Linear Algebra
Lecture 32
Robert F. Coleman

1. Toward Jordon Form

Suppose V is a vector space over F.
Theorem. IfF = C and Ay, ..., \q are the eigenvalues of T, then V = @, V(\;).

We say an operator N on a vector space V is cyclic if there exists an ele-
ment w € V such that V is the span of w, N(w),..., N¥(w),.... Call such a w a

generator.

Lemma. If N is nilpotent, N4 = 0, N4~ % 0 and N is cyclic on V, then V has

dimension d and is spanned by w, N(w), ..., N®~!(w), if w is a generator.

Proposition. If N is a nilpotent operator on W and W = @ W, where W; is

N-invariant and N |w, is cyclic of dimension d;, then

NullN" =Y " N“~"W;,

where N4—"W, = W,, if d; < r.

Proof.

Theorem. If N is a nilpotent operator on V there exists N-invariant cyclic sub-

spaces V; of V' such that

V=V

Proof. Suppose W = @?:1 V; € V with V; cyclic of dimension d; and if v ¢ W,
Ndiy = 0 for all i. Let djy1 = max{d: 3w € V, N"lw ¢ W, N4(w) = 0}. Suppose
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w eV, Nt1=tw) ¢ W, N+ (w) = 0. Claim: W NV (w) = 0. Suppose
aw+---+ CLdk+1Ndk+1_1U) eW.

The set {d:FJw € W,N%'w ¢ W,N%w) = 0} is not empty. Suppose
Nw) € W, w ¢ W. There exists 1 < d < d; and N¥w) = 0. Then
N4=L(N (w)) =0 so

N(w) € > N4@=Dy, c N(W).

Thus there exists y € W, N —(@=Dy — N(w) so

N(w— N41~dy) = 0.

Homework for Friday
Prove the above lemma. Let V be a vector space over F. Let W, (V) be as in

lecture 29’s homework. Suppose M and N are in £(V'). Suppose d € W,,(V). Let
N(d)(vy, ..., vn) = d(N(v1), ..., N(vn)).

Show N(d) € W,(V), d— N(d) is linear and M (N (d)) = (M o N)(d).



