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Abstract (and Introduction)

The unified purpose of this paper is to prove the Banach-Tarksi Theorem
(BTT) and to resolve the Banach-Tarksi Paradox (BTP). The BTT is a rigorous
mathematical result which is usually interpreted as saying that a (solid) unit
ball can be “taken apart” into a finite number of rigid pieces which can then be
rigidly “put back together” to form two unit balls. This interpretation is called
the Banach-Tarksi Paradox, because it contradicts our usual expectations about
the conservation of mass/measure.! To “resolve” the Paradox will mean to find
a more intuitively acceptable interpretation of the BTT and to explain what is
“wrong” with the paradoxical interpretation.

The BTT is interpreted as “taking apart” a ball by applying isometries to
pieces (subsets) of the ball. However, these isometries account only for the
initial and final positions of the pieces, and do not describe their intermediate
positions (i.e., their trajectories). Consider how, when restricted to two dimen-
sions, it is impossible to “take apart” the pieces of a jigsaw puzzle, even though
isometries can be used to map the pieces of an assembled puzzle to those of
a disassembled one. This is because the pieces of a jigsaw puzzle are “inter-
locked” (later, “inseparable”). 1t is therefore conceivable that, when restricted
to three dimensions, it is not possible to “take apart” a unit ball into a finite
number of pieces and “put them back together” to make two unit balls.

This is precisely the motivation for this paper, which shows how BTT proofs
(at least those known to this author) make use of pieces which are indeed
inseparable like those of a jigsaw puzzle. In fact, unlike the pieces of a jigsaw
puzzle, which can be easily “cut” into smaller pieces that can be taken apart
in 2D, the BTT pieces are interlocked in a more complicated way that is not so
easily remedied in 3D.

IThe BTT is often called the Banach-Tarksi Paradox, but this author chooses to distinguish
between the Theorem itself and it’s confusing intuitive interpretation.
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0 Preliminaries.

The reader is encouraged to skim this section or skip it completely, referring to
it later as needed.

Throughout this paper, an attempt will be made to give definitions in suf-
ficiently general terms as to be useful elsewhere, but sufficiently specific terms
as to be easily understandable in context.

Some Common Conventions dealing with functions and relations:

o If Ris a relation (i.e. a set of ordered pairs), the domain and range of R are
respectively

DomR:={x|dy, (x,y)€R}, RngR:={y|3dx, (x,y) €R}

o For a set S (usually a subset of Dom R), the point-wise image of S under R
is defined as
R[S]:={yl3s€S, (s,y) €R}.

For x € Dom R, if no confusion will result, R[x] will denote R[{x}]. In this
way, R can be regarded as a “multivalued function” from Dom R — RngR.

e For ease of reference, R : X — Y will indicate that DomR = X and
RngRCY.

In this paper, it should be emphasized that a relation is considered solely as a
set of ordered pairs, and so we may write R : X — Y and R : X — Z without
referring to two different relations: the association of R with a so-called “target”
set is purely extrinsic. As well, a function is merely a special case of a relation,
and so our discussions of relations also apply to functions.?

o The inverse of R is the set {(y,x)|(x,y) € R}, which does not in general
“cancel” the action of R like an algebraic inverse. Since any function f is
arelation, f~! exists as a relation, but is a function iff f is injective.

o The restriction of R: X — Y to a set S is the relation {(s,y) € R|s € S}
denoted by R|s. When restricting a function f : X — Y, usually S C X so
that f|s is the function S — Y given by f|s(s) = f(s).

o The union of two relations Q U R is simply their set theoretic union as sets
of ordered pairs. For functions f : A — Band g : C — D, the union f U g
is a function iff f|lang = glans-

To illustrate a use of the above terminology, consider the real function sin. We
can say that sin : R — R and equally well that sin : R — [-1,1], since it is
true that sin[R] = [~1,1]. Note that sin! : [-1,1] — R is a relation but not a
function, and for instance sin"'[0] = nZ. However, since sin |[=r,7] is injective,

2Henceforth, R will always denote a relation, and f will always denote a function.



it has an inverse function, which is usually called arcsin : [-1,1] — [-7, 7]
Finally, as an example of a function union, observe that if we define the real
functions f : R - R, g:[0,00] = R, and £ : [-00,0] = R by f(x) = x|x|,
¢(x) =x%, and h(x) = —x?, then it is true that f = gU h.

Some Nonstandard Conventions which are adopted for the particular con-
venience of this paper in dealing with collections of sets (although some of
them can be very convenient in other settings as well):

o If Cis a collection of subsets of X (i.e. € C P(X), the power set of X), the
piece-wise image of C under R is

R{¢}:={R[S]: S e C}.

o Apartition P is a collection of non-empty, disjoint sets. To be more specific,
P is said to be a partition of X in the case that |J P = X.

o The restriction of P to S C X is the partition

Pls:={PNS+#0:PeP}

o The conjunction of two partitions P and Q, is the set

PAQ:={PNQ#0: PeP,Qeql

From the above, for example, it follows directly that if f : X — Y and P is
a partition of Y then f~}{P} is a partition of X (with the convention that we
eliminate the empty set from a collection if it is to be considered as a partition).
The terminology used can be motivated by the following discussion:

A function f with Dom f = X defines an equivalence relation Z given by

xZ y © f(x) = f(y), which in turn corresponds to a unique partition P of X.
For S C X, the restricted partition P|s is then the partition of S thus induced
by the restricted function f|s. Also, the conjunction P A Q is that partition

7
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1 Arrangements.

This section defines the concept of an “arrangement” to agree with the everyday
notion that a solved jigsaw puzzle is a rearrangement of an unsolved one (the
author has found the prefix “re” to be superfluous and it will henceforth be
omitted). Some terminology is created in tandem with the definition to facilitate
the future development of results about arrangements.

The concept of an arrangement effectively replaces the notion of “decom-
position” which has previously been used to express the BTT. Arrangements
have the advantage of being naturally more convenient and understandable in
proofs, because they can be composed like mappings. In fact, arrangements
can be viewed as morphisms in a category whose objects are rigid bodies
(metric subspaces Euclidean space). This paper presupposes no knowledge of
category theory, and does not spend time developing this category-theoretic
interpretation.

Definition (1.1). (Arrangements)

a) For A C R, a k-arrangement of A is defined to be a pair (¢, P) where ¢ is a
map A — R”, P is a partition of A with |P| < k, {P} partitions ¢[A], and
¥ P € P, ¢lp is an isometry. (note this implies ¢ is an injection)

b) (¢, P) is called finite if |P| is finite. In this paper, all arrangements are
assumed to be finite.

¢) (¢, P) is said to be onto B if p[A] = B. We write (¢, P) : A A B. Note that,

in this case, (qb‘l, ¢{P}) : B £ A, so £ is a symetric (and clearly reflexive)
relation. Thus, A and B are said to be “k-equiarrangeable”.

d) If we wish to claim only the existence of an appropriate (¢, P) and k, we
may choose to omit unwanted references by writing A (% B, A £ B or

simply A ~ B.

k
e If (¢,P) : A X B and B’ C B, we write (¢,?) : A < B and analogous
expressions. In this case, (¢, P) is said to be into B, and A is said to be
k-arrangeable into B.

It should be noted in (a) that the number k sets an upper bound on [P,
the number of “pieces” required for the arrangement, and does not specify
the exact number of pieces. This policy is adopted since most theorems will
set upper bounds on the number of pieces rather than determine the exact
number. If interest warrants, a k-arrangement can be called exact if |P| is exactly
k. (Alternatively, one could always interpret the number of pieces to be exactly
k and allow a number of “empty pieces” if the number if nonempty pieces is
< k. A similar approach to this will be used in §6.)



Also, note that in (d), ommiting a reference to a particular ¢ or k results in a
weaker and therefore different relation. This is important since, as we shall see,

the relation =~ will exhibit an important property that £ does not.

We now introduce some operations on arrangements because of the results
that easily follow from their definitions (once the operations are identified, the
proofs are routine set theory and have therefore been omitted).

Definitions/Theorems (1.2). (Useful operations and results)

a) fAC A and (¢, P): A’ £ B, we define the restriction of (¢, P) to A as the
k-arrangement

(P, P)la == (¢la, Pla).

k
In this case, (¢, P)la : A < B, so in general,

k
ACA LB = AXB.
b) For ANC=0=BnD,if($,?): AL Band (¢,9) : C £ D, we define their
disjoint union as the (j + k)-arrangement

(@UY,PUQ):AUCT BUD.

Notice that if A N C # 0 we may replace C by C\ A and (¢, Q) by (¢, Q)lc\a
to achieve the above conditions. Hence, only BN D = ) is required for the
implication

+
>~

i i+k
AdBand CAD = Auc’EBuUD.

c) If (9,P): A L Band (¢,Q) : B L3 C, we defined their composition as the
jk-arrangement

1, Q0 (¢,P):=(pod,PAYPTHQAD.
In this case, (), Q) o (¢, P) : A l‘ C, so in general,
alpico ale

d) All of the above results immediately hold when = is replaced by <

Results (c) and (d) show that the ~ and < relations (which do not discriminate
according to a fixed value of k, but only require that each partition be finite) are
transitive, and in particular that ~ is an equivalence relation.

The reader is now invited to consider whether A < B < A = A ~ B. That
is, suppose one can arrange A to form a part of B and arrange B to form a
part of A. Is it then possible, still using only a finite number of pieces, to



arrange A to form precisely B, with no leftovers or overlaps? The question may
seem particularly daunting in the cases of infinite, uncountable, unmeasurable,
and otherwise pathological sets. The converse is clearly true, but those who
briefly attempt and fail to prove the forward implication may be inclined to

suspect the existence of a counterexample. Nevertheless, truth prevails, and
the proposition is indeed true:

Theorem (1.3). (The Banach-Schroder-Bernstein Theorem)
j k j+k
A<B=<A=A=B.
j k
Proof: Let (¢, P) : A < Band (¢, Q) : B < A. Define, recursively,

Ay=A, A1 =y[B], Bo=B, B = ¢[A]
Aiv2 = Y[P[All, Bivz = ¢[Y[Bi],
so that (;[)[Ai] = B, IP[Bj] = Ai41, Ais1 € A;, and Bj;1 C B;. Next, let

A" = {Ag\A1 U A)\A3 U Ag\As U -}

Al = {A1\Ay U A3\As U As\Ag U -}

A = {Ag N AL N A N A3 N Ay N -}
and

B = {Bo\Bi U By\Bs U By\Bs U -}

Bl
BOO

{B1\B, U B3\ By U B5\Bg U ---}
{(Bo N Bt " B, " B3 N By N ---}

Now, {AY Al, A%} is a partition of A and {B%, B!, B*} is a partition of B.
Furthermore, since injections preserve intersections, unions, and set differences,
observe directly that

d[A°] = B!, ¢[A™] = B>, and y[B’] = A"

Hence, we have the arrangements

(@, Plaooae : A°UA® EBLUB®
j
(IP, Q)lBO . BO =~ Al

and taking the appropriate union gives

i+k
A=A"UA'UA®'Z BOUB'UB® =B. O

Thus, the < relation (which does not discriminate according to a fixed value
of k, but requires only that each partition be finite) is antisymetric up to equiar-
rangeability. In other words, < defines a partial ordering on ~ equivalence
classes. This result, which even gives a bound on the number of pieces re-
quired, can be used to design many new arrangements.



2 Rotational arrangements of spheres; Sectoids.

We will now explore various arrangement properties of the sphere and its
subsets. Only rotational isometries will be used, since rotations can “happen”
in “everyday space” whereas reflections cannot. As well, for *most* subsets A
of the sphere (i.e., those which contain non-coplanar points), only isometries
which leave the origin fixed will map the subset back into the sphere. Our
results will then be naturally extended to the “solid” unit ball (by defining
”sectoids”) in preparation for proving the Banach-Tarski Theorem in §3.

Notation.
e §":={x € R"!: |x| = 1}, the unit sphere.
e Givenasubset A C 5", A’ := 5" \ A, the “complement” of A.

e 50(n) denotes the set of rotations about the origin in IR”. Hence SO(n + 1)
is the rotational symetry group of 5".

Our first theorem is inspired by the scenario IN \ {1} — 1 = IN, where a point
removed from an infinite set can be “replenished” by an isometry (in this case,
the translation x — x — 1).

Theorem (2.1). If P C S" is countable, then S" ip.

Lemma. We begin by showing that there exists a rotation, o € SO(n +1), such that
the sets P, aP, a*P, ... are all disjoint.

First observe that there are uncountably many axes of rotations in SO(n + 1)
and only countably many axes intersect P, hence we may choose an axis disjoint
from P, and let ag denote a rotation through an angle, 6, about that axis (so that
¥ p € P, p is not on the axis of ag, hence agp # p).

Next, for each p € P let A, = {0 € [0,27) : agp € P}, so A, is countable, and
B, ={0€[0,2n) : 3n > 0, aj € Ay} and B, is also countable. Let

B=|JB,=10€[0,2m): 3n >0, PnayP #0)
pepP

and since B, the set of “bad” angles, is countable by construction, there are
uncountably many 6 € [0, 2r) such that ag ¢ B, i.e, such that P, agP, aéP, ...are
disjoint. Hence, fix & = ag with this property.

Using this Lemma, we now proceed with the

Proof: Let Q = PUaP U a?P U ---. We have Q’ A Q' by the identity, and

Q }; aQ =aPUa?PU---, hence taking the union gives

$"=QUQ 2aQUQ =S"\P=P. O



Further results on the sphere will rely on the fact that SO(n) contains sub-
groups which are free groups. Free groups are algebraically very simple, but
because they have so few rules describing them, they can exhibit some com-
plex and surprising behaviour that one would not expect to find in a group of
rotations in space.

Definition (2.2). (Free group conventions)

o Aword oncharactersay, ..., a, will be distinguished as a string of (perhaps

no) characters of the forms g; and a;' enclosed in single quotes. The
default operation on words will be concatenation (without cancellation of
inverses).

o If the characters of a word ¢ represent group elements, then o. denotes
the group element “produced” by dropping quotes and considering it as
a product. We define “’, = 1.

e F{ai,...,a,) denotes the free group on characters a, ..., a,.

e For f € F{ay, ..., ay), the unique reduced word (formal sequence of char-
acters without adjacent inverses) o satisfying 0. = f is denoted by f*.

Essentially, f* is merely f expressed in terms of the generators 4; and enclosed
in quotes. By working with words f* and the operation of concatenation (without
cancellation), we may explore properties of the elements of F that would have
been meaning]less if expressed in terms of the original group operation.

o In F = F(ay,...,a,), the set of elements “beginning with f” is defined as
w(f):={xeF:3qyeF x'=fy}

The sets w(f) are quite interesting in that they allow free groups to be “rear-
ranged” (as sets) in peculiar but simple ways. For example, in F = F{a, ), we
have

a(w@ U@ U@ Ulel) = aF \ w@™) = w(a).

Consequently, the following theorem can be used to produce some strange
results in R™:

Theorem (2.3). SO(n) contains a free group of rank 2 when n > 3.

Proof: Let a and 8 be rotations about the z and x axes, respectively, each
through an angle of cos™!(3). Then,

1 F2V2 0 TEE 0
al=2]#2v2 1 0 |andpt=zl0 1 #2V2
0 0 3 0 +2v2 1

It can be shown by induction on product length (see, for example, "The
Banach Tarksi Paradox” by So and So) that if w is a reduced word product on

10



2
a, 8, then the image w(1,0,0) = (61’})3# for some a,b,c,k € Z with3 | b. In

particular, b # 0 so w(1,0,0) # (1,0,0), hence w # e. It follows that f = F(a, )
is a free group of rank 2 in SO(3) < SO(n). O

We will now proceed to extend the above results to balls, employing the
following

Notation.
o B":={|x] e R" : |x| < 1}
o B :={x|eR": [x <1} =B"US"!
e O denotes the origin
o Translates of these figures will be denoted by subscripts.
e.g. E? = B! US!! is centered at O; (whose location may go unspecified).

To extend our rotational arrangements of spheres to arrangements of balls, all
that is necessary is to identify each point p on a sphere to the set of points
between p and the centre of the sphere (including p, excluding the centre). All
of these points will move “in synchrony” with p under the action of central
rotations.

Definition (2.5). (Radioids and Sectoids)

e Given a point p on a sphere S (which should be clear from context), the
“radioid” from p will be defined as

P=Ap+(1-1)0;:0<A<1)=0p\0i),
the radial segment O;p with O; removed.
e Givenaset A C S, we define the sectoid from A as

A= U'a‘: Ma+(1-21)0;:0<A<1,aeA.
aeA

The reason for assigning a terminology here is that, traditionally, proofs of
the Banach-Tarski Theorem always divide the ball into these “sectoid” pieces
(because they are easy to deal with, not because they must be used). Notice the
following results (which also apply to translates):

Theorem (2.4). Forp,qe S", A,BC S", and a € SO(3),
spNg+lep=gep=9

—_— o~~~ o~ - —_— o~ —

e ANB=ANB, AUB=AUB, and A\B=A\B

11



o dp=ap,aA =aA

Since turning subsets of the sphere into sectoids will preserve set theoretic
operations and the action of rotations, our previous results in 5" now have

analogues in si=B"" \ O. In particular,

Corollary (2.5). If P C S" is countable, then T

Proof: Apply hats to the proof of theorem 2.1. (All the required relations
will still hold when the sphere subsets are extended to sectoids).

12



3 Proving the BTT; Identifying the Banach-Tarksi
Paradox (BTP).

We are now ready to consider the following

Theorem (3.1). The Banach-Tarski Theorem (BTT): The unit ball can be arranged
using a finite number of pieces to form two solid balls of the same size and volume.

The smallest number of pieces which permits the arrangement is 5 (i.e., 4 is
known to be unattainable, and 5 has been attained). However, this paper aims
not to minimize the number of pieces but to make the construction as easily
understandable as possible. Hence, we will prove the following result using 10
pieces:

Theorem (3.1"). Ifﬁi and Ez are disjoint unit balls, then Ei 2 Ei’ U Ei.

Proof: Let E? and Ei have centres O; and O,, and surfaces S% and S%.

Let F = F{a, B) be a free group of rotations about O; (by Thm 2.3).

LetP = {pe S?|3f € F, fp=p} = the set of points of S] on axes of rotations
in F. Note that P is countable and no point of P’ = 57\ P is fixed by any rotation
feF.

Define x ~ y on P’ by Af € F : x = fy, an equivalence relation. Choose one
point from each equivalence class (orbit) to form the set Q. Then each x € P’
has a unique representation of the form fg, where f € Fand g € Q.

First, observe algebraically that P’ = FQ is partitioned by the sets

0, 0@Q, w@™"Q, wPQ, wE)Q)

Now, we have the following algebraically simple situation that is geometri-

cally rather counterintuitive. The w(f)Q’s are “dense” physical objects that are
now being rotated in ways that make some of them seemingly “disappear”:

w(@)Q

a)(ﬁ)é, and the union gives

0B)Q U w(FHQ U Q
w@Q U w@hQ

AN RIA= RJIA=

w@Q U w(B)Q.

Hence, since P is countable, Corollary 2.5 gives

P = FQ

$2P % @@l U w@)Q, sobyThm13,
é\% é a)(az)é U w(ﬁ)é, and by symetry,
£ 2 w3 U @M.

13



Also, all the maps arranging é\f into a)(a)a U a)(ﬁ)a are rotations about O;
and thus leave O, fixed. Hence, we may adjoin O; to one of the pieces involved
to obtain

—3 - — — .
B, = $2U {0} w@)Q U wB)Q U {04}, alongwith

B, \ (03} = 52
(0,

w@™hHQ U w(ﬁfl)(’j, and by translating O, into Q,

0.

IA= A AR

Taking the union of the arrangements above gives:

=3 =3 9 = =3
B,UB, < FQU{O:} CB;, hence
— — 9 —
]Bi) U ]Bi < IB?, and by the identity map,
—3 1 —3 —
]B? < IB? U ]Bi, therefore, by Thm 1.3,
=3 =3 10 =3

Although perhaps nothing can be surprising at this point, this result can be
still further strengthened, giving a result that almost anyone would instinctively
reject:

Theorem (3.2). (The Banach-Tarski Theorem, strong form) If Ty and T, are bounded
subsets of R3 with non-empty interior, then Ty =~ T, (using finitely many pieces).

Proof: Let B C Ty be a ball. Cover T, with balls By, By, ..., B, the same size
as B (allowing overlaps). Let B/, ..., B’ be disjoint translates of By, ..., B,, so
clearly

UB; < UB..

But UB; ~ B by induction from Theorem 3.1, hence
TQQUBiﬁUBngﬁTl

and by symetry, T1 < T, hence Ty = T,. O

This would probably have been the most dramatic place to end our discus-
sion of the theorem, however, a more indepth analysis is the aim of this paper.
This theorem directly contradicts the usual expectation that rigid motion does
not distort the volume of objects, and is in this sense a paradox. To “resolve”
a paradox is to come to understand how ones initial expecations were unwar-
ranted, or to realize that they have in fact been met. Here are some points worth
noting for this purpose:

1) Some claim that the pieces involved in the proof have not been described
by a “constructive” argument. The Axiom of Choice is used when choos-
ing the points of the transversal Q, and some mathematicians reject the
Axiom of Choice as being intuitively obvious. In fact, some use the BTT
directly as an argument to refute the use of the Axiom of Choice.

14



However, it is worth noting that arrangements in R? actually preserve areas
(when the sets involved are measurable), and that the only known proofs
of this statement employ the Axiom of Choice! Hence, although rejecting
the Axiom of Choice would thwart unexpected results in R?, it would also
result in the loss of the corresponding expected results in R?! I personally
am not satisfied with this resolution, particularly since I advocate use of
the Axiom of Choice.

2) An actual ball in the physical universe is comprised of a finite number
of discrete particles and mostly empty space. The unit ball in Euclidean
space, however, is completely dense and contains uncountably many
points, a property which was necessary in the proof of the BTT. In this
sense, the objects we have been arranging can be considered inappropriate
as idealizations of physical balls. The maps in the proof could more
appropriately be viewed to be arrangements of empty space rather than
matter.

3) This paper proposes a new perspective: the isometries involved in the
Theorem account only for the initial and final positions of the pieces, and
do not describe the “trajectories” they follow from the initial ball into the
final two balls. It is thus conceivable that the pieces are “interlocked” in
such a way that they could never be separated (in the way that “Chinese
linking rings” should be impossible to separate).

The remainder of this paper is therefore aimed at providing a context for
the question of whether a Euclidean unit ball can be physically separated into
a finite number of pieces and then reassembled to form two complete balls of
the same size.

15



5 Movement

We now give an axiomatic treatment of movement in space. These axioms may
be used to decide whether the pieces of the ball involved in proof of the BTT
are actually physically separable. (An extensive justification of this definition
can be found in my B.Sc. Honours thesis.)

Definition (5.4). (movement)3

o A movement of R" is a continuous map p : [0, 1] — E(R") such that u(0) = I.
(all points are unmoved at time 0)

o The set of movements of R” will be denoted by mov(IR").

e The isometry u(1) is the terminal isometry of .

As a consequence of this definition, it is relatively simple to show that
movements preserve orientation:

Theorem (5.5). If u is a movement, then det(u(t)) is always 1, (ie. movements
preserve orientation).

Proof: Since det : M,(R)(R) — R is continuous and p : [0,1] — E(IR")
is continuous, it follows that detou : [0,1] — R is continuous, and more-
over, assumes only values of +1. Since detou(0) = det(I) = 1, by continuity,
det(u(t)) =1forallt € [0,1]. O

3There is a superficial resemblance between this and the definition of a one-parameter subgroup,
but be warned that the property u(a+b) = p(a) o p(b) is not true in general. A movement could start
out spinning, then sliding, then stop, and then spinning and turning at the same time!

16



6 Reassemblies/the Banach-Tarski Problem.

Arrangements, like isometries, only specify initial and final positions of ob-
jects, and do not specify any intermediate positions, or the object “trajectories”.
Movements were defined to specify intermediate trajectories for objects under-
going isometries, and a concept of reassemblies* can be rigorously defined to
serve the analogous purpose for arrangements.

The relationships between objects with respect to reassemblies can be de-
veloped fomrmally in a similar way to their relationships under arrangements
relations (where, for example, composition of isometries is replaced by suc-
cession of movements, as definied in §5). However, an important difficulty is
that set theoretic arguments like those used in proving the Banach-Schroder-
Bernstein Theorem (Theorem 1.3, for arrangements) may produce pieces which
are interlocked in some way which makes them physically inseparable (like
jigsaw pieces in 2D). Thus, if A can be reassembled (taken apart without su-
perimposing pieces) to form part of B, and B reassembled to form part of A, it
is not clear whether A can be taken apart to form precisely B.for arrangements.

Therefore, we will bypass the less fruitful formal approach of defining
reassemblies as ordered pairs (like arrangements) with composition and so
on, since this paper is chiefly interested only in posing the following question:
Problem (6.3) The Banach-Tarski Question (BTQ) in R":

Is it possible to reassemble a single unit ball to form two unit balls? In
other words, is there a partition P = {Py,..., P} of B}, with movements
Hi,- - ., Hg such that y;(f)[P;] are always (for all ) disjoint and |; u;i(1)[P;] =
Bf; U B} (disjoint unit balls)?

Since the original Banach-Tarski Theorem is known to be false in IR" for
n = 1,2, the answer to the BTQ in these cases is already “"no.” Also, the answer
for n > 4 can be easily found, as follows. To help visualize this process, think of
3-space as the plane and higher dimensions as vertical dimensions.

1) Extend all isometries used in the proof of the BTT for n = 3 (see Thm 3.1)
to isometries in IR” which fix coordinates in the 4th dimension and higher
("vertical coordinates”).

2) Identify each point in each “hyperball” with the point in R® vertically
aligned with it (i.e., having the same first three coordinates), and likewise
extend the pieces of the balls in 3-space to include the points vertically
aligned with them.

3) Separate the pieces by (continuous) vertical translations (by various dis-
tances along the 4rth coordinate axis) into different regions of hyperspace.

“The prefix “re” is suggestive of the everyday notion that, in order to reassemble something,
one must first be able to disassemble it. In other words, its pieces not must be interlocked in some
way that prevents them from being separated or “pulled apart.”
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4) Finally, apply the isometries of (1), and reunite the pieces by (continu-
ously) reversing the vertical translations to form the two new balls.

Hence, only the n = 3 case of the BTQ is left unanswered. The remainder
of this paper provides a partial answer to this question by showing that the
partition pieces used to prove the BIT in §3 are in fact inseparable. Furthermore,
the methods used are sufficiently general that they can be adapted to other BTT
proofs, and at present, all other BTT proofs explored by this author (of which there
are several) use pieces which are interlocked in a way that cannot be easily
avoided.
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7 Curve-density on spheres.

Our plan is to show that the sectoids (pieces) used in the BTT proof (which
are arranged to form two copies of the unit ball from one) are somehow "“too
dense” to be pulled apart, thus avoiding the paradox that a ball can actually be
“taken apart” to make two balls. However, the usual topological notion of a
dense set will be too weak for this purpose: one can construct disjoint sectoids
which are locally dense and cover S? but can be translated and rotated apart.
For example, take A1,A; to be the subsets of the upper/lower hemispheres
(resp.) with rational x coordinates, and let By,B; be their complements in their

respective hemispheres. Then ;\: and Ig’\l are both locally dense but can be
separated by vertically translating A, and B, the other two pieces away from

them, and then rotating B; through 180° about the x-axis.
As a stronger alternative to topological density, we introduce a notion of
”“curve-density.”

Definition (7.1). Curve-Density

e A curve will be defined as a non-constant continuous map from an interval
[a, b] into a manifold (for us, a sphere). We will often refer to a curve and
its range (a subset of the manifold) interchangeably, and use the same
symbol for each (the meaning should be clear from context).

o Forsets D, € in a manifold, D will be called curve-dense on € if every curve
in € (that is, every curve into £) necessarily intersects D. For example,
R? \ Q? is curve-dense (on RR?).

e A set can be called near-curve-dense if it is curve dense when united with
a countable set. For example, R X Q is near-curve-dense (on IR?).

An intuitive example of a curve-dense set is a set that contains so many
curves in so many locations and orientations that no other curve can possibly pass
through such a tangled web of blockages. This is precisely the idea behind the
following theorem, whose proof is somewhat messy, but naturally motivated.
The result relates topological density in SO(3) to curve-density on S in a simple
way that is easily applicable to the analysis of BTT proofs that use sectoids and
paradoxical group partitions (as this paper does).

Theorem (7.2). IfT and A are curves on S?, and a set of rotations D is dense in SO(3),

then A necessarily intersects the set DI := U O[T']. In other words:
oeD

If5 = SO(B), then DT is curve dense on S.

Proof: We will indicate the distance between two points A and B by |A, B|.
Parametrize A : [4,b] — S* and T : [p1,q] — S% If either T or A is space filling
(has nonempty two-dimensional interior) then the result follows directly from
topological density, so assume both curves have empty interior. The intuitive
idea behind the proof is as follows:
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o Choose very close points D1, D, on “opposite sides” of A, and the earliest
point I'(p2) on I' such that |[T'(p1), ['(p2)| = ID1, Da|.

e Find a rotation 6 € D such that 6I'(p;) = D, so that oI is forced to cross
over A when passing from 6I'(p;) to 6I'(py).

The difficulty lies in restricting the situation so that 6I' cannot possibly “go
around” A in the second step. To do this, we will direct our attention to a
segment of I' which is long enough to reach from one side of A to the other, but
too short to circumvent the endpoints of A. We now proceed with the details:

Choose c € (a,]), and choose a positive radius r < |A(c), A(a)|, |A(c), A(b)|. Let
Q be a circle of radius r centered at A(c).

Since A(a), A(b) are outside Q) and A(c) is inside (at the centre), A(t) must be
on () for some t € (a,c) and for some t € (c,b). Letay = sup {t € (a,¢) : A(t) € Q}
and by = inf{t € (c,b) : A(t) € Q}, so by continuity, A(ag), A(by) € Q and the
curve Ag := Al b, is otherwise entirely inside Q. Thus, Ay divides the inside
of Q into two (at least) two open sets U; and U, which share A(c) as a common
boundary point (this follows from the Jordan Curve Theorem®).

Fori = 1,2, choose D; € U; such that |A(c),D;| < %IF(pl), I'(g)l, %r, and set
d = |Dy, Dy| < |A(c), D1] + |1A(c), D|. Then:

1) IT(p1), (@) > d > [T(p1), I'(p1)l = 0, so by continuity we may choose the
parameter p, = inf{t € (p1,q) : [[(p1),[(t)] = d}, and we have

IC(p1), L(p2)l =d and [[(p1), T(H)l <d for t € [p1,p2)

2) |A(c), D1l + d < r,so we may choose ¢ > 0 such that the following hold:
IA(c),Di|+e+d<r
B.(Dy) c U,
where each B, (D;) is an open ball of radius ¢ about D;.

Now, choose a rotation a € SO(3) so that al'(p;) = D; (this is possible since
|D1,Ds| = d = |I'(p1), I'(p2)l), and a sequence of rotations in D, 6, — «, so that
0nl'(p;)) — al'(pi) = Di. Next, choose 6 = Oy for some sufficiently large N
such that oI'(p;) € B.(D;) € Uj, so OI'(t) intersects the boundary of U; for some
t € [p1,p2]. But we have

|A(c), 6T ()] < |A(c), DI+ |D, 6L(p)l + 6L (p), OL'(¢)]
= |A(c), DI + D, 6I'(p)l + IT(p), T(®)l
< |A(c),D|+e+d < 7,

so OI'(t) ¢ Q and we must have 6I'(t) € Ay, thus DI intersects A. O

5The case where A is nowhere injective can be remedied using an approximating differentiable
curve
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Having established this result, we are now motivated to search for useful
sufficient conditions for a set of rotations to be dense in SO(3), which will help
us to construct and identify curve-dense sets. For this, we introduce some
concepts and make use of two lemmas:

Notation/Terminology

o A rational rotation will be defined as a rotation whose angle is a rational
multiple of 2pi, and other rotations will be called irrational rotations. Thus,
a rotation is rational/irrational according as it is of finite/infinite order,
according as it corresponds (canonically) to a rational/irrational element
in the group Q/Z.

o The set of rotations in SO(3) about an axis v will be denoted by SO(3)s,.
Since a point p € R® determines a unique axis through the origin, SO(3),
will denote the set of rotations about that axis, i.e., the elements of SO(3)
which leave p fixed.

Lemma (7.3). If ais an irrational rotation about an axis v, then the topological closure
of the natural powers of alpha contains all rotations about v. That is,

aN = S0(3),

Proof: This is equivalent to the property that, for irrational x, the set Nx in
the group QQ/Z has no element of minimal absolute value, which can be shown
using a Euclidean Algorithm based argument. O

Lemma (7.4). The topological closure of a semigroup in SO(3) is a Lie subgroup.

Proof: Let the semigroup be 8. We know that § is operation-closed, by
continuity, and so it remains only to show that § is closed under inversion. If

-1

« € $ is a rational rotation, then a~! is a finite power of @ which is in S. Ifais

irrational about an axis v, then 8 2 aN = SO(3), which contains a~!. Thus § is
a subgroup which is topologically closed, and so is a Lie subgroup. O

Theorem (7.5). If a semigroup § C SO(3) contains two non-coaxial irrational rota-
tions, then it is dense in SO(3), i.e., § = SO(3).

Proof: Let the rotatations be o and §, and let their axes be 1 and v, respec-
tively. We know by Lemma 7.3 and Lemma 7.4 that § is a Lie subgroup of
containing SO(3), and SO(3),, and so its Lie algebra contains linearly indepen-
dent vectors U and V derrived from these one-parameter subgroups. But their
commutator [U, V] is a third linearly independent vector®, so the Lie algebra of
§ is of the same vector dimension as so(3) (the Lie algebra of SO(3)), and must

6To see this, observe that so(3), the 3 x 3 skew symetric real matrices under the Lie bracket,
is isomorphic to R® under the cross product, and the cross product of two linearly independent
vectors is a third linearly independent vector.
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therefore be s0(3). Since SO(3) is completely determined by its Lie algebra, it
follows that § = SO(3). O

Now it is time to apply these results to sets involved in this paper’s proof
of the BTT. See Theorem 3.1 to review the definitions of the sets.

Theorem (7.6). If A is one of w(®)Q, w(@™H)Q, w(B)Q, w(B™)Q, then AU P is
curve-dense on S* (with terms defined as in the proof of Theorem 3.1)

Proof: Suppose WLOG that A = w(a)Q and that w(a)Q U P is not curve-
dense, so I' N (w(a)Q U P) = @ for some curve T, i.e.

I'cS?\ (w@QUP)C(F\w@)QUP

Since aBa”!(F \ w(a)) € w(a) and apa™'P = P, we have afa™'T C w(a)Q U P.
Now let C = {y € F: yw(a) C w(a)}. Since € is a semigroup containing non-
coaxial irrational rotations af and a?g, it follows that C is dense in SO(3), and
thus CaBa~'T C w(@)Q U P are both curve-dense on 2. O

The results leading up to Theorem 7.6 (excluding Theorem 7.1) were mostly
simple enough to be combined into a single proof. However, they were given
separately and in sufficient generality as to be useful in analyzing other BTT
proofs, which employ rotational arrangements of the sphere that can be ex-
tended to sectoids.
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8 Inseparability of sectoids.

To define what it means for certain pieces of a ball to be “impossible to take
apart” or “inseparable,” a general definition of reassembly is not needed.

Definition (8.1). (Separability of Sectoids)

e A collection of disjoint concentric” sectoids Ay, . .., A, with common cen-
tre O will be called separable if there exist separating movements i1, ..., iy
(over a common time interval [0, 1]) such that the points u;(1)[0] are
distinct and the sets p;(f)[A;] are disjoint V¢ (in [0,1]). (This relation is
clearly symetric among the sectoids, and does not entail the separability
of smaller subcollections of the n sectoids.)

e For existence purposes, we may assume that p; =1 (ZI does not move)
by replacing u;(t) by wi(t)u1(t)".

o A collection of disjoint concentric sectoids will be called inseparable if they
are not separable.

As an example in two dimensions, the pieces of an assembled jigsaw puzzle
are inseparable (because they are “interlocked”). The ship and bottle of a ship-
in-a-bottle are not necessarily inseparable in the above sense because it may be
possible to “jiggle” the ship inside the bottle (one may wish to define a notion
of "partial separability” for this scenario).

It is clear that if the answer to the BTQ is “yes,” and involves only sectoid
pieces of the balls (ignoring the centres), then the collection of sectoids must be
separable.

Convention: The unit sphere, (open) ball, and sectoids centered at a point ¢ will be
denoted by BS , S , etc., with no subscript if ¢ is the origin.

If A, B are unit sectoids centered at the origin and u separates B from A, the

centre ¢ = u(t)(0) of u(t)[B] is initially inside the unit ball B3. Therefore, we will
henceforth always restrict ourselves to 'small scale’ movements u such that, for all t,
¢ = u(t)(0) € B

We now investigate sufficient conditions to show that two sectoids X,Ec
with nearby centres 0,c € B® are non disjoint. There are easy criteria of this sort
which examine subsets of the spheres s?, Sf, since an intersection point p of A
and B, can be radially projected to a point p; € A C S? or to a point p, € B, C S2.

There are many ways of choosing onto which sphere and along which radii
to make these projections, but one method derrived from this line of thinking
results in a homeomorphism S? — $?, making it particularly amenable with
the curve density results of §7:

Definition (8.2). (the Radial Homeomorphism for proximal spheres)

7Recall that a sectoid does not contain its centre as a point.
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Given a point ¢ € B, there is a homeomorphism k. : S> — S? given by:

{@082, x € B?
x

axns?, x¢B®

That is, depending on where x is, it maps to the intersection of a certain radial
segment with S? (taken as a point rather than a singleton). Notice that if
x € §2 N 82, then h.(x) = x. In particular, if ¢ = 0, then k. is the identity.
Now, observe (geometrically) that
for x € S, NB®, we have sz:\\ﬁBC — Ih(x)eA,xeB., and

for x€ S, \B®,wehave h(x)eANB, & h(x)€A, xeB. hence

h(x)eA, xeB, = ermBCorhC(x)eAﬂf%; = A\mf?;;t(l), therefore
ANB.=0 = ANh[B]=0

This relationship was precisely the motivation for the definition of k.. It
allows us to show that two sectoids intersect by showing that two subsets of

the sphere intersect. If Aand Bare disjoint unit sectoids (centered at the origin),
and p is a movement such and A N p(t)[B] = 0, then by the above discussion,

AN hypo[u®)[B]] =0

which, by letting h*(t) = hyg o) © u(t), can be written as
ANh*t)[B] =0

Notice that if p(t) fixes the origin and thus takes S* — S?, then h¥(t) = u(t) on
$?, so in particular, h#(0) is always the identity. For nominal completeness, we
call #* the Radial Tracer for i1, and summarize the above in the following

Theorem (8.3). (Radial Tracing Criterion for proximal sectoid movement)
For unit sectoids given by A, B C S? and a movement y,

Vt, AnutB]=0= Anh*{#[B] =0

The Radial Tracer h* has been so named because, as B moves ”through A”,
we trace out a curve ht(t)(b) on S? for each b € B, and these curves must be
disjoint from A if B remains disjoint from A. The Radial Tracing Criterion will
be used to show the inseparability of the sectoid pieces used in our proof of the
BTT (Theorem 3.1), and applies to other BTT proofs which use sectoids.

Another characteristic which is common among sectoidal proofs of the BTT
is that the pieces used to partition the sphere must be non-measurable, and tend
to exhibit other pathological behaviour, such as containing disjoint isometric
copies of themselves and/or each other. Now, the inner-measure of a set, A, is

defined as
m(A) = sup{m(X)|X € A, X measurable}

24



If A and B are disjoint, then m(A U B) > m(A) + m(B) (inner-measure is superad-
ditive over disjoint unions), since if X, Y are measurable subsets of A, B (respec-
tively), then X U Y is a measurable subset of A U B with measure m(X) + m(Y).

The measure theoretic ‘weirdness’ of the pieces used in our BTT proof, and
other proofs, tends to prevent them from containing measurable subsets. The
argument for our proof is given explicitly below:

Lemma (8.4). (Inner-Measure Lemma for paradoxical the pieces used in Thm. 3.1)
If A is a union of at most three of the sets w(a)Q, w(a™)Q, w(B)Q, w(B™1)Q, then
A is of inner-measure zero (as a subset of S?).

(This property will then also be true of A U P since P is of measure zero.)

Proof: In either of the above cases, (check that) A contains two disjoint
isometric copies of itself, (e.g., @(@)Q contains afw(a)Q and a?fw(a)Q), so the
inner-measure of A is at least twice the inner-measure of A. Since A cannot
be of infinite inner-measure (being a subset of §?), it must be of inner-measure
zero. O

At long last, we are ready to prove the inseparability of our sectoids:

Theorem. Suppose A and B are any two of w()Q, w(aH)Q, w(B)Q, w(B1)Q. Then,
A and B are inseparable.

Proof: Suppose there exists a movement u separating B from A. Assume
WLOG, that A = w(@)Q, B = w(B)Q. Also restrict the t-domain of u so that
p(t)(0) € B®. Then, by the Radial Tracing Criterion, it is necessary that A N
h*(#)[B] = 0. In particular, we have ANK*(t)BQ = 0. However, for any particular
g, since the curve h*(t)Bq (traced out as ¢ varies) is non-constant (with at most
two exceptions®), it must intersect A U P (by curve-density). Since the curve
does not intersect A, it must intersect P.

The idea now is that there are “too many” curves h*(t)fq to all pass through
P, which we can show by a measure argument. Notice that, by the Inner-
Measure Lemma, any measurable subset of 52\ A must be of measure zero, so
in particular, the curves h*(t)fq are of measure zero (being measurable due to
compactness). On the other hand, the set Q must not be of measure zero, since
if it were, then S? = FQ (a countable union of isometric copies of Q) would also
of measure zero, a contradiction.

For each g, we have shown that h*(t)q intersects P, i.e., for some f value,
h(t)Bq € P, thus g € H(t)P by setting H(t) = p~'h*(t)"'. Although a different
t value may be necessary for each g, it is always contained in the interval of
definition of i, say I. Thus

Q CH()P

Now, the righthand side is a countable union of curves H(I)p which are of
measure zero, so Q is of measure zero, a contradiction. Hence, for any non

81t can be shown that at most two points on S? are fixed under the homeomorphisms h*, which
can be ignored for simplicity because this proof is a based on a measure argument.
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constant movement, u, A N h*(t)[B] # 0 for some ¢, and thus AN ‘u(t)[g] #0. In
other words, A and B are inseparable. O

The main concepts involved in showing our sectoids to be inseparable were:
o the sufficient conditions for density in SO(3) and curve-density on s?;

o the near-curve-density of the sectoid surfaces;

o the Inner-Measure Lemma for the paradoxical pieces; and

e the Radial Tracing Criterion for proximal sectoid movement, which rests
heavily on the fact that Radial Tracer, h*, is homeomorphism-valued,
allowing us to take the inverse images of surface curves in an organized
way to countably cover the transversal set Q.

The arguments will not be given here, but these ideas are sufficient to prove
the inseparability of the pieces used in every BTT proof known to this author.
These include adaptations from existing proofs which use a larger number of
pieces obtained by restricting the old pieces to measurable subsets of the sphere,
e.g. the north and south hemispheres.

These results suggest that the answer to the Banach-Tarksi Question is “no,”
which poses the following

Conjecture: There is no reassembly of the unit ball to form two unit balls. Equiv-
alently, any arrangement of the unit ball to form two unit balls will make use of
interlocking pieces. That is, it is impossible to “take apart” a unit ball to make
two unit balls.
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9 Concluding Remarks / References

In addressing the Banach-Tarski Question, the techniques of this paper are only
known to show that particular constructions fail, and have not been applied to
rule out the possibility that some construction may work. It seems plausible
that perhaps all partitions of the unit ball into sectoids might fail to give a positive
answer to the BTQ, although there is still a great deal of freedom in choosing the
transversal set, Q, under the action of some ”paradoxical” subgroup of SO(3)
such as a free group.

If the approach of dividing the ball into sectoids is indeed bound to fail, the
techniques of this paper might be useful in proving it. Unfortunately, though,
the complexity of a sectoid compared with that of an arbitrary subset of B® is
infinitesimal. It is unclear how the results for sectoids would extend to general
subsets in any useful way.

The general BTQ in R? is therefore unanswered. Still, the common inter-
pretation of the Banach-Tarski Theorem as “taking apart” a unit ball (in R)
to make two unit balls has been shown to be inappropriate and unjustifiable
using existing BTT proofs. In this sense, the Banach-Tarski Paradox has indeed
been resolved, or at least significantly demystified.
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