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The problem

gm(z) >0

If the feasible set S Is compact and nonempty: inf = min.

Setgy:=1and M :={> o,9; : 0; € > R[z]*}.
=0

1

General assumption; 3N : N —->" z?e€ M

1=1 "1
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Convexification |
Points — prob. measures: f* =inf { [ fdu : p€ M'(S)}

Theorem (Putinar '93). For any map L : R[x| — R the following are
equivalent:

1. Lislinear, L(1) =1and L(M) C |0,00).
2. Jue MS) : VpeR[z] L(p) = [pdu.

— = imf{L(f) : [:Rjz] = Rlin., L(1) = 1, L(M) C [0, 00)} .
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Convexification |
Points — prob. measures: f* =inf { [ fdu : p€ M'(S)}

Theorem (Putinar '93). For any map L : R[x| — R the following are
equivalent:

1. Lislinear, L(1) =1and L(M) C |0,00).
2. Jue MS) : VpeR[z] L(p) = [pdu.

— = imf{L(f) : [:Rjz] = Rlin., L(1) = 1, L(M) C [0, 00)} .

Example (n=2): L given by the moments

$1$2 fxl dlu ) 7’7] 2 O
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Convexification Il: Dual viewpoint

f* = sup{a€eR: f—a>0 on S}
= sup{a€R: f—a>0 on S}

Putinar’s Positivstellensatz ('93). If p € R[x| satisfies p > 0 on S then
pe M.

— f*=sup{a€eR: f—ae M}.
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Relaxation of order k (for & > max{deg g;,deg f})

m

Let My :={>  0ig; : 0; € > R[z]*, deg(o;¢;) < k}.
i=0

(Py:) min L(f)
L : Rlz] — Ris linear
L(1)=1
L(My) C [0,00)

(Dg 1) max a
f—CLEMk

Theorem (Lasserre 2001). (Dj)reny and (P} )ren are increasing
sequences that converge to f* and satisfy D; < P; < f* for alll
admissible k.
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Formulation as semidefinite program

Lemma. Let L : R[x|, — R be alinear map. Then L(M;) C [0, 0c0) if

and only if the m + 1 matrices

(L(2"%7 9:)) (8. €5(ds) x s(ds)

are positive semidefinite, where
d; := max{d € Ny : 2d + degg; < k} and
s(d;) ={a eNy : |a] <d;}.

(0<i<m)

Example (for go(z1, z2) = 1, moment matrices, y;; := L(ziz)) ):

( 1 | y1i0 wyo1 | Y20 Y11  Yo2 \
1 Y10 Yo1 Y10 | Y20 Y11 | Y30 Y21 Y12
L —9 - Y10 | Yoo U1 L — 4 - Yo1 | Y11 Yo2 | Y21 Y12  Yo3
Y20 | Y30 Y21 | Y40 Y31 Y22
you [ H11 Yo Yi1 | Y21 Y12 | Y31 Y22 Y13
\ Yyo2 | Y12 Yo3 | Y22 Y13 Yo4 )
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Example of second-order relaxation

min 2x7 — 3x1T2
—42% 4 Tx1 >0
—x7—x5+1>0

V2 min 2y — Y11
I | vi0 Yo1
Y10 | Y20 Y11 | =0

Yo1 | Y11 Yo2
—4ys0 + Ty10 = 0

—Y20 — Yo2 + Yoo = 0
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Example of second-order relaxation

min 2x7 — 3x1T2
—42% 4 Tx1 >0
—x7—x5+1>0

2 min  2ys0 — 3Y11
L | y10 You
Y10 | Y20 Y11 | =0
Yo1 | Y11 Yo2

—4ys0 + Ty10 = 0
—Y20 — Yo2 + Yoo = 0

Fourth-order relaxation of first constraint:

—4y20 + 7y10 | —4y30 + 7y20 —4y21 + Ty11
—4y30 + Ty20 | —4ya0 + Ty3o —4y31 + Ty21 ~ 0
—4yo1 + Ty11 | —4y31 + Ty21  —4y22 + Ty12
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Remarks

s Solutions of the relaxations are proven lower bounds of the
minimization problem.

» Sufficient criterion for global optimality:
rank My (y*) = rank My_4(y™) .

If the equality constraints define a 0-dim., radical ideal, this
will hold for some k.

s In case rank condition holds, extraction of global optima
possible by linear-algebra-techniques on polynomial
equations.
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