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Rationality

We know Z(X, T ) ∈ Z[[T ]], the coefficient of T i in Z(X, T ) is at most qni and

Z(X, T ) is meromorphic. Now we want t prove,

Theorem. Z(X, T ) is rational.

We will use

Lemma. Suppose F (T ) =
∑∞

i=0 aiT
i ∈ L[[T ]]. Let As m be the m + 1 × m + 1

matrix (bi j)0≤i,j≤m, where bi j = as+i+j . Then F (T ) is the expansion at 0 of a

rational function if and only if there exists m ≥ 0 such that det As m = 0 for s

sufficiently large.

and

Basic Fact. If a ∈ Q∗

∏

p

|a|p = 1.

Take F (T ) = Z(X, T ). Then

| detAs m|∞ ≤ (m + 1)!qn(m+1)sqnm(m+1)

Now by Weiersträss Preperation, for any R > 0, Z(X, T ) = FR(T )/PR(T ),

where

PR(T ) = 1 + c1T + · · ·+ ceT
e

FR(T ) =
∞∑

i=0

biT
i
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where |bi|pR
i → 0. In particular,

bj+e = aj+e + c1aj+e−1 + · · · + ceaj

We get, for m ≥ 2e and large s,

| detAs m|p ≤ R−s(m+1−e)

Take R = q2n.
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