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Radical Extensions

An extension K/F is radical if there exists a sequence of subextensions

F = K0 ⊂ K1 ⊂ · · · ⊂ Kr = K,

and an integer d such that Ki+1 = Ki({αi1, . . . , αiki
}) for some αi j ∈ Ki+1 where

βi j := αd
i j ∈ Ki.

Proposition. If K/F is radical K is contaned in a Galois radical extension of F .

Proof. Suppose r = 2. Let L be

K1

(

µd, {(σ(β1 j))
1/d : σ ∈ Gal(K1(µd)/F )}

)

.

Theorem. If K/F is Galois, K is contained in radical extension of F if and only

if G := Gal(K/F ) is solvable.

Proof. Suppose Hr = (e) ⊂ Hr−1 ⊂ · · · ⊂ H0 = G is a sequence of subgroups such

that Hi is normal in Hi−1 and Hi−1/Hi is Abelian of exponent dividing d. Now let

L0 = K and

Li+1 = KHi(µd) for i ≥ 0.

Suppose K ⊆ L and L/F is Galois and radcal. Let E = L(µd) where d
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A Non-Solvable Example

P (X) = X5 − 10X + 5

P (21/4) = −4.5 . . . and P (−21/4) = 14.5 . . .

Theorem. Suppose f(x) is an irreducible polynomial over Q of prime degree p

with exactly two non real roots. Then the Galois group of its splitting field of f is

isomorphic to Sp.

Proof.

Read §12.1-§12.2.

Homework for Friday

Think about problem 11.1.

Homework for Monday

Do 12.1 1). Give the proof of the above proposition for arbitrary r.
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