
Math 74 Homework 13

Due Monday, November 24th

November 17, 2008

1. Let (xn) and (yn) be Cauchy sequences in Q. Show that (xn) ∼ (yn)
iff (x2

n + y2
n) ∼ (2xnyn).

2. Let (X, d) and (Y, ρ) be metric spaces. Suppose that f : X → Y is
a function such that ρ(f(x1), f(x2)) ≤ d(x1, x2) for all x1, x2 ∈ X.
Show that if (xn) is a Cauchy sequence in X, then (f(xn)) is a Cauchy
sequence in Y .

3. Let (X, d) be a metric space, and let (an) and (bn) be convergent
sequences in X such that limn→∞ an 6= limn→∞ bn. Show that there
exists a δ ∈ R, δ > 0, and an N ∈ N \ {0} such that for all n ≥ N ,
d(an, bn) > δ.

4. Let (X, d) be a metric space, and let C be the set of all Cauchy se-
quences in (X, d). Define an equivalence relation ∼ on C by (xn) ∼
(yn) iff for all ε > 0 there exists an N ∈ N such that for all n ≥ N ,
d(xn, yn) < ε. The Cauchy completion X̂ of X is defined to be C/∼.
By mimicking the construction of the real numbers in class, show that:

(a) ∼ is an equivalence relation.

(b) The function D : X̂ × X̂ → R defined by

D((xn), (yn)) 7→ lim
n→∞

d(xn, yn)

is well-defined, and D defines a metric on X̂.

(c) The metric space (X̂,D) is Cauchy complete.

(d) The function ι : X → X̂ defined by x 7→ [(x)], where (x) is
the constant sequence all of whose terms are x, is injective, and
D(ι(x1), ι(x2)) = d(x1, x2) for all x1, x2 ∈ X.
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(e) Let (Y, ρ) be a Cauchy complete metric space, and suppose f :
X → Y is a function such that ρ(f(x1), f(x2)) ≤ d(x1, x2) for all
x1, x2 ∈ X. Show that the function f̂ : X̂ → Y defined by

f̂([(xn)]) = lim
n→∞

f(xn)

is well-defined, and that f̂ ◦ ι = f .
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