Galois Theory
Robert F. Coleman
Lecture 26

Radical Extensions

An extension K/F is radical if there exists a sequence of subextensions
F=K¢yCcK,C ---CK, =K,

and an integer d such that K; 1 = K;({ou1,..., a4, }) for some «;; € K;1 where
61']' = Oé;ij - KZ
Proposition. If K/F is radical K is contaned in a Galois radical extension of F.

Proof. Suppose r = 2. Let L be

Ky (pa {(0(B1) V% 0 € Gal(Ka(na) [F)}).

Theorem. If K/F is Galois, K is contained in radical extension of F' if and only

if G := Gal(K/F) is solvable.

Proof. Suppose H, = (e) C H,_; C -+ C Hy = G is a sequence of subgroups such
that H; is normal in H,;, 1 and H;_1/H; is Abelian of exponent dividing d. Now let
Lo =K and

Ly, = KHi(ud) for 1 > 0.

Suppose K C L and L/F is Galois and radcal. Let £ = L(ugq) where d



A Non-Solvable Example

P(X)=X"—-10X +5

P(2'/%) = —4.5... and P(—2'%) =14.5...

Theorem. Suppose f(x) is an irreducible polynomial over Q of prime degree p
with exactly two non real roots. Then the Galois group of its splitting field of f is

isomorphic to \S,.

Proof.

Read §12.1-§12.2.

Homework for Friday
Think about problem 11.1.

Homework for Monday

Do 12.1 1). Give the proof of the above proposition for arbitrary r.



