton solutions. We will be interested in the initial condition

uo(z) = e®? sech(x — xo),



Our starting point is the nonlinear Schrodinger equation (NLS)

1
10ru = —iﬁiu — |ul*u,

where u = u(t,x) € C with £ € R. This equation has a family of
soliton solutions. We will be interested in the initial condition

uo(z) = e®? sech(x — xo),

with corresponding solution

u(t,z) = e ~itv* /2 gl sech(x — xo — vt).



Our starting point is the nonlinear Schrodinger equation (NLS)

1
10ru = —iﬁiu — |ul*u,

where u = u(t,x) € C with £ € R. This equation has a family of
soliton solutions. We will be interested in the initial condition
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with corresponding solution

u(t,z) = e ~itv* /2 gl sech(x — xo — vt).

Suppose now that the initial condition is left unchanged, while
the equation is perturbed by a delta potential:

1
10U = —iﬁiu — |ul?u + gdo(z)u,



where g € R is a coupling constant.
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Goodman-Holmes-Weinstein (2004) study strong interactions
with an attractive potential ¢ < —1, and numerically observe a
variety of dynamical phenomena.

Over the last two years, numerical and analytic work by
Holmer-Marzuola-Zworski and Holmer-Zworski has described
the interaction of the soliton with the potential under various
assumptions on the speed of the soliton v and the size of the
coupling constant gq.

This talk will focus on the high velocity case v > 1, and we will
consider both attractive and repulsive potentials (¢ < 0 and
qg>0).

(Of course this list of previous work is not exhaustivel!)
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up(x) = e"*Ysech(x — xp), 10w = —iﬁgu — |u|*u — qdo(x)u.

For zo < —1, v > 0, we expect the solution to essentially remain
the rightward propagating soliton
u(t, ) = e ~itv* /2 gl sech(xz — xg — vt),

until time t ~ |xg|/v.
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H-M-Z (2007) proved a similar theorem for ¢ > 0.



How big is each soliton?



How big is each soliton?

For v > 0 the interaction with the potential becomes
essentially linear.



How big is each soliton?

For v > 0 the interaction with the potential becomes
essentially linear.
We accordingly study the corresponding linear transmission

problem.



How big is each soliton?

For v > 0 the interaction with the potential becomes
essentially linear.

We accordingly study the corresponding linear transmission
problem.

The quantum transmission and reflection rates of the

Hamiltonian
o= 1P s
= —_—— x),
1 2 dx? 400



How big is each soliton?

For v > 0 the interaction with the potential becomes
essentially linear.

We accordingly study the corresponding linear transmission
problem.

The quantum transmission and reflection rates of the

Hamiltonian
1 d?

Hy=—-2 4145
q 2d$2 _|_q O(CE),

at energy
E =v?/2,

(at this energy we have solutions proportional to eV qway
from the potential),



How big is each soliton?

For v > 0 the interaction with the potential becomes
essentially linear.

We accordingly study the corresponding linear transmission
problem.

The quantum transmission and reflection rates of the

Hamiltonian
1 d?

Hy=—-2 4145
q 2d$2 _|_q O(CE),

at energy
E =v?/2,

(at this energy we have solutions proportional to eV qway
from the potential),



dare







’02 q2

v? + ¢ Falv) = v2 +¢%

Ty(v) =

Theorem. Let € > 0. Suppose ¢ > 0, |zo|/v+1<t<elogv.
Then, as v — oo,
lut, )|l 2, v?

— + O v2te),
o, ot onrl )




,02 q2

Tq(?}) = U2 _|_ q2 Rq(’l}) = /UQ _|_ qz.

Theorem. Let € > 0. Suppose ¢ > 0, |zo|/v+1<t<elogv.
Then, as v — oo,

It Dliz, _ 2
lut, o)l 2t B

Numerically, Holmer-Marzuola-Zworski anticipate an error of

O(v—2). In the analytical paper they establish an error of
1

OLQ (’U_§+€) .

x



,02 q2

v? + ¢ Falv) = v2 +¢%

Ty(v) =

Theorem. Let € > 0. Suppose ¢ > 0, |zo|/v+1<t<elogv.
Then, as v — oo,

lu(t. @)z, o2

— O —2—|—8.
o, ot onrl )

2 T

Numerically, Holmer-Marzuola-Zworski anticipate an error of
O(v—2). In the analytical paper they establish an error of

Oz (v72 7).

If w is a solution of the linear equation i0:u = —%a,%u—l— qdo(x)u,
then the above estimate holds with error OL%(’U_Q).



,02 q2

Tq(?}) = U2 _|_ q2 Rq(’l}) = /UQ _|_ qz.

Theorem. Let € > 0. Suppose ¢ > 0, |zo|/v+1<t<elogv.
Then, as v — oo,

lu(t. @)z, o2

— O —2—|—8.
o, ot onrl )

2 T

Numerically, Holmer-Marzuola-Zworski anticipate an error of
O(v—2). In the analytical paper they establish an error of
OL%(U_%+€)-

If w is a solution of the linear equation i0:u = —%a,%u—l— qdo(x)u,
then the above estimate holds with error OL%(’U_Q).

The same method is likely to give a similar (although weaker)
result in the case ¢ < 0, but the calculations are prohibitively
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If u satisfies
1
10ru + iﬁiu — gdou + |ul*u =0,

then
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This is proved by multiplying the equation by 0;u, integrating in
space and time, and taking the real part.
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The proof proceeds by dividing the time interval [0,elogwv] into
smaller, unit-sized pieces.

We use a single, smaller piece, of size v—11¢ for the interval in
which the soliton interacts with the potential. (Note the error
in the above image!)

In the pre-interaction phase, we use the Strichartz estimate to
control the error, one time interval at a time.
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Idea: During the interaction phase, linear effects dominate.

Use the integral form of the differential equation:

t

w(t) = et Hay (4)) —I—/ e =30 a ), () |Pu(s)ds

t1

Recall that t1 is the time when the interaction phase begins,
and H, = 2d e —|—q50(a:)

The first term is linear, and hence easier to analyze. The
second term is small because |t —t1]| < v 1Te,
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Now we use the linear theory to treat the first two terms, while
the last seven are even smaller, because they all have at least

two integrals.

T his added precision reduces the error in the interaction phase.

As a result we are in a position avoid an accumulation of errors



in the post-interaction phase when g < 0, and are able to
improve the transmission result for g > 0.
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In the post-interaction phase, where there is a danger of
accumulation of errors, we divide our error into two parts:

U =UrT + UR + W1 + w2

The first part w; has initial condition wi(ts,x) = Pw(ts,x), and
evolves according to the nonlinear equation. For this term the
energy estimate is used.

T he second part obeys a more complicated equation, but has
the crucial feature that Pwsa(t,,xz) = 0.

Now when we use the Strichartz estimate, the second term is
eliminated:

lullrpr; < Clluolizz + CTYP||Puol|ry + ClAI o o + CTYP\|P £l
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