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Problem 1: Let f(z) =[[;-,(2z —a;). Then f is a polynomial, and so it’s holomorphic every-
where. Note that |f(0)| = 1, so since the maximum of |f| over the unit disk is attained on the
boundary, there must be a point p with |p| = 1 such that |f(p)| > 1. And this is what we wanted.

Problem 2: Let R be a large enough real number, i.e. large enough that all the roots of ¢ are
enclosed by the circle Cr. Note that
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where Mp is the maximum value of ‘%‘ on Cg. Now let n = deg(q) — deg(p), and note that
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lim,_, o % is a finite number. So limsupgp_,., R"Mp is finite. Since n > 1, it follows that
limg_.o RMpg = 0, so that
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for large enough R, by Cauchy’s theorem for an annulus. So then fc 1;% dz = 0.

But

Problem 3: (a) The polynomial in the denominator has four distinct roots, equal to e2™*/5 for
1 < k < 4. These are all simple poles. Also, it is not hard to see that oo is a simple pole:

1\ 1 1
f<z> oz A B4 24241
and the latter fraction is holomorphic near 0.

(b) It is not hard to see that the zeroes of sin z are precisely the integer multiples of . They are
all simple zeroes, because the derivative of sinz doesn’t vanish at any of them. Therefore z = kn
is a pole of order 2 (a double pole) for all k € Z.

The case of oo is more interesting. Be careful-in fact oo is not an isolated singularity at all!
There is no punctured disk around oo contained in the region G on which Smlgz is holomorphic,
because k7 ¢ G for all k € Z.

(c) First of all, co is a removable singularity, because sin z is holomorphic at 0. The only other

possible problem is at z = 0. We can write the Laurent series for sin% in powers of %:
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so 0 must be an essential singularity.

Problem 4: For the finite set of points F' = {z1,..., z,}, we can find a nonnegative integer p,
1 <k <mn, such that (z — z;)P* f(z) can be extended to a holomorphic function in a neighborhood
of z (because each zj is either removable, so pr, = 0, or a pole of order pg). Then consider

9(z) = f(2) [1 Gz = 2™



Then g(z) is an entire function, and by assumption it has a non-essential singularity at co. As
we have seen in class, this implies that g(z) is a polynomial. (It is equal to its Taylor series centered
at 0, which can only have finitely many nonzero terms.) Thus f is a rational function.

Problem 5: We can write h(z) = (z — 29)hi1(z) with h; holomorphic in a neighborhood of z,
and hy(zg) # 0. Then
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and g/hy is holomorphic in a neighborhood of zy, hence representable by a Taylor series Y 7 ; a,(z—
29)" there. Then the coefficient of (z — 29) ™! in the Laurent series for g/h is equal to ag = %.

But, as we have seen many times already, h1(29) = h'(20).

Problem 6: (a) There are ¢ singularities of the form ¢, = €27%/7, 0 < k < ¢ — 1. By the
previous exercise, the residue at (i is equal to #’;,1 evaluated at (. This equals
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(b) There are double poles at 41, so we cannot use the previous exercise. Consider the function
f1(2) = 2°/(z + 1)%. It has a Taylor series > o2 ; an(z — 1)™, and the Laurent series of our function
around 1 is equal to this Taylor series divided by (z — 1)2. Then the coefficient of (z —1)~! in that
Laurent series will be equal to a;. This equals f{(1), and now we must do a little computation to
get f1(1) = 1, so the residue at z =1 is 1.

Similarly let f_1(z) = 2°/(z — 1)%2. The residue at z = —1 will equal f';(—~1) = 1. So both
residues are 1.

(c) There are two simple poles, ¢ and (2, where ( = e2™/3  We can use the previous exercise to

find that the residue at ¢* is the function sorr evaluated at ¢*. Let’s just leave it like that:
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(d) There are simple poles at z = k7, k € Z, so we can use the above exercise to see that
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Problem 7: Let f(z) = (2 —20)™f1(2), where f1(z) is holomorphic in a neighborhood of zp and
fl(Z(]) 75 0. Then
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and the latter fraction is a holomorphic function in a neighborhood of zg, so the principal part of

the Laurent series of f'/f is exactly ZTZO. So the residue is m, as desired.

Problem 8: First, if g(z) is identically zero, there’s nothing to prove. Otherwise, the zeroes of
g(z) are isolated, as we’ve seen, so h(z) = f(z)/g(z) is holomorphic everywhere except for isolated
singularities. Let zy be one such singularity; we see immediately that

limsup |h(z)| < o0
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since |h(z)] < 1 on a punctured neighborhood of zyp. Thus zy is a removable singularity. So all
the (non-oo) singularities of h(z) are removable. So h(z) is actually an entire function. But it’s
bounded! So by Liouville’s theorem it is constant.



