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Rationality

We know Z(X,T) € Z[[T]], the coefficient of T% in Z(X,T) is at most ¢"* and

Z(X,T) is meromorphic. Now we want t prove,
Theorem. Z(X,T) is rational.
We will use

Lemma. Suppose F(T) = > 72 a; 1" € L[[T]]. Let As., be them+1x m +1
matrix (b; j)o<i,j<m, where b;; = asyit;. Then F(T) is the expansion at 0 of a
rational function if and only if there exists m > 0 such that det A,,, = 0 for s

sufficiently large.
and

Basic Fact. Ifa € Q*

H lalp = 1.
P
Take F(T) = Z(X,T). Then

|det Agmloo < (m+ 1)!qn(m+1)sqnm(m+1)

Now by Weierstriass Preperation, for any R > 0, Z(X,T) = Fr(T)/Pr(T),
where

Pr(TY=14+cT+---+cT¢
Fr(T)=> bT"
1=0
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where |b;|,R* — 0. In particular,
bjte = Qjte + C1Ajqpe_1 + -+ Ceay
We get, for m > 2e and large s,
|det Agp|p < R—s(m+l=e)

Take R = ¢*".



