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Dwork’s Lemma

Lemma. Suppose F (X) ∈ 1 + XQp[[X ]]. Then F (X) ∈ Zp[[X ]] if and only if

F (Xp)/F (X)p ≡ 1 mod p.

Proof.
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Now fix ζ be a primitive p-th root of 1 and set

Θ(T ) = F (T, ζ − 1).

Proposition. Suppose |k| = q = ps. Then Θ(T ) ∈ R1,1/(p−1) and

Θ(τ(a))Θ(τ(a)p) · · ·Θ(τ(a)ps−1

) = ζ
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Proof. We can write

F (X, Y ) =
∑

n≥0

(Xn
∑

m≥n

am nY m)
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Suppose tq−1 = 1. Then

(1 + Y )1+t+···+tps−1

= F (t, Y )F (tp, Y ) · · ·F (tp
s−1

, Y )
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