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1. Let X and Y be sets.

(a) Show that P(X ∩ Y ) = P(X) ∩ P(Y ).

(b) If |X| = n, |Y | = m, and |X ∩ Y | = `, calculate |P(X) ∪ P(Y )|.
(c) With the same numbers as in (b), calculate |Pk(X ∪ Y )|, where

0 ≤ k ≤ |X ∪ Y |.
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2. Let X be a set. Define a relation ∼ on P(X) by A ∼ B iff A = B or
A = X \B.

(a) Show that ∼ is an equivalence relation.

(b) Let x ∈ X be arbitrary. Show that the function

f : P(X)/∼→ P(X)

defined by

f([A]) =
{

A x ∈ A
X \A x /∈ A

is well-defined.

3



3. Let (X, d) be a metric space. Suppose that every bounded sequence
in (X, d) converges. Show that |X| ≤ 1.
[Hint: Consider the sequence x, y, x, y, x, y, . . .]
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4. (a) Let a, b, c ∈ N \ {0}. Show that if gcd(a, b) = 1 = gcd(a, c), then
gcd(a, bc) = 1.

(b) Let a, b1, . . . , bn ∈ N\{0} be arbitrary. Show that if gcd(a, bi) = 1
for all i ∈ {1, . . . , n}, then gcd(a, b1 · b2 · · · bn) = 1.
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