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Abstract

On Low Regularity Dynamics for Quasilinear Dispersive Equations and Free Boundary

Problems
by
Benjamin Pineau
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Daniel Tataru, Chair

This thesis provides a detailed account of several novel methods and ideas developed by
the author and collaborators to study the low regularity dynamics for a diverse selection of
nonlinear PDE. In this manuscript, these techniques are applied to resolve several questions
concerning the well-posedness of various families of quasilinear dispersive equations and free

boundary problems arising in fluid mechanics.

After giving a brief overview of the main results in Chapter 1, we begin in Chapter 2 with a
systematic analysis of the incompressible free boundary Fuler equations on a time-dependent,

compact fluid domain €2,

ov+v-Vv=—-Vp—ge; on €,

V-v=0 on €,

O+ v -V is tangent to J,{t} x 9, C R,

L Pa, =0.

This system models, among other things, the dynamics of a fluid droplet under the influence
of gravity. In this chapter, a complete local well-posedness theory in H*-based Sobolev spaces
is developed. Our well-posedness theory includes (i) Local well-posedness in the Hadamard
sense, i.e., local existence, uniqueness, and the first proof of continuous dependence on

the data, all in low regularity Sobolev spaces; (ii) Enhanced uniqueness: Our uniqueness



result holds at the level of the Lipschitz norm of the velocity and the oLt regularity of
the free surface; (iii) Stability bounds: We construct a nonlinear functional which measures,
in a suitable sense, the distance between two solutions (even when defined on different
domains) and we show that this distance is propagated by the flow; (iv) Energy estimates:
We prove refined, essentially scale invariant energy estimates for solutions, relying on a newly
constructed family of elliptic estimates; (v) Continuation criterion: We give the first proof
of a sharp continuation criterion in the physically relevant pointwise norms, at the level of
scaling. In essence, we show that solutions can be continued as long as the velocity is in
LAWh> and the free surface is in LlTC'L%, which is at the same level as the Beale-Kato-
Majda criterion for the boundaryless case; (vi) A novel proof of the construction of regular
solutions. Our entire approach is in the Eulerian framework and can be adapted to work in

more general fluid domains.

In Chapter 3, we move to a systematic study of the so-called general quasilinear ultrahyper-

bolic Schrodinger equation,
10w + 0;¢°% (u,W)Opu = F(u,u, Vu, V), u:RxR?—C™,
u(0, ) = up(x).

Here, g is some real, symmetric, and uniformly non-degenerate metric and F' is some smooth
nonlinear function of its arguments. In this chapter, we develop novel techniques for es-
tablishing large data local well-posedness in low regularity Sobolev spaces for this equation.
Our main result represents a definitive improvement over the landmark results of Kenig,
Ponce, Rolvung, and Vega [84], 86, 87, 90|, as it weakens the regularity and decay assump-
tions to the same scale of spaces considered by Marzuola, Metcalfe and Tataru in |106], but
removes the uniform ellipticity assumption on the metric from their result. Our method has
the additional benefit of being relatively simple and robust. In particular, it only relies on

pseudodifferential calculus for classical symbols.

Finally, in Chapter 4, we turn our attention to a more specialized quasilinear dispersive

model; namely, the generalized derivative nonlinear Schrédinger equation (GDNLS),

i0yu + 0%u = i|u|*?0,u,
u(0) = wuo.

We study this equation in the regime % < 0 < 1 where the local theory is most difficult,

and analyze this equation at both low and high regularity to establish the first global well-



posedness result for this problem in H?® spaces. This appears to also be the first result of its
kind for any quasilinear dispersive model where the nonlinearity is both rough and lacks the
decay necessary for global smoothing-type estimates. These two features pose considerable
difficulty when trying to apply standard tools for closing low-regularity estimates, such as
Strichartz estimates, gauge transformations or maximal function estimates. To circumvent
this issue, several new ideas are developed. In addition to establishing a suitable global
theory, we also dramatically improve the local results in the high regularity regime compared
to the previous literature.



To my parents.
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Chapter 1

Introduction

The primary objective of this thesis is to present a collection of new techniques developed
to understand the low regularity well-posedness of certain classes of quasilinear dispersive
equations and free boundary problems arising in fluid mechanics. This text is divided into
three main chapters, each focusing on a different model problem. In Chapter 2, we system-
atically study the Cauchy problem for the free boundary Euler equations. This is a system
of nonlinear PDE that models the dynamics of an inviscid fluid in a time-dependent domain.
In Chapters 3 and 4, we turn our attention to understanding two distinct classes of quasi-
linear dispersive equations. In such problems, one is generally tasked with understanding
the dynamics of nonlinear wave interactions. Some fundamental models are the nonlinear
Schrodinger equations, nonlinear wave equations, the Korteweg—De Vries equation, and so
forth. In this thesis, we will be concerned primarily with dispersive equations of Schrodinger
type. The models we consider here arise in many physical scenarios including water waves,

integrable systems, quantum mechanics and magnetohydrodynamics.

In the literature, what one means by well-posedness tends to vary somewhat from one
equation to another, but to heuristically describe the key elements that one would like in
such a theory, let us begin by considering the following general model nonlinear evolution
equation,

O+ F(u, Du,...,D*u) =0, on [0,T] x R,

(1.0.1)
u(0) := up, on R%

Here [0, 7] is some time interval, F' is a smooth function of its arguments and u is some
suitable initial datum. Above, D := (0,,, ..., Ox,)-

Remark 1.0.1. Of course, the spatial domain R? above can be replaced by more general
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domains (for instance, when we study the free boundary Euler equations later, it will be
some time-dependent open subset of R?). Moreover, I’ need not be smooth (which we will
have to contend with in Chapter 4). However, for the sake of our heuristic discussion, we

specialize for now to the above situation.

At the bare minimum, well-posedness for amounts to studying the following ques-
tion: For some suitable function space X, (for instance, a Sobolev space) and ug € Xj,
can we construct a unique solution v € C([0,T]; X,) to on some time interval whose
size depends on ug? Of course, whether this question is well-defined depends heavily on
the nature of the PDE in question and on the function space Xg. It also turns out that in
many situations, insisting that a solution u (with given initial data) be unique in the class
C([0,T]; Xo) is too strong. It is often convenient to instead work with a stronger function
space X7 which embeds continuously into C'([0,T]; X,) for which one can establish existence
and uniqueness for in X7. In the context of nonlinear dispersive equations, this could
take the form of a Strichartz space or local smoothing type space (which we will employ in
Chapters 3 and 4).

Many equations of the form come directly from real-world physical systems.
Therefore, it is also of fundamental importance to understand how sensitive the dynamics of
solutions are to small perturbations of the initial data. This is the question of continuous de-
pendence. More precisely, if we have a sequence of initial data ug € Xy with ug — ug € X,
does it follow that the corresponding solutions (after possibly restricting the time interval)
u" € Xp generated by uf converge to the solution u € X generated by ug? To build on this
notion, it is also often of interest to quantify the strength of this dependence. For instance,

one can ask whether we have a Lipschitz-type bound roughly of the form
[v = ullx, < Clluo — vollxo,

for solutions v and u generated by data vy and wg, respectively. Here, C' > 0 is a constant
which can in general depend on v and w. For many nonlinear equations, one can fruitfully
treat the nonlinear part of the equation as a perturbative error term (at least on short time
scales), to construct a solution by means of Picard iteration or the Contraction Mapping
Theorem. This (by design) allows one to construct a data-to-solution map which is Lipschitz
in the above sense. When it is possible to construct solutions in this way, it is common to

call the corresponding problem semilinear. For instance, it is well known that the nonlinear
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Schrodinger equation

(i0; + A)u = |ulP~ u on [0,7] x RY,

u(0) := uy on RY,

is semilinear in this sense when p is a positive odd integer, X is a suitable Sobolev space and
Xr is a suitable Strichartz space (see Chapter 4 for a discussion of these spaces). To show
this, one can often exploit the various dispersive estimates that hold for the corresponding

inhomogeneous linear flow

(10 + A)u = f on [0,T] x RY,

u(0) := uy on R%

When one does not have Lipschitz dependence on the initial data, but merely continuous
dependence, it is common to refer to the Cauchy problem under consideration as quasilinear.
These are problems in which one cannot (in contrast to semilinear problems) treat the
nonlinear part of the equation perturbatively in the function spaces being considered. In
most cases, this makes the question of local well-posedness considerably more challenging.
For instance, in Chapter 4, we will consider a Schrodinger type equation in which (unlike
the nonlinear Schrédinger equation above) one cannot (directly) apply standard Strichartz

estimates or other dispersive tools in the analysis.

All three of the equations considered in this thesis are of quasilinear type. Despite the
overarching theme of this thesis being one of well-posedness, the methods used to address
each problem are rather diverse and vary considerably from equation to equation. The
purpose of the remainder of this introduction is to provide an expository overview of each
of the main results. We opt to postpone a more technical overview of each problem to their
corresponding chapters. This manuscript is structured such that each chapter can be read

independently of the other, in a relatively modular fashion.

1.1 Free boundary problems

Chapter 2 will be focused on the contents of the preprint [75], which is concerned with
the well-posedness of a class of free boundary problems arising in fluid mechanics. Free
boundary problems in this context are equations where the evolution of the fluid boundary

is strongly coupled to that of the flow. Classical examples include the dynamics of water
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waves or a gaseous star. A large subset of these problems are modeled by the free boundary

incompressible Euler equations

o +v-Vu=—-Vp— gey,
V-v=0,

(1.1.1)

which describes the motion of an inviscid fluid on some time-dependent domain €2, C R
Here, v is the fluid velocity, p is the pressure and g > 0 is the gravitational constant. The
dynamics of v are coupled to the domain by the kinematic boundary condition, which asserts

that the material derivative vector field

D; =0y 4+ v -V is tangent to U{t} x 08 C R (1.1.2)
t

Physically, this asserts that the free surface I'y := 0¢2; moves with the fluid velocity wv.

Additionally, we have the dynamic boundary condition
plr, = ok, (1.1.3)

where ¢ > 0 is the surface tension and x is the mean curvature of the free surface. This
represents a balance of forces at the fluid interface between the interior of the fluid and the

atmosphere. In this thesis, we specialize in the case of zero surface tension (that is, o = 0).

Of fundamental importance is understanding the Cauchy problem for the free boundary
Euler equations, which roughly amounts to the question: Given an initial state (vg, I'y) € H*®
with vy divergence-free, can we find a unique solution (v,I") € C([0,T]; H®) which persists on
some non-trivial time interval [0, T]? For zero surface tension, this question turns out to be
fundamentally tied to the sign of the Taylor coefficient, a, which is defined on the boundary
I by

a:=—Vp-nr,. (1.1.4)

It is a classical result of Ebin [40] that the free boundary Euler equations are ill-posed unless
a > 0. Therefore, it is natural to assume a uniform lower bound a > ¢y > 0 on the Taylor
term for the initial data (which one hopes to propagate for some time). Physically, this
condition ensures that the pressure increases into the fluid. Geometrically, it asserts that p

is a non-degenerate defining function for the free boundary hyper-surface I';.
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To understand the correct Sobolev regularities for studying this problem, our first clue

comes from the natural scaling symmetry,
oa(t,z) = A2y ()\%t, Ax) ;o opa(tr) =" ()\%t, )w) , M), ={A'z:2e F)\%t},

which is exactly the scaling that leaves the Taylor term dimensionless. We remark that the
d+1
T2
exponents to s > s.. However, this does not tell the full story, as even in the boundaryless

scale-invariant Sobolev index is given by s. = which naturally restricts our range of
case a result of Bourgain-Li [17] shows that well-posedness holds only in the more restricted

range
> d +1

S —
2 Y

which is heuristically connected to another scaling law of the boundaryless problem; namely,
v(t,z) = Aot Ax).

This latter exponent range s > g + 1 is what is considered in this thesis. Now, we aim
to present a schematic overview of the results obtained in this thesis and |75 related to
this question. To avoid cumbersome topological issues and notation, we postpone providing
completely precise statements until Chapter 2. In a nutshell, the results can be divided into

three main theorems. The first is Hadamard well-posedness.

Theorem 1.1.1 (Ifrim, P., Tataru, Taylor, [75]). Fix s > % + 1. For any (vg, I'y) in H* with
v divergence-free, there exists a time T' > 0, depending only on the data size and the lower
bound in the Taylor term, for which there exists a unique solution (v(t),T;) € C([0,T]; H®)
to the free boundary Euler equations. Moreover, the data-to-solution map is continuous with

respect to the H® topology.

This in particular establishes the first proof of local well-posedness for the free boundary
Euler equations at the optimal regularity threshold on a compact fluid domain. It also
provides the first proof of continuity of the data-to-solution map for this problem which was
previously unknown at any regularity. This last issue is notoriously difficult to deal with
due to the highly nonlinear character of the problem and because it requires one to compare
solutions that are defined on different domains. One important ingredient to overcome this is
the construction of a novel nonlinear distance functional, which is suitable for obtaining local
L? stability type bounds for this problem. This construction as well as some consequences

are very roughly summarized by the following theorem.
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Theorem 1.1.2 (Ifrim, P., Tataru, Taylor, [75]). Suppose that (v,I';) and (vj,I;s) are
sufficiently nearby solutions to the free boundary Euler equations in a time interval [0, T
and satisfy the Taylor condition a,a;, > ¢y > 0. Then there exists a distance functional
(v,vp) = D(v,vp,) which is propagated by the flow, with the bound

d
ED(% vp) Saa, (B+ Br)D(v,vp)

where

B = [[vllov@y + ITell oy + 1Depllorns, A= 0l 34z g, T ITellore,

cbte(
and B, and Aj are the analogous quantities corresponding for (vp,I'y,).

Here, A is an implicit growth parameter used to control constants in fixed-time elliptic
estimates and B is a dynamic control parameter that appears to linear order, which controls
the growth of the distance functional in time. One can observe that this estimate is essentially
scale-invariant. We postpone providing a precise description of D(v,vy,) until Chapter 2, but
it measures (in a suitably coercive manner) the L? distance between the two velocity functions
v and vy, as well as the boundary hypersurfaces I' and I';,. This bound plays a critical role
in the proof of the continuous dependence result mentioned above. One other important
consequence is the following new uniqueness result that holds at very limited regularity (i.e.

at even lower regularity than our well-posedness result). It can roughly be stated as follows.

Theorem 1.1.3 (Ifrim, P., Tataru, Taylor, [75]). For every initial data (vy, Iy) € C* x C2,

there is at most one solution (v,T') in the class A € L¥ and B € L.

Another fundamental question to consider are necessary conditions under which locally
well-posed solutions can develop singularities. On this note, in Chapter 2 we also establish
the first criterion in this direction which is on the same scale as the celebrated Beale-Kato-
Majda criterion [11] for the Euler equations in the boundaryless case. Roughly speaking,

our result is as follows:
Theorem 1.1.4 (Ifrim, P., Tataru, Taylor, [75]). Let s > ¢ + 1. Then H® solutions can be

continued for as long as

T
D )] gy g+ T o < o, / lo®)lles ) + IO oy dt < .
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This result gives a very definitive answer to a well-known question of Craig and Wayne
[92]. It is also notable in that it is phrased only in terms of the natural dynamic variables
(v,I') in point-wise norms, in contrast to almost all other works on this problem. This
question has received quite a bit of attention recently. We note, for instance, a small sample of
the much weaker results in this direction obtained in 35,48} [157]. The proof of Theorem|[1.1.4]
relies on novel and very delicate scale-invariant energy estimates and a careful usage of the
distance functional above. To establish the requisite energy estimates, we had to develop a
new family of elliptic estimates that more precisely balance the contributions of the input
function and the domain-dependent constants in the bounds for various elliptic operators
(one example being the Dirichlet-Neumann operator), simultaneously, in both pointwise and
L? based norms. The reader is referred to Section in Chapter 2 for details. These
estimates can be thought of as significant generalizations of the so-called tame estimates
which have been fundamental in the analysis of many free boundary problems. See [5, 95],

for instance.

1.2 Quasilinear Schrodinger equations

In both Chapters 3 and 4, we turn our attention to the realm of nonlinear dispersive equa-
tions. One of the most important classes of such equations are the so-called nonlinear

Schrodinger equations. In one of the most general formulations, they take the form

10 + 0;¢°% (u,0)Opu = F(u,w, Vu,Vu), u:RxR?—C™,

(1.2.1)
u(0,x) = ug(x),

where ¢ is some real, symmetric, and uniformly non-degenerate metric (which here, we allow
to depend on w itself) and F' is some nonlinear function of its arguments. Even at this level
of generality, such an equation is ubiquitous in several physical systems. Some well-known
examples come from the study of water waves [34] and the theory of completely integrable
models [76, 137]. More recently, it was shown that the Hall magnetohydrodynamic equations
without resistivity behave at leading order like a degenerate quasilinear Schrédinger system
of the above type [80]. A very well-studied sub-class of the above is the nonlinear Schrédinger
equation (NLS),

0w + Au = £|ulP " u, p>1, (NLS)

which is a fundamental semilinear dispersive model. Another intensely studied example,

which is more quasilinear, is given by the one dimensional generalized derivative nonlinear
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Schrodinger equation (GDNLS)

10w+ 0%u = i|u|**Opu, o> (GDNLS)

1
5
When o = 1, this equation is referred to as the derivative nonlinear Schrédinger equa-
tion (DNLS) and is physically motivated by the study of the one-dimensional compressible
magneto-hydrodynamic equation in the presence of the Hall effect, and the propagation of

circular polarized nonlinear Alfvén waves in magnetized plasmas.

In Chapter 3, we begin by studying the low regularity well-posedness problem for
in its most general form when F' is a smooth function of its arguments. In particular, unlike
with the models and , we do not even assume that the principal operator
¢7%9;0 is elliptic. In this setting, (1.2.1)) is often referred to as the quasilinear ultrahyperbolic
Schrédinger equation. The contents of this chapter are based on the preprint [128].

Arguably, the first well-posedness results for this equation stem from the pioneering
series |84, [86, [87, [90] of Kenig, Ponce, Rolvung and Vega (KPRV). This sequence ultimately
culminates in a proof of large data well-posedness under a nontrapping assumption on the
metric for systems of the form in high regularity weighted Sobolev spaces of the
form H* N L?({(z)Vdz). Here, s and N are suitably large, dimension-dependent parameters.
In these fundamental works, [87] studies the well-posedness problem assuming ellipticity
of the principal operator 9;g;, while [84, 86, 90] consider more general symmetric, non-
degenerate metrics, first in the constant coefficient case and then later for variable coefficients.
The regularity and decay assumptions on the data in these results are rather strong. Given
the physical motivation for this problem, it is therefore of considerable interest to weaken
these assumptions as much as possible. One significant advance in this direction comes
from the article [106] of Marzuola, Metcalfe and Tataru (MMT), which studies the problem
in low regularity Sobolev spaces in the case that the principal operator gjkajﬁk is elliptic.
Instead of weighted Sobolev spaces, the data here comes from the much weaker space ['H®,
5 > g + 2. Here, ['H® is an appropriate translation invariant Sobolev-type space, imposing
similar regularity requirements as H*®, but slightly stronger decay. See [106] or Section
for the precise definition. This additional decay is necessary in general. To understand why

this is the case, it is instructive to inspect the leading part of the linearized flow which is
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given by
10w + 0;67F v + VO + b 0T = f, 12.2)
v(0,x) = vp.
A well-known necessary condition for L? well-posedness of the above linear system is that
the first order coefficient Re(??) is integrable along the bicharacteristic (or Hamilton) flow
of the principal differential operator 9;¢’*9. This is the well-known Mizohata condition,
which is not guaranteed by the milder decay condition uy € H®. Therefore, the introduction
of the space I['H® is natural. It is worth remarking that these spaces impose considerably
weaker decay and regularity than the weighted Sobolev spaces considered by Kenig, Ponce,
Rolvung, and Vega.

In the small data regime (i.e. |ug|pngs < 1) where ¢7%(ug, ) is close to a Euclidian
metric and the first order coefficients b’ and & are small in a suitable sense, this additional
decay is essentially the only further requirement in establishing local well-posedness. In this
case, the Hamilton trajectories are approximately straight lines and the first-order terms can
be treated perturbatively through the use of local smoothing type estimates similar to those
exhibited by the flat flow. However, in the large data regime, the Hamilton trajectories can a
priori be confined to a compact set for an infinite length of time and moreover, the first-order
coefficients can be large. In light of the Mizohata condition, to deal with the first issue, it
is natural to impose a non-trapping condition on the (initial) metric, which ensures that all
nontrivial bicharacteristics escape to spatial infinity at both ends. Dealing with the large
first-order terms on the other hand requires considerable care and this issue is at the heart
of the arguments in the works of KPRV and MMT and also our work discussed in Chapter 3.

The crucial role played by the Hamilton flow also suggests a natural regularity threshold
to aim for in the study of the local well-posedness of the above system; namely s > g + 2.
From the perspective of Sobolev embeddings, this ensures that for the metric g has at
least C? regularity, which in particular ensures the Hamilton flow for the principal operator
0;g7%0), is locally well-defined. This is important for making sense of the Mizohata condition
mentioned above. The following theorem, which is the main result of our paper [128] shows
that this regularity assumption is actually sufficient for constructing solutions to in
the large data regime,

Theorem 1.2.1 (P., Taylor, [128]). Let s > ¢ + 2 and suppose that the initial data ug €

I'H? is such that g(ug) is a real, symmetric, uniformly non-degenerate, nontrapping metric.
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Assume that F' is smooth and vanishes at least quadratically at the origin. Then ([1.2.1)) is
locally well-posed in [*H*.

Our result therefore represents a definitive improvement over the landmark results of
Kenig, Ponce, Rolvung, and Vega [84, 86, |87}, [90]. A detailed overview of the proof of this
result can be found in Section [3.3] We remark that our method is very robust and also
relatively simple, as unlike in some of the above-mentioned papers, it only relies on the use

of pseudodifferential operators with classical symbols.

Finally, in Chapter 4, we turn our attention to a more specialized model quasilinear

Schrodinger equation; namely, the generalized derivative nonlinear Schrodinger equation
given by (GDNLS|). The contents of this chapter are based on the preprint [129].

In stark contrast to (GDNLS|), we begin by remarking that both the local and global
well-posedness theory for the semilinear equation is by now very well understood in
many cases of interest. Indeed, if s, is the critical index, i.e., the index for which the Sobolev
j7sc 1s invariant under the scaling symmetry of , one can often establish local

well-posedness (and global well-posedness when the nonlinearity is defocusing) in H* based

norm ||u|

spaces when s > max{0, s.}. See Tao’s book [150] for an overview of some of the results in
this direction. Like with (NLS|), the (GDNLS)) equations admit a one-parameter family of

scaling symmetries,

1

u(t, x) = up(t, z) == N2ou(N*, Ax), X >0,

which makes the critical Sobolev index s, = % — % In particular, the problem is L? critical

when ¢ = 1 and subcritical when o < 1. Moreover, (GDNLS|) admits the following conserved

quantities:
1 2
M(u) = 5 [ |uldz,
2 Jr
1 _
P(u) = —Re/zuuggda:,
2 Jr

1 1
E(u) = §/R\Uz|2d$+m36/Ri|u|2"ﬂuzd:ﬁ,

which are the mass, momentum and energy, respectively. In terms of Sobolev regularity,
1
these quantities correspond to L2, H? and H}, respectively. Motivated by the conserved

energy above, a longstanding question until very recently was to understand in the case
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o = 1 whether the equation is globally well-posed in H!. This was resolved in
[10]. Global well-posedness in L? was shown shortly after in [59]. Ultimately, the resolution of
this problem rested heavily on the fact that when ¢ = 1 the equation is completely integrable,
which allowed for the systematic use of methods from inverse scattering. Amusingly, until
our preprint [129], the question of whether the equation is globally well-posed in
H' was unknown for any o # 1. This is despite considerable efforts in the literature. In
fact, the main motivation for introducing was to better understand the global
theory when o = 1. It turns out that the obstructions in the case 0 > 1 and 0 < 1 are
essentially dual. For the case o > 1, the nonlinearity has enough decay (and regularity) to
allow for one to obtain local H' solutions. This can be done with a contraction argument
using a variety of now standard methods ranging from the global smoothing or maximal
function type estimates of Kenig, Ponce, and Vega or even just Strichartz estimates (after
performing a suitable gauge transformation to conjugate out the derivative nonlinearity).
On the other hand, in this case, the problem is L? supercritical with respect to scaling.
Therefore, like in the case 0 = 1 (i.e. the L? critical case), the energy and mass are in
general not suitably coercive to control the H! norm for long times. In fact, when o > 1,
finite-time blowup is expected, but has yet to be proved. On the other hand, in the case
o < 1, the problem is L2 subcritical. As a result, the conserved mass and energy above
can be used to control the H! norm of a solution globally in time. Therefore, the crux of
the matter is in obtaining a suitable local well-posedness theory in the energy space H}.
However, the methods that work for this purpose in the case ¢ > 1 completely fail here.
This is because the nonlinearity in lacks the decay and regularity necessary for
implementing either global smoothing type estimates or a gauge transformation to ameliorate

the derivative nonlinearity. Nevertheless, we managed to prove the following result.

Theorem 1.2.2 (P., Taylor, [129]). Let o € (\/75, 1) and let 1 < s < 40. Then (gDNLS) is
globally well-posed in H*(R).

When s = 1, the key idea in this theorem is to introduce a family of partial gauge
transformations adapted to each dyadic frequency scale for a suitable paralinearization of
(GDNLSJ). Unlike in the case ¢ > 1, one cannot conjugate away the entire derivative non-
linearity due to the lack of decay of the coefficient |u|?? (one would need it to be at least
integrable). However, one useful strategy is to compromise and instead try to conjugate
away only the portion of |u|*?d,u where the coefficient |u|?? is “sufficiently large”. What
sufficiently large means in this context depends on the dyadic frequency localization scale

of d,u and on the power o. Because we cannot conjugate away the entire nonlinearity, we
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still face some derivative loss when trying to estimate the Strichartz norms of a solution
u. However, this loss is weakened considerably because in the remaining nonlinearity, the
coefficient |u|?** is now small and can be used to compensate for some of the loss from the
high-frequency factor d,u. It turns out that this is weak enough to allow us to then make
use of the maximal function estimates of Kenig, Ponce, and Vega to establish local well-
posedness. The technical restriction o > \/73 comes from suitably balancing the losses from
the partial gauge transformation (which get worse as o gets smaller) with the gain from the
maximal function estimates. For the sake of brevity, a detailed discussion will not be given
here, but a more thorough overview can be found in Chapter 4. One nice consequence of
this result is that it validates the soliton stability results in an article by Liu, Simpson, and
Sulem [102] which were contingent on establishing H'(R) well-posedness for this problem

for a small range of 0 < 1.

When o < 1, since the nonlinearity in (GDNLS)) is quite rough, one also expects an
upper bound on the scale of Sobolev spaces for which one can construct solutions. We
managed to extend the range for which globally well-posed solutions exist to s < 4¢. This is
significant, as the nonlinearity in (GDNLS)) is only C?**~1-Holder continuous. Put another
way, this threshold is twice as large as the threshold one would get from a naive energy
estimate. The proof of this rests on a modulation analysis, where near the characteristic
hypersurface 7 +¢2? = 0 for the linear flow, one can use time derivatives (which in this region
act like two spatial derivatives) to measure the regularity of a solution. This explains why the
threshold of 40 is twice the naive threshold. Away from the characteristic set, the equation
is essentially elliptic and it is relatively straightforward to deal with the nonlinearity in this

region. Again, the reader is referred to Chapter 4 for a detailed overview.
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Chapter 2

The free boundary Euler equations

2.1 Introduction

This chapter is concerned with the contents of the preprint [75]. Here, our goal is to study
the dynamics of an inviscid fluid droplet in the absence of surface tension. At the time ¢, our
fluid occupies a compact, connected, but not necessarily simply connected region Q, C R?,

and its motion is governed by the incompressible Euler equations

o +v-Vu=—-Vp— gey,
V.-v=0.

(2.1.1)

Here, v is the fluid velocity, p is the pressure, g > 0 is the gravitational constant, and e, is the
standard vertical basis vector. In the local theory of the droplet problem, the gravity can be
freely neglected. However, it becomes important in the case of an unbounded fluid domain
and in the case of a domain with a rigid bottom, so we retain it in for completeness.

An essential role in the analysis of the droplet problem is played by the vector field
Dt = @ +v- V,

which is called the material derivative and describes the particle trajectories. On the free

boundary, we require the kinematic boundary condition

D, is tangent to U{t} x 08 C R (2.1.2)
t

which says that the domain 2 is transported along the material derivative (or equivalently,

the particle trajectories), and that the normal velocity of I'; := 0%, is given by v - nr,.
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Additionally, we require the dynamic boundary condition
plr, =0, (2.1.3)

which represents the balance of forces at the fluid interface in the absence of surface tension.

Using the above boundary conditions, it is easy to see that the energy

[0
E = — +gr-eq | dx
o \ 2

is formally conserved. Throughout the chapter, we will refer to the system ([2.1.1))-(2.1.3) as

the free boundary (incompressible) Euler equations.

As is the case with all Euler flows, an important role in the above evolution is played by
the vorticity, w, defined by

wij = ain — 8]-111-.

By taking the curl of (2.1.1)), the vorticity is easily seen to solve the following transport
equation along the flow:
Dw = —(Vv)'w —wVu. (2.1.4)

If initially w = 0, then (2.1.4) guarantees that this condition is propagated dynamically. Such
velocity fields are called wrrotational, and the corresponding solutions to the free boundary

incompressible Euler equations are called water waves.

By taking the divergence of ([2.1.1)), we obtain the following Laplace equation for the
pressure:
Ap = —tr(Vv)? in Q,
b (Vo) ' (2.1.5)
p=20 on I}.
For regular enough v on sufficiently regular €2;, the equation (2.1.5)) uniquely determines the
pressure from the velocity and domain. A key role in the study of the free boundary Euler

equations is played by the Taylor coefficient, a, which is defined on the boundary I'; by
a:=—Vp-np,. (2.1.6)

Indeed, a classical result of Ebin [40] asserts that the free boundary Euler equations are
ill-posed unless @ > 0. For this reason, we will always assume that the initial data for the

free boundary Euler equations verifies the following:
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Taylor sign condition. There is a ¢y > 0 such that ag := —Vpg - np, > ¢ on I'y.

For irrotational data on compact simply connected domains, the Taylor sign condition
is automatic by the strong maximum principle [101]. See also [69, [159] for similar results
on unbounded domains when g > 0. Geometrically, enforcing ag > 0 ensures that the ini-
tial pressure pg is a non-degenerate defining function for the initial boundary hypersurface
Iy, and thus can be used to describe the regularity of the boundary. As part of our well-
posedness theorem below, we prove that the Taylor sign condition is propagated by the flow

on some non-trivial time interval.

Another important role in this chapter is played by the material derivative of the Taylor
coefficient, D;a, which turns out to be closely related to (a derivative of) the normal com-
ponent of the velocity v - nr,. We will elaborate further on this relation shortly when we

discuss our choice of control parameters and good variables.

The Cauchy problem: scaling, Sobolev spaces and control

parameters

A state for the free boundary Euler equations consists of a domain 2 and a velocity field v
on 2. A bounded connected domain €2 can be equally described by its boundary I'. Hence,

in the sequel, by a state we mean a pair (v, ).

Describing the time evolution of (v,I') along the free boundary incompressible Euler
flow is most naturally done in a functional setting described via appropriate Sobolev norms.
To understand the proper setting, it is very helpful to consider the scaling properties of our
problem. The boundaryless incompressible Euler flow admits a two parameter scaling group.
However, when considering the free boundary flow there is an additional constraint; namely,
that the pointwise property a &~ 1 rests unchanged. At a technical level, this is reflected in
the fact that the Taylor coefficient appears as a weight in the Sobolev norms which are used
on I'. Imposing this constraint leaves us with a one parameter family of scaling laws, which

have the form
un(t,x) = A2y </\%t, /\a:> ,
pa(t, ) =A"1p ()\%t, )\.il?) ,
Ty, ={A'z:zel }.

A2t
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As noted earlier, the above transformations have the property that the Taylor coefficient has
the dimensionless scaling,
a)(t,x) =a ()\%t, Ax) :

A first benefit we derive from the scaling law is to understand what are the matched Sobolev

regularities for v and I'. This leads us to the following definition.

Definition 2.1.1 (State space). The state space H® is the set of all pairs (v,I") such that I’
is the boundary of a bounded, connected domain €2 and such that the following properties

are satisfied:

1) (Regularity). v € HS. () and I' € H®, where HS. () denotes the space of divergence
(i) (Reg y v : v p g
free vector fields in H*(€2).

(ii) (Taylor sign condition). a := —Vp-nr > ¢o > 0, where ¢y may depend on the choice

of (v,I'), and the pressure p is obtained from (v,I") by solving the elliptic equation

(2.1.5)) associated to (2.1.1]) and (2.1.3)).

For states (v,I") as above, we define their size by

10, D)l = 107 + 0l o)

Note, however, that H® is not a linear space, so ||||ms does not induce a norm topology in the
usual sense. Heuristically, the state space H®* may be thought of as an infinite dimensional
manifold, though a precise interpretation of this is beyond the scope of this thesis. For
our purposes, it suffices to define a consistent notion of topology on H*. Although we will
not describe the precise topology in the introduction, this topology will allow us to define
the space C([0,7T]; H®) of continuous functions with values in H?, as well as an appropriate
notion of H*® continuity of the data-to-solution map (vg, o) — (v(¢),T;). Armed with these

notions, it makes sense to talk about the Cauchy problem.

Problem 2.1.2 (Cauchy problem for the free boundary Euler equations). Given an initial
state (vg,I9) € H?, find the unique solution (v,I') € C([0,77]; H®) in some time interval
[0,T7.

A natural question to ask is what are the exponents s for which the Cauchy problem is
well-posed in H®. Our first clue in this direction comes from scaling, which leads us to the

critical exponent
d+1
Se = —(+—

2
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and implicitly the lower bound s > s.. However, this does not tell the entire story, as even
in the boundaryless case a result of Bourgain-Li [17] shows that well-posedness holds only

in the more restricted range

d
>—+41
S 2—1—,

which is heuristically connected to another scaling law of the boundaryless problem; namely,
v(t,z) = A o(t, Ar).

This latter exponent range s > %l + 1 is exactly what we consider in our work. Specifically, in
this chapter we solve the Cauchy problem for the free boundary incompressible Euler equa-

tions at the same regularity level as the incompressible Euler equations on a fixed domain.

The reader who is more familiar with the boundaryless case may ask at this point why we
confine ourselves to L? based Sobolev spaces, instead of using the full range of indices L? as in
the boundaryless case. The reason for this is precisely the boundary, where a portion of the
dynamics is concentrated. In particular, as a subset of our problem we have the irrotational
case w = 0, when the flow may be fully interpreted as the flow of the free boundary. This case,
commonly identified as water waves, yields a dispersive flow, where L? based Sobolev spaces
are disallowed if p # 2. This is not to say that exponents p # 2 do not play a central role
in our analysis. Instead, we use them, particularly the case p = oo, in the definition of our
control parameters, which control the size and growth of our energy functionals. Precisely,
our analysis involves two such control parameters, which ideally should be appropriately

scale invariant, as follows:

(i) An “elliptic” control parameter A%, used to control implicit constants in fixed time

elliptic estimates, given by
A = ||U||C'%(Q) + 11| Lips (2.1.7)
which is exactly invariant under scaling.

(ii) A “dynamical” control parameter B* used to control the growth of energy in time,
given by

B* = [0l zip() + V1] o,y - (2.1.8)

This latter control parameter is 1/2 derivatives above scaling, and instead the scale

invariant quantity is ||B*||;;, which is what will actually appear in our continuation

criterion later on.
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With these control parameters in hand, we would like to have energy estimates in the

scale invariant form y

%Ek(v,r) < B*E*(v,T), (2.1.9)
where E* denotes a suitable energy at the H* regularity. As noted earlier, these are our
ideal choices, but for our results we need to make some small adjustments and relax them a

bit, as follows:

a) Working with A* would require edge case elliptic estimates in Lipschitz domains, bring-
ing forth a broad host of issues which are less central to our problem, if even possible

to overcome. So, instead, we will simply add e derivatives to the norms in A%

b) In the case of B¥, we do not want to lose the sharp scaling, which is exactly as in
the Beale-Kato-Majda criteria in the boundaryless case. Therefore, we do not want to
add extra derivatives as we did with A*. However, as we shall soon see, the quantity
| Dral| 1o (ry appears as a control parameter in the L? estimate for the linearized equa-
tion. As it turns out, in order to propagate our low regularity difference bounds, control
of || Dya|| o (ry will be needed. However, for the energy estimates, a careful analysis will
show that the control parameter B is sufficient, if we slightly modify the form of the
estimate . In both cases, maintaining the sharp top order control parameter is
non-trivial. In the difference estimates, it requires a careful analysis on intersections
of domains (and hence, in particular, performing elliptic theory on Lipschitz domains)
and in the energy estimates it requires (amongst several other things) finding a way
to appropriately absorb the logarithmic divergences occurring in the endpoint elliptic
estimates when attempting to control || D;a|| 1o(r) by B*. To deal with this latter issue,

we will take some inspiration from the proof of Beale-Kato-Majda [11].

The issues mentioned above have well-known counterparts in the boundaryless Euler flow.
In fact, strong ill-posedness of the boundaryless Euler equations has been recently proven in

the “ideal” pointwise spaces C' and Lip [18, 41].

Historical comments

The local well-posedness problem for the free boundary Euler equations has a long history.
For irrotational flows, the first rigorous local existence result in Sobolev spaces was obtained
by Wu [159] [160], in the late 1990s. Since then, various methods have been introduced to
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shorten the proofs, lower the regularity threshold and allow for more complicated geome-
tries. For a small sample of such results we cite Beyer and Giinther in [12], Lannes in [95],
Alazard, Burq and Zuily in [6, 5], Hunter, Ifrim and Tataru in [69], Ai in |2, 3] and Ai, Ifrim
and Tataru in [4]. Although physically restrictive, the irrotationality assumption allows one
to reduce the dynamics to a system of equations on the free boundary. Depending on the
choices made, this typically culminates in either the Zakharov-Craig-Sulem formulation of
the water waves problem used in |2, 3} |6} |5, [95], or the holomorphic coordinates formulation
used in [4, [69]. In either case, the reduction to a system of equations on R?"! greatly sim-

plifies the analysis.

For the free boundary Euler equations with non-trivial vorticity, certain generalized sys-
tems based on the above irrotational reductions have been proposed |20, |163]. However,
historically, the most successful approach has been to use Lagrangian coordinates to fix the
domain. For an execution of this approach to proving local existence, the reader may con-
sult the papers of Christodoulou and Lindblad 28], Coutand and Shkoller |32] and Lindblad
[101]. One may also compare with the article [93] of Kukavica and Tuffaha, which uses
the so-called arbitrary Lagrangian-FEulerian change of variables, as well as the more recent

advances in the Lagrangian analysis presented in [9, [37].

In contrast to the above articles, we will utilize a fully Fulerian strategy to prove the local
well-posedness of the free boundary Euler equations. In other words, we will work directly
with the physical equations ([2.1.1)-(2.1.3)), and avoid the use of any non-trivial coordinates
changes. On time-independent domains, both the Lagrangian and Eulerian approaches have
been widely successful in analyzing fluid equations. However, for free boundary problems,
the Eulerian approach has seen relatively little attention, due to the obvious difficulty in
having the domain of the fluid itself serve as a time-dependent unknown. Our aim in this

chapter is to directly confront this issue. Corollaries of our newly obtained insights include:
(i) The first proof of the continuity of the data-to-solution map for this problem.

(ii) An enhanced uniqueness result, requiring only pointwise norms of very limited regu-

larity.

(iii) Refined low regularity energy estimates with geometrically natural pointwise control

parameters.

(iv) A new, direct proof of existence for regular solutions.
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(v) A method to obtain rough solutions as unique limits of regular solutions at a Sobolev

regularity that matches the optimal result for the Euler equations on R¢.

(vi) An essentially scale invariant continuation criterion akin to that of Beale-Kato-Majda

for the incompressible Euler equations on the whole space.

We will elaborate further on the ideas for obtaining the above results in Section 2.1 For
now, it is important to note that we are not the first to utilize an Eulerian approach to
analyze the well-posedness of fluid equations in the free boundary setting. The pioneering
work in this regard is the remarkable series of papers by Shatah and Zeng [140, 139, |141].
However, Shatah and Zeng primarily consider the free boundary Euler equations with surface
tension. While they are able to produce a solution to the pure gravity problem in the zero
surface tension limit, it seems that their construction at least requires bounded curvature,
which corresponds to greater regularity assumptions on the data than we need here. For
this reason, the overlap between their analysis and ours tends to be on a more philosophical
level, which we will elaborate on further in Section 2.1} A more direct comparison is with
the memoir [157] of Wang, Zhang, Zhao and Zheng. In [157], the authors construct solutions
to the free boundary Euler equations in an unbounded graph domain at the same Sobolev
regularity that we achieve here. That is, they prove existence and uniqueness of solutions
in H* for s > % 4+ 1. The approach in [157] is in the style of Alazard, Burq and Zuily [6, 5],
though the addition of vorticity makes the execution much more technical. Our approach
is completely different to the one that they follow and works well in more complicated fluid
domains. Additionally, we prove properties (f)-(vi) above. We also remark that all other
fully Eulerian approaches (see, e.g., [111} 110, 112]) follow Shatah and Zeng, and hence re-
quire the regularizing effect of surface tension and higher regularity. The one step towards
a fully Eulerian proof without surface tension is the work [134] of de Poyferré, who proves
energy estimates for the pure gravity shoreline problem. However, the energy estimates in

[134] have H*® based control norms and no well-posedness proof is presented.

The goal of this thesis is twofold. First, we intend to present a comprehensive, Hadamard
style well-posedness theory, with an aim towards proving sharp results. At the same time,
we provide a novel, geometric analysis, which we argue is more direct and streamlined than
previous works. For instance, our proofs do not require paralinearization or Chemin-Lerner
spaces as in [157]. Moreover, our existence scheme is new and direct - it does not use Nash-
Moser, the approach in [157], or go through the zero surface tension limit as in [140} |139,

141]. For this reason, we believe that the techniques introduced in this thesis will have a
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Finally, we mention that the analysis we present here is for the case of a compact fluid
domain. In the study of the free boundary Euler equations, it is also common to consider
the case of an infinite ocean of either finite or infinite depth. The choice of compact fluid
domain emphasizes the geometric nature of our problem, and removes the temptation to
flatten the domain into a strip or a half-space. Although some changes need to be made, as
with the analysis of the capillary problem [140, |139} [141] by Shatah and Zeng, the general
strategy we use here can be adapted to all three geometries. That being said, to streamline
the exposition, we do allow some of our estimates to depend on the domain volume, which

is a conserved quantity for the droplet problem.

An overview of the main results

In a nutshell, our main result asserts that the free boundary incompressible Euler equations
are well-posed in H* for s > g + 1. However, simply stating this fails to convey the full
strength of both the result and of its various aspects and consequences. Instead, it is more
revealing to divide the result in a modular way into four independently interesting parts;
namely, (a) uniqueness and stability, (b) well-posedness, (¢) energy estimates and (d) the

continuation criteria.

To set the stage for our results, let €2, be a bounded, connected domain with smooth
boundary T',. Given ¢,d > 0, consider the collar neighborhood A, := A(T,, ¢, d) consisting
of all hypersurfaces I" which are d-close to I', in the C''¢ topology. As long as § > 0 is small
enough, hypersurfaces in A, can be written as graphs over I',. This permits us to define
Sobolev and Holder norms on these hypersurfaces in a consistent fashion. To state our
results, we will assume that a collar neighborhood A, has been fixed, and consider solutions
with initial data (vg, I'g) having I'y € A,. A more precise description of the functional setting
will be given later, in Section [2.3] For now, we remark that, while the collar neighborhood is
very useful in order to uniformly define the H® norms, it is not needed at all for the definition

of our control parameters.
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Uniqueness and stability

We start by stating our uniqueness result, which requires the least in terms of notations and

preliminaries. Here, of crucial importance are the control parameters

A=A, = o] ez &> 0. (2.1.10)

c2 (@,
and
Ban = [0z~ + 1Depllws oy + ITal_up) (2.1.11)

which represent slight adjustments of the ideal control parameters A* and B*, as discussed

earlier. Using these control parameters, our main uniqueness result is as follows:

Theorem 2.1.3 (Uniqueness). Let ¢,7 > 0 and let €y be a domain with boundary I'g
of C'z regularity. Then for every divergence free initial data vy € W1*(€), the free
boundary Euler equations with the Taylor sign condition admit at most one solution (v, I;)
with I'; € A, and

T
sup A.(t) +/ Buaig(t) dt < oo.
0

0<t<T

To the best of our knowledge, Theorem is the first uniqueness result for the free
boundary Euler equations which involves only low regularity pointwise norms. Indeed, as
far as we are aware, all other papers on this subject are content to prove uniqueness in the

same class of H?® spaces for which they prove existence.

While uniqueness is a fundamental property in its own right, in our work it can be seen
as a corollary of a far more useful stability result, which we now explain. Let (v,I';) and
(vn, I't.p) be two solutions to the free boundary Euler equations with corresponding domains
2 and ;5. An obvious objective is to show that if (v,I';) and (v, s p) are “close” at time
zero, then they remain close on a suitable timescale. However, since the domains €2; and
(), are evolving in time, we cannot compare the solutions (v,I';) and (vj,I';;) in a linear
way. To resolve this issue, we construct a nonlinear functional which quantifies the distance

between solutions and is propagated by the flow.

To avoid comparing solutions whose corresponding domains are very different, we harm-
lessly restrict ourselves to solutions (v,I';) and (vp,I't;) evolving in the same collar neigh-
borhood A,. For such solutions we define the nonlinear distance functional

1

1
D((v,T), (v, Ty)) = A |v—’uh|2d:c+§/f blp — pn)? dS. (2.1.12)
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Here, p and p; are the pressures, ft is the boundary of Qt =, N, and b is a suitable
weight function. Morally speaking, the first term on the right-hand side of measures
the L? distance between v and v,. On the other hand, by the Taylor sign condition, p and py,
are non-degenerate defining functions for I'; and I'; ,, so the second term on the right-hand
side of gives a measure of the distance between I'y and I';;,. In Section , we
prove that does indeed act as a proper measure of distance between solutions. More

crucially, we prove that this distance is propagated by the flow, in the sense that

%D((% T), (vn,Th)) Saa, (Bait + Baign) D((v,T), (vg, T'h)). (2.1.13)

Here, Aj, and Bgigj, are the control parameters (2.1.10|) and (2.1.11)) corresponding to the
solution (v, ;). An immediate corollary of the stability estimate (2.1.13]) is the afore-

mentioned Theorem m However, (2.1.13) will also prove to be useful in various other
scenarios. For example, we will use it in our proof of the continuity of the data-to-solution

map, as well as in the construction of rough solutions as unique limits of regular solutions.

Well-posedness

Our second main result is concerned with the well-posedness problem. To fix the notations,
we start with a collar neighborhood A, and s > % + 1. We then consider initial data
(vo,I'g) € H® with Iy € A,. Viewing I'g as a graph over I',, we may unambiguously define

its H* norm. With this setup, we may state our well-posedness theorem as follows:

Theorem 2.1.4 (Hadamard local well-posedness). Fix s > g + 1 and a collar A,. For any
(vo,T) in H® with I'y € A, there exists a time 7" > 0, depending only on ||(vg, ')

Hs
and the lower bound in the Taylor sign condition, for which there exists a unique solution
(v(t),T}) € C([0,T];H®) to the free boundary Euler equations satisfying a proportional
uniform lower bound in the Taylor sign condition. Moreover, the data-to-solution map is

continuous with respect to the H® topology.

The regularity of the velocity in Theorem matches the optimal Sobolev regularity
for the Euler equations on R?. Indeed, as shown by Bourgain and Li [17], the Euler equations
are ill-posed in H*(R?) when s = ¢ 4 1.

We note crucially that our work is not the first to reach the s > % + 1 Sobolev thresh-
old for the free boundary Euler equations. Indeed, this threshold was achieved for the first
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time in the recent memoir |[157], in the case of an unbounded fluid domain with graph ge-
ometry. However, it is important to note that the approach in [157] is very different from
ours, as it passes through a paralinearization and utilizes properties of strip-like domains
and Chemin-Lerner spaces. In particular, the approach in [157] cannot be easily modified
to the droplet problem, whereas our approach applies equally well in unbounded domains.
Moreover, there is no mention of the continuity of the data-to-solution map in [157]. To
the best of our knowledge, Theorem [2.1.4] gives the first proof of this important property
for the free boundary Euler equations. In addition, our approach significantly refines the
well-posedness theory by adding properties — above as well as introduces an entirely

new set of techniques that we believe will have broad applications.

When it comes to free boundary problems, the continuity of the data-to-solution map
— if justified — is usually proven by reformulating the problem on a fixed domain and then
working with the standard notion of continuous dependence on fixed domains. As far as we
are aware, the only exception to this appears in the work [140, 139, 141] of Shatah and Zeng,
where continuous dependence is proven for the free boundary Euler equations with surface
tension directly in the Eulerian setting. The drawback of Shatah and Zeng’s proof, however,
is that it relies crucially on the regularizing effect of surface tension, so is not applicable
to the pure gravity problem. In particular, Shatah and Zeng do not construct a distance
functional, as we do here. For this reason, our robust proof which simultaneously avoids
domain flattenings and works on a quasilinear problem without regularizing effects can be

seen as one of the main novelties of our result.

Energy estimates

Controlling the growth of solutions to our boundary value problem is essential for both lo-
cal well-posedness and understanding potential blowup. This control is achieved via energy
estimates. Due to the complex geometry of our problem, the first challenge is to construct

good energy functionals.

Fix an integer £ > 0. In light of Theorem and the stability estimate (2.1.13)), it
is natural to try to construct an energy functional E¥ = E*(v,T) satisfying E*(v,T) ~4

|(v,T)||3p and the estimate

< g, T

<4 BygE*(v,T).
o A Dgiff (U;)

~Y
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Indeed, by Gronwall’s inequality, this would yield the bound

10, T) (). < exp ( | Cabants ds> 10,7 (O e

for some constant C'4 depending only on A, the collar, and the verification of the Taylor sign
condition. Morally speaking, such an estimate would then allow one to conclude that solu-
tions to the free boundary Euler equations with the Taylor sign condition can be continued

as long A remains bounded and Byt € L.

However, there is one issue with the above estimates. Note that the control parameter
A in depends only on the Hélder norms of our main variables (the surface and
the velocity) at (nearly) the correct scale. However, the control parameter By in (2.1.11])
depends also on the auxiliary variable D;p. From the point of view of the analysis of the
free boundary Euler equations, this is completely natural. Indeed, even at the level of the
linearized equation, one sees that the uniform norm of V D;p (or more specifically the uniform
norm of D;a, but these are essentially equivalent) appears as a control parameter for the L?
energy estimates in Proposition 2.2.2 On the other hand, for the purpose of providing a
clear and physical description of how solutions to the free boundary Euler equations break
down, we would ultimately like to use the control parameter B := B* defined in (2.1.§)),
which depends only on the Holder norms of I' and v. To achieve this, our key observation
is that, as long as k > g + 1, we can use a log of the energy to absorb endpoint losses, and

hence prove an estimate of the form
IDepllyyios o) Salog(1+ E*)B. (2.1.14)

An estimate akin to (2.1.14)) is not to be expected in the difference estimates, as the distance
functional is too low of regularity to absorb the logarithmic divergences inevitably arising
from C* and W1 elliptic estimates. With the above discussion in mind, the actual energy

estimates we prove can be essentially stated as follows.

Theorem 2.1.5 (Energy estimates). Fix a collar neighborhood A, let s € R with s > §+ 1

and let k£ > %l + 1 be an integer. Then for I restricted to A, there exists an energy functional
H* 5 (v,T') — E*(v,T) such that

(i) (Energy coercivity).
E*v,T) ~a ||(v,T) - (2.1.15)
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(ii) (Energy propagation). If, in addition to the above, (v,T') = (v(t),T) is a solution to
the free boundary incompressible Euler equations, then E*(t) := E*(v(t),T;) satisfies

gk <, Blog(1+ (0. T)|

yy us ) EF. (2.1.16)

Here, A is as in (2.1.10) and B = B,

By Gronwall’s inequality, (2.1.15) and (2.1.16)) yield the following single and double
exponential bounds of the type

1(w(t), To)|lfze Sa exp </ CaBlog(1 + \|(U,F)|!Hs)d8> 1(vo, To) Iz
0 (2.1.17)

t
1(w(®), To)llfpe Sa exp <10g(1 + Call(vo, To) I+ eXP/O CaB dS) :

for all integers k& > g + 1. We do not directly prove the analogue of Theorem for
noninteger exponents k. Nevertheless, as a consequence of our analysis in the last section
of the chapter, we do obtain the bounds also for noninteger k. This is achieved
by using frequency envelopes in order to combine the distance functional and the energy
estimates akin to a nonlinear Littlewood-Paley type theory. It is also worth noting that a
similar double exponential growth rate for the L1.L%° norm of the vorticity appears in the
classical Beale-Kato-Majda [11] criteria as a consequence of trying to weaken the natural

control parameters of the problem.

In order to understand the form of the energy functionals used in Theorem [2.1.5] a key

step is to identify Alinhac style good variables for the problem, which are as follows:
(i) The vorticity w, which is measured in H*1(Q).
(ii) The Taylor coefficient a, which is measured in H*~1(T").

(ili) The material derivative D;a of the Taylor coefficient, which is measured in H*~2 ().

Our energy functionals are constructed as certain combinations of well-chosen norms of
the above good variables. The general strategy for constructing these norms is to apply
appropriate vector fields and elliptic operators to w, a and D;a at the H* regularity in such
a way that the resulting variables solve the linearized equation to leading order. After this,

the nonlinear energy E* may be essentially defined as the linear energy evaluated at these



CHAPTER 2. THE FREE BOUNDARY EULER EQUATIONS 27

good variables. As it turns out, after completing this process, we arrived at essentially the
same energy as [134], which was derived by different means. However, as can be immediately
inferred from our control norms, the way we treat the energy is very different from [134].
Indeed, without going into details, we mention that the proof of Theorem requires not
only a delicate analysis of the fine structure and cancellations present in the free boundary
Euler equations, but also the use of a new family of refined elliptic estimates. Although
we refrain from stating them here in the introduction, these elliptic estimates serve as an
important part of the chapter. Moreover, since they are quite general, we believe that they

will prove to be useful in other problems as well.

Low regularity continuation criterion

A very natural objective in the study of the Euler equations is to find a geometric charac-
terization of how solutions break down. For the Euler equations without free boundary, this
direction traces back to the famous paper of Beale, Kato and Majda [11]. In recent years, in-
terest in sharp blow up criterion for the free boundary Euler equations has risen, and progress
has been made by de Poyferré [35], Ginsberg [48], Wang and Zhang [156] and Wang, Zhang,
Zhao and Zheng [157]. Here, we explain our rather definitive answer to this question, which is
essentially a consequence of our local well-posedness result in Theorem [2.1.4) and the energy
estimates in Theorem However, to avoid topological issues, we must first introduce a

notion of thickness for the fluid domain.

Definition 2.1.6. The fluid domain €2 has thickness at least R > 0 if for each x € T,
B(z,R) NT is the graph of a C"* function which separates B(z, R) into two connected

components.
With this notion in hand, our continuation criterion reads as follows:

Theorem 2.1.7 (Continuation criterion). A solution (v,I') € C(H?), s >  + 1, of the free
boundary incompressible Euler equations with the Taylor sign condition can be continued

for as long as the following properties hold:

a) (Uniform bound from below for the Taylor coefficient). There is a ¢ > 0 such that

a>c>0.

b) (Uniform thickness). There is an R > 0 such that ; has thickness at least R.
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c¢) (Control parameter bounds). The control parameters satisfy

AcL®  Bel;.

One may compare our continuation criteria for the free boundary problem with the
classical Beale-Kato-Majda criteria for the boundaryless problem and note that they are es-
sentially at the same level, with the natural addition of the C' Ly boundary regularity bound.
Another minor difference is that we use the Lipschitz bound on the velocity v rather than
the uniform bound on the vorticity w. One may ask whether it is possible to further relax
our criterion in order to use only the vorticity bound. The major obstruction is that while
in fixed domains the vorticity uniquely determines the velocity, in our case an appropriate
boundary condition is also needed, which is best described via the D;a good variable. So, a
potential conjecture might be that in order to use only the vorticity bound in the interior,
one might have to compensate by adding a uniform bound on D,a, as seen in the linear
control parameter By, and in the difference estimates. That being said, in this thesis we
have opted for a continuation criteria involving only the natural variables v and I' and no

auxiliary pressure related terms.

As mentioned above, several recent articles [35, |48], 156, |157] have focused on obtaining
improved continuation criterion for the free boundary Euler equations. The most significant
of these contributions is the memoir [157], which proves that H* solutions to the free bound-

ary Euler equations with the Taylor sign condition can be continued after ¢ = T as long as
properties [a)] and [b)] in Theorem hold and

S[up (|| (Ol zenr2yry + |lo(t )||W1,oo(Qt)) < oo for some p > 2d — 2. (2.1.18)
te[0,T

Here, r denotes the mean curvature of the surface. To motivate their result, [157] recalls
a question of Craig and Wayne [92], which asks one to find (in the context of the irrota-
tional water waves problem) the lowest Holder regularity of the surface and velocity potential
whose boundedness on [0, 7' implies that one can continue the solution past t = T'. Although
(2.1.18)) makes significant progress on this question, it fails to achieve purely pointwise norms
and is far from scale invariant. Moreover, the criterion only applies to solutions which
a priori live in integer based Sobolev spaces H*. This limits the applicability of (2.1.18)) to
solutions with at least a half derivative of excess regularity. In contrast, Theorem [2.1.7] re-
places the criterion v € LW by the sharp and scale invariant criterion v € LLW.>° and

only requires control of Holder norms of the free surface at the correct scale. In particular,
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Theorem gives a rather definitive answer to Craig and Wayne’s question for the full
free boundary Euler equations. For the state-of-the-art result for the two-dimensional irro-
tational water waves problem, see [4]. Also, note that Theorem m applies to solutions in
all Sobolev spaces H® with s > % + 1, not just to those in integer spaces. This improvement

is by no means trivial; rather, it follows from a careful usage of our distance functional.

Outline of the chapter

This chapter has a modular structure, where, for the essential part, only the main results of

each section are used later.

The linearized equations

The starting point for our analysis, in Section [2.2] is to derive the linearization of our problem
in Eulerian coordinates. The linearized system will serve as a guide to several of the choices
made in our nonlinear analysis. In particular, it will suggest the correct variables to use, as
well as the form of our distance functional. Moreover, when proving energy estimates, the
Alinhac style good variables we construct will be shown to solve the linearized equations to
leading order. This is also where the control parameters A and By;, (an enhanced version of

B) make their first appearance.

Function spaces and the geometry of moving domains

Section describes the appropriate functional setting for our analysis. We begin by setting
up a basic framework for our problem, including introducing low regularity control neighbor-
hoods which will allow us to establish uniform control over constants in Sobolev and elliptic
estimates in certain topologies for an appropriate family of domains. After defining the
function spaces and norms that we will be using, we define the state space H® where we will
seek solutions to the free boundary Euler equations. Unlike in problems on fixed domains,
the state space H® will not be linear. However, it will be equipped with an appropriate
notion of convergence, allowing us to define continuity of functions with values in H* as well

continuity of the data-to-solution map.
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Stability estimates and uniqueness

The aim of Section [2.4]is to construct a nonlinear distance functional which will allow us to
track the distance between two solutions at very low regularity. The general scheme is akin
to the difference bounds in a weaker topology which are common in the study of quasilinear
problems on fixed domains. However, here there are fundamental difficulties to overcome, as
we are seeking to not only compare functions on different domains, but also track the evolu-
tion in time of this distance. These difficulties are embedded into the nonlinear character of
our distance functional; both careful choices and delicate estimates are required to propagate
this distance forward in time. To the best of our knowledge, this is only the second time
difference estimates have been successfully proven in the free boundary setting. The other
successful execution, which conceptually inspired the present approach, was in the case of a
compressible gas [36, [72], which is very different from the incompressible liquid we consider
here. In particular, unlike in the gas case, the boundary of our fluid contains non-trivial

energy, requiring interesting geometric insights to understand.

As a consequence of our stability estimates, we deduce uniqueness of solutions at very low
regularity. Also, as we shall see in later sections, the low regularity distance bounds we prove
will serve both as an essential building block in our construction of rough solutions as unique
limits of regular solutions as well as in the proof of the continuity of the data-to-solution

map.

Elliptic theory

The main goal of Section is to introduce a new family of refined elliptic estimates which
will be crucial for obtaining the sharp pointwise control norms in the higher energy bounds.
The secondary objective of Section [2.5|is to define a relevant Littlewood-Paley theory, collect
various “balanced” product, Moser and Sobolev type estimates, and note several identities
for operators and functions defined on moving domains. For the most part, the material
in Section does not rely on any specific structure of the Euler equations, so should
be applicable to other free boundary problems as well. In Section 2.6, we construct the
regularization operators which we will need for our existence scheme and the frequency
envelopes for states (v,I') € H® that we will use to establish the refined properties of the

data-to-solution map.
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Energy estimates

In Section we establish energy estimates within the H* scale of spaces. As a first step,
we construct a coercive energy functional (v,T') — E¥(v,T") associated to each integer k >
%l + 1. The scheme here is to identify Alinhac style “good variables” (wg, si) which solve
the linearized equation modulo perturbative source terms. We then define our energy as the
sum of the rotational energy and the linearized energy evaluated at these good variables. To
prove the energy estimates, we split the argument in a modular fashion into two parts. First,
we prove the coercivity of our energy functional; that is, we show that E*(v,I') & ||(v,T)||3.
After this, we track the time evolution of the energy, establishing control of E*(v,T") in terms
of the initial data, with growth dictated by the pointwise control parameters A and B. Both
steps of this argument are delicate. In particular, the former makes extensive use of the
refined elliptic estimates from Section [2.5] and the latter requires us to identify and exploit

various structural properties and fine cancellations present in the Euler equations.

Construction of regular solutions

Section is devoted to the construction of regular solutions to the free boundary Euler
equations. The overarching scheme we utilize is similar to [72], which analyzed the case
of a compressible gas. However, we stress that the main difficulties in the incompressible
liquid case are quite different than for the gas, especially near the free boundary, as the
surface of a liquid carries a non-trivial energy. As a general overview, the scheme we utilize
is constructive, employing a time discretization via an Euler type method together with a
separate transport step to produce good approximate solutions. However, a naive implemen-
tation of Euler’s method loses derivatives. To overcome this, we ameliorate the derivative
loss by an initial regularization of each iterate in our discretization. To ensure that the
uniform energy bounds survive, such a regularization needs to be chosen carefully. For this,
we employ a modular approach and try to decouple this process into two steps, where we
regularize individually the domain and the velocity. We believe that this modular approach
will serve as a recipe for a new and relatively simple method for constructing solutions to
various free boundary problems. That being said, the execution of this scheme is still quite

subtle, requiring several novel ideas in addition to those coming from [72].
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Rough solutions and continuous dependence

The last section of the chapter aims to construct rough solutions as strong limits of smooth
solutions. This is achieved by considering a family of dyadic regularizations of the initial
data, which generate corresponding smooth solutions. For these smooth solutions we control
on one hand higher Sobolev norms H”, using our energy estimates, and on the other hand
the L? type distance between consecutive ones, from our difference estimates. Combining
the high and the low regularity bounds directly yields rapid convergence in all H' spaces for
[ < k. To gain strong convergence in H* we use frequency envelopes to more accurately
control both the low and the high Sobolev norms above. This allows us to bound differences
in the strong H* topology. Interpolation and a similar argument yields local existence in
fractional Sobolev spaces as well as continuous dependence of the solutions in terms of the
initial data in the strong topology. Finally, our main continuation result in Theorem
follows along similar lines, given the careful treatment of our control norms in the energy

and difference estimates.

For problems on R?, the scheme outlined above for obtaining rough solutions from smooth
solutions, good energy estimates and difference estimates is more classical; see the expository
article [71]. However, as we shall see, the fact that solutions are all defined on different

domains leads to some new subtleties in our free boundary setting.

2.2 The linearized equation

The first goal of this section is to formally derive the linearization of our problem, working
entirely in Eulerian coordinates; this is the system of equations (2.2.6). Then, we prove The-
orem which asserts that the linearized system is well-posed in L?, with energy bounds

determined by our sharp control parameters. The key elements here are the linearized energy
(2.2.9) and the basic energy estimate (2.2.10)).

Conceptually, the linearized system is an essential piece of the puzzle. On a practical
level, however, it is not immediately useful in proving well-posedness, as it is not clear that
C' one parameter families of solutions exist in the first place. It is only a posteriori, after
well-posedness is established, that the linearized energy estimates may be used to derive
bounds for differences of solutions. Instead, we will use our understanding of the linearized

system to guide us in our choice of distance functional in Section [2.4] and later in our choice
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of energy functionals in Section [2.7]

To derive the linearized system, we take a one parameter family of solutions (vp, pp) de-
fined on domains €2 5, with (vo,po) := (v,p) and Q¢ := Q. We define w = dpvp|n—o and
q = Onpnl|n=o-

In €, the linearized equation is rather standard:
ow—+w-Vv+v-Vw=—Vq,
V-w=0.

However, we also need to linearize the kinematic and dynamic boundary conditions on the
surface I';. For this, let us denote by I'; ), the free surface at time ¢ for the solution (v, p),
so Ity := I't. Fix a one parameter family of diffecomorphisms ¢y (t) : I't — I'yp, with

¢o(t) = Idr,. The dynamic boundary condition (2.1.3)) asserts that for every point = € T',

pi(t, on(t)(z)) = 0.

Differentiating in h and evaluating at h = 0 gives

q|Ft = —Vph“t ’ w(t)7

where ¥(t) := 2 ¢,(t)|4—0. Using that Vplr, is normal to I'; we deduce that

qlr, = =Vplr, - nr,p(t) - nr, =: as. (2.2.1)

Here, we define s := (t) - np, which we loosely interpret as the normal velocity in the pa-
rameter h of the family I',, at h = 0. We will use this as one of our linearized variables.

Note that since a > 0, s does not depend on the choice of diffeomorphisms ¢, ().

Next, we linearize the kinematic boundary condition. Analogously to v - np, describing
the normal velocity of the free surface, we expect w - nr, to describe the “normal velocity”
of our linearized variable s. Therefore, up to a perturbative error, D;s should agree with

w - nr,. In fact, we obtain the relation
Dis —w - np, = s(nr, - Vo) - nr,. (2.2.2)

To derive ([2.2.2), we note that (2.1.2)) and (2.1.3]) imply that
Dtp =0 on Ft. (223)
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This is the equation that we will linearize to obtain (2.2.2)). As before, let ¢, (t) : I'y — T'yp,
be a diffeomorphism. We then have for x € I'y,

[(Or + vn - V)pul(t, u(t) (7)) = 0.

Taking h derivative and evaluating at h = 0 yields,

w-Vp+ Diq+VDip-1y=0 only. (2.2.4)
Using (2.2.1), and that VD;p is normal to I'; by (2.2.3), we deduce (2.2.2) from (2.2.4))
after some simple algebraic manipulation. Indeed, we have Vp|r, = —anr,. Then using the

relation qr, = as, we compute Dyq = aD;s + sD;a. This reduces (2.2.4)) to
—aw - nr, +aDys + sDya + sVDp - nr, = 0. (2.2.5)

After division by a, the first two terms in evidently align with the left-hand side of
([2.2.2). The right-hand side of appears by commuting the gradient with the material
derivative in the last term of , and by using the fact that Vp - Dynp, = 0 to rewrite
sDiwa = —sDy(Vp-nr,) = —sD;Vp - nr,.

Putting everything together, the linearized system takes the form:

(th +Vqg=—w-Vuv in

V'LU:O ith, (226)

Dis —w - np, = s(nr, - Vo) -nr, on Iy,

(¢ =as on Iy,
where the terms on the right-hand side can be viewed as perturbative source terms.

In order to study the well-posedness of the linearized system (12.2.6)), we introduce an
enhanced version By, of the control parameter B:

Biin(t) = lla™" Dyal| o=r)) + [| V0| (02 (2.2.7)
Using this, we may state our main linearized well-posedness result as follows.

Theorem 2.2.1. Let (v, ') be a solution to the free boundary incompressible Euler equations
in a time interval [0, T] so that a > 0, A* stays uniformly bounded and By, € L. Then the
linearized system (2.2.6)) for (w,s) is well-posed in L?(Q2) x L*(T") in [0, T].
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Here we recall that 2 and I'" are time dependent. The rest of this section is devoted to
the proof of this very simple theorem. The basic strategy is to construct a suitable energy
functional and prove corresponding energy estimates. Once this is done, well-posedness fol-
lows via a standard duality argument, which is left for the reader. To execute this argument,
one simply notes that the adjoint system is essentially identical to the direct system ([2.2.6)),

modulo perturbative terms, and that the energy estimates are time reversible.

Below, we will work with a slightly more general system, since this is what will appear
in the higher order energy bounds later on. We define the generalized linearized system as
follows: )

Diw+Vqg=f in 4,
V-w=0 in {,

(2.2.8)
Dys —w-np, =g on I,

(¢ =as on Iy,

where we allow for arbitrary source terms f and g on the right-hand side of the first and

third equation.

It remains to prove a suitable energy estimate for the system (2.2.8]). The natural energy

associated to this system is

1 1
Epin(w, s)(t) = 5/9 |w|? dx+§/r as®dS. (2.2.9)

Using ([2.2.9), the main energy estimate for the generalized linear system is as follows:

Proposition 2.2.2. Suppose a > 0. Then the system (2.2.8)) satisfies the energy estimate

d

%Elm(w, $)(t) < BiinEyn(w, s)(t) + (as, g)r2(r,) + (w, f)r2(0)- (2.2.10)

We note that the energy functional (2.2.9)) is also the energy functional for the linearized

system ([2.2.6)), and that this proposition yields energy estimates for (2.2.6)), thereby con-
cluding the proof of Theorem [2.2.1]

Proof. We will make use of the following standard Leibniz type formulas (see; for example,
[39, Appendix A]).
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Proposition 2.2.3. (i) Assume that the time-dependent domain 2; flows with Lipschitz

velocity v. Then the time derivative of the time-dependent volume integral is given by

d
— | ft,x)de= | Dif + fV-vdz.
dt (o O
(ii) Assume that the time-dependent hypersurface I'; flows with divergence free velocity v.

Then the time derivative of the time-dependent surface integral is given by

d

— | f(t,x)dS = [ Dif — f(nr, - Vo) -nr, dS.

dt Iy T

Now, to prove the energy estimate (2.2.10|), we apply Proposition to obtain
d 1
— B (w, $)(t) = Dyw - wdx + / asD;sdS + = | Das®*dS
dt oM Ty 2 I
1
— 5/ [nr, - Vo - nr,]as* dS (2.2.11)
Iy

< Dy - wdz + / asDys dS + Biin Eyin(w, s)(t).
Qt Ft

Integrating by parts, we obtain

th~wda:+/ asDsdS = w-fdx—l—/ asD;sdS — quw - nr, dS
Qt It Qt I 'y
= <GS,Q>L2(rt) + (w, f>L2(Qt)-
Combining this with (2.2.11]) completes the proof. m

2.3 Analysis on moving domains

One difficulty when working directly on moving domains is that many of the standard Sobolev
and elliptic estimates have domain dependent constants. It is therefore necessary to work
in a framework which allows for uniform control of these constants in certain topologies.
This section is devoted to dealing with this issue. Our approach in this regard is somewhat
analogous to that of Shatah and Zeng [140, 139} 141] and de Poyferré |134, Section 3], but
with the key difference being that our control neighborhoods will only be uniform in the
pointwise C* or C'*¢ topologies as opposed to the stronger L? based topologies considered
in those papers. This will be essential for establishing the pointwise continuation criterion

for solutions.
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Function spaces

To begin, we precisely define the function spaces and norms that we will be using. Through-
out, Q C R will denote a bounded, connected domain. We define H*(2), s > 0, as the set
of all f € L*(Q) such that

/]

woray  F € HY(RY), Flog = f} (2.3.1)

is finite. Here, || - || g=(re) is defined in the standard way, via the Fourier transform. We let
H§(§2) denote the closure of C§°(€2) in H*(2) and identify H~*(Q2) isometrically with the
dual space (H§(€2))*. Importantly, with this definition of the H® norm, the constants in
Sobolev embedding theorems (either H* — LP or H® — C®) are independent of €. For reg-
ular enough domains and integer s, the norm defined in is equivalent to the standard

one. We will precisely quantify this equivalence later.

We next define the regularity of the boundary of a connected domain €2, which is char-
acterized in terms of the regularity of local coordinate parameterizations of 0€2. Indeed, in
d .
g if,

general, an m-dimensional manifold M C R? is said to be of class C** or H® s > 5

locally in linear frames, M can be represented by graphs with the same regularity.

If s > %, then given () as above with boundary of class H®, we can define what it means
to be an H" function on 0f) for s > r > —s. Indeed, these are simply the functions whose
coordinate representatives are locally in H"(R47!). It is easy to see that the space of H"
functions on 0€), s > r > —s, can be made into a Banach space. Indeed, a norm can be
chosen by taking a covering of 92 by a finite number of coordinate patches and an adapted
partition of unity. However, there is one problem with this approach. Although such a norm
is well-defined up to equivalence, the precise value of the norm is dependent on the choice of
local coordinates. Since we will be dealing with a family of domains, we need to make sure

that we define norms on their boundaries in a consistent and uniform way.

Collar coordinates

As a first step towards resolving the above issue, we fix a bounded, connected reference
domain €2, with smooth boundary T, := 09Q,. We define H* and C** based norms on I',
by making an appropriate choice of local parameterizations of I',. Letting 6 > 0 be a small

positive constant, we define N (T, d) to be the collection of all C'! hypersurfaces I' such that
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there exists a C' diffeomorphism ®p : I', — I' with
[®r —idr. |lorr,) < 9.

If § > 0 is small enough, we can represent hypersurfaces I' € N(I',,0) as graphs over I',.
Indeed, we denote the outward unit normal to I'x by nr,. Following [141, Section 2.1], if we
have a smooth unit vector field v : T', — S?! which is suitably transversal to I', (that is,
v-np, > 1 —c for some small ¢ > 0), it follows from the implicit function theorem that there

exists a § > 0, determined by I', and v, such that the map
0 : T, x[=0,0] = R, oz, ) =z + pv(x)

is a C! diffeomorphism from its domain to a collar neighborhood of I',. If § > 0 is small
enough, the above coordinate system associates each hypersurface I' € N(T',, §) with a unique
function nr : I', — R such that

Op(2) := gz, mr(2)) =« + ne(z)v(z) (2.3.2)

is a diffeomorphism in CY(T',,T' C R%). We can think of the map ®r as a way to represent I'
as a (global) graph over I',. With this notation in hand, we can now define what it means

to be a H® hypersurface which is close to I',.

Definition 2.3.1. For 6 > 0 small enough and a € [0,1), define the control neighborhood
A(Ty, o, 9) as the collection of all hypersurfaces I' € N(I',,0) such that the associated map
nr : Iy — R satisfies

70|l crer,) < 0.

Definition 2.3.2. Suppose s > 0, I' € N(T',,d) for 6 > 0 small enough, and the associated
map nr : [, — R satisfies nr € H*(T',). We then define the H* norm of T" by

T ez = lime s ey

In the above definitions, ||nr||ct.er,) and ||7p||Fsr.) are computed with respect to fixed,
independent of T, local coordinates on I',. In an analogous way, we define for v € [0, 1) and
integers k > 0, the C*7 norm, ||T||cx~. As was essentially noted in [141, Section 2.1], when
0<d<1,each I' € A(T'y, e, 0) is associated to a well-defined domain Q.

Remark 2.3.3. One key point in Definition is that we only require I' be close to I,
in the C* topology, as opposed to the stronger L? based topologies used in [134, [140], [139),
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141]. In practice, we will want the control topology to be as weak as possible. For our
purposes, we will typically take & = & > 0 for some arbitrarily small (but fixed) constant
e > 0.

Remark 2.3.4. A second key point in Definition concerns the choice of the small
parameter . This will not be arbitrarily small, but instead its size may also be chosen to
depend on weaker topologies; namely, (i) the C** norm of T, and (ii) the thickness (see
Definition of the domain . This will serve two purposes:

e To allow us to place any rough H® boundary I" within a suitable control neighborhood

A(Ty,,0).

e To allow us to obtain the robust continuation result in Theorem [2.1.7], which does not

require any reference to control neighborhoods.

Following the discussion in the above two remarks, throughout the chapter we will often
abbreviate A(T,, e, ) by A, where the suppressed parameters ¢ > 0 and § > 0 are understood
to be small but fixed universal parameters, which depend only on s and on the thickness of

Q.

State space

Fix a collar neighborhood A, and s > 4 4+ 1. We define H* as the set of all pairs (v,T') such
that ' € A, is the boundary of a bounded, connected domain 2 and such that the following

properties are satisfied:

(i) (Regularity). v € H3, (2) and I' € H®, where Hj, (£2) denotes the space of divergence
free vector fields in H*(£2).

(ii) (Taylor sign condition). a := —Vp-nr > ¢y > 0, where ¢y may depend on the choice
of (v,T), and the pressure p is obtained from (v,T") by solving the standard elliptic

equation (2.1.5)) associated to (2.1.1)) and (2.1.3)).

Given initial data (vg, I'g) in the state space H® our eventual goal will be to construct local
solutions (v(t),I;) that evolve continuously in H*. To accomplish this, we must define a
suitable notion of topology on our state space. This will enable us to establish two key

properties of our flow; namely,

(i) Continuity of solutions with values in H*.
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(ii) Continuous dependence of solutions (v(t),I';) as functions of the initial data (vg, I'g).

Note that since H® is not a linear space, the above two continuity properties require some

2
He T
s does not induce a norm

explanation. To measure the size of individual states (v,I') € H?®, we define ||(v, )]
I + 1]

topology in the usual sense. Hence, we still need an appropriate way of comparing different

2 . s .
(). However, since H* is not a linear space, || - |

states. Motivated by [36] 72|, we define convergence in H® as follows.
Definition 2.3.5. We say that a sequence (v,,I',) € H® converges to (v,I") € H® if

(i) (Uniform Taylor sign condition). For some ¢y > 0 independent of n, we have

Qn,a > co > 0.

(ii) (Domain convergence). I',, — I in H®. That is, nr, — nr in H*(I',) where nr, and nr

correspond to the collar coordinate representations of I',, and I', respectively.

(iii) (Norm convergence). For every € > 0 there exists a smooth divergence free function o
defined on a neighborhood Q of Q with ||7]

me(y < 00 and satisfying

||U — ’l~}| Hs(Q) S 19

and

limsup ||v, — 0| gs (. < €.
n—oo

With the above notion of convergence, it makes sense to define C'([0, T]; H*). We remark,
however, that in [134} 140, (139, 141], C'([0, T]; H®) is defined in a slightly different way, via
the existence of an extension to a continuous function with values in H*(R%). In Section ,
we construct a family of extension operators which depend continuously in a suitable sense

on the domain, making the above two notions of continuity essentially interchangeable.

2.4 Difference estimates and uniqueness

Comparing different solutions is key to any well-posedness result. Since our problem is
quasilinear, such a comparison cannot be achieved uniformly in the leading H* topology,
but instead only in weaker topologies. The main result of this section provides a Lipschitz

bound for the distance between two solutions in the L? topology, akin to our bounds for
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the linearized equation. Notably, our distance bounds propagate at the level of our con-
trol parameters, which require for instance a Lipschitz bound on the velocity but no higher
regularity. This is what will allow us to establish uniqueness of solutions under very weak reg-
ularity assumptions. Moreover, as we shall see shortly, these low regularity distance bounds
also serve as an essential building block in our construction of rough solutions as unique
limits of smooth solutions, as well as in our proof of the continuity of the data-to-solution

map.

The fundamental difficulty in achieving our distance bounds is the need to compare states
which live on different domains. To overcome this difficulty, we construct a “distance func-
tional” which simultaneously captures the distance between (functions on) different domains
and admits a time evolution that we are able to track. To the best of our knowledge, no
such low regularity difference bounds or even uniqueness results were previously known for
any incompressible free boundary Euler model. Instead, we take our cue from the work [72]
of the first and the third authors, which considers a similar free boundary problem but for
a compressible Euler model. We note, however, that the similarity between the uniqueness
argument here and its counterpart in [72] is only at the conceptual level, as the two flows

have very different behaviors both inside the domain and near the free boundary.

The distance functional

Our first objective is to use the linearized energy as a guide to construct a distance functional
which will be suitable for comparing nearby solutions. We begin by fixing a collar neighbor-
hood A(T'4,€,9), where € > 0 and § > 0 are small. We then suppose that we have two states
(v,T), (v, Iy) with respective domains Q, Q,. We let nr and np, be the corresponding
representations of I' and I'y, as graphs over I',. Following the linearized energy estimate,
we aim to define analogues of the linearized variables w and s, which heuristically should
measure the L? distance between v and vy, and the distance between I' and I';, respectively.
One technical caveat is that v and vy, are not defined on the same domain. For this reason,
we define Q = QN Q. We can represent the free boundary T for Q as a graph over I', via
the function ng = nr A nr,. Note that although the graph representation ng is well-defined,
[ is only Lipschitz in general, so will not be in A(T,, ¢, ).

To measure the (signed) distance between I' and I'y,, we define s} : I', — R by

sp(z) = T]Fh(x) — (). (2.4.1)
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As will become evident below, although s} correctly measures the distance between the free
hypersurfaces, it has the “wrong” domain. To fix this, we define the variable sy, : I - R
by pushing s; forward to the hypersurface . In other words, for z € f, we define s, (z) =
sy (m(z)), where m denotes the canonical projection, mapping the image of I', x [—0d, §] under
© back to I',. For convenience, we also extend v to a vector field X defined on the image
of v via X (z) = v(m(z)). We will not actually use the displacement function s, directly in
the difference estimates below. In particular, it will not act as our desired analogue of the
linearized variable s. This is because its dynamics are somewhat awkward to work with.
Instead of using s, it is far more convenient (and geometrically natural) to use the the
pressure difference p — p, (along with a suitable weight to be defined below) to measure the
distance between I' and I'j,. To motivate this, recall that for solutions to the free boundary
Euler equations, the Taylor sign condition implies that p and p; are non-degenerate defining
functions for I'; and I';;, within a suitable collar neighborhood. Therefore, on the boundary
of Q=N Q¢ n, p — pr should be proportional to the displacement function s;. The dy-
namics of p— py, turn out to be much easier to work with than those of s, as terms involving
p — pp, will appear naturally when we use the free boundary Euler equations to compare

solutions.

With the above motivation in mind and using the linearized equation as a guide, we de-

fine our distance functional as follows:

1 1
D((v,T), (vp,Ty)) := D(v,vp) := 3 /ﬁ v — vy |* dx + 3 /f blp — pn|? dS, (2.4.2)

where the weight function b is defined by
b:= a_llf“mr + a}jllfmrh'
As p — pp, vanishes on I' N T';, we may rewrite the distance functional in the slightly more

convenient form

1 1 _ 1 _
D(v,vh):§/|v—vh|2dx+§/a 1|p—ph|2dS—|—§/ ah1|p—ph|2d8,
Q A Ay,

where A:=TNT —T'NT, and A, ;=T NT, =T NTy.

Letting ' denote the average of F along the flow ¢ between the free surfaces, the fun-
damental theorem of calculus implies that for z € f,
—Vph . XSh(ZL‘) if z € .A,

prle) = ple) = —Vp - Xsp() if x € Ap,. (243)
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Therefore, thanks to the Taylor sign condition and assuming the regularity p, p, € C%¢, we
should have |p — p| & |sn| on T' within a tight enough collar neighborhood. The precise
manner in which we have this proportionality will be made clear shortly. Finally, note that,
for solutions to the free boundary Euler equations, a simple computation yields the following

equation for v — vy, in {:

Dy(v —vy) + V(p —pn) = (vn —v) - Vy,

el 0 (2.4.4)

Remark 2.4.1. Although it is not particularly important for the difference estimates, we
note that the distance functional makes sense for general (not necessarily dynamical)
states (v,T") and (vp,T'). Indeed, given suitable states (v,I') and (vj,T')), we can always
associate pressures p and py by solving the standard elliptic equation associated to (2.1.1))
and . As we will see in Section , it is very important that our energy functional for
the H* energy bounds be defined for general states (v,I") € H".

Difference estimates

We are now ready to propagate difference bounds for two solutions to the free boundary
Euler equations.

Theorem 2.4.2 (Difference Bounds). Let 0 < £,5 < 1 and let A, = A(T',, ¢, ) be a collar
neighborhood. Suppose that (v,[;) and (vs, ') are solutions to the free boundary Euler
equations that evolve in the collar in a time interval [0, 7] and satisfy a,a, > ¢ > 0. Then
we have the estimate

d
ED(U, Uh) fSAaAh, (B + Bh)D(U,Uh)

where
B = [lvllwise) + Vel g +1Pplwieny, A= [0l gae ) + I Tellere,

By, and Ay, are the analogous quantities corresponding to vy, py, Di'p, and 'y, and we have
implicitly assumed that our solutions have regularity B, B;, € L% and A, A; € L®.

Remark 2.4.3. It is worth remarking that all of the results in this section hold equally well

if the control parameter B is replaced by

Be = ||vllcre(,) + 1Tl

1
R
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which depends solely on the regularity of v and I';. This is because we will later prove an

elliptic estimate of the form
[ Depllwroe,y Sa Be.
See Lemma[2.7.9 and Remark[2.7.10|for details. We prefer, however, to work with the control

parameter B defined above as its L} norm is scale invariant.

Proof. For simplicity of notation, we drop the ¢ subscript for the domains below. We also
use Sy as a shorthand for $a 4,. To ensure that we can estimate expressions involving the

pressure in terms of the control parameters A and B above, we need the bounds

[pllere@) Sal, HP||01,% Sa B, (2.4.5)

(@)
as well as the analogous bounds for p,. The proof that these bounds hold will be post-

poned until later when the requisite elliptic estimates are developed. See Lemma and

Lemma for details. Now, to proceed with the difference estimate, we recall the identity

d 71 2 1d -1 2
Gowm =55 [weupdes S8 [ apopas 3G [ ot as

(2.4.6)

To compute the first term, we would like to use Reynolds’ transport theorem, as in Proposi-
tion m However, here we do not have a good velocity field @ so that € flows with velocity
0. Constructing such a field seems to be at the very least impractical, so we will instead
allow for a correction term which is a boundary integral. For this purpose, suppose that D()
is a time-dependent domain for which we may define at almost every point of the boundary
a normal velocity v, for the boundary. Note that if D(t) were flowing with velocity v, then
Uy = U - Ngp), Where nap( is the outward unit normal. For more general velocity fields v

on D(t), we have the following proposition.

Proposition 2.4.4. Given a velocity field v defined on a time-dependent domain D(t) with

Lipschitz boundary flowing with normal velocity v, we have

d
—/ fde = th+V-vfdx+/ f(vy —v-napp)) dS.
dt Jpw) D(t)

aD(t)

The proof is a straightforward application of the divergence theorem.

In our setting, we need to make a vector field choice on €; this will simply be the velocity

v, though we could have equally chosen v,. We remark that in the corresponding argument
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in [72] the average of the two was used, in order to better symmetrize the problem. However,

the argument here is slightly more robust, and such a choice is not needed.

For this choice of v, we examine the boundary weight v - ngpy) — vy appearing in the

above formula. For this we use the disjoint boundary decomposition
I'=AUA,U(NTY),
where the normal ny is given a.e. by

nr in AU (F ﬂFh),
Ns =
"\, in AU (TNTY),
with the two normals agreeing a.e. on I' N I',. Correspondingly, for almost every point on I

we have v, — v - ng| < |v — vy, as can be seen by working with the collar parameterization

nr A np, for ' and the kinematic boundary conditions for I' and T',.

We now use Proposition and the incompressibility of v for each of the three terms
in (2.4.6). We begin by studying the first term, where we obtain

5%/@|U_Uh|2d$§ Q/QDAU—Uthx—i—§/f|v—vh\3d5’. (2.4.7)

We note that, unlike in the case of the linearized equation, here we obtain a nonzero boundary
term. However, this term has the redeeming feature that it is cubic in the difference v — vy,.
To estimate it, we use a simple variant of the trace theorem. Indeed, as I',)T', € A,, we
may find a smooth vector field X defined on R? with C* bounds uniform in A, which is also

uniformly transverse to I'. By the divergence theorem, we then have
1
5 x |'U — Uh|3dS S /X . nf|v — Uh|3ds 5 (B + Bh)HU — UhHiQ(Q)
r r
s (B -+ Bh)D(U, ?Jh).
Now, for the remaining term in (2.4.7), we use ([2.4.4)) and integrate by parts to obtain

1
—/Dt|v—vh\2d:c:/('U—vh)Dt(v—vh)d:c
2 Ja o

:—/f(p—ph)(v—vh)-nfds—f—/(v_vh)'[(Uh_v)'vvh]dx

Q

(2.4.8)

< / (p— p) (v — v) - g dS + (B + By)D(v, v3).

(2.4.9)
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Using the decomposition I' = AU A, U (I'NT}) and using that p —p, = 0 on ' NI, by the
dynamic boundary condition (2.1.3]), we can write

—/f(p—Ph)(U—Uh)'ndeZ—/A(p—ph)(v—vh)'nrds—/A (p — pn)(v —vy) - np,, dS

h

:/a1<p_ph)(v_vh)'v]7ds

A

+/ ay ' (p — pr)(v — vy) - Vi, dS.
Ah

Now, define

1d
J::/a_l(p_ph)(u—vh)-VpdSJr——/a‘llp—phl2d57
y 24t J 4

and

1d
o= [t o-mw-u) Vmas + 35 [ ot mPas
Ap An

2
Combining ([2.4.8) and ([2.4.9)), we obtain

d
%D(U, vp) S (B + Br)D(v,vp) + J + Jp.

It remains to show that

J + Jh SA (B + Bh)D(U,’Uh).
We show the details for J. The treatment of J, will be virtually identical. We begin by
using Proposition to expand

1d 1 1

ST a_1|p—ph|2dS———/a_2Dta|p—ph|2dS——/a_1|p—ph|2[np-Vv'np] ds
tJa 2.Ja 2.Ja

+/ ™' (p = pn) Di(p — pn) dS.
A

(2.4.10)

The validity of the identity is justified by noting that [p— py,|? vanishes to second
order on I' N I';, so one can extend by zero to write the integral on the left-hand side as
an integral over I', apply standard identities there, and then return to an integral over A.
From and adding the first term in the definition of .J, we obtain (noting that by the
kinematic and dynamic boundary conditions, we have D;p = 0 on A),

J Sa —/ a ' (p — pn) D'prdS + / a ' (p—pn)(v —vy) - V(p — pn)dS + BD(v, vy,).
A A
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In the above, we used the standard identity (2.5.35]) to control D;a. For the first term on
the right-hand side we use that Dp;, vanishes on I',, (2.4.3)), the fundamental theorem of
calculus, the Taylor sign condition and (2.4.5)), to estimate

|D}pn| Sa VD prllielsnl =a [V Dipull|p — prl Sa (B + By)lp — pal-

Hence,
/ a~ (p— pn) DpadS Sa (B + Bu)D(v, v).
A

It remains to estimate the cubic term, and show that

/Aa_l(p —pn)(v—wp) - V(p—pp)dS| Sa (B+ Br)D(v,vp). (2.4.11)

We will need to perform a more careful analysis here, so that only the pointwise control terms
appear in the estimate. Note that if we had instead settled for L? based control parameters,

this cubic term could be handled relatively easily.

We recall that A C I'. Given a point z € A, its distance to I'j, is proportional to
|(p — pr)(x)|. We consider a locally finite Vitali type covering of the set A with countably
many balls B; = B(x;,r;) of radius r; proportional to |(p — pr)(z;)|, so that in particular
we have B; C ,. We denote by D; the energy of the difference in the region Bj, i.e., the
integral in restricted to B;. Then

> " D; < D((v,T), (s, T'n)).
J
Hence, by the uniform bound on a™!, it would suffice to show that
[ 1o=mw =0 V- m)l dS Sa (B +B)D; (2412
ANB;

We will indeed show that this bound holds for the bulk of the expression on the left. However,
for the remaining part we will return to a global argument. For A we just use the uniform

Lipschitz bound in this analysis. We first note that in QN B; we have
[p — pn| a1y,

which after integration yields a good bound for r; within B;:

/A 5 Ip— pul* dS ~a 7‘?“ Sa Dy (2.4.13)
nB;
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. . 1 -
Next we consider v — vy, for which we use the C'2 norm, which is part of our control norm

A, in order to estimate the surface integral by the ball integral. This yields

/ v —op|?dS Sar;’ [ |v — vy |* dx + r;lAQ Sar;'Dj+ r?Az Sar;'Dj (2.4.14)
AﬁBj QﬁBj
It remains to consider V(p — p,). Our starting point is the global bound
(2.4.15)

IVl g g + VPRl 3 g,y Sa B+ B

. This allows us to replace V(p — pp,) with its average V(p — p); in

which is noted in ([2.4.5
any smaller ball Bj cOn B; of comparable size, because

IV(p—pn) = V(p - ph)j“Loo(QmBj) Sa 7’]'5(3 + Bh).

Putting everything together we arrive at

| 0= =) (V=) = To=) )1 45 Sa (B + 5D

which represents the bulk of (2.4.12]).

It remains to estimate the contribution of the local average of V(p — py). Here we view
p — pr as a solution to the following Laplace equation in Q:
{A(p —pp) = —tr(Vo)? + tr(Vuy)?,
P —Pajp = 9 = pla, —prla
We split the problem for p — p; into an inhomogeneous one with homogeneous boundary
condition, and a homogeneous one with inhomogeneous boundary condition,

P—DPn= (p - ph)inh + (p - ph)hom-

For the inhomogeneous problem we can write the source term in divergence form to
estimate
Itr(V0)? = te(Von)|l -1y S (B + Bu) D2,

which by a simple energy estimate gives a global L? bound

1
IV (p = pr)innll 2@y Sa (B + Bp)D2.



CHAPTER 2. THE FREE BOUNDARY EULER EQUATIONS 49

This in turn yields a bound for the corresponding averages by Holder’s inequality,

Z iV (p = pn)innil* Sa (B + Bn)*D.

J

The contribution of this into (2.4.11)) is then estimated using (2.4.13)) and ([2.4.14]) as follows:

Ton= Y0 [ o= malle = o 0= pulins 4

d+1
Sa D% v = onllpzans) V(P = pa)inns|
j
1 d
Sa Z Dj2 ry IV (p — pn)inn.jl
j
SA (B + Bh)-Da

where in the last step we have used Cauchy-Schwarz with respect to 7.

For the homogeneous term, on the other hand, we need to carefully examine the regularity
of the Dirichlet data §g. On one hand, by the definition of the distance D we have the L2
bound

131122 5, Sa D. (2.4.16)

On the other hand, by (2.4.15)), on each of the two regions A; respectively A, we have
formally

g q <
19l o3,y T 190 28 4y S4B+ B (2.4.17)
This bound has to be carefully interpreted, which we do within the proof of Lemma [2.4.5

below.

A formal interpolation between (2.4.16) and ([2.4.17) would yield a W'5(T") bound for §.

We make this bound rigorous in the following.

Lemma 2.4.5. The function g above satisfies the bound
1llwrory S (B + By)3Ds. (2.4.18)

Proof. We begin by noting that the two components g := pl 4, and gy := —ppla of g are
nonzero on disjoint sets Ay, respectively A, and vanish on the corresponding boundaries 0.4y,
respectively 0.4. Hence, we can prove the bound (2.4.18)) separately for the two components.
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We consider g, which lives on A, C I',. Here not only is I', a Lipschitz surface, but it also
has a C2 bound of B, (which is not the case for T').

Using a standard partition of unity we can reduce the problem to the case when I'y, is a
graph,
Ty = {za = ¢(2')},
where

[Py Sa 1, (@l os < Ba (2.4.19)

We denote the Lipschitz projection of Aj, by PA, C R4"L. We can equivalently consider g
as a function on P.Ay, in which case the bound ([2.4.18)) becomes

2 1
||Vg||L6(pAh) SA (B + Bh)3D6 . (2420)
We now summarize the information that we have on g as a function on P.Ay:
(i) (L?* control).
l9ll72(pa,) Sa D,
which comes from ([2.4.16)).

(ii) (Holder control).

va” SA B+Bh7

CZ(PA)

which is a consequence of (2.4.15)), (2.4.19) and chain rule.

(iii) (Zero boundary data).
g=0 on OPA,.

We will prove that these three properties imply the desired bound ([2.4.20). The difficulty
here is that we do not know that Vg = 0 on OPA; else we could simply extend g by 0
outside PA; and this becomes a standard interpolation bound. Further, we do not a priori

control the regularity of the boundary 0P A,,.

Without any loss of generality we assume that g > 0 on PAy; else we split this set into
connected components where g has constant sign, modulo a set where Vg = 0 a.e. To prove
the desired bound we will use a well-chosen Vitali covering of the set S = PAy, \ {Vg = 0}

with balls. This choice is as follows: For each x € S we consider a ball B, = B(x,r,) with
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radius 7, = ¢*(B + By) ?|Vg(x)|* where ¢ > 0 is a small universal constant, chosen so that

|Vg| is nearly constant on By, i.e.,
IVg(y) = V()| < | Vy(r)] < [Vy(z)],  ye€B.

The union of the balls B, with x € S clearly covers S, so Vitali’s lemma allows us to extract

a countable disjoint subfamily of such balls B; = B, so that
sc| 5B,

Since Vg is almost constant on B, and g(x) > 0, a key observation is that there must

exist a nontrivial sector C, C B, where
g>0 in C, |C,| =~ | B|.

Since g = 0 on OPA,, it follows that we must have C, C S; this is what allows us to bypass
the lack of geometric information on the set P.Aj,.

On C,, the function g is almost linear with slope approximately |Vg(z)|. Therefore, we

must have
lgllZ2c,y 2 e Vg ().
We will use this bound to estimate from above the L° norm of Vg in each 5B; as follows:
HVQHGL‘)'(BBj) N T;;lj_l|Vg($j)|6
S lgllzeeyrs 1Vl
~ ||9||%2(cj)(B+Bh)4-

Now, we sum over j, using the disjointness of the balls B; and thus of C;. This gives

Z ||V9||%6(5Bj) S ||9||%2(5)(B + Bh)4 Sa D(B+ Bh)47
J
which concludes the proof of the lemma.

[]

Now we use the bound in Lemma to solve the homogeneous Dirichlet problem in Q

and to obtain the estimate

Hv(p _ph);kmeLS(f‘) rg (B + Bh)gD%,
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where * stands for the nontangential maximal function. This bound is due to Verchota |155],
but see also the further discussion by Jerison-Kenig [82, Theorem 5.6] as well as the case of
C' boundaries considered earlier by Fabes-Jodeit-Riviere [42].

The exponent 6 is allowed above provided that the Lipschitz norm of the boundary is
sufficiently small. Precisely, the upper limit of the allowed exponents goes to infinity as
the corner size decreases to 0. The smallness of the intersection angle between I' and T’ is
a consequence of the C* common regularity bound together with the use of a sufficiently
refined collar region.

To use the nontangential maximal function bound, within the ball B; = B(xj,7;) we
consider a smaller ball

~ 1 1
Bj = B(zj — gryng. 775).
For y € Bj we have
* -~ 1
|v(p _ph)hom(y)| 5 |v(p _ph)hom(z)|7 zel'Nn ZBJ

Taking averages on the left and integrating on the right, we arrive at

G~ 2ol S 1V 0~ D)5 0t 1,
Since the balls B; are disjoint, summation in j yields

> Y (P = pn)noml® S (B + Bi)'D. (2.4.21)
J

On the other hand, for v — v, we use the interpolation bound (12.4.8)), which gives

lv = vnll sy S (B + By)i D, (2.4.22)

We are now ready to estimate the corresponding contribution to (2.4.11)) using also
(2.4.13) and (2.4.14)) as follows:

Jhom ==Y P = pullv = onl[V(p = pr)nom.| dS
- JANB;
J J

2(d—1)

Sa Z’f’j(Tj P lv = vnllzsans) IV (P — Pr)nom.jl
J

L d—1
SJA er ’ HU B UhHLS(AﬂBj)(Tj ‘ |v<p - ph)hom,jD
J

<a (B+ By)D.
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At the last step we have applied Holder’s inequality in j with exponents 2, 3 and 6, using

(2.4.13), (2.4.22)) and (2.4.21)). This completes the proof of (2.4.12) and therefore the proof
of Theorem 2.4.2]

O
One consequence of the difference bounds is the following uniqueness result.

Theorem 2.4.6 (Uniqueness). Let € > 0 and let Qy be a bounded domain with boundary
Ty € A(T,,£,8). Then for Ty € C*2 and divergence free vy € W1(Q) satisfying the Taylor
sign condition, the free boundary Euler equations admit at most one solution (v,I';) on a
time interval [0, 7] with ', € A(T,,¢,6) and

T
s ol goeo + [ Tl + 1Dz + [Tl g dt < o

Proof. Suppose (v,€;) and (vs, Q1) are a pair of solutions satisfying the conditions of the
theorem with the same initial data. From the differences estimates, we immediately obtain
v =1vp on N ;. Next, we argue that the domain ), coincides with €2, ;. First, we note
that the intersection is non-empty if 4 > 0 is small enough. We now show @, C Q,;. It
suffices to show €2; C ﬁt,h. If this is not true, then there is x € I';;, such that = € {,. Such
a point must lie on 9(€% N € 5). Therefore, from the estimate for the distance functional,
we have p(z) = 0. However, within a small enough collar neighborhood, the Taylor sign
condition tells us that the level set {p = 0} corresponds exactly to the free surface I';. This
is a contradiction to = being an interior point of €. Therefore €2, C €1, ;. The reverse

inclusion follows by an identical argument. O]

2.5 Balanced elliptic estimates

In this section, we prove a collection of refined elliptic estimates which will be crucial for
obtaining the sharp pointwise control norms in the higher energy bounds. These estimates
will turn out to be quite general and should be applicable to other free boundary problems.
In a sense, they can be seen as significant refinements of the so-called tame estimates which
have been fundamental in the analysis of many water waves problems (see the discussion
in [7, 95]), but are not nearly sufficient for our purposes. Indeed, as we will soon see, our
proofs of the higher energy bounds require estimates for various elliptic operators which
more precisely balance the contributions of the input function and the domain regularity,

simultaneously, in both pointwise and L? based norms. This simultaneous balance cannot
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be achieved with the known tame estimates, which often only seem to balance the contribu-
tions in L? based norms or involve domain dependent constants in pointwise norms which
are significantly off scale. The technical utility of our balanced estimates will become read-
ily apparent in Section [2.7] where they will be used to efficiently dispatch with expressions
involving relatively complicated iterated applications of the Dirichlet-to-Neumann operator

and various other elliptic operators.

In the following, we will always assume that {2 is a bounded domain with boundary
I' € A, := A(T', g0, 9) for suitably small (but fixed) constants €y, > 0. Most of the bounds
in this section do not make reference to a particular velocity function, and so, the implicit
constants in many of the estimates will only depend on the surface component of the control
parameter A; namely, Ar := ||['||c1.s. Hence, for this section, by the relation X <, Y, we
mean X < C(Ar)Y for some constant C' depending exclusively on Ar. The only exception
to this rule (which we will make note of explicitly) will be in Section [2.5, where we will
use the full control parameter A to establish estimates for commutators of various elliptic
operators with D;. We will also harmlessly let A depend on the domain volume throughout,

as the volume of the domain will be conserved in the dynamic problem.

Throughout the section, by a slight abuse of notation, we will follow the convention that
a parameter £ may vary from line to line by a fixed scalar factor. Generally speaking, we

will take € > 0 to be any positive constant with ¢ < gg.

Extension operators in A, and product type estimates on ()

To establish the desired elliptic estimates, it will be convenient to have an extension operator
which is bounded from H*(Q2) — H*(R?) for s > 0, and C**(Q) — C*(R?) for a suitable
range of k and a with bounds depending only on the implicit constant A. Among other
things, this will enable us to recover many of the standard product type estimates which are
well-known on R?. To this end, let ¢ : R — R be a Lipschitz function with Lipschitz
constant M. Let Q = {(z,y) € R? : y > p(x)}. Moreover, for 1 < p < oo and an integer
k >0, let W*P(Q) denote the usual Sobolev space consisting of distributions whose deriva-
tives up to order k belong to LP(Q2). It is a classical result of Stein [142, Theorem 5’, p. 181]
that there exists a linear operator £ mapping functions on € to functions on R? with the
property that £ : WHP(Q)) — WHP(R?) is well-defined and continuous for all 1 < p < oo and
integers k. Moreover, the norm of £ : Wk?(Q) — W#P(R?) depends only on the dimension
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d, the order of differentiability k& and the Lipschitz constant M. The operator &£ is called

Stein’s extension operator. As one can see directly from its definition [142, Equation (24),
p. 182], £ also maps C1(Q) — CH(RY).

As explained in Section 3.3 of [142], a partition of unity argument allows one to construct
an extension operator £ = &, on all Lipschitz domains €2, with constant depending only on
d, k,p, the number and size of the balls needed to cover the boundary, and the Lipschitz
constant of the defining function on each ball. Since for a tight enough collar A, one can use
the same balls to cover all elements of A, with control of the Lipschitz constant on each ball,
this shows that Stein’s extension operator has norm bounds that are uniform for domains

with boundary in A,.

In the above discussion, the definition of the W*? norm was the usual one, defined by
requiring the first & weak-derivatives to be in LP. However, as noted earlier, we also define
the H® norm of a function f as the infimum of the H® norms of all possible extensions of f
to R Clearly, || - [|ywr2 < ||+ ||+ with constant independent of the domain. However, by
the above, for domains with boundary in A,, the reverse inequality also holds, with implicit

constant depending on Ar.

From [108, Theorem B.8] we know that for any non-empty open subset 2 of R? and any

S0, 1 € R we have the identification
(H*(Q), H(Q))g = H*(2), where s = (1 —0)so + 6s; and 0 < 0 < 1,

with equivalent norms uniform in the collar. Thus, by interpolation, we have the following

result.

Proposition 2.5.1. Let Q be a bounded domain with boundary I' € A,. Then for every

s>0and 0 < a <1+ ¢g, Stein’s extension operator £ satisfies

1€lco@)scomy,  NElms@)—me@ay Sal
uniformly in A,.

Proof. The H?® case follows from interpolation between integer powers. For C'% we first
note from |108, Theorem A.1] (and higher order variants, c.f. [46, Lemma 6.37]) that there

are extension operators with the above C'* — C® bound. That Stein’s operator has this
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property then follows by making use of such extensions and interpolating, similar to [103),
p. 11-12]. [

Remark 2.5.2. As mentioned in [82, Proposition 2.17], by an interpolation argument, one
can also prove that Stein’s extension operator maps the Besov space BE4(Q) to BP4(R?) for
all @ > 0, 1 < p,q < oo and Lipschitz domains 2. However, we will not require anything

this precise.

Littlewood-Paley decomposition and paraproducts on (2

Using the Stein extension operator, many of the standard paraproduct estimates on R¢ pass

over to €.

Littlewood-Paley decomposition

For a distribution % on R?, we will make use of the standard Littlewood-Paley decomposition

u= ZPW,

k>0

where for k£ > 0, P, corresponds to a Fourier multiplier with smooth symbol supported in the
dyadic frequency region |¢| ~ 2% and P, corresponds to a multiplier localized to the unit ball.
The notation P.j, P<i, P>j and P~ will have the usual meaning. Using the Stein extension
operator, we may also consider Littlewood-Paley projections when w is defined only on €. In
this case, we abuse notation, and write Pyu instead of P,&u, with corresponding definitions
for Py, P<y, etc. We will also often write uy, u<, etc. as shorthand for the above operators

applied to wu.

Paraproducts on ()

The above decomposition allows us to make use of some of the standard tools of paradif-
ferential calculus (see e.g. [14] and [109]) on R? and apply them to functions defined on 2.
For bilinear expressions, we will make heavy use of the Littlewood-Paley trichotomy (now

defined for functions on 2 with suitable regularity),

fr9=Trg+Tyf +11(f,9),
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where the above three terms correspond to the respective “low-high”, “high-low” and “high-

high” frequency interactions between f and g. More specifically, Ttg is defined as
ng = Z f<kfk09k,
k

where kg is some universal parameter independent of k. We will be able to take, e.g., kg = 4
for most purposes.
Bilinear estimates on ¢

One important consequence of the bounds for £ and the corresponding inequality on R¢ is
the following algebra property for H*(2), s > 0,

/9]

o) Sa |l fllzs@llgllze@) + gl zs@llfll e @)- (2.5.1)

In our estimates for the elliptic problems below, the bilinear terms above will frequently
appear in the form 9;f0;g where f is some function defined on R? encoding the regularity
of the domain and the desired uniform bound for g is below C*. For this reason, in order to
avoid negative Holder norms inside a domain, we will need the following paraproduct type

estimate, which we will use in the sequel.

Proposition 2.5.3 (Bilinear paraproduct type estimate on ). Let either i) s > 0 and
ap,az, B €[0,1] orii) s=0,a; =az =1 and § € [0,1]. Then we have for any r > 0,

10:£ 059

mo) Sa l9llgst2—er @)l flleor @) + | f | zstrr1a) Sup 27kl gl e
>

[ Fllor 2o sup 22X gl sy
>

where g = g} + g7 is any sequence of partitions of g in C2(Q) + H'=#(Q).

Proof. By Proposition m, it suffices to prove these estimates for f, g defined on R?. We
prove the estimate for 0 < ay,as < 1 and s > 0 as the other cases are more easily dealt with.
We recall that for 0 < a < 1, the C® norm on R? can be characterized by the equivalent

Besov norm,

||u||ca(Rd) ~ ||P§0U||L00(Rd) + S.U.Ig 2aj||PjU,||Loo(Rd). (252)
j>
We now decompose 0; f0;g into paraproducts,

0if0;9 = Ty,70;9 + To,q0: f + 11(0; f, 0;9). (2.5.3)
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We then have the standard estimate

||T3if8jg||HS(]Rd) S ||f||Co‘1(Rd)||ajg| Hs+1—a1(Rd);

which follows by shifting 1 — o derivatives off of the low frequency factor and onto the high
frequency factor in each term. Using the hypothesis s > 0, the high-high paraproduct may

be estimated by the same term. For the remaining low-high interaction, we write
To,40:f = Z Pey—40;9P:0; f = Z Py—40;(g) PeOi f + Z Pi405(97) Pr0i [
k k k
Using standard Bernstein type inequalities and square summing, the first term on the right

can be easily controlled by

(r+az—1

10 f]

Hs+7(R4) sup 27]g ) Hgi HCaQ(Rd),
k>0
while the latter can be controlled by

59| g2 | -5 (R

Hf H C'1:2¢(R4) sup Qk
k>0
]

The following corollary of the above proposition will be used heavily in the higher energy

bounds to control product terms on 2 with suitable pointwise control norms.

Corollary 2.5.4. Let s and oy, as be as in Proposition|2.5.3] Assume that f € H*T?722(Q)N
C*(Q) and g € H"?71(Q) N C*2(Q). Then we have

10:.f 0591

o) Sa llgllgsrz-ar @l flloar@) + 1 fllas+2-a2 oy lgllcoz ) -

Proof. This follows immediately from Proposition by taking g7 =0 and r = 1—a,. O

Generalized Moser type estimate

Next, we prove a Moser type estimate with the same flavor as the above bilinear estimate.
The main purpose of this estimate will be to suitably control (extensions of) compositions
of functions on € with diffeomorphisms of R¢. This will be important for obtaining more

refined elliptic estimates where we need to use such diffeomorphisms to flatten the boundary.
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Proposition 2.5.5 (Balanced Moser estimate). Let d > 1 be an integer and let G : R — R?
be a diffeomorphism with || DG||ce, || DG Y|ce <a 1. Let s > 0,7 > 0 and o, 8 € [0, 1]. Then
for every F' € H*(R?) and partition F = F! + F? € C*(R?) + H'"#(R?), we have

1F(G)]

HS(]Rd) + ||G - ]dl

HS(Rd) SA ||F| Hs+'r Sl>1](;)) 2_](Q+T—1) ”P}l ||Ca(Rd)
J

(s+B8—1—¢) |

+ sup 2/ | E2{| -5 ey
>0

Remark 2.5.6. The same estimate holds for F' € H*(Q2) by replacing F' with its Stein

extension.

Proof. The case 0 < s <1 is a consequence of the following standard fact.

Proposition 2.5.7 (Theorem 3.23 of [108]). Let 0 < s < 1 and let G : R — R? be a
diffeomorphism with || DG||r~ <a 1 and ||[DG 7| <a 1. Then for every F € H*(RY), we
have

HF(G)HHS(Rd) ~A HFHHS(]Rd)-

Now, assume s > 1. We begin by performing a Littlewood-Paley decomposition,

I1E(G)]

ey oo IF (G Tagay + Y 27| Pi(F(G))lIZ2(ze),

J>Jo
where jy > 0 is some fixed constant depending only on A, to be chosen later. We have
2| P(F(G)) [l r2(mey S 2° (1 Py (Fejr(G)) | p2ay + 27| P (Fojr (G) || 2 ey

where F_j = P.yF, Fsy = F — Fj and j' := j — j; with j; being some parameter
depending only on s which will also be chosen later. For the latter term, by a change of

variables and since s > 0, we have
D 20 Py(Foyr (G| Famay Sa Y D 2072 B |7 may S 1P |1 57s ay-
J>Jjo J>jo k>3’

On the other hand, using the fundamental theorem of calculus, we obtain

2| Pj(Fejr (G) | n2rey S 2% sup ||P; (DF<ji(Gr)PsjG) || 2(ray
rel0.1 (2.5.4)
+ 27|\ P (Fejr (P jrG)) || 12 (e,

where

G,=71P.;G+(1—-1)G.
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Now, as || DG ||z, | DG | ze Sa 1, it follows that PG and G, (for 7 € [0, 1]) are invertible
with ||Pcj DG, ||DGr||e Sa 1 as long as jo is large enough (depending only on A
and the collar). Now, to control the first term on the right-hand side of (2.5.4)), we split

Fej = (F})<j 4 (F?)<j and estimate (using the estimate for G'),

2% sup ||Pj (DF<jr(G7) P>y G) |l r2gmay Sa 2770 | gamay 27| Pojr G| 2 ray
el (2.5.5)

+ 9j(s—1+B—¢) |!1732|!H1—5(Rd)-

Square summing (and possibly relabelling €) gives

Hs+'r

(Z 2 sup 1P (DF<y(Gr) PeyG) H%mw) Sasup2 I I oo |G — 1d
J

>0 T€[0,1]

+ sup 2j(571+ﬁis) HFJz HHl—B(Rd) .
>0

Next, we control the second term on the right-hand side of , which is a bit easier. Let
k be the largest integer strictly less than s so that 0 < s — k < 1. If j; := j — j' is large
enough (depending only on k), we have by the chain rule and straightforward paraproduct
analysis,

2°|| Py Fejr (P<jr @)l 2y Sa 2P| Py(D*Fejr (PejrG)) | L2ray,
where f’j is a slightly fattened Littlewood-Paley projection. We then use the fundamental

theorem of calculus to obtain

2N By (DMFjr (Peyr @) | p2gray Sa 2707F) Sl[lp] |1 P;(D¥ ™ Feji (G) Poy G| 2 ma
7€[0,1

+ 2670 P (D Fejo (@) || 2 e
For the first term, we have simply

27(s=H) Sl[lp] |1 P;(DM 1 E_ (G Poyr Q) || 2qay Sa 276719 DM E_ || 2 ey
T€[0,1

S 27| F|

Hs (]Rd) .

For the second term, we have

2N By(DF Feyr(G) | 2y Sa 20D Fagl| 2ay + | P((DPF)(G))]

Hs—k(Rd) .

Since 0 < s — k < 1, we obtain from Proposition [2.5.7],

1
(Z Qwk>nz%(m&j«&jc»||%2<Rd>> S [l

J>Jjo



CHAPTER 2. THE FREE BOUNDARY EULER EQUATIONS 61

where we used that s — k < 1 to control ||[(D*F)(G)|
the [2 sum of 276~k || DFFL || (réy- Combining everything together completes the proof. [

me—k(rdy and that s —k > 0 to control

We also note a much cruder variant of the above proposition where we measure G only in
pointwise norms and F' in Sobolev based norms. This will only be needed in our construction

of regularization operators later on.

Proposition 2.5.8 (Crude Moser estimate). Under the assumptions of Proposition [2.5.5
the following bound holds for every F' € H*(R?),

| E (G| msmay Sa llFlgs@ay + |G — Id||gotrse@ay | Fll g1-r @a)-

Proof. The proof follows almost identical reasoning to Proposition The only difference
is that we do not partition F' in (2.5.5)) and instead estimate

I(DF<j)(Go)lli2may Sa IDFejllremay S 271 F || i-r(ga).
We then invoke Bernstein’s inequality to obtain
200N Py G| poo ey S 279||G = Id||gsrse,

and conclude by summing in j. O]

Local coordinate parameterizations and Sobolev norms in A,

With the above estimates in hand, we can begin the process of proving refined versions of the
various elliptic, trace and product type estimates on I' that will be important for establishing
our higher energy estimates. Our goal in this subsection is to construct a family of coordinate
neighborhoods for I', which will act as a “universal” set of coordinate neighborhoods which
we can use to flatten the boundary of nearby hypersurfaces I' € A,. We will also use these
local coordinates to define Sobolev type norms on I' which are suitable for proving uniform
estimates later in this section. To achieve this, we slightly modify the construction from
[140, Appendix A] (but note the difference in our definitions of A,).

Local coordinates and partition of unity

As in [140, Appendix A], since I', is compact, for any o > 0 we can choose x; € R? and

r,r; € (0, %], 1 =1,...,m, such that we have the following two properties:
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(i) B(T's,r) C U™, R;(r;), where B(S,¢) denotes the ¢ neighborhood of S and R;(-) :=
R;(-) x I(-) € R% is a rotated cylinder with perpendicular vertical segment centered

at z; with the given equal radius and length.

(ii) For each i, z = (2, z4) being the natural Euclidean coordinates on R;, there exists a
function f; : f%i(Zri) — I; such that

| fuillco < oriy || Dfillco < o and Q. N R;(2r;) = {zq > fui(2)} (2.5.6)

When § > 0 is small enough, for every I' € A, with corresponding bounded domain €2, (i)
holds with I', replaced by I'. Moreover, there exist functions f; : 1:21-(27"i) — I; satisfying
with €, replaced by €2 such that we can control the Sobolev and Hoélder type norms of f; by

the corresponding norms of I'. Specifically, we have

1/

s Sa 1+ ||

s I fillere Sa 1+ |[Tllcra

for s > 0, integer £k > 0 and a € [0,1). Indeed, by performing a computation in local
coordinates, the above Sobolev bound follows from the Moser estimate in Proposition [2.5.5
and the pointwise bound can be verified directly from the chain rule and interpolation. Us-
ing these coordinate representations, we intend to construct local coordinate maps on each
R;(2r;) for Q which flatten I’ and have uniform estimates in A,. In some of the estimates in
this section, by a slight abuse of notation, we write ||['|| when we really mean 1+ ||T'|| in or-

der to declutter the notation. This will not affect any of the analysis for the dynamic problem.

On each R;(2r;), let ¢; = ~if;, where v;(2) = 7 <%> and 7 : [0,00) — [0,1] is a smooth
cutoff supported on [0, 3] and equal to 1 on [0, 2

which gains half a degree of regularity in H® norms and is bounded in suitable pointwise

]. We can extend ¢; to a function on R?
norms. Indeed, let Z € R4"! and s > % We define an extension ®; of ¢; by
D,(z) = ggi(5’)e_(1+|5/|2)2362m5/'2d§' for z = (%, z4) € RY.
Rd-1

We first observe that for each integer & > 0 and o € [0, 1), || D4||crara) Sk [|0illcke@a-1y).
One also has the same bounds for W for each k > 0. To see this, we observe that ®; can

be rewritten as the convolution

D;(z) = cde’zi oi(Z + zdy)e’w‘zdy,
Rdfl



CHAPTER 2. THE FREE BOUNDARY EULER EQUATIONS 63

where ¢y is a dimensional constant. In this form, the above bounds are easily checked. We

also have ||®;]

o ey | @3l zrs(ma-1) for every s > 0, which follows from inspecting the

Fourier transform of ®;, in a similar fashion as [108, Lemma 3.36].

From the above, we see that if o > 0 from (2.5.6]) is small enough, then the map
Hz(g, Zd) = (5, Zd + q)z(é, Zd))

is a diffeomorphism from R? — R with [|H; — Id||cke Sa [Tllore and | H; — 1d|| .oy Sa
|\C||s for s > 0, integer k > 0 and a € [0,1). Moreover, for the inverse function G; :=
H; ', the same bounds hold for G; — Id and its d'th component g; satisfies the bounds
10,,9i] + 1(0.,9:) 7| Sa 1. Finally, if o > 0 is small enough and A, is a tight enough collar

neighborhood we have, in the C! topology,
|1H; — Idl|cr + |G = Id]|er Sa p,

where p > 0 is some positive constant which can be made as small as we like (depending on

o and A,). We then have for some uniform §, > 0,

(1 (30) w1, () - (8 (20) 1. (35) ) 0 =)

Partition of unity. Here, we construct a partition of unity for 2 with bounds uniform in
A.. We follow essentially the procedure from [140, Appendix A]. Let v be a smooth cutoff

,2) and equal to 1 on [0, 3].

Moreover, let ¢ be a smooth function defined on [0, 00) taking values in [%, 00) with ¢ = %

3
on [0, 3] and ¢(z) = x for > £. Define

defined on [0, 00) satisfying 0 < ~ < 1 with ~ supported in [0

. z z .
32 =y, = oY o a.
T xT'i .
We then define a partition of unity via
Vi (G
Vi 1= # Yoo = (1= i) lo. (2.5.7)

)

We see that Zizo Y% = 1 on © and 0 < ~,; < 1 for each ¢ > 0. Moreover, by the Moser and
Sobolev product estimates, we have

||fy*l| Hs+% SJA ||F| Hs

for s > 0.
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Sobolev spaces on hypersurfaces in A,

We can use the above partition of unity to define C** and H® spaces on hypersurfaces
I' € A,. Indeed, if T is C! and in H*, we may define what it means to be in H"(T') for
0 < r < s through the inner product,

<f7 g)HT(F) = Z<¢ifi’¢igi>HT(Rd*1)7

i>1
where ¢; := 7. o H;(Z,0) (note that this is not the same ¢; as in the previous subsection),
fi = fo H;(2,0) and g; := g o H;(z,0). If T" is C** we may also define
||f||0k7a(r) = Sg? “Qbifi“C’“vo‘(Rd*l)‘
Finally, for a function v defined on €2, we write v; = v,v and u; = v;(H;).
Using the above and the full generality afforded by Proposition [2.5.5] we prove a refined
product type estimate on the boundary I'. Precisely, we have the following.

Proposition 2.5.9 (Product estimates on the boundary). Let € be a bounded domain with
boundary I' € A,. If f, g are functions on I and g = g]1~ + g]z is any sequence of partitions,

then for s > 0 and » > 1 we have

1/9]

sy Sa llfllee@ gl sy + (L sy + 1 fl oo @y T | zs+r) i;llg 2790 g3 oo

(Ut 1 lezery) sup 22N 2.
7>

Remark 2.5.10. If we take r = 1 and g} = g, we recover something resembling the standard

algebra property;,

1/l ot + || f]

@) Sa lfllze@yllgllzoem 7] ms@lgllzeoy + Ngllzs@ll fllze @y, (2.5.8)

but with the twist being the additional explicit presence of the H*** norm of the surface on

the right-hand side. We also remark that the proof below will allow for the first term on the

right of (2.5.8) to be replaced by (||.f{lw.eryllgll ey + £l oo 0 llgllwroo ) ) IT]
perhaps more natural, but we will never actually need this.

s, which is

Proof. Let (7.); be the partition of unity for Q defined in (2.5.7). As before, we write
®i(2) = 7.i(H;(2,0)), which is smooth with domain independent bounds since G; and H;
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are inverse. Similarly, we write f; = f(H;(Z,0)) and ¢; = g(H;(2,0)), which are functions
defined on the support of ¢;. By definition, it suffices to control ||¢; figi|| gr=ra-1) for each
i > 1. To begin with, let 5 = j —4 and let P; and P.; denote Littlewood-Paley projections
on R4'. Moreover, define &z to be a smooth compactly supported function equal to 1 on the
support of v,; with support properties chosen so that gz~5Z is supported in the region where f;
is well-defined. Then a simple paraproduct estimate using the Littlewood-Paley trichotomy

gives

||¢ifigz‘|

2

me@a-1) Sa | fllzeer) €iill s ma-1y + (Z 22]8||P<j'(¢igz‘)Pj(fz‘¢i)||%2(Rd1)) :
5>0

For the latter term in the above, we estimate

1

(Z 2% || Pjs (¢:95) P (f:0) ||%2(Rd1)> Sa llfidi

j>0

Hstr—1(Rd—1) sup 2_j(T—1) ||g‘]1 ||LO<>(F)
7>0

+ (L+ 1 fllo2eqry) sup 2779 || 2| 2.
5>0
We are then reduced to showing
| fidi]
For this, we note that

||fi¢~5i||Hs+T—l(Rd—l) < Z ||Q~5i'7*j(Hi(§aO))fi||HS+’“—1(Rd—1)'

Jjz1

aerr-rwa-1y Sa|[fllaser-iey + [ fllzee @[Tl e

Let us write ¢;; := G; o H;. Then we have

Hflgi%j(Hi(?,0))fz’|\HS+r—1(Rd—l) = H(aﬁjfj)(goij(%,0))q3ngs+r—1(Rd—1).

We note that ¢;; is a diffeomorphism having the same bounds as GG; and H;. By using the

extension ® from earlier, we may assume that ¢, f; is defined on R? with ||¢; f;]| . <
10 fill pre+r—1(ma-1y and [|@; f;|lpeoray S 1|0 fjllLooa-1). Therefore, by the trace estimate on

R the fact that ij is a diffeomorphism and the balanced Moser estimate, we have

16i(0; ;) (i (2,0))]

aorr-i@ay Sa [[(9555) © @ijll yesrmy o,

Sallesfil

H3+T71(Rd71) + ||F| H‘S+T||f||LOO(F)

Since, by definition, we have

65 fill rrotr—1ma-1y < || f]

the proof is complete. n

Hs+7=1(I');
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Trace estimates
Now, we prove a refined version of the trace theorem for I'.

Proposition 2.5.11 (Balanced trace estimate). Let 2 be a bounded domain with boundary
I' € A,. For every s > %, r >0, o, € [0,1] and every sequence of partitions v = v} + Uj2~,

we have

Sa llvllms@) + [T

[vpr| 3 sup 2770 D | ca ) 4 sup 276D 02| s .
7>0 7>0

H=3 () Ho+T

Proof. For i > 1, define v; = v,;Ev where £ is the Stein extension operator for ). It suffices

to prove the estimate with the left-hand side replaced by ||7;(H;(Z,0))| - d a1y’ Using the
trace theorem on R%"!, we have

‘|61(Hl(2,0))‘ HS*%(Rdfl) 5 ||aiHHS(Rd)’
where u; := ©v; o H;. We then use Proposition [2.5.5 and the operator bounds for £ in
Proposition to conclude. O

An extension operator depending continuously on the domain

Another use of the above local coordinates is to construct a family of extension operators
which depend continuously in a suitable sense on the domain. This will be important for
establishing our continuous dependence result later on. Potentially, something akin to the
Stein extension operator could work here, but we opt for the following simpler construction

where the dependence on the domain is more transparent.

Proposition 2.5.12. Fix a collar neighborhood A, and let s > % + 1. For each bounded

domain 2 with H® boundary I' € A, there exists an extension operator Eq : H*(2) —
H*(R?) such that for all v € H*(Q),

[ Equ]

woedy T 10l ms =ag) 0, D)llas,  [[Bovllgs@ay Sa Tl -y 0], (2.5.9)
cZ(9) H

where the dependence on [[v]] @ is polynomial. Moreover, if €2, is a sequence of domains

with I',, — I" in H*, then for every v € H*(R?), there holds

||EQn’U‘Qn — EQU|Q| Hes(Rd) — 0. (2.5.10)

Remark 2.5.13. One can loosely think of (2.5.10]) as a strong operator topology convergence

for this family of extensions.
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Proof. Given a family of domains €2, and {2 with boundaries I',,,I" € A,, denote by 7}, and

v+ the corresponding partitions of unity, so that

v = Z”yfi'u on €2, and v = ny*iv on ().

Define u? = (y%v) o H" on R%. Let k be the largest integer less than or equal to s, and

define the half-space extension

(2, 20) = S50 cul (2, —2) if 24 <0,

4 7j=1
U (2, 2a) = ui' (2, 2a) if 24 > 0,
where ¢y, ..., cp41 are gotten as in [46, Lemma 6.37] by solving an appropriate Vandermonde

system. It is standard to verify that we have @' € H*(R?).

We define the 2, extension of v by
by = Y i} oG},

and similarly let © by the €2 extension of v. To verify the continuous dependence property,
we want to verify that if I, — " in H*, then 9,, — © in H*(R?). For this, it suffices to prove
that a7 o G? — @; 0 G; in H*(R?) for each i. We note that

The first term on the right-hand side of (2.5.11]) can be shown to go to zero by using stan-
dard Moser estimates. The latter term goes to zero by arguing similarly to the proof that
translation is continuous in LP spaces (using a simple density argument to replace @; by a

smooth function).

Finally, the bounds (2.5.9) follow from the definition of the extension and Proposi-
tion [2.9.0l
0

Pointwise elliptic estimates

Here we establish variants of the C*% and C'® estimates for the Dirichlet problem which

adequately track the dependence on the domain regularity. In our analysis later, we will
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mostly use the C1% estimates with o = % or a = ¢. However, the C%° estimates will be

relevant for proving bounds for our regularization operators, which are defined in Section [2.6]

As will become apparent later, to obtain the desired pointwise elliptic estimates, it is
crucial to use a domain flattening map whose Jacobian has determinant 1. This will be
especially necessary for the C'1® estimate, as we must preserve the divergence form of the
equation. For this reason, instead of the map H;, we will use the more familiar domain
flattening map

Fi(2) = (2, za + ¢i(2)), (2.5.12)
whose Jacobian has determinant 1. The tradeoff when using the flattening F; is that it does
not exhibit a % gain in regularity for the H® norm on the interior compared to the boundary,
but this will not matter for this section because all domain dependent coefficients will be
placed in L™ based norms. We let ¥; := ;! and begin with the C*® estimates.

Proposition 2.5.14 (C?“ estimates for the inhomogeneous Dirichlet problem). Let 0 < a <
1 and let Q be a bounded domain with boundary I' € A, having C*® regularity. Consider
the boundary value problem
Av=g inQ,
v=1 onl.
Then v satisfies the estimate
[v]lc2e@) Sa ITllczellvllwrce@) + [1gllca@ + [Pl czem)-
Proof. We write v; = ~,v, h; = Av;, f; = h; o F; and v; = u; o ¥;. Omitting some of the
subscripts for notational convenience, we see that u := u; satisfies the equation
Au = (6 — ™) Du) + f,
U, ,=0 = (’Y*ﬂ/})(Hl(g?O))ﬂ
where a/* = (U7 U* )(F;) with repeated indices summed over. Note that to compute the
boundary term in (2.5.13|) we used that F;(Z,0) = H;(Z,0). By the well-known Schauder
estimates for the half-space, we obtain
[ullcza Sa ll(67F = a™)dsullcre + [ flloa + [[(vit)) (Hi(Z,0)) [ c2.e (2.5.14)
Using the Besov characterization (2.5.2) and the paradifferential expansion ([2.5.3)), it is

straightforward to estimate

(2.5.13)

16" = @) dyullcre S 115" — @l fulloae + [Tllcza [vllwro)- (2.5.15)
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As a¥ is close to the identity in C¢, this simplifies the estimate ((2.5.14]) to

[ulle2e Sa [[Tllczelvllwce @) + L fllox + [[(vt)) (Hi(Z, 0)) [ oo (2.5.16)

Clearly, we have || f||ce Sa [|h]|ce(@). On the other hand, we have
(W) leme Sa (DB (D20) (W) Dl + | (Du)() DT o (2.5.17)

We can estimate both terms above by the right-hand side of . We show how to do
this for the first term, as the second term is similar. For this, we may assume that wu is
defined on all of R? by using a suitable extension operator from the half-space to R?. Then
we write as usual u<; to mean P.ju and us; := u — u.;. By the Besov characterization of

C“, we need to estimate

sup 27°| P ((DW;)* (D*u) (W) DY) | .

7>0
By the standard Littlewood-Paley trichotomy, we first obtain,
29| P;((DW,)* (D*u) (W;) DW;) || 1o S lullcze + 27| Dul| oo || BB(DW5, DY) o<,
where B is a suitable bilinear form. For the latter term, we split © = u; +u>; and estimate
using Bernstein’s inequality,
2% D?ul| o= | Py B(DW;, DY) || poe S 0llwroe (2| Py B(DW, DWS)|| e + [l e
Sa [Pllczel[vllwree @) + [lulloza.

The other term in (2.5.17)) is similarly handled. Combining the above, we obtain

[vill 2oy Sa ITllc2ellvllwroo@) + [[Rlloa@) + [1(7a) (Hi(Z, 0)) [ 2o
Expanding
h = A(7v) = Avv + 2V, - Vo + 75 Av
we obtain
1h]lca@) Sa [ITllczellvllwre@) + 1V - Vollcoe) + [lgllox@)-
The second term on the right-hand side can be estimated crudely by

VY - VUllca) Sa llvllere@) + 1T leze[o]fwieo)-

Finally, by estimating the term [[v||c1.0q) S dol|v||c2.e() + C(d0)||v]|coq) for some dy suffi-
ciently small and absorbing the first term into the left-hand side of the estimate, we conclude
the proof. n
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By very similar reasoning and the corresponding estimate in the half-space (see Theorem
8.33 in [46]) we also have a C™* variant if the source term g is replaced by V - g. More

precisely, we have the following.

Proposition 2.5.15 (C'* estimates for the Dirichlet problem). Let Q be a bounded C'
domain with 0 < a < 1 and with boundary I" € A,. Consider the boundary value problem
Av=V-g1+g2 inQ,
v="1 on 0f).

Then v satisfies the estimate

[vllore@) Sa [Tllove(l[vllwre@) +[lg1ll=@) + lg1llca@) + lg2llz=@) + [$llore).

Interpolating and using the straightforward estimate

]| Lo ) Sa llg1llze) + |92l 2 @) + 1] Lo (@),

we deduce also
[vllore@) Sa llgilles@) + [lg2llze@) + ¥ llore(r) (2.5.18)

and

lv]lcre@) Sa ITllere(glles@) + lg2llze@) + [[¥llcrem) + llg1llca@) + (g2l L)
+ |l cramy.

Proof. Much of the proof is similar to the C%“ estimate. We only outline the slight changes.

First, we note that

Av; = 0;(0;74iv) + 074050 + ViV - g1 + V4i2
= 0;(074v) + V - (74i91) + 07200 — VYsi - g1 + Vaig2 = V - hq + ha.
Hence, localizing with ~,; preserves the divergence source term to leading order. More
precisely, hy will be suitable for estimating in L in the sense that ||ha||ze Sa [|v]|wree) +
g1y + [|g2]| (). The next step is to perform the domain flattening procedure. The

most important point here is that since the Jacobian determinant of F; is 1, the corresponding
equation for u (using the notation from the proof of Proposition [2.5.14]) becomes

8k(ajk8ju) =V ill + }NLQ in Q,
Ujzg=0 = (Yit)) (Hi(Z,0))  on 09,
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where

h’l = (hl . D\I’Z)(F;), iLg = hQ(E)
In other words, the divergence structure of the equation is preserved. From this point, the
proof follows the same line of reasoning as the C** estimates by writing an equation for Au.

The difference is that we use the C''* norm and the corresponding estimate for the Laplace

equation in the half-space when the equation has the above divergence form. O

When ¢; and g, are zero in the above proposition, we can interpolate using the maximum
principle for H and the C'* bound above to obtain C® bounds for the harmonic extension

with constant depending only on Ar.

Corollary 2.5.16. Let 0 < a < 1. The following low regularity bound for H holds uniformly
for domains €2 with boundary I € A,,

[Hgllca@) Sa llglloe)-

Proof. By the above and the maximum principle, we have C'¢(T") — C1<(Q) and C°(T") —
C°(Q) bounds for H that are uniform in A,. By [103, Example 5.15] we also know that
(CO(R™), CH#(R"))p.0o = C*(R™) for an appropriate choice of §. Therefore, we just have to
transfer the interpolation properties on R" for n = d and n = d — 1 to Q and I, respectively,
with constants uniform in the collar. For €, we argue as in Proposition [2.5.1 and on I" we

simply unravel the definition of our function spaces via the partition of unity. O

Remark 2.5.17. Of course, we note that Corollary|2.5.16/avoids C! and Lipschitz regularity,

as these do not fall into the interpolation scale.

L? based balanced elliptic estimates

In this subsection, we will prove H® type estimates for various elliptic problems. In the
following analysis, we will always be using the coordinate maps H; and G; (as opposed to F;
and U; from the pointwise estimates) to flatten the boundary since we will now need the %

gain of regularity on €2 in H® based norms given by this flattening.

The Dirichlet problem
We begin our analysis by proving estimates for the inhomogeneous Dirichlet problem

Av=yg in(Q,
v=1 onl.
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We first recall two baseline estimates which will be used heavily in the derivation of the
higher regularity bounds below. The first is when ¢» = 0, in which case v satisfies the H*

estimate

[0l Sa llglla-r@)- (2.5.19)

On the other hand, for % < s<1and g=0, we have

[Vllze0) Sa 1Ml yomy - (2.5.20)

The bound (2.5.19) is completely standard. The bound (2.5.20) was established by Jerison

and Kenig in [82], and even holds, in an appropriate sense, at the endpoint s = % For our

1
2

dence of the implicit constant in [82] on the domain. As noted in [158], the implicit domain

purposes, we will only need the range - < s < 1, but we do need to quantify the depen-
dependent constant is, as expected, solely dependent on the Lipschitz character of €2, so is
controlled uniformly in the collar. Formally, [158] only quantifies the domain dependence for
the inhomogeneous problem g # 0, ¥y = 0, but the analogous homogeneous estimate follows
immediately from this and the existence of an extension operator E : H5~2(I") — H*(Q) for
% < s < 1 with norm uniform in A,. In this low regularity range of s, such an operator can
be constructed by using the partition of unity for  and the construction in [140]. We omit
the details.

In a small number of places in the higher energy bounds, the following elliptic estimates
which hold on C'#° (but not quite Lipschitz) domains will be convenient for simplifying the

analysis.

Proposition 2.5.18. For every 0 < s < % + €9, there holds

1A gllme1@) Sa Mgl Ml Sa ] sy gy

Proposition [2.5.18]is well-known to specialists; see, e.g., [114]. We remark that bounds of
this type hold in the range s < % when the domain is Lipschitz; the excess regularity given

by a C%*0 domain is required to extend the range to s < % + 9.

Next, we move to the higher regularity estimates for the Dirichlet problem.

Proposition 2.5.19 (Higher regularity bounds for the inhomogeneous Dirichlet problem).
Let 2 be a bounded domain with boundary I' € A,. Suppose that v solves the Dirichlet
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problem
Av=g in (),
v=1 on 0,
and let s > 2. Then forr > 0, a € [0, 1], 8 € [0, 1] and any sequence of partitions v := Ujl-—H}jZ,
we have
ol S g2+ 9] gy + [Tl ey S92 o fomgy
+ sup 20571879 HUJZHHl—ﬁ(Q)'
5>0
Proof. Using the partition of unity, it suffices to estimate v; := v,;v for each ¢« > 0. Since

the case ¢ = 0 is essentially an interior regularity estimate, we focus on the case i > 1. We
define

h = Av; = g7Vs + VAV + 2V 0 - V.

Using the map H; = G; !, we can write a variable coefficient equation for u := v; o Hj,

—AU = (CLij — 6”)818]11/ + bjaju — f,
ul(zg=0y = (Veith) (H;(Z,0)).
Here (dropping the i index from the partition and now using it as a dummy index), we wrote

a™ = (GL, GI') o H (where k is summed over), b; := (AG’) o H and f = ho H. As a first

step, we prove the following estimate for u:

fullre Za Il 0l gy + I ey 502k
j>0
| (2.5.21)
+ sup 2/~ 1HI) ||U]2‘||H1—ﬂ(ﬂ)~
5>0
For this, we use the standard elliptic regularity for the half-space to obtain
lellirs Sallullze + 1 fll o= + 1005l -2 + [[ (@ — 67)0,05ul| s (25.22)
+ [[(it0) (Hi(Z,0))| H5= 3 (RA-1) -
By definition, the last term on the right-hand side is controlled by ||| . Moreover,

1
H*~2(T)

by a change of variables and the baseline estimates (2.5.19) and ([2.5.20)), we can control,
crudely,
lellze < llillzacer Sa Ml + 0l g 0y Sa 102 + 1003

(2.5.23)
Sa [fllas-2 + [[¥]

H=5()
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For the purpose of estimating the third and fourth terms on the right-hand side, we may
assume that v € H*(R?) with compact support instead of just u € H S(Ri) by using any

suitable extension for the half-space. We then recall that in a suitably refined collar, we have

Next, we define a partition of u as follows: First write v; = ’y*iv} —i—’y*iv? and then u = v;o H; =
(7ivj) © Hy + (74iv3) 0 Hy =: uj +u3. To prove (2.5.21)), it suffices now by interpolation and

the above estimates to prove the estimate

16:0iu| gro—2 + || (a? —5)9;0;ul

ms+RHS(2.5.21). (2.5.24)

We show the details for b;0;u since it is the more difficult of the two terms to deal with (as

HS*E_’_HDG_IHLOO ||U|

o2 Sa |lul

it involves two derivatives applied to the domain flattening map) and because the estimate

for (a¥ — §7)0;0;u follows from a similar analysis. Our first aim is to establish the bound

b5t prs—2 <a [[(Vu)(G) - AG]|gro-2 + RHS(E5.24), (2.5.25)

which, to leading order, is essentially like doing an H*~2 “change of variables”. This bound
follows immediately from Proposition for 2 < s < 3, so we restrict to s > 3. To simplify
notation a bit, we write w := b;0;u. We begin by applying Proposition to obtain

-2 Sa |[(Vu)(G) - AG]|

as—2 + |1

[[0]

wrry SUp 27 | oo 4+ sup 276727 [ 12,
H > j>0 Jj>0

(2.5.26)

where w = wjl + wj? is a well-chosen partition which needs to be picked so that we can
estimate the latter two terms above by RHS([2.5.24). We take

wj = (AP;G - (VPju;)(G))(H),
w = (AP,;G - (VPjul)(G) + AP;G - (VPsju)(G) + AP>;G - (Vu)(G))(H).

It is then easily verified using the above and (2.5.26]) that we have

o2 4 sup 2672 AP G - (V) (G)|| 2 + RHS(2.5.24).

3>0

w2 Sa [[(Vu)(G) - AG

[[]

To estimate the latter term on the right, we use that s — 2 — ¢ > 0 to estimate

PIIARSG - (V(G)zx < sp 2 EOIARG - (VUG

Then splitting u = Pou} + (P<uf + Psju), a change of variables and a simple application

of the Bernstein inequalities allows us to control the above term by the right-hand side of
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(2.5.24]). This establishes ([2.5.25) for s > 3. Finally, for each s > 2, it remains to estimate

|(Vu)(G)AG| gs—2 by the right-hand side of (2.5.24)). From a simple paradifferential analysis
as in Proposition [2.5.3] we have

[(Vu)(G) - AG| s> Sa [(Vu)(G)[|as-1- + | T9u)) AG]

<Sa [[(Vu)(G)|| gs-1-- + RHS(2.5.24)),

where, above, to estimate the latter term in the first line, we estimated each summand

Hs—2

P.;_4(Vu(G))P;AG in the paradifferential expansion of T{yu))AG using the partition v =
P_ju} + (P-ju? + Psju) and Bernstein’s inequality. Then, using Proposition and this

same partition, we have easily

[(Vu)(@)|

o1 e <4 RHS(@5.24).
This establishes the bound (2.5.24)) for b;0;u. The bound for (a” — §)9;0;u follows sim-

ilar reasoning, but is easier because it involves only one derivative applied to the domain
flattening map, and therefore the initial change of variables performed above is not needed.
This concludes the estimate . Our next step is replace u on the left-hand side of
(2.5.21]) with v; and replace f on the right-hand side with g. Recall first that v; = u o G;
and f = h o H;. We may assume that v; and u are defined on R? using Stein’s extension or
a suitable half-space extension in the case of u. Therefore, using the partition u = u; + uf
as defined earlier and Proposition [2.5.5| we obtain

(a—14r (s+,87175)|‘02'
J

[vill 20y Sa lullrs + T orry sUP 277 N[}l oo () + sup 2/ | -5 (92
Jj>0 j>0

where we used that |G — Id|[g=+r Sa [T ,orr s

To conclude we now need only show that

| flle—2 Sa llgllas—2@) + [T 1 su;o) 2*j(a71+v~)”%1,|‘ca(9) + S-‘i% 2j(5+5*1*€)|]v]2-|]H175(Q)
> J

gstr—z "
J

+ sup ||vil| gs—=()-

(2.5.27)

Expanding out h = A(v7,;) and using again a paradifferential expansion similar to Proposi-
tion [2.5.3, the identity g := Av and the splitting v = vj 4 v} we observe first that

Il Sa gl + 1oy 50025 e
J
+ SU](@]) gi(s+h-1-e) 07| zr1-s(0) + sup [|vil| gs—e(q)-
J> 3
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Therefore, we need to only show (2.5.27) with g replaced by h. For this, we first extend

h to a function h := EA(v,v) on R? using Stein’s extension. Then, using the partition
h = hl+ h? with b} = EAP_j(v}y,,) and h? = EAP_;(v?.) + EAPs;(v7.,) together with
Proposition [2.5.5] we obtain (2.5.27)) and conclude the proof. H

We also note a much cruder variant of the above estimate which will be useful for con-
structing regularization operators later on. As with the corresponding Moser bound in
Proposition [2.5.8 the proposition below could be optimized considerably, but such opti-

mizations will not be needed in this chapter.

Proposition 2.5.20 (Cruder variant of the Dirichlet estimates). Let ', v, ¢, g and s > 2
be as in Proposition [2.5.19] and assume that {» = 0. Then for every § > 0, we have the

estimate

vl s ) Sas 9llzs—2@) + I ests 0] 510

Proof. We only give a sketch of the proof since it is essentially a much simpler version of
Proposition . One starts by using the cruder flattening as in the pointwise el-
liptic estimates and writing the corresponding equation for u (using the notation in )
This flattening is a bit more convenient for this estimate because the source terms in
are simpler. Moreover, we will only need to measure I' in pointwise norms, and therefore
will not need the % gain of regularity from the flattening in Proposition . As in the

proof of Proposition [2.5.19, we then obtain the preliminary bound

lullzrs Sa llf ez + 16 = a™)05u]

Hs—1.

Using simple paraproduct type estimates and a change of variables, it is straightforward to

then estimate

e Sas|lf]

Then, to conclude, one estimates using Proposition [2.5.8| with » = 0 and r = 2,

-2 + ||T|

||U| CS+5HU||H1(Q) (2528)

we £ [|T

a2 Sa k]

[ill s Sas [lul oo vl IIf] we=2@) + [Tl csrol[0l a1,

and then performs a simple paraproduct analysis to finally estimate

17]

as—2(0) + [T

2@ Sa gl cs+s|[vllme) + [[v][rs—(o)-

Combining the above and interpolating finishes the proof. O
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Harmonic extension bounds

By taking ¢ = 0 in Proposition [2.5.19] we obtain the following corollary for the harmonic

extension operator H.

Proposition 2.5.21 (Harmonic extension bounds). Let 2 be a bounded domain with bound-
ary I' € A,. Then the following bound holds for the harmonic extension operator ‘H when
s>2,r>0,8€(0,5) and a € [0, 1),

[Hy]

1) + [T

o () SA e Sup 277 || oy

j(s—1+pB—¢ 2
+SUP2 |3 [
Here, ¢ = 1) + 97 is any sequence of partitions.
Proof. First, Proposition [2.5.19| yields the estimate

[H]

(@) SA by T T 1 jli%) 2_j(a_1+r)||¢]1.||ca(m

Hs+7'7

+sup 27003 111 )

7>0

where ¢} = P.jHip; and ¢7 = Po;Hy7 + P>jHy. From the C* bounds for # in Corol-
lary [2.5.16| (which hold only for a € [0,1)), we have ||¢j]lca) S [[¥]]lcer). On the other
hand, from ([2.5.20)), we obtain

sup 290719162 1 ) Sa | HY | oo +sup2“3 e[

ﬂ
7>0 Hﬁ )

The proof then concludes by interpolation and again (2.5.20)). O

Curvature estimate

With the above local coordinates, we can control the surface regularity in terms of the mean
curvature. The following estimate is a slight refinement of Lemma 4.7 as well as Propositions
A.2 and A.3 in [140].

Proposition 2.5.22 (Curvature estimate).

and the normal nr hold:

I

ms +Inrllms—1 )y Sa 1+ |6l gs—2m).
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Proof. We only sketch the details as the proof is similar to |[140]. As in their proof, let
{f; € H*(R;(2r:))} be the local coordinate functions associated to I' defined earlier. Let
7 : [0,00) — [0,1] be a smooth cutoff function supported on [0, 2] with v = 1 on [0, 2]. On

2 14
each R;(2r;), we let

El

Vi(Z) = 7(7), ki(2) = v(2)K(Z, fi(2)), gi = ifi
Using the mean curvature formula
o o, f Af 0; foufOjrf
; = —0i(—F—==) =~ 7 ’ P
MO O T T vt T (ere)!

we obtain the following elliptic equation for g;:

0, [:0,, f; \
9i = —%@mgz’ + (1 + |Vfil*)2k — Avi fi = 2Dv; - Df;

81f282f1

As [|[Dfi|lr= < 1 the first term on the right-hand side can be viewed perturbatively. A
paradifferential type analysis similar to the estimate for u in Proposition [2.5.19| together

with standard Moser and product type estimates then gives

+

gill s Sa Ollgillzzs + I fill o—e + NIl o2y

for some 0 > 0 small enough (depending on A,). We then obtain

e Sa || fil

e ms—= + ||K| Hs=2(T"),

and so, we obtain,

sup || fill zs Sa 1+ |6l g2,

which completes the proof. n

Estimates for the Dirichlet-to-Neumann operator

Here, we use the above estimates to prove refined bounds for the Dirichlet-to-Neumann
operator which is defined by N := np - (VH);r. We begin with the following baseline
ellipticity estimate.

Lemma 2.5.23. The Dirichlet-to-Neumann map on I" satisfies

[l gy Sa INYl 2wy + 191 22y
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Proof. Let v ="H1y. We begin by proving the standard estimate
[ 108 S0 VU + 1l ey (2.5.29

Let X be a smooth vector field on R? which is uniformly transversal to all hypersurfaces in
A,. That is, X -nr 24 1 and |DX| <4 1. Integration by parts then gives

/|V'z)\2dS SA/np-X|Vv]2dS

I I
Sa [VllZag) + 2/9Xjajw Vo dz
<a V0l +2/(X-Vv)/\/wd5.

For the first term, we have from the H > — H! harmonic extension bound and straightforward

interpolation,

e R T P e

Combining this with the Cauchy Schwarz inequality for the second term, we obtain (2.5.29)).
Using the partition of unity (7.,);, it straightforward to then estimate

19y Sa ll¢llee + 1V 0l 2wy Sa 1oz + [Vl 2y,

where V' denotes the projection of V onto the tangent space of I'. Combining this with
(2.5.29) and Cauchy Schwarz concludes the proof. m

We will also need the reverse inequality.

Lemma 2.5.24. The Dirichlet-to-Neumann map on I" satisfies

HN@Z’”LQ(F) Sa Hw”Hl(F)

Proof. Using the same notation as in the above lemma and essentially the same argument,

we have the estimate

/(X-np)|VT¢|2dS+ /(X-np)|/\/'¢|2d8 _ /(X )|Vl dS
I I r
Ol +2/F(X - Vo)Nv dS

for some constant C' depending only on A. Writing X" := X — (X - np)nr, we obtain

/(X-nr)!/\/'w\zdS < CHwH?{lm+/(X-np)\va?dS—2/XT-w/\/wds,
I I I

which by Cauchy Schwarz completes the proof. m
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Next, we prove higher regularity versions of these bounds. The first bound below amounts

essentially to elliptic regularity estimates for the Neumann boundary value problem.

Proposition 2.5.25 (Ellipticity for the Dirichlet-to-Neumann operator I). Let s > %, o €
[0,1) and 8 € [0, 3). Then we have

1]

H#(D) SA HwHLQ(F) —+ HNT/}HH@—I(I‘) -+ HF| Hs+r su%)) 27j(r+a71)|’wj1'”0a(r)
§>

Aol 2 (2.5.30)
Proof. The proof of this is very similar to the Dirichlet problem, so we only sketch the
details. Indeed, write v := H1. By Proposition [2.5.11} (2.5.20) and the C* — C* bound
for H, it suffices to control v in H“”*%(Q) by the right-hand side of (2.5.30). As with the

Dirichlet problem, the procedure is to write the Laplace equation for u = v; o H; and to

reduce matters to the standard estimate for the Neumann problem on the half-space (which
is available since s > 1). The only added technicality is that there are extra source terms
coming from the Neumann data (in contrast to the source terms which do not appear for the
Dirichlet problem with zero boundary data). By using Proposition and an analysis

similar to Proposition [2.5.19] it is straightforward to obtain the preliminary estimate

4]

Hs(T) SA ||U||H1(Q) + ||N¢| Hs=1(T) —+ ||F| Hs+r SUIO) 2_]‘(7‘4-(1—1)”@;”0&(9)
§>

+ sup Qj(swféfs)HU?HHlfﬂ(Q)’
>0
where v := vj + v is any partition of v. The first term [|v||f1(q) is harmless and can be
controlled by |[9)|| z2(ry + [| N9 2y using the H2 — H' bound for H and Lemma [2.5.23] We

then take vj = H¢ and v7 = He? and use again the C* — C bounds for H and ([2.5.20)

to conclude. O
We will also need the following iterated version of the ellipticity bound above.

Proposition 2.5.26 (Ellipticity for the Dirichlet-to-Neumann operator II). Let s > % and
let kK > 1 be an integer. Then using the same notation as the previous proposition, we have
the bound

1]

ey Sa lUll e + IV

+ sup 23+ 12
>0 J

rrm) F Tl sup 2720 oo
71>

HE AT
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Proof. Lemma [2.5.23| and Proposition [2.5.25| give us this bound for £ = 1. For k£ > 2, we
may assume inductively that the corresponding estimate holds for all 1 < m < k — 1. We
begin by applying Proposition [2.5.25| to obtain

1]

k() Sa llYllzm + [N

Hs+k=1(T) + HF’ Hs+k+r Sli%) 2—j(a71+7“) ijl'HC"‘(F)

(2.5.31)
+sup 2/ H-3 g2

3-4(r
7>0 Hz )

Using the inductive hypothesis, we have
IN®lsress-s ) Sa Nl zary + IV @llsmy + 1Tl reeer sup 2775 oo ry
>

+sup 2762 e
5>0
where N9 := ¢} + ¢7 is any partition of V4. By Lemma , the first term on the right
can be controlled by ||1] g1 (ry which can be dispensed with by interpolation (between L* and
H'*¢ to ensure the domain dependent contributions in the estimate are harmless). Therefore,
to conclude, we need to choose ¢} and ¢? so that the latter two terms on the right-hand side
of the above are controlled by the right-hand side of . Using v, vjl- and sz from the
previous proposition, we can take ¢; = V,P-;vj and ¢7 = V,Pjv} + V,,P>jv. The proof
then concludes in a similar way to Proposition [2.5.25] We omit the details. O

For our energy estimates, we will also need good bounds for the following div-curl system.

Proposition 2.5.27 (div-curl estimate with Neumann type data). Let v € H*(2) be a
vector field defined on © and let s > 2, o, 8 € [0,1]. Let v := vj + v} be any partition of
v. Moreover, let Bv denote either the Neumann trace of v, nr - Vo or the boundary value

Vv - np. Then if v solves the div-curl system,

Vv = f’
V xXv=uw,
Bv =g,
then v satisfies the estimate,
[Vllze@) Sa llfllms—r) + lwllas-r@) + gl yomg ) + Wl 22)

|1 3 Sup2” 10D 0] ow(a +sup2“5 0 s a).
Jj> 7>0
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Proof. The proof is very similar to the Dirichlet and Neumann problems in that one flattens
the boundary and reduces to the corresponding estimate on the half-space with source terms
depending on essentially f, w, ¢ and the domain regularity. We omit the details of the
domain flattening as it is similar to Proposition [2.5.19 However, for the sake of clarity, it
is instructive to explain the div-curl estimate in the case when  is the half-space {z; < 0}
(particularly in the case of the latter boundary condition involving Vv -np). We show that
it is in essence a statement about elliptic regularity for the Neumann problem. In such a
setting, nr takes the form e;. We compute for each (Euclidean) component v; of a vector
field v on €2,
Av; = Oiw;; + 0; f.

Therefore, in the case of boundary data given by Bv = nr - Vv, the div-curl estimate is
simply given by elliptic regularity for the Neumann problem. To understand the case of the
other boundary value Vv - np, we note that the full Neumann data for v is determined by

this boundary value and the curl and divergence of v. If j # d, this is seen from the identity
ad’Uj = @vd + W -

So, by the trace theorem and elliptic regularity for the Neumann problem, we have the

desired control of v; for j # d. If j = d, we have

d—1

Oqvg = f — Z Oiv;,
i=1

which by the trace theorem and the estimate for v; with ¢ # d gives us the estimate for
Vd- ]

We importantly do not claim that the above div-curl system is well-posed. In fact, the
problem is generally over-determined (as, for instance, the curl and divergence fix Av, which
forbids certain choices of Neumann data). Fortunately, we will only need the above estimate
in our analysis later when we prove energy estimates and to a lesser extent in our construction
of regular solutions. We will not need any existence type statement for the above system,

however.

Next, to complement the ellipticity estimates for A/, we will also need the reverse esti-
mates which control powers of N applied to a function in terms of the corresponding Sobolev

norms of that function. As a preliminary step, we state the following proposition.
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Proposition 2.5.28 (Normal derivative trace bound). Let s > 0, » > 0 and «a, 8 € [0, 1].

The normal trace operator V,, := np - (V)| satisfies the bound

IVl

o) Sa vl o | D] s rs1 sup 271 1| e
J

i (s+B+5—

+ sup S)HUJQ‘HHFB(Q)-

7>0

Proof. Using the partition Vo = wj + w? where wj := VP.jv; and wj = VP;vi + VPsjv
together with the inequalities ||[nr || gs+r) Sa ||I'l|gs+r+1 and ||nr ey Sa 1, we obtain from
Proposition and Proposition [2.5.11] (after possibly relabelling ¢),

IVuvll sy Sa [(Vo)ir]

o) ([Tl e Sup 277" |wj |l oo () + sup 2672w 2y

<a vl s T || s+ sup2 I (|w}]| oo +sup23 s— 25)Hw2”H2+E o
By estimating
;=) Sa 270 [0} |oa o)
and
(srlig_
PR o S ol g g + 2 s,
we complete the proof. O

We can use Proposition [2.5.28 and the balanced bounds for H to prove a refined version
of the H**(T") — H*(T") bound for N.

Proposition 2.5.29 (Dirichlet-to-Neumann operator bound I). Let s > %, r>0,acl01)
and 3 € [0,1). Then

NV =y Sa o]

+sup P2 g2
3>0 T)

Hs+1(T) + ||F|

Istldr sup 9 i(r=1+a) ||¢]1 ||Ca(F)

for any sequence of partitions ¢ = wjl- + 1/132.
Proof. The proof begins by writing N' = V,,H and applying Proposition [2.5.28 to obtain
Ny Sa MY

erd gy + Dl sup 220 [l oo o

+sup 2703712 15 g
7>0

Using the C* — C* bounds for H, (2.5.20]) and Proposition[2.5.21 we conclude the proof. []
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Similarly to the ellipticity estimate for A/, we will need a higher order version of the

above estimate as well.

Proposition 2.5.30 (Dirichlet-to-Neumann operator bound II). Let m > 1 be an integer,
let s > £ and let 7 > 0, a € [0,1) and 3 € [0, 3). Then we have the bound

N

Hs(l") SA Hw‘ Hs+m(1“) + HF’ Hs+r+m ililg 27.7'(7'4’&71)”1&]14“0&(1_‘)

+sup 29T |12

1
-8
150 HZA(I)

and the closely related bound when s > %,

[HN )|

H5+%(Q) SA ||’¢| Hs+m(T) -+ ||F| Hs+r+m SuE) Q_j(r+a—1)||w]1||0a(r)

7>

j(s—s4+m+B—e)|[,/,2 (2.5.32)
Fsup27e 15135

for any partition ¢ = wjl + wjz

Proof. We begin with the first bound. The previous proposition handles the case m = 1.

Suppose m > 1 and let us suppose inductively that the bound holds for all integers greater

than or equal to 1 and strictly less than m. Then we have from the inductive hypothesis,

N9

o) Sa [Nl asem-ary + T gavmer sup 277" |5 || Lo ()
71>

- ) (2.5.33)
+ sup 2707 92| e
§>0
where N := qb; + gf)? is the same partition of N¢ as in the proof of Proposition [2.5.26]
Applying the inductive hypothesis again to the first term on the right and arguing the
same way as in Proposition [2.5.26 to control the latter two terms in favour of 1, wjl- and
1/1]2 concludes the proof of the first estimate. To obtain the latter estimate, we proceed in
a similar way as above. For the case m = 1, we can use Proposition [2.5.21] to control
| HN Y| a9 by the right-hand side of (2.5.33)). Then one concludes the bound for all

m > 1 by induction as above. O

Next, we note a bound for the operator V' which follows from similar reasoning to the
above.
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Proposition 2.5.31. Let s > 1, 7 >0, « € [0,1) and 8 € [0,1). Then

IV |

wary Sa |0l sy + D] gssasr Tig) 2’j(’“’1+a)||1p]1.\|ca(p)

2.5.34
+sup 2Ty | )
>0 IhH2=P ()

o . o 1 2

for any sequence of partitions ¢ = 9; + 5.

Proof. By writing
V' = VHY — npN,

the proof follows essentially the same line of reasoning as the proofs of Proposition [2.5.28
and Proposition [2.5.29, We omit the details. O

Finally, we note a bound for NV ,, which will be needed frequently in the higher energy

bounds.

Corollary 2.5.32. Let o, 3 € [0,1], s > % and r > 0. We have

IV Vo]

(r+a—1) H

#e(r) S 0l evmrg ) T (ITllasrremsr Sup 277 villoe o)
J

+sup 20HH S 102 )
7>0

where v = vjl- + vj2- is any sequence of partitions of v.

Proof. We omit most of the details. The proof proceeds by first using Proposition [2.5.30
with the partition V,v = np-wjl.‘F +nr -UJJQ-'F in L>(T') + H*(T") where w; and w? are as in the
proof of Proposition [2.5.28 and then using Proposition [2.5.28| to estimate V,v in H5T™. [

Moving surface identities

In this section, we suppose that €2; is a one parameter family of domains with boundaries
I'y € A, which flow with a velocity vector field v that is not necessarily divergence free.
Our purpose is to collect various identities and commutator estimates involving the material
derivative D, := 0; + v - V and functions on I';. We begin by recalling several algebraic

identities, many of which were proven in [140].

(i) (Material derivative of the normal).

Dynr, = — (Vo) (nr,)) " (2.5.35)
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(ii) (Leibniz rule for N).
N(fg) = fNg+gNf—2V,AY(VHSf - VHg). (2.5.36)

(iii) (Commutator with V).

[Dy, V]g = —(Vo)*(Vg). (2.5.37)
(iv) (Commutator with A=1).

[Dy, A™g = A" (2Vv - VPA g+ Av- VA g). (2.5.38)
(v) (Commutator with H).

Sof = [Dy, H|f = A (2Vv - VPHf + VHf - Av). (2.5.39)

(vi) (Commutator with N).

Sif = [Dy, NIf = Dinr, - VHf —np, - (Vo) (VHS)) + nr, - V([Dy, H]f). (2.5.40)

We also have the general Leibniz type formula,
d

fds = / Dif + f(D-v" — Kkvt)dS, (2.5.41)
dt Ft Ft

where D is the covariant derivative.

Balanced commutator estimates

Using the above identities, we now establish refined estimates for commutators involving
D, and the Dirichlet-to-Neumann operator. If we assume that v is divergence free, it is a

straightforward calculation to verify that Sy can be rewritten in the form
Sotp = ATV - B(Vu, VH), (2.5.42)

where B is an R%-valued bilinear form. Using (2.5.40]), we can write the commutator [D;, V]
as follows:

S19 := [Dy, N = V,,S0t) — VHY - (V,0) — V- Vo - np,.
In the higher energy bounds, we will need an estimate for higher order commutators Sk,

given by
Sk = [DtaNkW = Z Nl[Dt,Mwa7 (2.5.43)

l+m=k—1
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where [, m are non-negative integers and k£ € N. From now on, let us write A = ”U”C%“(Q) +
|T||c1e. For s > %, we have the following refined estimates for Sy, when v is divergence free,

which will be useful for estimating Sy D,a and Sya, respectively, in the higher energy bounds.

Proposition 2.5.33. Suppose that the flow velocity v is divergence free and let s > %,
k > 1. Then we have the following bounds for S.

(i) (Variant 1). For any sequence of partitions 1) = w} + wf—, there holds

s34k HwHL“’(F)

1Sk

) Sallolwre [ llesscey + 100 e g gy Iy + 1T

_J
Follwroe@ Tl josrr g Sup 2 2|5 || oy
J

+ [l sup 279 e .
7>0

(ii) (Variant 2).

.Sk

mei(ry + ||

#o(r) Sallvllwee o) [[¢] aort (19l gy W lwree @9l )

+HUHH5+’“+1(Q)”wHC%(F)

Proof. We will focus on the first estimate as the second one is similar. From (12.5.43)), we
need to prove the estimate in (i) with the left-hand side replaced with N[D;, NN where
[ +m =k —1. We will focus first on the term N'(V,,SoeN™1)) which is the most difficult
to deal with. Let us write G := B(Vv, VHN ™) for notational convenience. We begin by

applying Corollary [2.5.32/and then Proposition [2.5.19|to obtain (using the identity (2.5.42))),

IV (VSN )| +T

g 3 _
Hs(T) S;A HG| Hs+l+%(Q) 3tk ?glgz ](m+2)HA v G;”WUX’(Q)

+sup 2T ATIY L G241,
7>0

where G = G + G7 is a partition of G' defined by taking G} = B(V P<jv, VP;HNZ}4),

where N, := V,, P.;H. Using the C'¢ estimate for A~! and the maximum principle for H,

it is straightforward to control

Cima3) | A —
27D ATV - Gillwre@) Sa 0]l g o 1l oy Sa e )
Moreover, using the H~! — H_ estimate for A™!, we can control the other term by
y 1_ — (s 1_ m m
22N ATIV - G| ) Sa 2702790l wr.co (|| V P HN TSt — VHN ™Y 120

+lv]

HS+%+k(Q) HwHLOO(F)
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Finally, it is straightforward (albeit somewhat technical) to verify that the terms on the right-
hand side above can be controlled by the right-hand side of ({il) using the H* — H 2+ hound

(2.5.20)), Proposition [2.5.30, Proposition with g7 = g (and the fact that [|np||csr) Sa 1)

as well as the Hz%¢ — H€ trace estimates. Now, we turn to estimating ||G]| By

H 3 ()
performing a paradifferential expansion as in Proposition [2.5.3] it is easy to see that

1G]

HS“*%(Q) SA HUHWI"’O(Q)HHNm¢|

Hs+l+% (Q) + |’TVHN"L1ZJVU‘ Hs+l+% (Q) .

Using Proposition [2.5.21] and Proposition [2.5.30} the first term on the right can be controlled
by the right-hand side of . For the latter term, we need to control the [ sum of

Qj(s+l+%) ||PjVUP<j_4VH/\/’m¢||L2(Q).
For this, we estimate

) L . 1
2CHED || BVOP;  VHN" Y 12(0) Sa 22| PVl 2oy [0 ey
. 1 m m
+ 20D [0l ) | Pejma VHN™ = NZDY 1200

The first term on the right when summed in [? is controlled by the right-hand side of .
The same is true for the latter term after making use of and Proposition .
This concludes the full estimate for N(V,,SoN™). The other terms in N'[Dy, NN ™) are
dealt with similarly. O

2.6 Regularization operators

Let Q, be a smooth, bounded domain with boundary I',. In the following, we let €2 be a
bounded domain with boundary T' € A(T,,&,d) where ¢ > 0 and § > 0 are small positive
constants. As usual, we will abbreviate the above set of hypersurfaces by A, and consider the
volume of the associated domains as part of our implicit constants. We recall from
that we have the diffeomorphism from I', to I" given by

Or(x) =z + nr(z)v(x)

which parameterizes I' as a graph over I',. When constructing solutions to the free boundary
Euler equations (and also when proving refined energy estimates), it will be important to have
a good regularization operator at each dyadic scale which preserves divergence free functions.
More precisely, beyond the obvious regularization properties (to be outlined below in more

detail), our operators will need to have the following properties.
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(i) (Extension property). There is a dy > 0 such that the following holds: If 2; is a domain
containing € with boundary I'; € A, such that ||dist(z, Q)| 1, < 6277 then there

is an associated regularization U<;v at the dyadic scale 27, defined on ;.

(ii) (Regularization is divergence free). Given 2; as above, the regularization V;v satisfies

V- ¥v=0on (). Here, v is a divergence free function on (2.

Remark 2.6.1. The first point will be convenient later for comparing velocities defined
on different domains, which are sufficiently close. The second point is important as our
regularization operators will not necessarily commute with derivatives (but will commute

with derivatives up to lower order terms).

A more precise description of the above regularization operators is given by the following

proposition.

Proposition 2.6.2. Fix ap, let v, Q and ; be as above and let A = ||I'||c1e. Then there
exists a regularization operator W<; which is bounded from Hj, () — Hj,, (€;) for every

s > 0 with the following properties.

(i) (Regularization bounds).

1V <0l ovaqe,) Sa 20l ms@), 0<oa.

(ii) (Difference bounds).

1(Uejir — Vi)l goay) Sa27vllms@), 0<a<min{s, ap}.
J j (€j+41) ()
(iii) (Error bounds).

(I =<0l ey Sa 2770l ms@), 0 < a < min{s,a}.

Proof. We begin with a preliminary step of constructing a regularization operator ®<; with
the above three properties which maps H*(Q2) to H S(Qj) where Qj is a neighborhood of €2;,
but does not necessarily preserve divergence free functions. To do this, we aim to construct
a suitable kernel K7 such that

D ju(z) = / K9 (2, y)o(y) dy.
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Here, the kernel K7(z,y) is of the form

n

K (z,y) =Y Kz, y)x(z),
k=0

where (xx)j_, is a partition of unity of a neighborhood of (2, obtained by selecting an open
cover {U}}_, so that there are vectors (ey)j_, all of the same length with e, outward
oriented and uniformly transversal to I' N Uy. The remaining set Uy is then chosen to cover
the portion of Q2 away from the boundary. Let ey = 0 and take e, with k € {1,...,n} as
above. Such a smooth partition of unity can be constructed with bounds depending only
on the properties of A,. To construct K7 we consider a smooth bump function ¢, with the

following properties:
(i) The support of ¢y, satisfies suppgyr C B(eg, 1), d1 < 1.
(ii) The average of ¢y is 1, i.e., [pu 0r(2)dz = 1.

(iii) ¢, has zero moments up to some sufficiently large order N, i.e., fRd 2%p(2)dz = 0,
1< |a] <N.

Then, for each j > 0, we consider a regularizing kernel
K&k(z) = 290, (292).

We then define K7 (z,y) = Kg’k(:v —y) for y € Q. Note that for fixed z € Uy, K.(x,v)
is non-zero only if 2/(z — y) € B(ey, 1), i.e., y is within distance 2776, of x — 277¢;. This
is what will allow us to view our kernel K7 not only for z € Q but also for z in a O(277)
enlargement of . With this in mind, one can check that the family of kernels K7 satisfy
the following:

(i) K7 : Q; x Q = R, where Q; := {z € R : d(z,Q) < ¢277} with a small universal

constant c.
(i) 0200 K (x,y)| < 20(@HeFIED for multi-indices o, 5.
(i) o K(z,y)dy = 1.

(iv) fo K/ (z,y)(x —y)*dy=0,1<|a| < N.
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From the definition of K7, we see that ®<;v is defined on a neighborhood of €; if dy from
property (fi)) above is small enough. It is then a straightforward matter to verify that ®;
satisfies the regularization, difference and error bounds in Proposition [2.6.2| when s and «
are integers (the latter two bounds requiring the moment conditions, with N = N(ag)). The

general bound follows by interpolation.

It remains to construct the regularization operator W<; which preserves divergence free
functions. We first note that without loss of generality we may assume that I'; € A, with

the regularization bound
Tl ome Saps 270179 (2.6.1)

for each integer £ > 1 and real number 0 < < 1. Indeed, for large enough 5, by working
in local coordinates and using standard mollification techniques we can use the uniform C**
regularity of nr to construct a surface fj € A, with the bounds such that fj is within
distance <4 277049 of I'. For some small ¢ > 0, we can then define a surface I'; via the
parameterization np, := e, + ¢277. This defines a domain whose boundary has the required
regularization bound and which, if dy is small enough, contains all domains within a §y27/
neighborhood of 2. Therefore, it suffices to construct W<; in the case when I'; satisfies

(2.6.1). We make this assumption for the remainder of the construction.

Next, we correct ®<;v by a gradient potential. We define for v € Hj, (£2),
\Ifgj’l} = (I)Sj VA (v (I)<] )

where As_)j is the solution operator for the Dirichlet problem with zero boundary data asso-

ciated to the domain €2;.

To prove the regularization bounds for W<;, we note that because v is divergence free,

we have
V- b / () V() - (v(z — 277y) — v(x)) dy. (2.6.2)

In other words, no derivatives fall on v or the kernel when taking the divergence. From the

above formula, one can easily verify the following bounds for V - ®<;v for every s, s > 0:

IV - ®<jv|

o () Sa 2772 |v]| i s (-
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To establish the regularization property of W<, we use this and (2.6.1)) together with the
balanced Dirichlet estimate Proposition [2.5.20] to obtain

IVAGH(V - oo

Hs+a(Qj) SJA 2ja||v||Hs(Q).

Therefore, the regularization bound ||U;v||gsraia,) Sa 2|0l ms) follows immediately.

The bounds for ¥« 1v — V<;v and I — ¥ ;v are analogous. O
Finally, we note the pointwise analogues of the above estimates.

Proposition 2.6.3. Given the assumptions of Proposition the regularization operator

U, satisfies the following pointwise bounds for 0 < o < 2:
V<0l ooy Sa 280]lgasa),
for 0 < 8 < «, and
(I = Ui)vllca) + |(T<jrr — Usi)ovlloa,a) Sa 277 vllcersq),
for g > 0.

Proof. The corresponding bounds for ®; are straightforward to directly verify. To estimate
the gradient correction, we again may assume without loss of generality the bound ({2.6.1])
and then use the pointwise estimates from Proposition and Proposition [2.5.15] O]

Frequency envelopes

Let I' € A, and let s > ¢ 4+ 1. Suppose that v € H*(Q) and suppose that I' € H*

is parameterized in collar coordinates by = — x + nr(z)v(x). At this point, we define

A= |T|cre + HUHC%(Q). Using the extension operator from Proposition [2.5.12 we have the

following Littlewood-Paley decomposition for a function v defined on €2:
=Y
Jj>0

where by abuse of notation Pjv is interpreted to mean P;FEqu where Eq is as in Proposi-
tion[2.5.12]and P, is to be interpreted as P<y. We also have a corresponding Littlewood-Paley
type decomposition for functions on I',. Indeed, denote by (D), := (I —Ar.)z. For functions
on T, we then write for j > 0, P; := p(277(D).) — ¢(277"D),) and Py := p({D).) where
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¢ : R — R with ¢ = 1 on the unit ball and with support in B2(0). We then have from
Proposition [2.5.12] the almost orthogonality

o) ~a S22 (10l s + 1Pl

J=0

The above equivalence will allow us to define H® frequency envelopes for states (v,I') € H®
with the [? decay required to establish our continuous dependence result as well as the

continuity of solutions with values in H?® later on.

Remark 2.6.4. To define the Littlewood-Paley decomposition above, we use the exten-
sion Fqg from Proposition (as opposed to, e.g., the Stein extension) because of its
transparent continuous dependence on the domain. This will be important for establishing
continuous dependence of solutions to the free boundary Euler equations with respect to the

data when we have to compare frequency envelopes for different initial data.

Definition 2.6.5 (Frequency envelopes). Let s > ¢ + 1, I' € A, and (v,I') € H*. An H*

frequency envelope for the pair (v,I") is a positive sequence ¢; such that for each j > 0,

P50l s may + |1 Bjme |l .y Sa el (0, D) ||ee, el Sa L.
We say that the sequence (c;); is admissible if ¢y ~4 1 and it is slowly varying,
¢j < 20—kl ¢, j, k>0, 0<ik 1.

We can always define an admissible frequency envelope by the formula

¢;=2""+(1+|(v,)]

He) max 270 (| Pev| gy + || Penel o o)) - (2.6.3)

Unless otherwise stated, we will take this as our formula for ¢;. The following proposition
will be useful in our construction of rough solutions later on as well as for proving continuity

of the data-to-solution map.

Proposition 2.6.6. Let I' € A, and let s > 2 + 1. Suppose that (v,I') € H* and let (¢;);
be its associated admissible frequency envelope. Then there exists a family of regularized
domains €2; with boundaries I'; € A, and I'; € H?® along with associated divergence free

regularizations v; := W<;v defined on a 277 enlargement of ; U Q such that the following

holds.
(i) (Good pointwise approximation).

(v;,T;) = (v,T) in C' x CY:  as j — oo
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(ii) (Uniform bound).

HS.

(w5, 1)

me Sa (v, )]

(iii) (Higher regularity).

105, D) llzere Sa 2% (0, Dllere, @ > L.

(iv) (Low frequency difference bounds). On a 277 enlarged neighborhood of Q; U Q;1,
there holds

(v 0,) = (Wi, ) 2z Sa 2771 (v, T)lle

Proof. We define I'; by the graph parameterization nr, = P<;nr (using the projections de-
fined above). By Sobolev embedding, we have |nr, —nr| < 2737, and so the existence of the

required divergence free regularization v; := W< ;v comes from Proposition [2.6.2]

Next, we turn to verifying the above four properties. We focus on the bounds for v; as
the bounds for I'; are similar (and simpler). Properties ({i) and are clear from Sobolev
embedding and Proposition Next, we turn to property . We begin by establishing
this property for ®<;v and then we will upgrade to the full divergence free regularization

v; = W<ju. We write w' as shorthand for Pw and begin by splitting

Hs+o S Z ||¢§]Ul| Hstao + Z ||¢§]Ul|

1<j 1>j

[®<;0|

H5+a .

For [ < j, we estimate

[P < ’

v Sa 2%¢|(0,T) || Sa 27%¢;200700D||(v,T)|

Hsta SJA ||U Hs-

For | > j, we estimate

1@< 0" || rore Sa 27CF) |0 2 Sa 279¢;207 D670 (0, T0)|

HS.

Summing up each contribution gives

[ P<jv]

era Sa 29| (v, T)|

Hs-
To obtain the corresponding bound for W<;, we simply note that by Proposition [2.5.20]

VATV - & o) sote + 2TV Do

Hote Sa || @<yl
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us. Therefore, if we choose ¢ in the

By (2.6.2), we have 270tV - o2 $a 20|
definition of ¢; so that 2778 < ¢;, we have

1 <jvllrera Sa 2% (v,T)]

Hs-

This establishes property for W<;v. The proof of property is similar except now one
can use the difference and error bounds in Proposition We omit the details. O

2.7 Higher energy bounds

Let k& > %l + 1 be an integer. Our aim in this section is to establish control of the H* norm
of (v,T") in terms of the initial data where the growth of these norms is dictated by the
pointwise control parameters A and B below. To accomplish this, we will first construct a
coercive energy functional (v,I') — E*(v,T") associated to each integer k > ¢ + 1 and then
we will prove energy estimates for E*(v,T") to obtain estimates for ||(v,T)|lgx when (v,T’)
is a solution to the free boundary Euler equations. More precisely, we prove the following

theorem.

Theorem 2.7.1. Let s € R with s > g + 1 and let £ > g + 1 be an integer. Fix a collar
neighborhood A(T,,e,0) with § > 0 sufficiently small. Then for I' restricted to A, there
exists an energy functional (v,T") — E*(v,T") such that

(i) (Energy coercivity).
E*(v,T) a1+ [|(v,T)l[z- (2.7.1)

(ii) (Energy propagation). If, in addition to the above, (v,T') = (v(t),T) is a solution to
the free boundary Euler equations, then E*(t) := E*(v(t),T) satisfies

d
—E" $a Blog(1+ (v, 1)

yy us ) EF.

Here, A= 14+ [Q] +[[vf| 312 o) + [[Tllore and B:= 1+ [[v]wie ) + [[T]

o3+e( or

By Gronwall’s inequality, this gives the single and double exponential bounds

1w (t), Te)l[fze Sa exp (/0 CaB(s)log(1 + |[(v, )]

Hs>ds) (14 (oo, To)20):

1w (t), To)l[fze Sa exp (log(CA(l + [I(vo, Fo)ll%k))exp/o CaB(s) dS)

for all integers k& > % + 1.
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Remark 2.7.2. It is important to note that the first part of Theorem does not make

any reference to the dynamical problem.

Constructing the energy functional

Before establishing the above theorem, we motivate our choice of energy. At this point,

the discussion will be heuristic only. There are two quantities to control; namely, the H*

norms of v and I'. However, these are coupled via the nonlinear evolution, so they must be

measured in tandem. We achieve this by working instead with well-chosen good variables,

which are selected as follows:

i)

ii)

iii)

The vorticity w. If v is a divergence free vector field on €2, then in Euclidean coordinates,

we have the following relation for Aw;:
Avi = —8j(JJ7;j,

where w denotes the curl of v. Therefore, v is controlled by w and a suitable boundary
value. However, it turns out to be simpler to view v as the solution to a div-curl

system, again with a boundary condition whose choice will be addressed shortly.

The Taylor coefficient a. This variable is used to describe the regularity of the bound-

ary. Precisely, as we will see later, we have the approximate relation
Na =~ ax

where k represents the mean curvature of I'. Thus, as long as the Taylor sign condition
remains satisfied, the H* norm of I" should be comparable at leading order to the H*~!

norm of a.

The material derivative of the Taylor coefficient, D;a. At leading order this provides

information about v via the approximate paradifferential relation
D,a ~ NT,v,

for a suitable representation of the paraproduct above. This will provide the needed

boundary condition for the div-curl system for v.

Thus, at the principal level we have the correspondence

v < (w, Dya), I' <+ a,
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which will be the basis for our coercivity property. For the first part, it is better to think of
v as solving a div-curl system. One might try to think of a rotational /irrotational decompo-

sition v = vt + Vs, Where the two components solve div-curl systems as follows:

curl v,..; = w, curlv, = 0,
v'vrot207 V'Uir:07
Upot -y =0 on I, Vi N =v-np onl.

Unfortunately, such a decomposition is not well-suited for our present problem, essentially
due to the fact that in our setting nr has less regularity than v on the free boundary;
namely, H*~! versus H k=3 Hence, we cannot use such a decomposition directly, though
a paradifferential form of it will appear later in our existence proof. Instead, we will by-
pass this difficulty by associating the D;a variable with Vv - nr, the normal component of
the tangential derivatives on the boundary, which will then play the role of the boundary

condition in the div-curl system for v. This, in turn, yields the v part of the coercivity bound.

Now we turn our attention to the dynamical side, which ultimately determines the choice
of the good variables. There we separate the good variables differently, into the vorticity
w € H*1(Q) on one hand, which will provide the interior component of the energy, and the
pair (a,D;a) in H*1(I') x H*~2(T'), which carries the boundary component of the energy.
For the vorticity, this is immediately clear from the equation

Dywij = —wi0juy, + wiOivy, (2.7.2)

which results from taking curl of (2.1.1). Based on the transport structure of the vorticity,
it is natural to include the quantity ||w||%., () @s a component of the energy. On the other

hand, it turns out that ||(a, Dta)Hiﬂﬁl(F)xH’“*%(F)

Ein(wy, si), where s, and wy, solve the linearized equation to leading order with

can be controlled by the linearized energy

Wp = VHNk_2Dta,

sy =N+ la.

The derivation for this is a bit more involved than for the vorticity and will be handled later.

With the above discussion in mind, we define our energy as follows:

E*,T) =1+ [|v]|720) + Wl Fr-1() + Eiin(wk, sk)- (2.7.3)
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In the sequel, we will sometimes refer to ||w||?{k,1(9) as the rotational part of the energy,
denoted by EF(v,T), and Ej,(wy,si) as the irrotational part of the energy, denoted by
EF(v,T).

Remark 2.7.3. This definition of the energy has to be interpreted in a suitable way when v
and I' do not solve the free boundary Euler equations. Indeed, it is important that, a priori,
the definition of the energy functional does not depend on the dynamics of the problem.
Therefore, for a bounded connected domain 2 with (v,T') € H*, we define p through the

boundary condition pr = 0 and the Laplace equation
Ap = —tr(Vv)?,
The Taylor sign term is then defined via
a:= —nr - Vppr.

Moreover, we define D;p through the Dirichlet boundary condition Dypr = 0 and AD;p
given by
AD;p = 4tr(V?p - Vo) + 2tr((Vv)?) + Av - Vp =: F. (2.7.4)

In other words, Dyp = A~'F. This is the definition of D,p which is compatible with the
dynamical problem. We then define D,Vp by

Dth =—Vu- Vp + VDtp

and then D,a by
Dia = —nr - D;Vpp.

With these definitions, the energy functional (2.7.3)) is well-defined, irrespective of whether
the state (v,I") evolves dynamically.

Remark 2.7.4. We note that the energy functional is essentially the same as that
from [134]. The main difference, so far, is in the derivation of this energy. Indeed, our
approach was to identify Alinhac style good unknowns, whereas [134] first derives a wave-
type equation for a and then applies powers of the Dirichlet-to-Neumann operator to this
equation, as if it were a vector field. However, as can be immediately inferred from the low

regularity of our control norms, the way we treat the energy is very different from [134].
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Coercivity of the energy functional

We begin by establishing the coercivity part of Theorem That is, we want to show
that
Ef(v,T) ma 1+ [|(v, T)[f-

We begin by collecting some preliminary estimates for the various quantities that will appear

in our analysis.

L™ estimates for coercivity

Here we will establish some L based estimates for p and D;p in terms of the control
parameter A. The A control parameter involves only the physical variables v and I". The
variables p and D,p are related to these variables through solving a suitable Laplace equation.
We will therefore need to make use of the Schauder type estimates in Proposition to
control these terms (in suitable pointwise norms) by A. For this, we have the following

lemma.

Lemma 2.7.5. Given the assumptions of Theorem [2.7.1] the following pointwise estimates
for p and D;p hold.

(i) (C'* estimate for p).
[Pllcre@) Sa 1.

(ii) (Partition bound for D;p). There exists a sequence of partitions Dyp =: F ]-1 + Fj2 such
that

(L_ —i(k—1—
1F} lwreo@) Sa 27C79, [1F o) Sa 27777 (Joll gies ) + ||p||Hk+%—s(Q))’

One can loosely think of the partition of D;p in the second part of Lemma as a
splitting of D,p into low and high frequency parts at a dyadic scale 2. The high frequency
part will typically be best estimated in L? based norms, and the low frequency part in L™
based norms. In particular, one can think of the estimate for Fj1 as an estimate for the “low
frequency part” of Dyp in C2+¢. This will serve as a substitute for what would be a C'z+¢
estimate for the inhomogenenous Dirichlet problem, which is not available to us (except for

harmonic functions). The usefulness of this will be made more transparent later.

Proof. We begin with some notation. For any integer [ > 0, we write ®; := &1 — O

and ¥, := W, — U We also write ®y and ¥y to mean <o and V<, respectively. For a
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vector or scalar valued function f defined on €2, we write f! and f<! as shorthand for ®; f and
O f, respectively. If in addition, f is a divergence free vector field, we instead use f! and
f=! to mean U, f and W f, respectively. This will ensure that the divergence free structure

of f is preserved. We abuse notation and write f'g=! to mean

Fge =33 f _%Zflgl‘
>0 0<m<lI >0

This definition ensures (with the convention that ®; = &<, and ¥y = V() that we have

the decomposition

fa=rf'g="+ =g, (2.7.5)

which can be thought of as a kind of crude bilinear paraproduct decomposition where f!g=!
selects the portion of fg where f is at higher or comparable frequency compared to g.
Likewise, we can define trilinear expressions of the form f!g<'A<! in such a way that we have
fgh = flg=thst 4+ fSlg!hSt + f<lg<Ipl and similarly for quadrilinear expressions. Now, we
begin with the first part of the lemma. Expanding using we see that

p=—A""tr(Vv)? = —2A719;(vlow). (2.7.6)

Importantly, because v' is divergence free, we were able to write tr(Vov)?

as the divergence
of a bilinear expression in v and Vv, where the high frequency factor is undifferentiated.
This will allow us to make use of the lower regularity C'“ estimates in Proposition
and simultaneously allow us to rebalance derivatives in the bilinear expression for v. This
theme of writing multilinear expressions in divergence form with the highest frequency factor
undifferentiated will appear several times in the sequel in more complicated forms. In this

case, we have from Proposition [2.5.15]

Ipllcre) Sa 01005 |ce @) Sa ||U||QC; Sal

5 +€(Q)

Next, we turn to the estimate for D;p, which is the more difficult part. From (2.7.4)), we can

write in Euclidean coordinates,
Dip = 4A71(8,0;p0,v;) + 2071 (0j0,0kv:i05v;) + A™H(9;0;0;0;p). (2.7.7)

In order to make full use of Proposition [2.5.15] we will again need to write D;p in the form

A~V - f for some vector field f in a way which allows us to also rebalance derivatives, as
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we did in the estimate for p. We start by estimating the first term in (2.7.7). We first write
0,0;p0;v; = V - (0;p0;v) and use the partition

where le = A"V - (9;p0;®jv). From Proposition [2.5.15| and the C¢ estimate for p above,

we have
1T w0y Sa IVDPlles@ VO]l o) + VDl oo @) I V<0l o) Sa 2772

We also see from (2.5.19)),

1210 Sa 279Vl ooy ol e St 2779l ey,

Next, we turn to the second term in (2.7.7). We start by performing a trilinear frequency

decomposition. Using the symmetry of the indices, we have
@vkakvi@ivj = 38jv§€8kvfl&vj§l. (278)

To best balance derivatives, we would like to write this in the form V - T (v!, Vo<t Vo)
where 7 is an appropriate trilinear expression. To do this, we can use the symmetry of the

expression and the fact that v is divergence free to write
@vi@kvfl@ing = 0, (v,i@kvfl@ng) — vi@kﬁjvflawjg
= B, (hDhe00) — Sokon(007 D) (279)
= 9; (v O 05! — %ak(vgajvflaivfl).

We partition the last line above into le- + Q? where

1
Q; = 8m(vf€8kq><jvi§law§zl) - §ak(véamq)<]vzglalvil>

We then obtain in a straightforward way using Proposition [2.5.15] and summing in [,

- i(L— (1o
1A Qe $a P77l ) Sa 2679

)

)
and from the H~! — H' estimate for the Dirichlet problem and Proposition [2.6.2]

AT Q3 () Sa 27757179 v e -
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Finally, the last term in (2.7.7)) can be handled by writing
Qiaivjajp = 8,(3Zv]8]p) — (()ivj@i@jp

and partitioning each term similarly to the first term in (2.7.7)). Collecting all of the above

partitions together completes the proof of the lemma. O

The following simple consequence of the above lemma will be useful for estimating D;a

in pointwise norms.

Corollary 2.7.6. Given the assumptions of Lemma [2.7.5 there exists a sequence of parti-
tions D,Vp = G} + G5 such that

|Gl Sa 27679
(k32
HG§|\H%+E(Q) Sa2 ilk=3-2 )(||U||Hk—a(n) + ||p||Hk+%—s(Q) + ||DthHHk—1—€(Q))~
Proof. This follows from Lemma by taking
G =P ;(-VPv-Vp+ VE), G? =D ;(—VPsjv- Vp) + O, VE, + &5;D,Vp.

O

L? based estimates for a and D;a

Our next step will be to control (a, Dya) in H*1(I') x H*"2(I') by the energy plus some

lower order terms. Let us define for the rest of this section the lower order quantity

Mgz = ([Pl gr=e + 0]l 152 () + [Pl H DVl 1<),

5= (q)
where € > 0 is any small, but fixed, positive constant.

Lemma 2.7.7. We have
1
lall zx-rr) + ||Dta\|Hk—g(F) Sa (B2 + Ay

Proof. To control a in H*~1(T"), we use the ellipticity estimate for the Dirichlet-to-Neumann
operator from Proposition [2.5.26[ to obtain

_ 1
lallze-1ry Sa llallzary + IV all 2y + Tl llallcewy Sa (BY)2 + Age.
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To estimate D;a in H"3 (I"), we consider the partition D;Vp := G; —l—GJQ- from Corollary [2.7.6

and estimate using Proposition [2.5.26],

[ Dyall N*2Dyal|

"3 (1) Sa H3(T)
+ sup 2/ (h=2= 2)||7”LF G | &= (r) ‘l‘Ak e
7>0
From the trace theorem,
||Nk 2Dt@H NA ||7'U\/’k 2Dt00||H1

Since k > 3 and
/Nk2Dta dS = /nr - VHN*3D,adS =0,
r r

we conclude by a Poincare type inequality that

IHN* 7 Dyal o) Sa [VHN*2Dyal|r2) Sa (EF)2.

From Corollary [2.7.6 we have

sup 277G |np - Gl gy Sa 1.
7>0

On the other hand, from the trace theorem and Corollary [2.7.6]

27272 Inp - G2 e (ry Sa ke

which completes the proof.

+ ||| e gsup2 i Hnr G | Lo ()

]

With our preliminary estimates in hand, let us proceed with the proof of the first (and

harder) half of the coercivity estimate; namely,
1
(0, 1) [[ax Sa (EF)z.
Let us begin by proving the estimate
1
[l e gy + I S (B9)3 + A
We start by recalling from Proposition [2.5.22] that we have

Tl + lInel sy Sa 14 6]l ge-2q),

(2.7.10)
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where k is the mean curvature of I'. Therefore, to establish (| , it suffices to establish
s || ]| rr—2ry on the left hand side. To do this, we

begin by relating the curvature to the pressure via the formula

the same estimate except with |[|p||

k=a tAp—a ' D*p(nr,nr). (2.7.11)

Here, we used the fact that Arp = 0 on I'. We now estimate each term on the right-hand side
of (2.7.11). For the first term, we use the Laplace equation for p and the bilinear frequency
decomposition for Ap = —tr(Vv)? as in Lemma together with Proposition to

obtain

la™ Apl| iz (ry Sa ltr(Vo)?|| a2y
+ (la™ | zx-1-e oy + 1T 1| zz—) Sup2 T=91® ;00 (00,05 || 12 00
+ sup 2j(k_2_8) ||(I)thl'(V’U) ||L2(p) .
>0
Using the trace theorem, the product estimates Proposition [2.5.9 and Corollary [2.5.4] the
latter two terms can be controlled by C'4A;_. where C4 is a constant depending polynomially

on A only. On the other hand, ||tr(Vv)?||gr-2ry can be controlled using the balanced trace
estimate Proposition [2.5.11] as well as Corollary as follows:

[6r(V0)? || zn-2(ry Sa ller(Vo)?|

w3 T || e sup 27907911 ®_ ;0 (v 005" || oo ()
>

+sup 2/ H<I>>Jtr(Vv) 220
7>0

SJA Ak—s-

To estimate a~'D*p(nr,nr) in H*2(T"), we proceed similarly by starting with Proposi-

tion 2.5.9] and Lemma R2.7.5] to obtain
la™ D?p(nr, nr) |2y Sa |1 D?p(nr, nr) |2y + SUP 2j(k_2_5)||q>2jD2p||L2(F)

+ (o™ 1=y + [Tl - s)sup2 9| @ 5 D?p| o -

Similarly to the previous estimate, the latter two terms are controlled by C4A;_.. For the
term involving D?*p(nr,nr), we use Proposition again, combined with the estimates
[72p| ge-1-ery Sa [|T]|gr—= and [[npl|cer) Sa 1 to obtain (similarly to the above estimate but

with a™! replaced by nr)

HDQP(nFanF)Hka?(F) Sa HD2pHH’“*2(F) + Aj—e.
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Proposition [2.5.11] and the same partition of D?p above then yields
||D2P||Hk72(r) Sa ||VP||Hk—%(Q) + Ap—e.

To complete the proof of m we now only need to control Vp in H*~2. For this, we use
the div-curl estimate Proposition [2.5.27] for Vp as well as Corollary [2.5.4] Proposmon 2.5.9
and Proposition [2.5.31| to obtain

IVp]| + 10| s [[ VDl o= (@)

% () Sa Vo) + IV all gy + [[tr(Vo)?||

"3 ()
Sa (Ek) + llall gr-1ry + Ap—e
<Sa (BM)E + Ay,
(2.7.12)
where we used Lemma to go from the second to third line. From this, we finally obtain

the estimate (2.7.10)). To close the coercivity estimate, it remains to control v in H*(Q2) and
D,Vp in H*"1(Q) by the energy. We first reduce to the estimate

lollir@) Sa (B)2 + DVl i1y + A
For this, we start by relating the boundary term Vv - np to D,Vp. Indeed, we have
D\Vp=VDyp—Vuv-Vp.
Since Vp = —anr and Dyp = 0 on I', we obtain
V'v-nr=a(D,Vp)',
and so, since v is divergence free, we have from the div-curl estimate in Proposition [2.5.27]

ol Sallvllzz@ + llwllmr@) + la™ (D Vp) " py F I ze—<llvll

HHk c2 JrE

_ 1
Salla™ (DeVp) g oy + (B2 + e

To estimate the first term on the right-hand side of (2.7.13]), we use the decomposition
D,Vp = Gjl- + G? from Corollary [2.7.6, By the balanced product and trace estimates Propo-
sition and Proposition [2.5.11| and a similar analysis to the estimate for ||s|gr—2(r), we
obtain

@ (2.7.13)

Hail(DtvP)T”Hk*%(p) Sa DVl r-1(a)

. (Lo
+ (lla 1||H’€*1*6(F)+HF”H’9*5)SUI§2 179G (e
7>

+sup2] HGQH

SA HDtvaHk—l(Q) + Ak_g.
7>0

1
H27(Q)
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Finally, we need to show that
DVl 10y Sa (E*)z + Ay
For this, we will use the div-curl decomposition for D;Vp. The divergence and curl are given
by
V - D,Vp = 3tr(V?p - Vo) + 2tr(Vo)? in Q,
V x D;Vp=V?p Vv — (Vv)* - V% in Q.

Hence, using the div-curl estimate and the partition D;Vp = G} + G7 from Corollary
in conjunction with Corollary [2.5.4, we obtain

1DeVpll a0y Sa lIpllies o1Vl 4 o) F Pl ||U||kas(9) + ([t (Vo) |20y
a1
+ [T e 31;132 1G79)1GH | 1= @ —I—SupQJ( 2G4 e g+ Die

+ IV (DeVp) e

H’“—%(F)‘
Estimating G and G7 as before and then using (2.7.12)) gives

DDl i) Sa (B*)? + VT (DVp) - nr| ) ol + (1T v

H’“"

+[[6r(V0)? | rr-2() + Ap-e.

Using a trilinear frequency decomposition as in Lemma we obtain easily

[ex (Vo) -2y Sa 101730 o) [0 me-ce) Sa Aeee.

02“(9)

It remains to estimate the boundary term. We compute
V'(DyVp) -np = —=V'Dya— D,;Vp-V'np. (2.7.14)

By Proposition m, Proposition [2.5.31) and using the decomposition D,;Vp = G} + G3, the
terms in ([2.7.14]) are controlled in a similar fashion to the above terms by

IV (DeVP) - el oy Sa 1Dl g gy + Ake St (B2 + A,

&)
where we used Lemma [2.7.7] in the last inequality. Combining everything together, we have

1
| DVl -1y + |T | e + |0l () + 2] @ Sa (BF)7 4 Ay

Hk+?

Using the definition of A;_. and interpolating gives

1
1DV pl| i1 ) T v+ [0l 2.y + |2 Sa (EF) 2+l 2@+ Pl @+ 1 D Vol 20

H’“*z Q)
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We can use the H' estimate for the Laplace equation for p to estimate

2 e ) Sa llvll e @)-

Moreover, by writing D,Vp = VD,p — Vv - Vp, writing D;p in the form A~'V . f as in the
proof of Lemma and using the H~! — H! estimate for A~!, we have

1DVl 29 Sa vl @)
Therefore, by interpolation we have
1DeVpls-s(y + I s + ooy + 1ol e g S (B3 (2.7.15)
This finally establishes the desired estimate
0, D) e S (B2
Next, we show the easier part of the coercivity bound; namely,
(B)% Sa 1+ ]|(0.7) -

Clearly, the only nontrivial part is to control the irrotational energy. More precisely, we have
to show that

||VHNk_2DtCLHL2(Q) + ”(Z%Nk_la”L2(F) SA 1+ ||(7J7 F)HH’“ (2716)
To establish this, we will need the following L? based estimates for p and D;p.
Lemma 2.7.8. The following estimate holds:
P13 () + 1DePl 0y Sa ll (0, T) e

Proof. First, from the balanced Dirichlet estimate in Proposition [2.5.19, as well as Corol-

lary and Lemma [2.7.5 we have
1Pl sd ) Sa 10 (V)] iy ) + (T e lpllwroe @) Sa ll(0, T) -

To estimate D,p, recall that we can write D;p in the form A~'V - f. Indeed, similarly to
Lemma 2.7.5] we can start by writing

Dtp = A‘lai(aivjﬁjp) + 3A‘18i(8jp8jvi) + QA_LCT(VU)3 = F1 + F2 + Fg. (2717)
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We now will use Proposition [2.5.19| to estimate each term. We begin with F;. We use the
partition Fy = Hj 4+ H7 where H} := A7'0;(0;®<;ur0p) and Proposition [2.5.19 to obtain,

i o
I P vy Sa IV Vol gr-1q) + [|T]] SUEQ 2 ||H}||leoo(n) + Su%) 2 (k 1)||Hj2||Hl(Q).
J> i>

Using Corollary and the H*"3 estimate for p above, we obtain

190 Vollics@y Sa Tollpge gy 1Pl gy + IBlleccayllvlimney Sa 10 Dl
We also have from Proposition [2.5.15| and the properties of ®;,

Sal,

23| H lyyrroe oy < .
sup 2| Hj ) Sa Iplere@llvll g g

and from the H—! — H! estimate for A~! and Lemma [2.7.5 we have

3“18 2j(k71)HHJ‘2”H1(Q) Sa Sug 2j(k71)||V29HL°O(Q)||V‘I)>jv||L2(ﬂ) Sa vl ax)-
71> 71>

Hence,
1 F || ey Sa ll (0, 1) s (2.7.18)

By a very similar analysis, we obtain the same bound (2.7.18)) for F,. To estimate Fj, one
uses the decomposition of tr(Vov)? from (2.7.8) and (2.7.9) and then partitions one of the
factors VoS! = VO_;uS! + VP ;05! After that, an estimate similar to Fy yields the bound

(2.7.18]) for the term Fj. Therefore,
||Dtp||Hk(Q) Sa ll(v,T) || gw,
as desired. O

Now, returning to the proof of (2.7.16|), for the term Ha%/\/k_laHLz(p), we have from
Lemma [2.5.24] and Proposition [2.5.30},

L e
laZN* al| 20y Sa llall ey + llallzeo@ 1T e Sa lallms-rqy + (1T e
Then from Proposition [2.5.9, Proposition [2.5.11} and Lemma [2.7.8], we have
lallposcey S e g+ TN a0 T) e
To control the other part of the energy, we first note that by (2.5.20) we have

IVHN*2Dyal r2) Sa [IN* 72 Dial]

H3 ()
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Then we apply Proposition [2.5.30 Proposition [2.5.11| and Proposition [2.5.9] in that order,
to obtain
N2 Dyl S 107y + [Tz s0p 22 [GY mcoy+ sup P2 G

Sa DVl gs-1) + 11| e,

where D;Vp = Gjl- + G? is the partition from Corollary [2.7.6, We then write D;Vp =
—Vuv-Vp+ VD;p and use Corollary and Lemma to obtain

1DVl -1y Sa |0, T)|lww.

This completes the proof of (2.7.16)) and thus the proof of part (i) of Theorem [2.7.1] Next,

we turn to part (ii), which is the energy propagation bound.

L™ estimates for propagation

Now, we turn to the energy propagation bounds. As in the coercivity estimate, we will need
certain L*° based estimates for p and D;p, but in norms that have essentially % more degrees

of regularity compared to Lemma [2.7.5]

Lemma 2.7.9. Given the assumptions of Theorem [2.7.1] the following pointwise estimates
for p and D;p hold.

(i) (C*z estimate for p).

(i) (W' estimate for D;p). Let s € R with s > % + 1. Then

[ Depllwe() Salog(1 + [[(v,T)||m:) B-

Proof. We begin with the Ol estimate. We have from Proposition [2.5.15] using the decom-
position from (2.7.6)) and a similar analysis to the C1¢ estimate for p,

19013y 4 1Ty (lpllenciy + 108060 o) + 040605 g

Salllll oy + lollwre )
<. B.
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Now, we turn to the more difficult W1 estimate for D;p. Again, we first recall from (2.7.7)

that we have
Dtp = 4A_1(0i0jp0ivj) -+ 2A_1(8jvk8kvi8ivj) + A_l(@@ivjajp). (2719)

Using a very similar analysis to Lemma (except without the partition of D;p), we can
estimate the second term in (2.7.19)) in WH* by

|ATH(0vkOkvi0;) [lwr () Sa B.
For the first term in (2.7.19)) we have the decomposition
AN (0,0;p0v;) = AH(9,0,0'0v7") + AT (9,0;p 0. (2.7.20)
The first term in (2.7.20)) can be estimated similarly using Proposition [2.5.15| by

A (0:0;0 005" w0y = 1A 0;(0:0' 005 ) lwroo () Sa IPlcre@ vl @) Sa B.

(2.7.21)
For the latter term in ([2.7.20]), we write
A_l((‘?i(‘?jpg@ivé) = A_lai(aiajpglvé) — A‘laj(aiaipglvé) (2722)

and use the fact that the pressure term is at low frequency compared to v and a similar

analysis to the above to estimate
IATH(8;0;,p~ 00%) [wr.oo () Sa B (2.7.23)

We now focus on the last term in (2.7.19) which will be responsible for the logarithmic loss
in the estimate. We begin by writing

0:0v;0;p = 0;050;p~" + B0 0;p'. (2.7.24)
For the second term on the right-hand side of ([2.7.24)), we write
8i8ivj-518jpl = @(&&vflpl).
Again, similarly to the above, we have

||A_18j(82»8ivj§lpl)le,oo(m SA B. (2.7.25)
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Now, for the first term on the right of (2.7.24)) we have,
aiaﬂ)éﬁjpgl = A(Uéﬁjpgl> + 8j (vj@z&pgl) — 28z(v§8](‘3@p§l) (2726)

The latter two terms in are estimated similarly to . We focus our attention
on the first term, which corresponds to estimating A™'A(vjd;p=') in W, We begin by
writing
A_IA(vé-ajpgl) = v;-@jpgl - H(v;»(‘?jpgl). (2.7.27)
For the first term in we note that
V(Ué(f)jpgl) = vﬁ-@-VpSl + Vvé-ajpfl.

From the C"¢ bound for p from Lemma [2.7.5, we clearly have [[v!0;Vp=!|| =) Sa B. On
the other hand, we have the same estimate for Vvé-ﬁjpgl because

Vvéﬁjpgl = Vu;0;p — ijélajpl.

This yields the estimate [|[v50;p=!||w1.0(q) Sa B. It remains to estimate H(v;d;p='), which
is where we incur the logarithmic loss. By the maximum principle, it suffices to estimate
IVH (050;p=") || oo () - We begin by showing that for each m > 0

1@, VH (050;0™) || o) Sa B, (2.7.28)

with implicit constant independent of m. Indeed, we have
[ @0 VH L0 | ) S [ @ VHD < (0505°) [ (@) + [0 VHD= (00,55 | 1
For the first term, we have from the regularization properties of ®,, and the C''¢ estimate
from Proposition [2.5.15]
100 VHP < (V00| 1= () S 27" IHP<in (V005" o) Sa 27" | @< (v50;0=) |1 (0
Sa ;0= ().

Therefore, similarly to the estimate for V(v!0;p='), we have

[ VHP < (050 || Lo () Sa B-

For the other term, we have from the regularization properties of ®,, and ®-,, and the
maximum principle,
1@ VHE 1 (05050 |12 Sa 2" | HP5m (0500~ [1o(@) < 27 [ (vj0;p) | L(@)

Sa [W50p% [wrse(y-
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Combining everything gives (2.7.28). Now, to prove the full estimate, we fix an integer
mg > 0 to be chosen later and estimate using ([2.7.28)),

[VH@05) (@) Sa m0B + [0, VH 0,05 | (s (2.7.20)

For the latter term, since s > g + 1, we obtain by Sobolev embedding, the regularization

properties of ®-,,, and the elliptic estimate for H, the estimate

192y VH (05050 | (0 Sa 27" I H(v;00=) 11222y Sa 27| (0, 1)l

where r > 1 is some integer and d; > 0 is a constant depending on k. Taking my ~
705 ' log(1 + ||(v,T)||ms) and combining everything above with (2.7.29) then yields

IVH ;00 [1() Sa Blog(1+ (v, T)]

Hs).
This completes the proof of the lemma. O

Remark 2.7.10. It is perhaps worth remarking that by using Proposition and the
maximum principle to estimate ||V (vi0;p=")||1(q) in the above proof in C¢, we can also
easily obtain the bound

[ Depllwre(o) Sa [[vllere@)-

Of course, we do not want this in our energy estimates as it would force us to forfeit the

scale invariant control parameter B.

Proof of energy propagation

Now, we turn to the second part of Theorem [2.7.1] Using (2.7.2)) and the coercivity bound
(2.7.1]) it is straightforward to verify the following energy estimate for the rotational compo-

nent of the energy:

%Ef(v(t),n) <A BE*(uv(t),Ty).

The main bulk of the work will be in establishing a propagation bound for the irrotational

part of the energy. Namely, we want to show that

Bt (o(t), 1) <4 Blog(1+]|(v,D)]

b us ) B (v(t),Ty).

To do this, we start by deriving a wave-type equation for a. The general procedure for

deriving this equation is similar to |[134]. However, we need to more precisely identify the
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source terms in order to obtain estimates with the required pointwise control parameters A
and B.

We begin our derivation with the simple commutator identity
D,NVp =—-Vuv-Vp+ VDp.
Applying D, and performing some elementary algebraic manipulations gives
D?Vp=—-VDw-Vp+ D,VDp+ Vv - (Vv-Vp)—Vov-D,Vp
= %V|Vp|2 + VD +2Vu - (Vv - Vp) — 2Vu - VDp,

where in the last line, we used the Euler equations to write —VD;v - Vp = %V\Vp\? As
Ap = —tr(Vv)? is lower order, it is natural to further split V|Vp|* as

1 1 1
§V|Vp|2 — §V7-[|Vp|2 + §VA_1A|Vp|2.
From this, we obtain the equation
1 1
D?Vp— 5V”H|Vp|2 = §VA_1A|Vp|2+VDt2p+2VU-(Vv-Vp) —2Vu-VDp =: g. (2.7.30)

It will be seen later that g can be thought of as a perturbative source term. In an effort to
convert (2.7.30)) into an equation for D;a, we take the normal component of the trace on I

to obtain X
D;Vp - np, — EJ\/'(aQ) =g-nr, (2.7.31)

where we used the dynamic boundary condition plr, = 0 to write |Vpjr,|*> = a?. Since D is

tangent to I';, we have
D?a = —D?Vp-nr, — D;Vp- Dinr, = —D?Np - nr, + a|Dinr, |*. (2.7.32)

Note that for the latter equality in (2.7.32)), we wrote D;Vp = —D;(anr,) and used that
Dynr, is tangent to I';. Combining (2.7.31]) and (2.7.32]), we obtain the equation

1
D?a + 5/\/(@2) = —g-nr, +a|Dinr, |?,

which can be further reduced using the Leibniz type formula for N from (2.5.36) to the
equation
Dia+aNa = f, (2.7.33)
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where
f:=—g-np, +alDnr,|* + np, - VAY(|[VHal?).

To propagate (a, Dya) in H*X(I;) x H*"3(I,), one natural idea, in view of the ellipticity
of N, would be to use the spectral theorem to apply N k=3 to the above equation, and then
read off the associated energy for the leading order wave-like equation. This is essentially the
approach used in [134]. However, there is a much better choice for our purposes, which comes
from instead applying VHN*2 to the above equation. The benefit to this is twofold. The
most important advantage is that we only have to work with integer powers of ', which will
allow us to make use of the balanced elliptic estimates from the previous sections. Secondly,
this choice allows us to reinterpret the desired estimate for (a, Dya) in H*(Ty) x H*2(I,)
as an L? type estimate for the linearized equation with perturbative source terms.
Indeed, by defining the variables

w := VHN*2D;a,
s = N""1a,
q = H(aN*ta),

we may interpret (w, s, q) to leading order as a solution to the linearized system (12.2.8)). To
verify this, note that we clearly have V - w = 0. Moreover, we observe that ¢|r, = as and
that wlp, - np, = N*1D;a. Hence,

Dys — wlp, - np, = [Dy, N*"a =: R.
We also note that in €2, by using the equation for a and the Leibniz formula for N,
Dyw+ Vqg= 0,
where

Q= —Vuv-w+ VD, H{(N*2D,a) + VH[Dy, N*2|Dya + VHN* 2 f — VH[N* 72, a|Na.
(2.7.34)

To summarize the above in a compact form, we can write
Dyw + Vqg=Q in {4,
V -w=01n Qt,

Dis —w-np, =R on I'y,

| ¢g=asonl}y
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The linearized energy estimate from Proposition combined with Cauchy-Schwarz and
Lemma immediately gives the preliminary bound

d

SBF <4 Blog(1+ |(u,1)

1
1) B + (IRl + 120z ) (B)z.

It remains to control the source terms Q and R. This will be where the bulk of the work is

situated. Our goal is to show that

1112200 + Rl 2ry Sa Blog(1+[|(v, ) lus) ()2

We begin with the estimate for Q. We proceed term by term. Clearly, we have
1
IV0 - wlpa@y S B,

To handle the second term in the definition of Q, we begin by recalling the simple commutator

identity from ([2.5.42)),
D HY = A7V - B(Vo, VHY),

where B is an R%valued bilinear form. We then estimate using the H~! — H'! bound for
A~ to obtain

|V D2, HIN* " Dia)ll 20y Sa BIVHN*Diall 20, Sa B(EY)z.
For the third term in (2.7.34), we use the Hz(T;,) — H*(£;) bound for H to obtain

IVH([De, N* 21 Dia) 20y Sa D6 N1 Dsal

Then, from the commutator estimate Proposition [2.5.33| we obtain

11D N 21Dual 3 0 St ool Dealzeir

+l[ollwiee @ | Deall + 1 Deall oo o 17| ¢

3
H*=2(Ty)

_i
+ ”U”WLOO(Qt)HFHH’“(Qt) 8210)2 ? ||Gjl- : nrtHLoo(rt)
J

(3 _
+ [[ollwroe @ s.ulgzﬂk 22|GE - el e
7>

where Gjl. and GJZ are as in Corollary [2.7.6, Using Lemma m the energy coercivity,

Lemma and ([2.7.15)), we have

I[D0 N* 21 D1al 3 ) Sa Blog(l + 110, T) e ) (E¥)7.

H3(T,) ~
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Next, we turn to the estimate for VHN*~2f, which involves the most work. We recall that
f=—g-nr, +a|Dinr, | + V, A7 ([VHa]),

where g is defined as in (2.7.30). Using the identities Dynp, = —((Dv)*nr,)" = —(Dv)*nr, +

nr,(nr, - (Dv)*nr,) and [VHal* = $A[Hal|?, we may reorganize f into the expression

1 1
f= §vnA—1A(%a)2 - QVHA‘1A|Vp|2 — V,.D?p + My + M, (2.7.35)

where M is a multilinear expression in nr,, Vp, Vv with exactly two factors of Vv (e.g.,
from , the term a|Dynr,|?), and My is a multilinear expression in Vp, Vv, VD;p
and np, with a single factor of each of VD;p and Vv (e.g., the term nr, - VD;p - Vv). We
will abuse notation slightly and refer to terms of the first type as M;(Vov, Vv) and terms
of the second type as My(V.D;p, Vv). Next, we estimate each term in VHN* 2, with the

expression (2.7.35)) for f substituted in.

From Corollary [2.5.32] we have
IVHN® 2V, AT A(Ha)?|| 20, Sa NP2V, AT A(Ha)?||
Sa Tullae|AT A(Ha)

HE2 ()
2 -1 2
oy * 1A~ A
By writing A'A(Ha)? = (Ha)? — H(Ha)? and using the C2 estimate for # from Corol-

lary [2.5.16[ twice together with the maximum principle, we have

AT AMD g ) S [Halli@olMal g g S llallg ) Sa B

From Proposition [2.5.19] we obtain also
A A ey Sa BITs + IA(Ha s 20y,
Then using that A(Ha)? = 2|VHal|?, we obtain from Corollary [2.5.4]

|AHP 20 S [1Hal o3 g IHll a3 ) St BIHl ey

Then from Proposition [2.5.21, Lemma and the energy coercivity bound ([2.7.15)), we

obtain

1
IHall ey o,y Sa lal ey + Tl llall e Sa (B2,

)
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Therefore,
|A(Ha)? || ge-2(0y) Sa B(EY)?.

Next, we turn to the term V,A'A|Vp|? in (2.7.35). The procedure here is similar. Like
with the previous estimate, we obtain

IVHN 2V, AT AV 2,) Sa HFtIIHk|IA’1A(|VP|2)I|C%(QQ + IA(VEP) | r-20)
(2.7.36)
and also

1A~ ANV ) ) Sa B

Moreover, by expanding A|Vp|? (and some simple manipulations), we have

IANVPI) 20y S VPP r-2(0) + AP e-2(00) + IVPAP] r-10)-

Using Corollary and Lemma [2.7.9] we have for the first two terms
19208 -2y + NP L2y Sa 19l o 1Pl g g S Bl e
To handle the other term, we use the Laplace equation for p to write
IVPAD| -1,y = IVPOiv;05vi]| ge-1(ay)- (2.7.37)

Then from (2.5.1]), Corollary [2.5.4) Lemma and Lemma [2.7.8, we have

|V pOiv;0jvi| pr—1(0,) Sa llvllwree @l VPO || mi-10,) + [ VPO || oo () |0]] 1220
Sa ||v||W1‘°°(Qt)(HUHC%(Qt)||p||Hk+%(Qt) + ||p||W1*°°(Qt)||U||Hk(Qt))
Sa Bl|(v, D) g
(2.7.38)

Combining the above with the energy coercivity (2.7.15)), we obtain
1
1AV |tz Sa BEF)?.

Next, we turn to the estimate for M;. We first write M; = M{B where M] is an R-valued
multilinear expression in np, and Vp and B is an R-valued bilinear expression in Vuv. We
use the bilinear frequency decomposition B(Vv, V) = B(Vv!, Vost) + B(Vo=!, Vu!) and
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consider the partition B = 8]1. + 5]2- where le» = B(Vo_ !, Vo) + B(Vos!, VO_;o!). Then
using this partition, the trace inequality, energy coercivity and Proposition [2.5.30, we have

IVHN 2 M| 2 Sa ||M1\|Hk" + 1T | S,ugT%HB}HLoo(m)
j(k—5—2¢) 2

(2.7.39)

Sa HMlHHk" + Hvllwmo(nt)HvH el

c%*E(Q
+ llvllwroe e ||U||Hk(ﬂt>
Sa [[M]] + B(E")

[N

H’“" ')

Using the same partition as above and Proposition [2.5.9] Proposition[2.5.1T|and Lemma[2.7.5]

we have

[Mi]] s o Sa IVUllzes @ o]l ar,)
H""2(Ty)

+ (I0ellzs + 1M (V. e |z o) sup 275 Bjl| < (s)
7>

+sup 07 (k ||BQH

HIte(
Estimating as in ([2.7.39)), this simplifies to

1M g,y Sa BUE®)? + B M{(Vp,nr,) |1 r).

) ~Y
By Proposition [2.5.9 Proposition [2.5.11] Lemma [2.7.8 and the energy coercivity, we have
also

1
1M (Vp, nr,) |1y Sa (EF)2,
from which we deduce

IVHN®2 M || 12000 Sa B(ER).
Next, we estimate M,. This estimate is similar to M;. One starts by writing My = MiB
where M) is multilinear in Vp and nr, while B is bilinear in Vv and V D;p. Using the partition
B = B} + B with B} := B(V® v, V(Dip)=') + B(Vo=!, Vo_;(Dyp)') and a similar analysis
to M;, we have
IVHN* 2 M| 200 Sa [ollwiee@o I Dipll are,)
Dl @ (Tl + M7, 7))
+ 1Dl el
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Then using the W1 bound for D;p from Lemma and the H* bound for D;p from
Lemma [2.7.8, we have

e )(EF)2.

IVHN 2 Ma|| 120,y Sa Blog(1+ [|(v,T)]

Now we turn to the estimate for the term involving D?p. As usual, we first aim to write it in
the form A~V - f but in such a way that f involves favorable frequency interactions. This
presents some mild technical challenges as D?p will have terms which are up to quadrilinear

in Vu. To deal with this, we have the following lemma.

Lemma 2.7.11. There exist bilinear, trilinear and quadrilinear expressions B, 7 and M

taking values in R¢ such that
AD?p = —2A|Vp|*+V-B(VD;p, Vu)+V-T (Vp, Vv, Vo) +V-M (™, Vo= Vo= V=),
Proof. First, using that v is divergence free, it is straightforward to verify
AD?p = 8;(0;D;pd;v;) + 0;(0;0;0; Dip) + D;ADyp = V - B+ D;ADyp.
Next, we expand D;AD;p. We start with the Laplace equation for D;p from ,
ADyp = 30;(0;p0;v;) + 0i(0;v;0;p) + 20;0,0,v;0;v;.

Using that v is divergence free, we have the commutator identity [0;, Di|f = 0;(0;v;f).

Combining this with the Euler equations, we obtain

=V -B+V. T -2A|Vp|.

It remains to expand 2D;(0;vy0kv;0;v;). From the Euler equation and symmetry, we have
2Dt(8j’0kak’0i8ﬂ)j) = 6Dt(8jvk)8kvi8ivj = —68j8kp8kvi8ivj — 68jvlﬁlvk8kvi8ivj.
We rearrange the first term as

—60;0,p0xv;0;v; = —60;(0kpOkvi0;v;) 4+ 60, p0;0kv;0;v;
= —60; (0xpOkv;0;v;) + 30kp0) (0;v;0;v;)
= —60;(0kpOkv;0;v;) + 30k (0kp0;v;0;v;) — 30,0kp0O;v;0;v;
=V -T +3|Apf,

(2.7.40)
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where in the last line we used the Laplace equation for p. On the other hand, for the second

term, by symmetry of the indices, we have the quadrilinear frequency decomposition,
—60,0,0,v50,v;0;v; = —248]-1)?1011),?"18;@@?’"@0?”
-V - M+ 24vflﬁlajv,§m8kvfm0ivj§m + 24vznalv,§m8j8kvfm8iv]§m.

By symmetry and the fact that v is divergence free, the second term on the right-hand side

can be rearranged as
24v[’1818j0,§m8kvfm8ivfm = 8v?8l(0jv,§m8kv?m8ivj§m) =V - M.
For the third term on the right-hand side, we have

24U?alvl§majakvi§maingm - 12“flal“1§mak(aj”i§maivjsm)

=V-M-— 128kvlmalv,§m8jvi§m5)iv]§m

(2.7.41)

=V- M - 38kvlawk(9jvi8¢vj
where we used the Laplace equation for p in the last line. Combining (2.7.40)) and (2.7.41))
to cancel the 3|Ap|? terms then completes the proof of the lemma. O

Now, we return to the estimate for VHAN*~2V, D?p. We use Lemma and estimate
each term separately. The term —2VHN*72V,A"1A|Vp|? can be estimated identically to
. Let us then turn to the estimate for VHN*72V,A~1(V - B). We use a partition
B = B} + B; where B} is defined as follows: First, we perform the frequency decomposition,

B = B(V(Dp)', Vo') + B(V(D,p)=', Vo')
and then define
B} = B(V®,;(Dyp), Vo) + B(V (D)<, VO '),
Then Corollary and Proposition [2.5.19| gives
IVHN* 2V, ANV - B)[|i2i Sa I1Bllms-1ian) + 1Tl sup 273 |ATH(V - BY) [wre )

+ sup 27FNATHV - BY) || -
§>0

From Sobolev product estimates and the H* and L*> estimates for D;p,

1Bl Sa l0llwrn | Depll sy + 1 Depllwsos 0]l e e
Sa Blog(1+ |0, T)llss:) (E*)?.
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Using Proposition [2.5.15] we also estimate

27 H|AT(V - Bl) o) Sa [ Dipllwros o llo] Sa Blog(1 + |[(v, T)[ms)-

C%+€(Qt) ~Y
Finally, using the error bounds for ®-; and the L*® and H" estimates for D;p from Lemma
we see that
2ENATY - BY | Sa lvllwrec@o | Depllms ) + 1 Depllwe o 0]l o)
Sa Blog(1+[|(v, D)l ) ().

Hence,

IVHN* 2V, AV - B) 120 Sa Blog(1 + || (v, T)l|ue) ()2

The estimates for VHN*2V,A"Y(V-T) and VHN*2V,AL(V - M) are very similar. The
main difference is that we use the partition 7 = 77 + 75 with

T? =27 (Vp, Vo, Vo)
and the partition M = M/ + M} with
M = M(™, VO =™ Vo™ Vusm).
Ultimately, we obtain

IVHN 2V, D2p|1200) Sa Blog(1+ |[(v,T)||me) (E*)?

which when combined with the previous analysis gives
IVHN 2 f |20, Sa Blog(1+ [|(v,T)[l1:) (E*)?

as desired. The last term in the estimate for Q that we need to control is VH[N*72 a]Na.

For this, we have the following technical lemma.
Lemma 2.7.12. We have the following estimate:

IVHIN®2 alNal| 2 Sa Blog(1 + ||(v,T) s ) (E*)?.

Proof. Thanks to the Hz(I;) — H'(2,) bound for 7, it suffices to estimate
INV*2, alNal|
mutator,

WF2alNa= > N"(NaN™a) = 2N"V, A7 (VHa - VHN"a). (2.7.42)

n+m=k—3

We begin by using the Leibniz formula (2.5.36)) to expand the com-

1 .
HZ(Ty)
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We focus on the latter term in (2.7.42)) first as it is a bit more delicate to deal with. To
simplify notation slightly, we write

aj; ‘= HNjCL, F = Vao : V&m+1, N<j =nr,- V(I)<j7‘l, sz =nr,- Vq)zjr}‘[.
Using Corollary and then Proposition [2.5.19, we have

. _ ima ) A —
[N (VA 1F)HH%(H) Sa l[F (e + [T e 8252 T DA lwie o)
J

+ sup 2j(n+1—5) ||A_1Fj2 ||H1(Qt)7
7>0

where F' = Fjl + Fj2 is a suitable partition of F' to be chosen. To find a suitable partition, we
start with a bilinear frequency decomposition similar to before. We define aé- = ®ja; and

<l
(l; = q)glaj.

Remark 2.7.13. We note that the regularization operator ®<; does not preserve the har-
monic property of a;. However, using the definition of ®; (see Section , the operator
defined by C¢; := [A, @] is readily seen to satisfy the bounds,

ICalloasre Sa 207 [|Callpanre Sa 207, 0<a <1 (2.7.43)
for o, > 0. That is, C<; behaves like a differential operator of order 1 localized at dyadic
scale < 2L,

Now, using the same convention as before in this section (where repeated indices are
summed over) we have

F=Va-Vai, +Va5'-Val, , = F +F"

We can write F” and F” to leading order as the divergence of some vector field. Using that

ag and a,,;1 are harmonic, we have

F'=V - (ahVa3l ) — ahCoapmiy = G' + H,

"o l <l l S/ 1" (2744)
F"=V-(a,,.,Vag') —a,,,,Cqag=:G"+ H".

We will focus on F” first. To choose a partition of F’, we need to choose a suitable partition
of G’ and H'. We show the details for G’ and remark later on the minor changes needed to
deal with H'. We write G’ = (G'); + (G"); with

(G1); =V - (@VPatmir,<j), i<y = O (HNZa).
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From Proposition [2.5.15] iterating the maximum principal and using the C'* bounds for ‘H

and the properties of ®;, we have

—i(m+3
277D AN e Sa lallesrollall .y o Sa B,

3 (Ty)

where we used Lemma and Lemma in the last inequality. For (G)?, we can write

(G/)?‘ =V-(a OmeHJ Z V- OVb
0<i<m
where

u
Using Corollary [2.5.16], the properties of the kernel ® and the H~' — H! bound for A~!,

we obtain for each 0 < i < m,

2j(n+1—8)||A—1v (aOVb )HHl @) NA 2J(n+1—8)Haé”Lw(Qt)”b?JZ‘HHl(Qt)
Sa 20 all g o IHNENS N ]y
(2.7.45)

C3 (1)

Repeatedly using the H® — H3%< estimate (2.5.20)), the properties of ®, the bound ||nr, || c=r,) Sa

1 and the trace inequality, we can estimate

2N HNL NN | Sa 20|V HN ™ |

H7+E(Qt) ~

Sa [HN™ a]

HE (@)
Hn+i+%(9t).
Using Proposition [2.5.30, Lemma [2.7.5, Lemma [2.7.7| and (2.7.15]), we have

ce(ryy Sa (BF)3.

HHNm_iaHHn-&-i-&-%(Ft) Sa HaHH’“*l(Ft) + 1Tl e[| ]

If n > 1, then doing a similar analysis for the term V - (a) Vb3, | ;) and combining this with

(2.7.45) and the bound |lal] , 5 NA B, we obtain
j(n+1—e - i
2= ATHG 1) Sa B(EF)2.

If n =0, the term V- (aéVbile ;) is instead treated slightly differently. For this, we estimate

similarly to before,

2UNATY (g Vgl e Sallall g g IHN™ all g g, -

c3(Ty)
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Then we use Proposition [2.5.18| to estimate the last term as

|HN™al|

b 51 Wl

and then estimate this term by (Ek)% similarly to the above. Next, one readily verifies

analogous bounds for H', G” and H” by using the similar decompositions,

() = ~dCalomn ) (=T @l g¥a) o
(H”)]l- _ _Cglaoq)l(am—i—léj)'

From these bounds, ultimately, we obtain

n - 1
N (V,A 1F)||H% r) Sa l|F| ) + B(ER)z.

(

It remains to estimate F' in H". We begin by looking at each summand in the bilinear

frequency decomposition for F',
E = V@lag . V@Slamﬂ + V(I)Slao : V@lamﬂ.
For the latter term, we have

HV®<la0 : v(blam-i-lHHn(Qt) /S/A HCLHC%(Ft)”am—'—l”HnJr%(Qt)’

which when n > 1, we know from the above can be controlled by B(Ek)%. For n = 0, we

have the same bound by simply using Proposition [2.5.18 For the other term, we can further

decompose
Ul = Apyy g+ Uiy (2.7.47)
where a}, ., = HNZ"'a. We then have from the properties of ®; and the control of
||Ha||Hn+m+%(Q ) by the energy (as above),
1
qu)lao . V@Slamﬂl H"(Q) S;A Hch%(rt)(Ek)Q

As Va,,.1 is not at top order, we can easily verify using the decomposition above that we

also have the following cruder bound for each [

1Fill gy Sa 27| (0, 1) 5 (E®)2, (2.7.48)

for some integer > 1 and small constant 6 > 0. Arguing as in Lemma [2.7.9] we can combine

the above two bounds to estimate

1F || im0y Sa Blog(1 + [|(v, T) || ) (EF)2.
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This handles the latter term in (2.7.42)). Now, we turn to the first term. We have to estimate
n m—+1
IV WaNa) ]y

as the procedure for this estimate is relatively similar to the previous term. We start by

) where n,m > 0 and n+m = k — 3. Here, we only sketch the details
writing

NaN™a = (Hnr, - Vag)(Hnr, - Vag,) =: Kr,.
Then we apply Proposition [2.5.30 and Proposition [2.5.11] to estimate

IV Ky gy S 1K sy + [T su

i(ma3
w2 D K0y
J

+sup 22 72)|| )2

P H3 ()
where K = K; + KJ2 and
Kj = ®_;((Hnr, - V@ ao)(Hnr, - VO ,HNa)). (2.7.49)
Similarly to the above, we can estimate
27| K | ey S B.
We also have an estimate of the form
2j(n+%_26)||KJZ||H%+E(Qt) S 1K o) + B(E®)? + 20779 B(V®s jag, Vay)|| 2@,

1 —
Sa | K| g, + B(EF)2 + slup 2l H1=2) || B(V Dy, Vam) |l 220
>0

for some bilinear expression B. Using a decomposition of a,, similar to (2.7.47)), we have

2D BV Diag, Va) 1200 Sa Blog(1 + [|(v, T) [l ) (EF)2.

Therefore, we have

n 1
IN"Eir 3,y Sa Blog(l+ [0, D)llee) (B> + 1K @0)-

To estimate K in H"(£2,), the starting point is similar (but slightly more technical) than the
estimate for F'in H" from above. The idea is to do a quadrilinear frequency decomposition for
K and study each summand individually. The relevant terms correspond to terms essentially
of the form (®,Hnr, - V®<a0) (P Hnr, - VPa,,) and (< Hnr, - Via) (P Hnr, - VO a,,)
and (P, Hnr, - VO<a0) (P, Hnr, - VO<a,,) and (P, Hnr, - VO<a0)(P<Hnr, - VO,a,,). The
second and fourth terms can be handled almost identically to the estimate for F'in H" (as



CHAPTER 2. THE FREE BOUNDARY EULER EQUATIONS 126

by the maximum principle, one can dispense with the factors of Hnr,). The first and third

terms are handled similarly by decomposing ag and a,, into low and high frequency parts as

in (2.7.47) and using Proposition [2.5.21| when ®;Hnr, is at high frequency compared to the
other factors. One then obtains the desired estimate similarly to the estimate for F' in H™

above. We omit the remaining details. O]

We now turn to the estimate for the final source term, R = [D;, N*“1]a in L*(T';). To

control this term, we first write

(D, N*Ya = [Dy, NIN*“%a + N'[D,, N*?a.
For the latter term, we have by Lemma [2.5.24]

IN[De, N*all r2ryy Sa I[De N*2all i ry)-
Then using Proposition and the coercivity bound, we estimate

I[De, N*Jall gryy Sa llvllwrsen llall ge-ir,) + lall o3 oy e+ N0l )
+ [lal| Lo oy [Vl wioe () 1T £

<a B(EY):,

To conclude the proof of Theorem [2.7.1} it remains to estimate [D;, NJN*~2q in L*(TI"). This
term is rather delicate due to the lack of a trace estimate in L?*(T"). To deal with this term,

we have the following proposition.

Proposition 2.7.14. Let s € R with s > g + 1. Then we have,

IV, Dil fll 2y Sa Blog(1+ ||(v, I)|

we )| fll s ) (2.7.50)

Our proof requires the following short lemma which is essentially a consequence of Propo-

sition 2.5.18]

Lemma 2.7.15. For each [ =1, ..., d, we have

[nr - (VAT — &) | ) Sa L (2.7.51)

H3 (Q)— L2

Proof. This will follow by interpolation if we can prove

Inr - (VAT — )| ) + [|nr - (VATI0, — )| ) <al, (2.7.52)

L2(Q)—H 3 (T H3+5(Q)— H(T
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for some 0 < § < e. The Hz* — H® bound follows easily from the trace inequality, the
bound ||nr,||cer,) Sa 1 and Proposition [2.5.18 For the L? — H~2 bound we use duality.
Indeed, let f € L*(Q). Since (VA™19; — ¢;) f is divergence free, we have

/gnF (VA9 — ) fdS = / VHg - (VA0 — &) fdr Sy Hg||H%(F)HfHL2(Q),
r 0

for every g € H%(F). Therefore, we obtain (2.7.52|) and thus also (2.7.51)). m
Proof of Proposition|2.7.14] Now, returning to the proposition, we expand using (2.5.40)),
[Dt,N]f = Dtnp : VHf — nr- ((Vl))*(VHf)) +nr - VA_1A<U : VHf>

The first two terms on the right can easily be estimated in L? by the right-hand side of

(2.7.50) by using ([2.5.35)) and Lemma [2.5.24] Now, we turn to the latter term. We write for

simplicity u := H f. We then split u as

u = Z <I>lu + <I>>lou = Zul + Uy,

1<lo 1<lo

where [y is a parameter to be chosen. Note that w; is not harmonic anymore, but it is to
leading order. As usual, we also write the corresponding divergence free regularizations for

vas v = YV, ve := Vv and so forth.

The following lemma shows that we have a suitable estimate when u is replaced by a

single dyadic regularization ;.

Lemma 2.7.16. For each [ € Ny, we have
IV AT A - V)l g2y Sa Bl Il

where the implicit constant does not depend on (.

Proof. We write
Vo AT A(v - V) = VA A(vg - V) + Vi AT A(vsy - V). (2.7.53)

For the second term, where v is at high frequency, we use the identity A™*A = I — H and
the H' — L? bound for N to estimate

||VnA_1A(vzl . vul)||L2(F) SA ||V(Uzl . Vul)||L2(F) + ||UZl . vulHHl(F)- (2754)
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For the first term in (2.7.54)), we distribute the derivative to obtain
IV (v - V) |20y S Bl Vaull 2y + [[vs1 - VAl 2y (2.7.55)

For the first term in ([2.7.55)), we use the variant of the trace theorem leading to ([2.4.8) and

the fact that wu; is frequency localized to obtain

1 1
IVl 20y S IVl IVl oy 03,09 S 1 i

where in the last estimate we used Proposition [2.5.18, For the second term in ([2.7.55]), we
again use the trace theorem and the fact that v>; is higher frequency to obtain

1 1
lvst - Vull 2y S llvse - VPl Foillvse - Vil o) S Bllull ;3 ) S Bl ).

The term |[vs; - Vg ||grry in (2.7.54)) is similarly estimated. For this, we only need to es-
timate ||V (vs;- V)| r2(r), and this is handled by an almost identical strategy to the above.

Now, to estimate the term in (2.7.53|) where v is at low frequency, we distribute the
Laplacian and use that v is divergence free to write V,,A™'A(v; - Vi) as a sum of terms

of the form
VnA’l(?j(DfudDul) + VnAflc?j(delu),
where Cju := [A, ®;Ju. Using Lemma [2.7.15| we can then estimate

IVaA™ Ao - Vu) 2wy Sa lIDvaDull s o T I0aCrull oyt o) =+ 2

Using that v is at low frequency, we can estimate similarly to the above,

J1 Sa B\l flla )

For J,, we note that (; is an operator of order 1 and still retains essentially the frequency
localization scale of 2!. Therefore, we can estimate J, similarly. This completes the proof of

the lemma. O

Returning to the proof of Proposition [2.7.14] we now estimate using Lemma [2.7.16]

IV AT A - V)| 2y Sa loBllf ey + IVaAT Av - Vs, )| 22 ).
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Again, using that v is divergence free, we can (as above) expand V,A"'A(v - Vus,,) as a

sum of terms of the form
V,,A70;(DvDusy,) + V, A7 0;(v0< ),

where Cqyu = [A, @< Ju. For the latter term, we can simply estimate as above (since v is

undifferentiated),

IVa A0 (vCyw) |2y < Y IIVR A0 (wCu) || 2y Sa loBI|f|lm -

1<lo

For the other term, we use Lemma [2.7.15| to obtain

IVa AT 0;(DvDusiy) 2wy Sa BllDusi 2wy + [[DvDusy |l 3 -

Since u is harmonic we have
B||Dusi, |2y Sa Bl fllavw) + BllDucg, | 22(r)-

Then expanding u<j, = ), w and using the trace theorem leading to (2.4.8) for each term
as above, we get
Bl|Dusi, || z2ry Sa Blol| fllm1 (-

Finally, by product estimates and Sobolev embedding, it is easy to bound

| DvDuz |y o) Sa Bl ) + 11Dv2io] g o | F ey Sa (B 4270, D) o) ILf a2y

for some § > 0. Then choosing ly =5 log(1 + [|(v,T)]

Hs), we conclude the proof of the

proposition. O

Finally, we conclude the proof of Theorem by observing first from the above propo-

sition that we have

11D, NIN*al| 12y Sa Blog(L + [|(v, D) [l IN*2al| g -

Then, using Proposition [2.5.30} Lemma [2.7.5] Lemma [2.7.7| and (2.7.15)), we have

_ 1
IN*2al gy Sa (BY)2.

This finally concludes the proof of Theorem [2.7.1}
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2.8 Construction of regular solutions

In this section, we give a new, direct method for constructing solutions to the free boundary
Euler equations in the high regularity regime. Solutions at low regularity will be obtained

in the next section as unique limits of these regular solutions.

Previous approaches to constructing solutions to free boundary fluid equations include
using Lagrangian coordinates, Nash Moser iteration or taking the zero surface tension limit
in the capillary problem. A more recent approach in the case of a laterally infinite ocean
with flat bottom can be found in [157]. The article [157] uses a paralinearization of the
Dirichlet-to-Neumann operator and a complicated iteration scheme to construct solutions.
In contrast, we propose a new, geometric approach, implemented fully within the Eulerian

coordinates.

Our novel approach is roughly inspired by nonlinear semigroup theory, where one con-
structs an approximate solution by discretizing the problem in time. To execute this approach
successfully, one needs to show that the energy bounds are uniformly preserved throughout
the time steps. In our setting, a classical semigroup approach would require one to solve an
elliptic free boundary problem with very precise estimates. However, on the other end of the
spectrum, one could try to view our equation as an ODE and use an Euler type iteration.
Of course, a naive Euler method cannot work because it loses derivatives. A partial fix to
this would be to combine the Euler method with a transport part, which would reduce but

not eliminate the loss of derivatives.

Our goal is to retain the simplicity of the Euler plus transport method, while ameliorating
the derivative loss by an initial regularization of each iterate in our discretization. In short,

we will split the time step into two main pieces:
(i) Regularization.
(ii) Euler plus transport.

To ensure that the uniform energy bounds survive, the regularization step needs to be done
carefully. For this, we will take a modular approach and try to decouple this process into
two steps, where we regularize individually the domain and the velocity. We believe that

this modular approach will serve as a recipe for a new and relatively simple method for
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constructing solutions to various free boundary problems.

The overarching scheme we employ in this section was carried out in the case of a com-
pressible gas in [72]. While we follow the same rough roadmap here, we stress that the main
difficulties in the incompressible liquid case are quite different than for the gas. One obvious
reason for this is that the surface of a liquid carries a non-trivial energy. Also, we introduce
another new idea here, which is to begin the iteration with a regularized version of the initial

data, and then to partially propagate these regularized bounds through the iteration.

Basic setup and simplifications

We begin by fixing a smooth reference hypersurface I', and a collar neighborhood A, :=
A(Ty,e0,0). Here, as usual, €y and § are some small but fixed positive constants. Given
k > % + 1 sufficiently large and an initial state (vy,Iy) € HF, our aim is to construct a
local solution (v(t),T;) € H* whose lifespan depends only on the size of ||(vo, [o)||mx, the
lower bound in the Taylor sign condition and the collar neighborhood A.. We recall from
Theorem that we have the coercivity

L+ (0, D) [[fge = B*(v,T)

for any state (v,T") € H*. For technical convenience, we will work with the slightly modified

energy,

E8(v,T) := ||VHNk_2(a_1Dta)H%2(Q)+HG_%NIC_IGH%Z(F)"'||W||§{k—1(9)+||U||%2(Q)+1- (2.8.1)
This new energy is readily seen to be equivalent to the old one in the sense that

E¥(v,T) ~4 E¥(v,T). (2.8.2)

The primary reason we modify the energy is that it will allow for cleaner cancellations in

the energy when we later regularize the velocity.

Now, fix M > 0. Given a small time step ¢ > 0 and a suitable pair of initial data
(v, To) € HF with [|(vg, To)|lax < M, we aim to construct a sequence (v.(je),T.(je)) € H*

satisfying the following properties:

(i) (Norm bound). There is a uniform constant ¢y > 0 depending only on A,, M and the

lower bound in the Taylor sign condition such that if j is an integer with 0 < j < cpe ™!,
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then
[(v=(je), Le(ye) lexe < C(M),

where C'(M) > 0 is some constant depending on M.

(ii) (Approximate solution).

v=((j + 1)e) = v(je) — e(v=(je) - Vue(je) + Vp-(je) + gea) + Ocn(e?)
Vou((G+1)e) =0 on O((+ D),
Q5+ De) = (I +ev.(52))(Q2:(Je)) + O (e2).

where the first equation holds on Q.((j + 1)) N Q.(je).

We will not have to concern ourselves too much with the Taylor sign condition in this section
as we are working at high regularity and this is a pointwise property. In particular, we will
suppress the lower bound in the Taylor sign condition from our notation. A nice feature
about the above iteration scheme is that it suffices to only carry out a single step. For this,

we have the following theorem.

Theorem 2.8.1. Let k£ be a sufficiently large even integer and M > 0. Consider an initial
data (v, Tg) € HF so that ||(v, To)|lax < M and vy and wy satisfy the initial regularization
bounds

[vollmesiiagy < K (M), [lwollenag < K'(M)e™ 7, (2.8.3)

for n = 0,1, where K(M), K'(M) > 0 are constants, possibly much larger than M, such
that K'(M) < K(M). Then there exists a one step iterate (vg,I'g) +— (v1,I'1) with the

following properties:

(i) (Energy monotonicity).

gk(Ul,Fl) S (]. +C<M)€)gk(1)0,r0> (284)
(ii) (Good pointwise approximation).

vy = v — &(vy - Vg + Vpg + geq) + Oci(e2)  on Qi Ny,
V-vy=0 on (), (2.8.5)
Q1 = (I + £vp)(Q0) + Ocn(e?).
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(iii) (Persistence of the regularization bounds). vy satisfies the regularization bounds
o1l ey < K(M)e™, lw |l gren(ay) < (K'(M) +C(M)e)e ™", (2.8.6)
forn=0,1.

Remark 2.8.2. Property ensures that v; retains the H*+! regularization bound with
the same constant compared to the first iterate, and w; has a regularization bound which
can only grow by an amount comparable to ¢ times the initial regularization bound, which is
acceptable over ~;; ¢! iterations. The energy monotonicity property, along with the energy
coercivity bound from Theorem will ensure that the resulting sequence (v.(je), [:(j¢))
of approximate solutions we construct remains uniformly bounded in H* for j <, e~'. The
second property in Theorem will ensure that (v.(je),I'-(je)) converges in a weaker

topology to a solution of the equation.

The assumption for vy is for technical convenience. In the regularization step
of the argument, it will allow us to decouple the process of regularizing the domain and
regularizing the velocity into separate arguments (see Lemma in the next section).
The condition ([2.8.6)) ensures that can be propagated from one iterate to the next.
Assuming that the initial iterate satisfies is harmless in practice. Indeed, by the
regularization properties of W.-1, we can replace the first iterate in the resulting sequence
(v.(je),T-(je)) with a suitable e™! scale regularization so that the base case is satisfied. We
note crucially that such a regularization is only done once - on the initial iterate - as we
only know that this regularization is bounded on H” (it does not necessarily satisfy the more
delicate energy monotonicity). In contrast, we require the much stricter energy monotonicity
bound for all other iterations as in the above theorem. The condition on the vorticity
in can also be harmlessly assumed for the initial iterate. When we later regularize
the velocity, we will not regularize the vorticity, but rather only the irrotational component.
This is why, in contrast to the H**' bound for v;, the constant for w; in gets slightly
worse. Nonetheless, the careful tracking of its bound in ensures that it only grows by
an acceptable amount in each iteration. The heuristic reason why the regularization bound
on w; is expected is because the vorticity should be essentially transported by the flow, and

therefore should not suffer the derivative loss of the full velocity in the iteration step.

Outline of the argument. We now give a brief overview of the section. The first step

is selecting a suitable regularization scale. To motivate this, we recall that the evolution
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of the domain and the irrotational component of the velocity is essentially governed by the

following approximate equation for a:

D?a ~ —aNa. (2.8.7)

Therefore, heuristically, D; behaves roughly as a “spatial” derivative of order % To con-
trol quadratic errors in the energy monotonicity bound in the Euler plus transport iteration
later, it is therefore natural to attempt to regularize the domain and the irrotational part
of the velocity on the ¢! scale, as we do in Theorem [2.8.1] As the vorticity is essentially
transported by the flow, we are able to leave the rotational part of the velocity alone, and

instead track its growth as in ([2.8.6)).

With the above discussion in mind, we begin our analysis in earnest in Section by
regularizing the domain on the e7! scale. More specifically, given (vo,[y) € HF with v
satisfying , we construct for each 0 < ¢ < 1 a domain 2. C {2y whose boundary is
within Oc1(e?) of I'y and which satisfies the regularization bound ||Te|| gr+a Sara € for all
a > 0. This is achieved by performing a parabolic regularization of the graph parameteri-
zation 79 on Iy, together with a slight contraction of the domain. We then define our new
velocity 99 = 0g(e) by restricting the old velocity vy to the new domain €2.. As will be the
case in every step of the argument, the main difficulty is to carefully track the effect of the
regularization on the energy growth. The main point in this part of the argument is to show
that the parabolic regularization of 7y induces a corresponding parabolic gain in the surface

component of the energy ||a~ 2\ FLal2, (r)» allowing us to control all of the resulting errors.

With the domain now regularized, we move on to regularizing the velocity in Section [2.8]
which is step 2 of the argument. In this step, we leave the domain and rotational part of the
velocity alone, and regularize the irrotational part of the velocity on the e~! scale. The way
we execute this is by using the functional calculus for the Dirichlet-to-Neumann operator.
The main difficulty in this step of the argument is in tracking the effect of this regularization
on the |[VHN k_2(a_1Dta)H%2(Q) portion of the energy, which at leading order controls the
irrotational component of the velocity. An additional objective in this step of the argument
is to improve the constant in so that we can ultimately close the bootstrap in the

upcoming Euler plus transport phase of the argument.

The final step in our construction is to use an Euler plus transport iteration to flow the

regularized variables (v, I'c) along a discrete version of the Euler evolution. It is in this step
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of the argument that we expect to observe a % derivative loss (see the equation for
D?a, for instance), which is why the above regularization procedure is imperative. The Euler
plus transport argument we employ is carried out in Section 2.8 Control of the resulting
energy growth is shown by carefully relating the good variables a, D;a and w for the new
iterate to the corresponding good variables for the regularized data. Then, with the energy
uniformly bounded and the variables appropriately iterated, in Section [2.8 we conclude that

our scheme converges in a weaker topology, completing the construction of solutions.

Step 1: Domain regularization

We begin with the domain regularization step. For this, we have the following proposition.

Proposition 2.8.3. Given (vg, [y) € H* with vy satisfying (2.8.3)), there exists a domain ).
contained in 2y with boundary I'. € A, such that the pair (Uoma ,I'.) satisfies

(i) (Energy monotonicity).
EMvo,, Te) < (1+ C(M)e)E(vg, To). (2.8.8)
(ii) (Good pointwise approximation).
n. = o+ Oc1(e%) on T,. (2.8.9)
(iii) (Domain regularization bound). For every o > 0, there holds,

ITellsrnra Sara ™™ (2.8.10)

Proof. In the sequel, we will use 0y as a shorthand for vg, . To regularize I'g, we begin with

the preliminary parabolic regularization of 7y given by

Ne = A 705

where Ar, is the Laplace-Beltrami operator for I',. The rationale for using the operator
e=’Arv instead of, for instance, the operator e /P! is to ensure that when k is large enough,
we have [|0:7||gr—2r,) Swm €. This ensures that the hypersurface parameterized by 7. in
collar coordinates is at a distance on the order of no more than Oy (e?) from 'y in the
H*=2 topology (and thus the C' topology if k is large enough). We would also like to

additionally guarantee that ). is contained in €y, so that we can use the restriction of
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the velocity vy to €2, as the velocity on the new domain. Therefore, we slightly correct the
above parabolic regularization by defining our regularized hypersurface I'. through the collar
parameterization
ne =17 — O’

where C' is some positive constant depending on M only, imposed to ensure that the do-
main (). associated to I'. is contained in 2y. Clearly, 7. satisfies and the required
pointwise approximation property in (2.8.9)). The main bulk of the work in this step of the
argument will therefore be in understanding how the above parabolic regularization of the

surface (and also the restriction of the velocity to 2.) affects the energy.

Given (g, ['.) as above, we define the associated quantities wy := V X 9y and po, Dypo, ag
and D;ag on €2, and I'. by using the relevant Poisson equations, as in Section . We will
use the notation N, to refer to the Dirichlet-to-Neumann operator for I'.. Before proceeding
to the proof of energy monotonicity, we note that the above construction gives rise to a flow
velocity V. in the parameter € for the family of hypersurfaces I'. by composing 0.n.v with
the inverse of the collar coordinate parameterization x +— x +n.(z)v(x). We may harmlessly
assume that V. is defined on (2. by harmonically extending it to €2.. We use D, := 0.+ V.-V
to denote the associated material derivative, which will be tangent to the family of hyper-

surfaces I';.

We also importantly make note of the fact that for every s € R, we have

ol sy < lwollms@)s Dol ) < lvollms@)- (2.8.11)

Therefore, the bounds in (2.8.3)) are retained from the initial data and, moreover, the rota-

tional component of the energy does not increase.

Now we turn to the energy monotonicity bound ({2.8.8]). We will need the following two

lemmas.

Lemma 2.8.4 (Material derivative bounds). The following bound holds uniformly in &:
| DV ol -1, Sm 1. (2.8.12)

Lemma 2.8.5 (Variation of the surface energy). Let k be a sufficiently large even integer.

Then we have the following estimate for the ay component of the energy:

d

_1 _
T2 lla0 "N ol oy Sar =2l + One(1).
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Lemma will allow us to essentially ignore any contributions to the energy coming
from the restriction ¥y, while Lemma [2.8.5[ will help in controlling the variation in € of the

irrotational components of the energy.

Before proving the above lemmas, let us see how they imply the energy monotonicity
bound (2.8.8)). Thanks to Lemma [2.8.5| and ({2.8.11)), we only need to study the D;a compo-

nent of the energy. For this, we recall from the Laplace equation (2.7.4) that we have

Gy ' Dyao = ag ', - V- Vg —ag nr. - VAG (AT - Vo +4tr (V2o - Vig) +2tr(Vip)®) on I..

(2.8.13)
We apply D.VH.N*2 to and distribute derivatives. We first dispense with the
commutator. Using the standard Hz(T'.) — H'(.) bound for ., the H*2(T',) to Hz(T.)
bound for N*~2 from Proposition and the H2(I.) — H(Q.) bound for [D,, H,] from

(2.5.39), we have

(D=, VHNZE?|(ag " Dido)l| 202y Sar I1De, NET*1(Gg " Diao)l 3 1, + ldg " Drtio

o3 w31
Then, using the formula (2.5.43)) and the elliptic estimates in Section as well as the bound
IVell -1y Sar 1, it is straightforward to verify the commutator bound

I[De, N2

<
H =3 () »H3 (T, ~M 1.

By elliptic regularity, ||dy " D;do| is Op(1). Hence, we obtain

Hk_%(l“s)
|[D-. VHNE (g Dudo) | 2y Sar 1.

Using that
IVHNED. (6 Dio) |26y Sar 1D (™ Dadio)

HHk_%(Fg)’

it remains now to estimate || D.(ag " Dsdo)|| . For this, we distribute the operator D,

HA )
onto the various terms in (2.8.13]). To expedite this process, we collect a few useful bounds.

First, using Lemma [2.8.4] the trace theorem ensures that we have the bound

| DV | ) | DNV o o100y Sar 1.

3
H*=2(T.

Using the identities for [A{):, D.] and D.nr_ in Section , the Laplace equation for p., and

the fact that V. is harmonic, we also readily verify the bounds

HDEpOHkaL%(QE) + HDsnFa Hk=2(T;) + HDstHHk—Q(FE) SM 1 (2'8'14)
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and

D2, Yk y-stri-s @y + 1Dme gy g + 1 Deol e

d oM L IVell oy

From the above bounds and ([2.8.13)), we obtain the estimate

I1De (g " Dedio )| Su T+ |[Vell

H’“" (T2) H’“" r.)’
The term ”VEHH’“’%(F

However, from the definition and regularization properties of V., we have

) does not contribute an Oy/(1) error, as it “loses” half a derivative.

1
IVell oot gy o 1 €2l

Hence, using Proposition and Cauchy-Schwarz, we obtain

—||VH Nk 2( lDtao)HLz Sul+ 505||F€||§{k+17

where dy > 0 is some sufficiently small constant. Using the parabolic gain from Lemma [2.8.5]
we notice that the latter term on the right-hand side is harmless as long as dg = do(M) is

small enough.

It remains now to establish the two lemmas. We begin with Lemma [2.8.4] which is quite
simple.
Proof. Since 0.v9 = 0, we have
DNty = V.- VVuy.
Then we use ||VZ|| ooz, Sae and || VL]

H*2(Q.) ~ HE 3 (Q0)
for v from (2.8.3)); namely, ||vol| g1y < K (M)e™", to estimate

<u 1 together with the inductive bound

1DV 0ol 10y Sar Vel yimg o 10l mver @y = IVEl s [0l vy e 1
This completes the proof of Lemma [2.8.4] O]

Finally, we come to establishing Lemma [2.8.5 which is where the bulk of the work will
be. We begin by establishing the following representation formula for the good variable
NF1g,

NI Yag = (—1)"ap A k- + R., (2.8.15)

where k. is the mean curvature for I';, 2m = k — 2 and R, is a remainder term satisfying
the bounds

1
IRl 3 o+ €2 IRl ey + [ DeRell 2y Sar 1 (2.8.16)

HE(T.)
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The importance of will be clear later. Roughly speaking, (2.8.15|) states that to
leading order N*~1G, has a convenient local expression. Such an observation will facilitate the
use of local formulas later on, consistent with our choice of domain regularization. Observe
also that in , we have D.R, = OL2(FE)(1). This is stronger than the expected bound

D.R. = OH_%(FE)(l). The reason for this improvement is the bound (2.8.12)) for D.Vy; this

term would have had to have been treated more carefully if we had attempted to regularize

the velocity in this step of the argument.

Proof of (2.8.15)). In the following analysis, R. will generically denote a remainder term
satisfying (2.8.16)) which is allowed to change from line to line. Likewise, R. will denote an

analogous remainder term but with
~ l ~ ~
RE - OHk,%(FE)(l), 52R5 - C)L[kfl(l"s)(]_)7 DERE - OHk—2(FS)(1). (2817)

To establish (2.8.15]), we begin by relating M.aq to the mean curvature. Indeed, from Ar_py =
0 and the formula

Afolr. = Ar.o — kenr. - Vo + D*Po(nr_, nr.),

we have

Aok = —nn;0;0;po + Apo
= —nmjaiﬁjﬁo — tr(V@o)z
= —n;n;0;0;p0 + R,
where in the last line, we used Lemma m to check the remainder property for D.R. and
the inductive assumption (2.8.3) and interpolation to control e2R. in H*(I'.). We now

further expand using the Laplace equation for py,
—nmj@i@jﬁo = nj./\/;(njdo) + n;nr, - VA@jﬁjtr(Vf)g)Q
= nj./\fa(njdo) + Re.
Next, we expand
niNz(n;ao) = Neao + agnNen; — 2n;nr. - VA{Z:(V’Hgnj - VH.ap)
== ./V’SCNLO + EL()TL]‘./\/’ETLJ‘ + RE
= -/\/;;‘&0 + REJ
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where in the first equality, we used the Leibniz rule for V.. From the second to the
third line, we used the Leibniz rule again, and that AM.(n;n;) = 0. In summary, what we
have so far is the identity

N-dy = ok + R-. (2.8.18)

The next step is to obtain the leading order identity,
NEag = apNF(ag ' Nedo) + Re (2.8.19)

by applying N*~2 to M.do and then commuting d;* with A*~2. Here, R, can be seen to
satisfy the required bounds through the use of the various commutator identities for D,
listed in Section as well as the Leibniz rule , the elliptic estimates in Section
for M. and the estimates in ([2.8.14]).

Before proceeding further, we recall the formula

—(Ar, + N2 f = kNof = 2np, - V(=Aq ) H(VHenr, - VPH.f)

2.8.20
— Nenp, - (Nefnr, + V' f) .

from [140, Equation A.13]. Also, we recall from (4.23) of [140] the commutator estimate

IAr., De]]

H (D)= H2(T2) SM ||‘/8||Hk—%(ﬂs) Sul, 1<s<k—1 (2.8.21)

Then, given that k — 2 = 2m is even, applying (2.8.18)), (2.8.19) and iterating (2.8.20) m

times, we have

NFtag = @ NI (ag 'Nedo) + Re = (—1)™ao Al (ag 'Nedo) + Re = (—=1)™apAl k. + R.,

where by straightforward (but slightly tedious) computation we verify that the remainder
term R, has the needed bounds through the use of the various commutator identities for
D, listed in Section 2.5 as well as the above estimates (2.8.18))-(12.8.21]), the relevant elliptic

estimates in Section and (2.8.14]). O

Now, we are ready to establish the differential inequality in Lemma [2.8.5] For the sake of

clarity, let us begin by assuming that the reference hypersurface is given by {x; = 0} and that
I is literally given by x4 = n.(x1,...,4-1). Then the mean curvature and Laplace-Beltrami
operator take the form

K, = — Ans + aineajneaiaﬂ?f’
(L4 |Vne[?)2

(1+|Vn.]2)2
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and

1 .
Ar. f=——oe (g7 /1 + V120, 1), 2.8.22

where (¢¥) = (6;; + Om-0;m:) . Observe that g and V. are one derivative more regular
than k.. Therefore, by making use of the identity 0.n. = 2¢Ar,7n. and the regularization
bound ([2.8.10)), we can differentiate in € and commute 2¢Ar, with these coefficients to obtain,

(DN a0))s = 2(=1)"eAr, (@0 AF e)s + Ora(r,y (1), (2.8.23)

where we define f.(x) := f(x + n.(x)v(z)) for a function f defined on I'.. Moreover, by
an exercise in local coordinates, the reader may check that (2.8.23)), as written, is valid for
general reference hypersurfaces I',. Now, using ([2.5.41)), the bounds for R., and Cauchy-

Schwarz, it follows that

d -1 . m
R PNE o) 2o,y S 1=l DI, (AF 0)ul1 22 e )

where |D|r, = (—Ap*)%. To conclude, we now only need to show the coercivity type bound

Ml zreerey S 1+ 1D, (AF ko)l L2 (r,)-

For this, we begin with Proposition [2.5.22 which yields

Ml meerey S 1+ (| 6ell ey

Then, using (2.8.22)) and the fact that 2m = k — 2 (this being relevant for ensuring domain
dependent implicit constants are at most Oy;(1) in size), one can easily verify the ellipticity
bound

el -1y Sar 1+ (AP Kell sy Sa 1+ (1D

I. (AR/@)*HL?(F*)-

This concludes the proof. O

Step 2: Velocity regularization

Now, we aim to regularize the velocity @y on the 7! scale, which will help us to improve

the regularization constant in (2.8.3). This will be needed to compensate for the losses
in this constant in the upcoming transport step of the argument. Thanks to the previous
step, we are reduced to the situation of regularizing on a fixed domain which has boundary

1

regularized at the e7* scale. To perform this step of the regularization, we decompose the
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velocity 7y into a rotational component which is tangent to the boundary and an irrotational
component. Roughly speaking, we will then regularize the irrotational component of v, and
leave the rotational component alone. We will then reconstruct the regularized velocity using
the regularized irrotational part and the original (not regularized) rotational part of ©y. The
precise procedure for doing this will come with some slight technical subtleties due to the fact
that the normal to the surface is half a derivative less regular than the trace of the velocity
on the boundary. We will outline these nuances in more detail shortly. Heuristically, the
reason it is unnecessary to regularize the rotational part of ¥y in this construction is because
the vorticity will not lose derivatives in the transport step of our argument later. In other
words, the vorticity bound in is expected to only worsen by an Oy(1) error when
measured in H* and an Oy (¢7!) error when measured in H**!, which is acceptable.

Proposition 2.8.6. Given the pair (0y,I'c) from the previous step, there exists a regular-

ization U9 — v, defined on €2, which satisfies:

(i) (Energy monotonicity).
EF (v, T.) < (14 C(M)e)E* (0o, T2).
(ii) (Good pointwise approximation).

Ve = ?70 + Ocl (82),
V-v. =0.

(2.8.24)

(iii) (Regularization bounds). For each n = 1,2 and K (M) large enough, there holds

[vel| iy < FEK(M)e™™, (2.8.25)

A

Remark 2.8.7. The bound in (2.8.25) with n = 1 ensures that the constant in (2.8.3))
is improved at this stage. The H**2? bound will be needed to close the bootstrap in the
final Euler plus transport step of the iteration in the next section because this step loses

derivatives for the velocity.

Proof. We begin by recalling the rotational /irrotational decomposition of 7y from Appendix
A of [140]:

To 1= U5 + T,
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where for a divergence free function v, we have v := VH. N (v - np_). Naively, we would
like to directly regularize the irrotational part of 5. However, this does not quite work
because the normal np_ is half a derivative less regular than the trace of vy on I'.. To get
around this, we will regularize the irrotational part of a suitable high frequency component
of vy. More precisely, let us consider a subregularization v_ of vy, defined by v_ := \I/<E_ 1 0o,
which lives on an 2 enlargement of 2.. We then define w := 9y — v_. Loosely spgaking,
we think of w as the portion of 7y with frequency greater than e~2. In contrast to the full
irrotational part of vy, it is safe to regularize the irrotational part of w. The heuristic reason
for this is that at leading order the term w - np, can be interpreted as a high-low paraprod-
uct. That is, the contribution of the portion where nr_ is at comparable or higher frequency
compared to w is lower order as there is still a nontrivial high frequency component of w to

compensate for the % derivative discrepancy between the trace of w and nr,.

For the irrotational part of w, the regularization we choose has to respect the en-
ergy monotonicity bound. We will see below that the spectral multiplier Pc.-1(N;) :=
1j_c-1.-1(N;) is very convenient for this purpose. We therefore define the irrotational com-
ponent of our regularization v. of 9y by removing the high frequency part of w - np, as
follows:

V7 =0y — VHN " Pacr(w - nr,)
= 0" + VHN"Pe1(w - np.).

For simplicity, let us write
W = VHN"Pecr(w - nr.).
We define the full regularization v. of vy by
v 1= 05+ v

If k is large enough, the combination of Sobolev embedding, ellipticity of AN and spectral
calculus allows us to easily establish the pointwise approximation property ([2.8.24). Next,
we establish the regularization bound ([2.8.25)) for v.. We begin by writing

Ve = v_ + w;r + wrot’

rot

where w" is the rotational part of w. We then estimate piece by piece. It is first of all clear

that the corresponding bound holds for v_. So, we turn to estimating w’". For this, we note
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the following preliminary bound for N."' on the space H*(I'.) := {f € H*(I'.) : frg f=0}
from Proposition A.5 in |140]:

INZ ]

ey Sm [ fllas=rn,  0<s <1 (2.8.26)

From this and the functional calculus for N, we deduce in particular the low regularity
bound
[PecsNTHw - ne) |2y Sur llw - ne |1y (2.8.27)

This will be useful for handling the low frequency errors in the estimate for w’. Next we

check that (2.8.26)) and (2.8.27)), in conjunction with Proposition [2.5.9] Proposition [2.5.21]
Proposition [2.5.26| and the regularization bounds for np, and w, yield

1wl Ny Sarm el s gl vl + [ Peemr (w e nr) | e gon oy S,

where the implicit constant can be taken to be much smaller than K (M) since K(M) > M.
Note that in the above estimate, we used the paraproduct structure of w - np_. More specifi-
cally, in the case when k — % derivatives fall on nr_, we compensated the half derivative loss

1 .
by an €2 gain from w.

Finally, we move on to showing the regularization bound for w". Here, we use Proposi-

tion 2.5.27 to obtain
™ lmesnieny Sav 1"z + 1V X wllgresns @ + ITell sy

+ HVTw’/‘Ot . ’I’l,]_"‘S |‘Hk+n7%(l—‘5)

Sukran €7 A w2, + [V "t - an||Hk+”_%(Fs)’

where we used for wy. Again, the implicit constant can be taken to be much smaller
than K (M) if K'(M) in (2.8.3) is small enough compared to K (M). To estimate |[w"|| 12(q.),
we simply use (2.8.26)), the identity w™ = w — w™ and the Hz(I'.) — H'(€.) bound for .
to crudely estimate

w2 Sar wllm .- (2.8.28)
Then, using

T .rot _ rot T
V' w” np, =—-w""-V np_,

€

Proposition m Proposition [2.5.11] and the regularization bounds for T'., we have (if & is

large enough)

1
erOtHH’ﬁL"(QE) SM e " 4+ HwTOtHHk71+n(QE) + €_§_n”w7“0t||Hk72(QE)7
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which implies by interpolation and ([2.8.28]) that
_ 1
[ | retnon) San € 72 W || gr-2(a,).-

From Proposition [2.5.27] the inequality (2.8.28)) and the fact that w is localized to frequency
> 5’%, we easily obtain

1w || 20y S NJwl| 20,y Sar e

Therefore, we have
[0 | esn ey S e

with implicit constant much smaller than K(M). This yields the desired regularization

bounds for v,.

Next, we turn to the energy monotonicity. The domain is fixed in this step, so it is
advantageous to compare the difference between £¥(v.,T'.) and £*(7, T.) directly. It will

also be convenient to write the first term in (v, T') as a surface integral:
o 3,
IVHN*(a lDta)“%?(Q) = [[N*"2(a 1Dta)||2L2(r)a

using integration by parts and the functional calculus for N'. Moreover, since the vorticity
w, is the same as @y, we may restrict our attention to the two surface components of the
energy in this step of the argument.

We begin with a simple algebraic identity for the a. component of the surface energy:
/ aZ'INF a2 dS = / G INFag|? dS + 2/ a'NEa N a, — ag) dS
Ie r. Ie
1 -

= Jla > NETH(ae = ao)lI7a(r,) + Oua(e).

To derive an analogous relation for the other portion of the surface energy, we note that from

the integer bounds for A in Section [2.5 and the identity [N*2 f|| 2y = [[VHN* 2 f| 210,
_3

we have the estimate ||/\/'Ek 2| S 1. On the other hand, we have the elliptic

regularity estimate

Hk’%(FE)ﬁLQ(FE)

a0 — acll i-g ) Sr 1o = pellmriany Sar |00 = vell 10,y Sar e
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Together, these imply that
k=2, 4 2 k=3 1~ \)2
INe *(as Drac)|"dS = | |Ne *(ag Dido)|” dS
I I

_3 _3
+2 [ N (0l Dyad) NE 2 (a2 (Dya. — Dyao)) dS
Te
k-3  _ N
— Ve 2 (a7 Y (Drac — Dido)) 1220y + Om(e).

Y

Motivated by the identities above, let us define the “energy” corresponding to vy — v. by

- k-2, _ - -1 1~
EMy — ve) = INE 2 (a2 (Dyao — Dyac))| 2.y + llas 2NF (o — ac)l 72,y

In light of the above identities, it suffices to show that
_3 _3
2 [ NI (a;lDtaE)./\/;]C >(a;Y(Dya. — Dyag)) dS + 2/ a'\NFa NF"Ya. — ag) dS

FS €

< C(M)e + E¥(Tp — v.).
Our starting point is to observe the leading order relation given in the following lemma.

Lemma 2.8.8. We have the following relation between D;a. — D;ay and (v. — 0p) - nr, -

a;'(Dsa. — Diag) = —N((ve — @) - nr.) + O (2.8.29)

Hk*% (Fs) (8) °

Proof. We begin by noting the bound
1T — Vel pre-1(0.) Smr € (2.8.30)
and the elliptic regularity estimate

Do —psHHk(QE) S ||To — UsHkal(QE) S e

Using the equation for D;p from (2.7.4]) we may therefore write

Dya. — Diag = nr, - V(v — 09) - Vp. — np. - VAT (A(v, — ) - Vpe) + O

H’“—%(re)(g)'
Then, using the standard identity N fir =n-Vf —n-VA™'Af and commuting nr_ -V in

the first term and A in the second term above, we can verify, from (2.8.30)),
Dia. — Dyag = —N:(a:(ve — o) - nr.) + (’)Hk_%(rs)(é?).

The conclusion then follows by commuting A, with a. using the Leibniz rule for AV, and
(2.8.30)). In the case when everything falls on a., we also compensate with the surface
regularization bound (2.8.10)) and the associated improvement in the bound for 0y — v. when

measured in lower regularity Sobolev norms. [



CHAPTER 2. THE FREE BOUNDARY EULER EQUATIONS 147

We now turn to the a. component of the energy, which is straightforward. Indeed, by

elliptic regularity,

H =3 (Q0)

2 [ AN ) dS Sur .~ dollus sy Sor o o
€

To estimate v, — ¥y, we observe the identity v, — 99 = VHNPs.—1((v: — 0p) - nr.), which
follows from the idempotence Ps.-1 = PZ__,. Using this, Lemma and ellipticity of N,

we have

~ 1 ~ 1 ~ 1
loe = Boll 3, Sor 2110 = T0) 1l ) Sove €2 (EX (@ — 02)F + C(Me,

which suffices by Cauchy-Schwarz.

Next, we move to the more difficult portion of the energy which involves D;a.. We start
by combining Lemma with (ve — 0g) - np, = —Pse—1(w - np,) to obtain the relation

/\/ 2 (a2 Dya )N 2 (a2 (Dra. — Dydo)) dS

/./\fe_ 71Dta5)/\/ 277>€—1(w nr.)dS + Oy (e).

Define p_ and D;a_ in the usual way using the relevant Laplace equations. We split the
above integral into the two components,

./\/'k_g( _lDtGE)./\/:;k_%P>€7l<w ‘np,)dS = /\/}k_%(ae_lDta_)./\/;k_%Pxfl(w -np,)dS

Ie
/J\/; a; ' (Dya. — Dtaf))/\fek_%Px—l(w'nrs)ds-
(2.8.31)

We begin by studying the first term in (2.8.31)). By self-adjointness of N, we have

/\/‘ak_% (angta7>j\[ak_%7D>s—1 (U) . nF5> ds = Nak_% (angtaf)-/\[Ek_%P>€_l (w : ’I”LFE) ds

S re

- k—1
S ellaz  Dracl ey o IP>es N2 2 (w0 )l see,) + Oue(e),

where we used the multiplier P-.-1 to recover a power of A in the high frequency term.

Next, we show that ||a-!D;a_ HH’“" I <y e~ 2. By Sobolev product estimates and the fact

that Ha‘ﬂ]Hk” ) <y €72, it suffices to show the same estimate for [ Dea|l, To

)
see this, recall that, by definition,

Dia_ =np,-Vv_-Vp_ —np. - VDip_.
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Note then that by Proposition [2.5.11] we have the estimate ||V11_||H,€,%(F ) <, €2, since
v_ is regularized at the £72 scale. Moreover, as np, = Opgr-1(1) and I'. is regularized

a3 Su e73. By Proposition [2.5.11| and Proposi-

tion [2.5.19] we also have ||Vp_||Hk_1 <, £72. Therefore, by Proposition [2.5.9] we have

2(le) ™
1

at the €71 scale, we have ||nr_||

Using Proposition [2.5.19] and the fact that the pressure terms in the Laplace equation for

D;p_ always appear to one half derivative lower than top order, a similar analysis yields

|\nr, - VDtp_HHk,%(F ) <y e 2. Therefore, we obtain from Lemma [2.8.8] the bound,

_3 _1 1 _1
N2 (@ D WNETFPo i (w - mr,) dS Sap 3| Poci NE 2 (w - )| 12y + Ona(€)

e
<are2(EX(Tp — v.))E + Oule),

as desired. It remains to deal with the other term in (2.8.31)). For this, we need to expand
D;a. — D;a_. As a first reduction, we note that we can replace every appearance of p_ with
p. in the definition of Dya_ if we allow for Oy (e2) errors. This is because ||p. —p_ e o) Sum

|ve = v_||gr-1(0.) Sm e2. Hence, we have
Dya_ =nr, - Vo_ - Vp. — nr, - VAG! (4tr(VPp, - Voo) + 2tr(Vo_)® + Av_ - Vp,)
+ 0O, (Fa)(82)'

We may also replace the lower order terms involving v_ by v.. Arguing similarly to Lemma|2.8.8]

we then obtain the key identity
Dia_ — Dia. = a.N.((ve. —v_)-np.) + OHk_%(Fe)(aé)
= a:PccrNo(w - np.) + OH’“‘%(FE)(e%)'

Hence, we have

/ N3 (a7 (Dyae — Dia )N Pos(w - ) dS

k—1 k—1
Su— | Ne 2Poi(wenp )NZ 2Ps(w- nps)d8+€2||/\/' 73>6 v(w - nre) || 2.
Ie
The first term on the right-hand side above vanishes by orthogonality (this term is the
reason we reweighted the energy in the first place) and the latter term is controlled by
2 (E¥(Ty — v.))2. Therefore, we obtain the desired bound for the Dya. portion of the energy.

This completes the proof of Proposition [2.8.6 O]
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Step 3: Euler plus transport iteration

In this subsection, we construct the iterate (vy,I';) from the regularized data (v.,I'.). Intu-

itively, what remains to be done is to carry out something akin to the Euler iteration
vy = v — &(ve - Vue + Vpe + geq)

and then the domain transport
z1(x) ==z + v ().

Unfortunately, performed individually, these steps lose a full derivative in each iteration.
Therefore, it is important that these two steps be carried out together. This will reduce the
derivative loss and allow us to exploit a discrete version of the energy cancellation seen in the
energy estimates. We will then use the regularization bounds from the previous subsections
to control any remaining errors in the iteration. To carry out this process, we have the

following proposition.

Proposition 2.8.9. Given (v, [';) as in the previous step, there exists an iteration (v., ') —

(v1,T'1) such that the following properties hold:

(i) (Approximate solution).

vy = v. — (v - Vo + Vp. + geq) + O (e2)  on Q1 N Q.
V-vy=0 on Q,
Ql = (I + Evg)Qa-

(ii) (Energy monotonicity bound).
EF(vy,T) < (1 +C(M)e)&EF (v, TL).
Moreover, v; and w, satisfy the inductive bounds .
We define the change of coordinates z1(x) := = + ev.(z) and the iterated domain §2; by
Q= (I +ev.).
To define v, we proceed in two steps. First, we define

01(z1) == ve — (Ve + geq). (2.8.32)
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We note that v; is not divergence free, so we define the full iterate v; by correcting the

divergence of ¥; by a gradient potential:
v = 1~)1 - VA;hl(V : 171)

At this point, we can verify the inductive bound ([2.8.6)) for v; and w;. We start with v;. We
recall that we have to show that

o1/l e,y < K(M)e™"

As a first step, using the regularization bound ([2.8.25) for v. from the previous section, we
have from the definition of vy, the regularization bounds ([2.8.10f) for I'. and the balanced

elliptic estimate Proposition [2.5.19]

K(M)e™, (2.8.33)

5 1
101 ] grwn (1) < 3
for n = 0,1,2. Next, we aim to control the error between v; and o; in H*(;) and H*1(Q;)

(but not H*2(Q;)). We have for n = 0,1 from the balanced elliptic estimate Proposi-

tion 2510}

o1 = O1llaeeniary Su Tl ey i IV - Ol n-20yy + IV - Ot ar-1n 0y

1 ~ ~
Sm e 2V ol g2y + IV - Ol e-veagay).

Above, we used the H*™! and H*'? (depending on if n is 0 or 1) regularization bounds

for v., Moser estimates, the bounds for I'. and the relation I'y = (I + ev.)(I'.) to con-

trol |’F1”H’€+%+TL Sm e M,

for v., it is straightforward to see that the divergence, V - ¥y, contributes an error of size

By using the definition of v; and the regularization bounds

OkalJrn(Ql)(g%_n) and also Opr-2(q,)(e?). Note that for this computation, one must use the
cancellation between the velocity and the pressure in (2.8.32)) in order to see the desired
gain. Therefore, we have

_ - - 3,
HVAgll(V ) Ul)HHHn(Ql) = |lvy — Ul||Hk+n(Ql) Swer "
From this and ([2.8.33)), we conclude the inductive bound
[0l rs10y) < K(M)e™,

and the leading order expansion for v;(x1) in H*(€,),

Njw

).

vi(z1) = ve — £(Vpe + gea) + Onra, (e
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If k is large enough, then the leading order expansion ([2.8) with Oc1(g?) error can be seen by
slightly modifying the above argument. Now, we verify the inductive bound [|w: || ge+n(q,) <
e (K (M) +eC(M)) for n = 0, 1. Tt suffices to establish this for @; since v; and 0, agree

up to a gradient. Taking curl in the definition of ¥; and using that w. = &g, we have
IV x (@) lasna < Nnlliwina, < KM (2.834)
By chain rule, using and the regularization bounds for v., we have
|01 (z) [ rsnay < IV x (01(21)) [ grena,) + C(M)e™,
which by a change of variables and yields
|61 1| sy < e (KT (M) + £C(M)),

as desired. Note that in the above two lines, we treated C (M) as an arbitrary constant, and
relabelled it from line to line. Importantly, we did not do this for K (M) and K'(M).

Next, we work towards establishing the energy monotonicity bound for the transport
part of the argument. As a first step, we aim to relate the good variables associated to the
iterate v; to the good variables associated to v. at the regularity level of the energy. We

have the following lemma.
Lemma 2.8.10 (Relations between the good variables). The following relations hold:

(i) (Relation for wy).
w1(71) = we + Opr-1(0.(€).

(ii) (Relation for py).
pi(x1) — pe —eDyp. = OH’”%(QE)(‘E)' (2.8.35)

(iii) (Relation for ay).
a1(x1) = ae + eDac + Opr-1(p)(€). (2.8.36)

(iv) (Relation for D;ay).

Day(z1) = Dya. — ea.N.a. + OH’“—%(FE)(E)'
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Proof. The relation for w; is immediate. Next, we move to the relations for p; and ay. By

the chain rule and the Laplace equation for D;p., we have
Alpr(1)) = (Apy) () + v, - (Vpa) () + 22V, - (V) () + Oy o (0)
= Ape + eADp. + eAv. - (Vp1)(z1) — Vpe) + OHk’%(QE)(g)
= Ap. + eADp, + OH’“_%(QE)<€)’

where in the last line, we controlled eAv, - ((Vp1)(z1) — Vp.) = O s

regularization bounds for v. as well as the error bound (Vp;)(21) — Vp. = Opee(q,)(€), which

QE)(€) by using the

is gotten by performing an H*().) elliptic estimate in the second line, using the fact that
p1(x1) — pe vanishes on I'; and that each of the source terms can be estimated directly in
H*2(9,) (but not in H*~5(€2.)). Therefore, since py(z1) — p. — eDyp. vanishes on I'., we
may now do a H¥+2(€2,) elliptic estimate to obtain the finer bound,

p1(z1) — pe —eDype = OHH%(QE)(s), (2.8.37)
which gives (2.8.35). We also deduce from this that

(Vp1)(x1) = Vpe + eVDip. — eV, - (Vpr)(z1) + O

3o )

=Vp. +eD;Vp, + (’)Hk_%(gs)(a).
From this we see that
ay(r1) = ac + eDya. — (np, (z1) —nr.) - (Vp1)(21) + Ope-10,(€)
= a. +eDia. + Opr-1r,)(e),

where in the last line we used

1
(nr, (21) — nr.) - (Vo) (21) = —a1 (1) (nr, (v1) — nr,) -0y (11) = —al(x1)§\nrl($1) - nFJg
= OHk—l(FE)(E:)
This gives the relation ([2.8.36]).

Next, we prove the relation for D,a;. First, we see that
—(DiVp1)(z1) + DiVp. = (Vor - Vpi)(21) = Voe - Vpe) = (VDipr) (1) — VDype)
= ((Voi)(z1) = Voe) - Ve

— ((VDip1)(21) — VDype) + Opr-1(0,)(€)-
(2.8.38)
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To control the second term on the right-hand side above, we write out the Laplace equation

for Dypy(z1):

A(Dipr(21)) = (ADipr)(21) + Opi-2(a,)(€)-

By a similar analysis to the proof of (2.8.36|) and the relation
(Avl)(xl) = A(Ul(Il)) + OHk72(QE)(€) = AUE — 5VA]?6 + Okaz(QE)<8) = Ava + OHk—2(Qe)(€)7

we obtain

(ADypy)(z1) = ADyp. + (Avy - V) (1) — Av, - Vpe + 4tr(Voy - V) (21)
— 4trVu. - Vp, + Opr—2(a,)(€)
= ADp. + 4tr (Voe - (V2p1)(21) — V?p2)) + Opi-2q,(e)
= ADp. + Opgr—2(q,(€),

where in the last line, we used (2.8.37) and that eD;p. = Opr(q.)(¢). Combining the above
with (2.8.38]), one obtains by elliptic regularity,

—DVpi(x1) + D Vp. = (V1) (1) — Vo) - Vpe + Opgi-1(q,)(€).

Then, noting from ([2.8.36]) that

(DVp1)(an) - (nr, (1) = ) = (DVpy) (@) - (02" Ve = (a7 ' Vpn)(1)) = Oy 0 ()

and using the fact that Ap, is lower order, we obtain
Dyay(21) — Dyae = —aenr, - V(vi(21) — ve) - nr, — (DyVp1)(21) - (nr, (1) — nr,)
+Opi-gr,)(©)
= eaenr, - VVpe -nr. + 0y (6)

=¢ea.N.Vp. -nr. + OHk—%(FE)(g)‘

Finally, noting that N.np, - nr_ is lower order, we have, thanks to the Leibniz rule for A,

50%—:/\/;sz5 ‘Nr, = —80,8./\[5<7”LF€CL5) ‘Nr, = —8&5./\[5(15 + OHk_%(Fg)((g)'

Therefore, we have the desired relation for D,a;. This completes the proof of the lemma. [J
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Energy monotonicity. To finish the proof of Proposition [2.8.9) it remains to estab-
lish energy monotonicity. The following lemma will allow us to more easily work with the
relations in Lemma 2.8.10l

Lemma 2.8.11. Define the “pulled-back” energy £F(vy,T';) by
k-3, _ -1 _
Ef(wi, 1) = 14 |INE 2 (ay (21) Dyar (21))[72r, ) + llay * (@) NEHan (@) 122 r,

+llwr (@)1 (0, + 1 (@)l

Then we have the relation
5k(U1, Fl) S Ef(vl, Fl) + OM(€)

Before proving the above lemma, we show how it easily implies the desired energy mono-
tonicity bound. In light of Lemma [2.8.11} it suffices to establish the bound

EF(w, T1) < (1 + C(M)e)E*(v., T.).

The monotonicity bound for the vorticity is immediate from Lemma [2.8.10] For the surface

components of the energy, we first use Lemma/2.8.10| the fact that [|NVZ 2| , s

<
H* 3 (L) L2(r.) ~M

1 and the regularization bounds for I'. and v. to obtain
_3 _3
NE2 (0 (1) Dran (en))PdS — [ INE 2 (a2 Dyac) P dS
Ie

— 2 [ N Dia)NETE (a2 (Dian) (1) — Dya)) dS + Op(e) (2.8.39)

re

= —26/ a ' N*'Dia. N " a. dS + O (e),

where in the last line, we used the commutator estimate ||[[N*™, a7 Dyac|| 2.y Sum 1 to

1 _3
shift a factor of N2 onto J\/Ek > Dya.. We similarly observe the leading order relation for the
other component of the energy by using (|2.8.36) to obtain,

/ al_l(xl)|/\/;k_1(a1(x1))|2 dS —/ 0L6_1|/\/'5k_1a€|2 dsS = 25/ CLE_I./\/;k_lDtag./\/;k_ICLE dsS

5 5 5

The first term on the right-hand side of the above relation cancels the main term on the
right-hand side of (2.8.39)). Combining everything together then gives

EMwy, T1) < (1 + C(M)e)EF(v.,T.),

as desired. It remains now to establish Lemma R.8.11]
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Proof of Lemma |2.8.11] By a simple change of variables, it is clear that the difference be-
tween ||wy (351)”31’“1(95) and le”ﬁ{k—l(ﬂl) contributes only O),(¢) errors. This is likewise true
for the L? component of the velocity. The main difficulty is in dealing with the surface

components of the energy. For this, we need the following proposition.

Proposition 2.8.12. Let —% <s<k—2andlet f € H*"}(T'}). Then we have the following

bound on I',:

INLf) (1) = Ne(f (@) Loy Sar el f]

Proof. First, we handle the case s = —1. If g € C*°(T'.), we write h = g(z7")HJ where J

is the Jacobian corresponding to the change of variables y = x;(x). Then we have by the

Hs+1(1"1) .

divergence theorem,

[ a@ine) - Nt ds - [

€ Iy

BNLS dS — / gNL(f(21)) dS

= V?—Llh-VHlfd:)s—/ VH.q VH(f(z1)) da.

Q1 €

Using again the change of variables x — x; for the first term in the second line above,

together with the estimates

Hitllmon Sallgll g, and (VR @Oz SallFll3 50

it is easy to verify

/g((/\/lf)(xl)—Ne(f(wl)))dSSM V((Hah)(21) = Heg) - (VHLf)(21) d

€ QE

+ | VH.g-V((Hif)(x1) — Ho(f(21)))da  (2.840)

Qe
+ellgll o 1 s

We label the first and second terms on the right-hand side above by I; and I,. For I, we

use the fact that on I', we have
(Hah) (1) = Heg = (J(21) — I)g
to obtain the following simple elliptic estimate

1 S el 1903y 1 g o ISR @ -0y Se <03 63

where we used the chain rule and that H,h is harmonic to estimate A((H1h)(z1)). A similar

elliptic estimate yields the same bound for I,. This establishes the case s = —%. By
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interpolation, we only need to handle the remaining cases when % < s < k—2. As a starting

point, we have from some simple manipulations with the chain rule and the trace inequality,

INLF) (1) = Ne(f (@) s wey S el fllsny + 1 (ony (21) = nel) - (VHLU) (20) [ me )
+ 1 Ho ) (@) = Ho(f(21))]

B3 Q)

By writing nr, (71)—nr, = aZ'Vp.—a; '(21)(Vp:1) (1) and using the relations in Lemma|2.8.10
and that s < k—2, the second term on the right is straightforward to control by || f{| zs+1(r.).-
For the third term, we do an elliptic estimate analogous to the s = —1 case (using that

(Hif)(z1) — Ho(f(x1)) =0 on T'.) to obtain

Hs+1(Ty)-

[ ) r) = HeF @) s o v 1A @Dy ) v ellf
This completes the proof. O

Now we return to the proof of Lemma [2.8.11] We note first that

INVFan) (1) = NE (an (1)) lzaeny S TNV 2an) (1) — NE (aa (21)) || 22y
+ VeV 2a0) (1) — (N an) (@) 22

Applying Proposition [2.8.12] to the term in the second line and using the H! — L? bound

for N, we have

[N an) (1) = NETHaa ()2 Sar IINVF2an) (1) = NE72(aa (20) .y + Ow(e).
[terating this procedure and applying Proposition k — 2 times, we see that we have

[N an) (1) = NETHaa (@)l 2.y Sre
It follows from the above and a change of variables that we have
lar N alBaqe,y < llay @) NE (a2 e, + Ou(e).
To conclude the proof of Lemma [2.8.11] we need to show that
IVHLNT (a7 Dear) I,y < IVHNE2 (a7 (21) Dear (21)) 2, + On(e).

From a change of variables, we see that

IVHINT (a7 Diaa)) 172,y = IVHNET (a1 (1) Dear (20)) 720,y Sar T + Ona(e),
() (©)
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where
J = |[(VHNT (a1 Dian)) (21) = VHNE(a™ (1) Diar(21)) || 220
By elliptic regularity, it is easy to verify the bound

J Sur NF2 (a1 Dyan)) (1) = NET*(ar ! (1) Dian (1)) | + On(e).

HE(T.)
From here, we use Proposition [2.8.12f similarly to the other surface term in the energy to

estimate

SM E.

[N (ar " Dear)) (1) = NE7*(ay " (21) Deas ()|

H3(T.)

This completes the proof. O

Convergence of the iteration scheme

We have now arrived at the final step of the existence proof, where we use our one step
iteration result in Theorem in order to prove the existence of regular solutions. Precisely,

we aim to establish the following theorem.

Theorem 2.8.13. Let k be a sufficiently large even integer and M > 0. Let (v, ) € H*
be an initial data set so that ||(vo, I'o)||fx < M. Then there exists T'= T'(M) and a solution
(v,T') to the free boundary incompressible Euler equations on [0,7] with this initial data

and the following regularity properties:
(v,T) € L=(0, T} H¥) A ([0, T]; )

with the uniform bound
[(0. D)) llae Sa 1, t€[0,T]

We remark that the solution we construct is unique by the result in Theorem [2.4.6] One
missing piece here is the lack of continuity in H*, which does not follow from the proof below.

However, this will be rectified in the next section. We now turn to the proof of the theorem.

Proof. Starting from the initial data (vg, ) € H* with Ty € A, := A(T., &g, 9), for each
small time scale ¢ we construct a discrete approximate solution (ve,I'.) which is defined at

discrete times t = 0, ¢,2¢, ..., as follows:
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(i) We define (v.(0),I'-(0)) by directly regularizing (vg, I'g) at scale . Such a regularization
is provided by Proposition with € = 277, In view of the higher regularity bound
there, these regularized data will satisfy the hypothesis of our one step Theorem [2.8.1},
with M replaced by M = C(A)M.

(ii) We inductively define the approximate solutions (v.(je),'-(je)) by repeatedly applying

the iteration step in Theorem [2.8.1

To control the growth of the H* norms of (v.,I'.) we rely on the energy monotonicity re-
lation, together with the coercivity property in Theorem (and also the relation ([2.8.2))).

We use the energy coercivity in both ways. At time ¢t = 0 we have
EX(v.(0),T.(0)) < CL(A)M.
We let our iteration continue for as long as

EM(v:(je), Te(je)) < 2C1(A)M,

(2.8.41)
T.(je) € 2A, := A(T., £0, 20).

As long as this happens, using the coercivity in the other direction we get
[(ve(je), Pe(j)) [[ae < C2(A)M.
Now by the energy monotonicity bound we conclude that
E*(v-(je), Te(je)) < (14 C(Ca(A)M)eV £ (v:(0), Te(0)) < e“PILER v, (0), T(0)).
Hence we can reach the cutoff given by the first inequality in (2.8.41]) no earlier than at time
t=ej < T(M) = C(Co(A)M) ",

which is a bound that does not depend on €. Similarly, for the second requirement in ,
the relations ensure that at each step the boundary only moves by O(¢), so by step
J it moves at most by O(je). This leads to a similar constraint as above on the number of
steps. Analogous reasoning shows that the vorticity growth in (2.8.6) is also harmless on
this time scale.

To summarize, we have proved that the discrete approximate solutions (v, ['.) are all
defined up to the above time 7'(M), and satisfy the uniform bound

[(ve, T)llme Sar 1 i [0, 77,
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with ['. € 2A,. Since k is large enough, by Sobolev embeddings, this yields uniform bounds,
say, in C?,
[velles + [Inelles Sl i [0,77, (2.8.42)

where 7). := np_ is the defining function for I'. € 2A,.

The other piece of information we have about v. comes from ([2.8.5). However, this only
tells us what happens over a single time step of size €, so we need to iterate it over multiple
steps. We begin with the first relation for the velocity in (2.8.5), which implies that

[ve(t, ) — v(s,9)| + |Vve(t,z) — Vo (s,y)| S |t — s|+ |z —yl, t—s=ce.
Iterating this we arrive at
lve(t, ) —v-(s,y) |+ |V (t, ) = Ve (s,y)| Sar |t—s|+]x—1yl, t,s € eNNI[0,T). (2.8.43)
A similar reasoning based on the last part of yields
In(t) — n-(s)||cr Sas |t — 8], t,s € eNN[0,T7. (2.8.44)

Similarly, from ([2.8.35]) in Lemma [2.8.10| and the elliptic estimate ||D;p.||gr Sy 1 for each

time, we also get a difference bound for the pressure; namely,
|Vp5(t,l’) - va(S,y)| SM |t - S| + |l‘ - y|7 t,s € eNN [O7T] (2845)

Equipped with the last three Lipschitz bounds in time, we are now able to return to (2.8.5))

and reiterate in order to obtain second order information. As above, we begin with the first

relation in (2.8.5). Here we reiterate directly, using the bounds ([2.8.43)) and ([2.8.45|) in order

to compare the expressions on the right at different times in the uniform norm. This yields
V(1) = vo(8)— (t—5)(v2(5)- Vo (5)+ Vpa(8)+geq) +O((t—s)?), t,s € eNN|0,T]. (2.8.46)
The same procedure applied to the last component of (2.8.5) yields

Q.(t) = (T4 (t — 8)v=(5))Qk(s) + O((t — 5)?), t,s € eNN[0,T]. (2.8.47)

We now have enough information about our approximate solutions (v, I'.), and we seek
to obtain the desired solution (v, I') by taking the limit of (v., ') on a subsequence as € — 0.

For this it is convenient to take e of the form ¢ = 27, where we let m — oo. Then the time



CHAPTER 2. THE FREE BOUNDARY EULER EQUATIONS 160

domains of the corresponding approximate solutions v,, are nested.

Starting from the Lipschitz bounds ([2.8.43)), (2.8.44)) and ([2.8.45)), a careful application
of the Arzela-Ascoli theorem yields uniformly convergent subsequences

D —> 1), U —> U, Vo, — Vo, Vpm — Vp, (2.8.48)

whose limits still satisfies the bounds (2.8.43)), (2.8.44)) and (2.8.45)). It remains to show that

(v,T) is the desired solution to the free boundary incompressible Euler equations, with T

defined by n and p, where p is the associated pressure.

We begin by upgrading the spatial regularity of v and 7. For this we observe that for
t € 277NNJ0, T] we can pass to the limit as m — oo in (2.8.42) to obtain the uniform bound

lvlles + [Inlles Sar 1.

Since both v and n are Lipschitz continuous in ¢, this extends easily to all t € [0,T]. A

similar argument applies to the H* norm of (v, T").

Next we show that (v,I") solves the free boundary incompressible Euler equations, which

we do in several steps:

i) The initial data. The fact that at the initial time we have (v(0),'(0)) = (v, I'g) follows
directly from the construction of (v.(0),':(0)); namely, by Proposition [2.6.2

it) The pressure equation. To verify that p is the pressure associated to v and I'" we
simply use the uniform convergence of Vu,,, n,, and Vp,, in order to pass to the limit in the

pressure equation (|2.1.5)).

iii) The incompressible Euler equations. Here we directly use the uniform convergence
(2.8.48]) in order to pass to the limit in ([2.8.46)). This implies that v is differentiable in time,

and that the incompressible Euler equations are verified.

iv) The kinematic boundary condition. Arguing as above, this time we directly use the

uniform convergence ([2.8.48)) in order to pass to the limit in ([2.8.47]).

Finally, the C(H*™!) regularity of (v,T") follows directly from the incompressible Euler

equations and the kinematic boundary condition. O]
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2.9 Rough solutions

In this section, we aim to construct solutions in the state space H® as limits of regular
solutions for s > % + 1. The general procedure for executing this construction will be as

follows.
(i) We regularize the initial data.
(ii) We prove uniform bounds for the corresponding regularized solutions.
(iii) We show convergence of the regularized solutions in a weaker topology.
)

(iv) We combine the difference estimates and the uniform H*® bounds from step to

obtain convergence in the H® topology.

As will be seen below, this procedure carries with it various subtleties since it involves
comparing functions defined on different domains. In addition, we must carefully address
the fact that our control parameters in the difference and energy estimates are not entirely

consistent.

Initial data regularization

Let (vg,g) € H® be an initial data. The first step is to place 'y within a suitable collar
A, = A(T,,g,0) with § < 1. Since Ty € H® C CH**, T, is easily obtained by regularizing
'y on a small enough spatial scale. We remark that the price to pay for a small enough
regularization scale is that the higher Sobolev norms H* of I', will be large; but this is
acceptable, as explained in Remark [2.3.4]

Let M = |’(U0,F0)|

¢o for the lower bound on the Taylor term. We begin by constructing regularized data at

gs denote the data size measured relative to the collar A,, and write

each dyadic scale 27. For this, we define I'g; (along with ;) by regularizing the collar
parameterization 7. More specifically, we define 7y ; := P<;ny, where the meaning of Pc;
is as in Section [2.6 Then, we define the regularized velocity vo; := W<;vo. Here, we recall
that, as long as j is much larger than M, v is defined on some 277 enlargement of both

,; and €. Indeed, by Sobolev embeddings, we have the distance bound
0 — 1ol Sar 2727,

Moreover, for such j, we stay in the collar and have a uniform lower bound on the Taylor

term.
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Uniform bounds and lifespan of regular solutions

By Theorem , the regularized data (vg;, 1o ;) from the previous step generate corre-
sponding smooth solutions (v;,I';). Our goal now is to establish uniform bounds for these
regular solutions and, in particular, show that they have a lifespan which depends only on
the size of the initial data (v, ['g) in H®, Taylor sign and the collar. To do this, we carry

out a bootstrap argument with the H® norm of (v;, ;).

In the argument below, we will be working with the enlarged control parameter B;(t) :=
[vjllwreeyy + 100l oy + ||Dtpj||W~1,oo(Qj) for the corresponding solution (v;,I';). Note that
the reason we work for now with B; instead of just B;(t) := ||vjllwio(o,) + [Tl 13 18 be-
cause we will make use of the difference estimates which require control of D;p;. By elliptic

regularity and Sobolev embeddings, it is easy to see that Bj is controlled by some polynomial
in || (v;, ;)]

Hs-

Fix some large parameters Ay and By depending only on the numerical constants for the
data (M, ¢ and so forth) such that Ay < By. As alluded to above, we make the bootstrap

assumption
C
1(v3, 1)) lme < 2Bo,  A;(t) <240, a;(t) = 507 [(t) € 2A,, 1 €0,T],
J(M) =t jo < j < ju,

with j(M) sufficiently large depending on M, in a time interval [0, 7] where all the (v;,T;)
are defined as smooth solutions with boundaries in the collar. Above, j; is some finite but
arbitrarily large parameter, introduced for technical convenience to ensure that we run the
bootstrap on only finitely many solutions at a time. Our aim will be to show that we can
improve this bootstrap assumption as long as T' < T} for some time Ty > 0 which is inde-

pendent of j.

For any large integer £k > s > g + 1 as in Theorem [2.8.13 we may consider the solutions
(v;,T;) as solutions in H*. In light of Theorems [2.7.1|and [2.8.13] for each j > jo, the solution

(v;,T';) can be continued past time T in H* (and therefore H*) as long as the bootstrap is

satisfied. Morally speaking, our choice for Ty will be

1
T -
0K P(B())’
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for some fixed polynomial P, though this is not entirely accurate, as T; will also depend on
the collar and ¢y. Thanks to the energy bound in Theorem if the bootstrap could be
extended to such a Tp, it would guarantee uniform H* bounds for (v;,T;) for any integer
k> %l + 1 in terms of its initial data in H*. The main difficulty we face is that, a priori, the
H* bounds for (v;,I';) do not necessarily propagate for noninteger s. The goal, therefore, is
to establish H® bounds for noninteger s. We will do this by working solely with the energy

estimates for integer indices and the difference estimates.

We begin by letting ¢; be the H® admissible frequency envelope for the initial data (vo, I'g)
given by (2.6.3). We let @ > 1 be such that k = s + « is an integer. From Proposition [2.6.6]
we know that the regularized data (v, Iy ;) satisfy the bounds

[(vo,5: To ) llms+e Say 2°7¢; | (vo, Do) [l s- (2.9.1)

From the energy bounds in Theorem and the bootstrap hypothesis, we deduce from
(2.9.1) and the definition of ¢; that

05 T Ollzsre Sap 2751+ (00, To)llaxe), ¢ € [0,T, (2.9.2)

aslongas T < Ty < %. One may think of this as a high frequency bound, which roughly

speaking allows us to control frequencies 2 27 in (v;,I';). Note that in ([2.9.2) we suppressed

the implicit dependence on the Taylor term and the collar. We will do this throughout the
subsection except when these terms are of primary importance, as it will be clear that our

argument can handle these minor technicalities.

To estimate low frequencies we use the difference estimates. Precisely, at the initial time

we claim that we have the difference bound

D((vo,3, o), (voj41: Tog41)) Sap 277°¢] (vo, To) Il (2.9.3)

This bound is clear by Proposition for the first term in (2.4.2)). To see this for the
surface integral, we use that on T'g; := 9(Q,; N Qg j11), the pressure difference po; — po 1
is proportional (with implicit constant depending on Ag) to the distance between I'y; and
Iy j+1, measured using the displacement function . Combining this with a change of

variables, we have

/f D0y — Pogr 2 S ~y [oger — o2y Soao 2725 (v, To) e
0,5
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from which (2.9.3]) follows. By Theorem [2.4.2] we can propagate the difference bound (2.9.3))
to obtain

D((vj, T5)(t), (vj41,Tj10) (1) Sao 272°¢H || (w0, To) lfgss £ € (0,77, (2.9.4)

aslong as T' < Ty <« . In particular, this gives by a similar argument to the above,

1
P(Bo)
0541 = vjllez@in0,,0) ms = njllzen) Sao 277°¢jll(vo, Do)l (2.9.5)

Now, the goal is to combine the high frequency bound (2.9.2)) and the L? difference bound
(2.9.5)) in order to obtain a uniform H* bound of the form

1 Tj)llas Sao 1+ [l (vo, o) [[ers,

for ' < T§. To establish such a bound for I';, we consider the telescoping series on I', given
by
=+ Y (e —m). (2.9.6)

Jo<I<j—1

From the higher energy bound ([2.9.2)), we have for each jo <1< j—1,

eer = mullrsserny Sap 21+ || (vo, To) |- (2.9.7)

Using the telescoping sum and interpolation, it is straightforward to verify from ([2.9.5)),
(2.9.7) and an argument similar to Proposition [2.6.6] (see also [71]) that for each k > 0,

[ Binjllms ey Sao cr(1 4 [[(vo, To)[lme)- (2.9.8)
As a consequence, by almost orthogonality, we obtain the uniform bound

1T

e Sap 1+ [[(vo, o)l (2.9.9)

Next, we turn to the bound for v;. We first note that the analogous decomposition to (2.9.6)
for v; does not work because for each [ < j —1, v; and v;4; are defined on different domains.
However, we can compare v; and v;4; by first regularizing each function v; — W <;v; which is

defined on a 27! enlargement of ;. For this comparison to work, we need to know that I,

and I';4 are sufficiently close. By interpolating using (2.9.5) and (2.9.9) we have

541 = mill ey a0 27275 Al = ill o g ) S0 2 ” (2.9.10)
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for some ¢ > 0. Now, we return to the uniform bound for v;. Thanks to (2.9.10)), we can

safely consider the decomposition on €2;,

vy = \IJSjOUJO + Z \Ijﬁl-l-lvl-i-l — \Ilgl’l)l + (I — \Ijgj)l)j. (2911)
Jo<I<j—1
The first term in the telescoping decomposition is trivial to bound. We therefore focus our

attention on the remaining terms. First, define for [ > jj
~ J
O =)
k=l

Thanks again to , for jo large enough (independent of j and only depending on the
data parameters), we can arrange for the regularization operator V<; to be bounded from
H*(€Y) to H*(Q) where € is some 2~ enlargement of the union of all of the Q for k > 1.
We will use this fact to establish the following lemma which will help us to estimate the
intermediate terms in (2.9.11)).

Lemma 2.9.1. Let jo <1 < j—1, where j; is some universal parameter depending only on

the numerical constants for the data. Then given the above decomposition for v;, we have

10 <1041 — Purll z20,) Sap 275a(1 + [[(vo, Do) [las), (2.9.12)

H\I}§l+1vl+1 — \IJSIUZHHs-!—a(Qj) S;Ao 2lacl<1 + ||(U0, F(])‘ HS)- (2913)

By Sobolev embedding, a corollary of this lemma is the following pointwise bound at the

C! regularity.

Corollary 2.9.2. We have the estimate

1V <1vii1 — Yquillore,) Sap 27°(1+ (o, To)|ms), 6> 0.

Proof. The latter bound ([2.9.13) is clear from the H*** boundedness of ¥; and (2.9.2)). For
the first bound, we split

Uovgr — Vv = (W — V) + V(v — v).

Using Proposition and ([2.9.2)), we have

(W <i1 — Y vl r2e0,) Sa0 27 a1+ (vo, To)|

).
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For the remaining term, we use the difference bound and the L? boundedness of ¥, to

obtain

1 _
1W< (vier — )l r2gey) Sa0 D, 1), (041, Tig1)) 2 Sag 27| (vo, Do)

Hs-
[l

We also observe that the same bounds in Lemma hold for the third term in (2.9.11)
but with the parameter [ replaced by j in the corresponding estimates. This is immediate

for (2.9.13]) and follows by telescopic summation from Proposition in the case of (2.9.12]).

We can use the above lemma (and the corresponding bounds for (I —V<;)v;) to estimate
similarly to (2.9.8) that for each k& > 0,

| Prvjl| s ray Sap cr(1+ [[(vo, To)[lms),

where we carefully note here that for each k > 0, Py should be interpreted as P, FEq; where
Eq, is the extension operator on (2; from Proposition 2.5.120 From this observation and

almost orthogonality, we obtain the desired uniform bound,

(0, T5) (B)ls S0 1+ [ (vo, To)[las,

for t € [0, 7). In particular, if the constant By is chosen to be sufficiently large relative to
Ay and the data size, this improves the bootstrap assumption for ||(v;,I';)||ms. It remains
to improve the bootstrap assumption for A; and at the same time the Taylor term and the
collar neighborhood size. For this we rely on a computation similar to [134} [140] for the
Lagrangian flow map u;(t,-) : Qo ; — Q;(¢), defined as the solution to the ODE

Owu;(t,y) = v;(t,ui(t,y), vy ey, u;(0)=1.

Since s > g + 1, if Tj is small enough, then for any 0 <t < T < T we have the bound

t
luj(t, ) = Illas (00, S /0 103 (¢, s o, s (2, )]

Sao t[(vo, To) a5

S !/
HS(QO,]‘) dt

If Ay is large enough relative to the data size, this easily implies simultaneously

3
T(t) € Shes IT(0)lens < Ao,



CHAPTER 2. THE FREE BOUNDARY EULER EQUATIONS 167

as long as Ty is small enough. Doing a similar computation with u; in place of u and using

the equation
Ofu;(t,y) = Ou(v;(t, us(t,y))) = —(Vp; + gea)(t, u;(t, y))

together with the elliptic estimates for the pressure, we obtain also
o hegy < Ao

This improves the bootstrap assumption for A;. Finally, a similar argument but instead
with the pressure gradient and the H® bound for D,p allows one to close the bootstrap for

a; as long as Ty is sufficiently small depending on M and .

The limiting solution

Here we show that for T < T,
(v,1) = lim (4;,Ty) in C([0, T); ).
Jj—o0o
First, we show domain convergence in H?®, which is more straightforward. Indeed, from

(2.9.10)) we see that the limiting domain €) exists and has Lipschitz boundary I'. Next, we

let 7 > jo and consider the telescoping sum
n—n; = anﬂ — M-
I=j

An analysis similar to the previous subsection, using the difference bounds and the higher

energy bounds, yields
_3,
17 = njllLoer,y Sap 272 (2.9.14)

and
Im = njlleqomms .y Sao llesilliz (1 + [(vo, To) [[m:),

which in particular shows convergence of I'; — I'in C'([0, T']; H*(I',)). Next, we turn to show-
ing the convergence v; — v in C([0,7]; H*). We, formally, define v through the telescoping

sum
v = \Ijﬁjovjo + E ‘I/gHle — \Ilgﬂ)l,

>0
where, as usual, jg ensures that all the terms in the sum are defined on 2. Thanks to (2.9.14)),
this is possible. We begin by showing that V<,v; — v in H*(€2;) uniformly in ¢ (which is
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again unambiguous thanks to (2.9.14))). We have

v — \Ifgjvj = E \I/§l+1vl+1 — \Ifgﬂjl.

1>

From this we see that

v — Wejvj|lms ) Sao llejllie (14 [[(vo, To)l|as),

which establishes the desired uniform convergence in H*(2;). To show convergence of v; in
the sense of Definition [2.3.5] we consider the regularization v = ¥<,,v,,. We then have as

above,

[0 = W <mvmllrs (@) Sao llezmllz (1 + | (vo, o)l[rs),

which goes to 0 as m — oo. On the other hand, for j > m, we have

|v; = Vel ms)) Saoll(1 = Y<j)vsllms,) + 1W<i(v; = v) s @)) + [ Wam(vm —v)|

+ [Wejv — U]

H# ()

He= ()"

Using (22.9.2) for the first term and the difference bounds for D((v;,I';), (v,I)),
D((vp, T'n), (v,T)) for the second and third terms, respectively, we obtain

) + [ V<o — Vel

[vj — ¥ <mtim| H>* () Sao llesmlliz (1 + [/ (vo, To)| H5(Q;)-
To estimate the last term above, we have

[Wejv — Vet o)) Sao (Vi — Vo) (v — Varnvm) o)) + [(Y<j — Varn) VeVl m5(0))

Sao 10 = Yamvmllae@) + 27" lvm |l gt @)

Sao llezmlle (1| (vo, o)),

where we used ([2.9.2)) to estimate the second term in the last inequality. The combination
of the above estimates establishes strong convergence in H®. A similar argument shows
continuity of v with values in H®. Finally, one may also check that the limiting solution

solves the free boundary Euler equations.

Continuous dependence

Given a sequence of initial data (v{,T'§) € H® such that (v, I§) — (vo,T), we aim to

show that we have the corresponding convergence of the solutions (v, ') — (v,I") in
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C([0, T]; H®). First, we note that thanks to the data convergence, the corresponding solu-
tions have a uniform in n lifespan in H®, and so, on some compact time interval [0,7], we
have [[(v", I'")|lgs + [[(v, T)[Jms Sar 1. Let us denote by ¢ and ¢; the admissible frequency
envelopes for the data (v, I'}) and (vo, I'g), respectively. Now, let ¢ > 0 and let 6 = d(g) > 0
be a small positive constant to be chosen. Moreover, let ng = ng(e) be some large integer to

be chosen.

By definition of convergence in H*, there is a divergence free function v € H*(Q3) defined

on some enlarged domain Q9 such that

\M—%mmeﬁgﬂﬁ—%Mmm<d

Moreover, for n large enough, depending only on §, v is defined on a neighborhood of €
and Q2. Moreover, we may also assume that v3 belongs to H*(R?). Indeed, for some §' < 4,
v§ is defined on the domain € defined by taking 1) = 79 + ¢’. Then we can extend v to
R? using Proposition We note that v is not necessarily divergence free on R? but
is on an enlargement of €y and €U for n large enough. Now, let c? denote the admissible
frequency envelope for (v3,Ty) (note that we are using the same domain € as vy for the
frequency envelope here; if § is small enough, Taylor sign holds for this state) and denote by
(v2,T°) the corresponding H* solution (which we note has lifespan comparable to v and v™

for n large enough). We begin by choosing j = j(¢) large enough so that
HCZJHZQ < E. (2915)
We next observe that we can choose d(¢) and then ngy(J) so that

||CY2LJ'||12 Sm e+ lesillie Sw e, (2.9.16)

for n > ng. One can establish this by estimating the error when comparing terms in c?-

and ¢ and then the error when comparing terms in ¢} and ¢; by using (2.6.3) and square
summing. The main error in the first comparison is essentially comprised of two terms. The
first term to control involves the error between 7§ and ny. If ¢ is small enough and n is large

enough, we have

115 = 1nollzzs .y < 0 < e

The second source of error comes from the extensions of the velocity functions,

n_

| Bayvg — Eayvj] weee) + || Eog (g

v)]

HS(IR{d) S ||E93U8 — EQOU8| HS(Rd)‘
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If 0 < €, then the latter term is O(e) by (uniform in n) boundedness of Egn and the defini-
tion of vJ. The first term is O(e) if n is large enough (relative to §) thanks to the continuity

property of the family Fon in Proposition [2.5.12) Then one establishes (2.9.16)) by comparing
¢; and ¢ which just involves controlling essentially the error term || Eq,(v) — vo)]

Hs (Rd) .

Now that we have uniform smallness of the initial data frequency envelopes, the next
step is to compare the corresponding solutions. First, thanks to the difference estimates,
we observe that for large enough n, I'" and I’ are within distance < 277 as long as § is
chosen small enough relative to j (recall that j was chosen to ensure ) Indeed, by

interpolating and using the uniform H* bound, we have
3 3
" = 0’ lasery Sar D@ T, (0, T9))5 Sar 6%,

This ensures that we may compare \Ifgj’l)é to v™. Denoting by (v;‘, F;‘) the regular solution

corresponding to the regularized data (vg;, G ;) (from the previous section), we have

1W<’ — 0™ sy S NP <i(0° — ™) lsam) + 1@< (0" — 01 oy + 0" = C<jvl | s (m)
] 1 s n ™ 1
Sur 1%l + 2 D((v", T, (v}, T3))2 + 27°D((v™,T"), (v*,T?))>
Sar llelle + 27 D", T), (v, T%))2,
which if ¢ is small enough gives
||\If§j1)6 — UnHHs(Qn) SM E.

Similarly, we may obtain

In"™ = nllzs@.) Sm €

and

||‘I’§jvls — H3(Q) Sw e

This establishes continuous dependence.

Lifespan of rough solutions

Here, we finally establish the continuation criterion from Theorem for H?® solutions. We
consider initial data (vg,[g) € H® and the corresponding solution (v,I") in a time interval
[0,T") which has the property that

T
C := sup A(t)—i—/ B(t)dt <oo, a(t)>c¢ >0, te]l0,T),
0

0<t<T
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and whose domains €2; maintain a uniform thickness. Unlike with the construction of rough
solutions, we now work with the weaker control parameter

B(t) = lollwiee @y + Tl ooy -

One starting difficulty we face in this proof is that we do not a priori have a fixed
reference collar neighborhood. However, the uniform bound on A(t) guarantees that the free
boundaries I'; are uniformly of class C1€, and the uniform bound on v guarantees that they
move at most with velocity O(1). This implies that the limiting boundary I'r = lim,_,7 I’y
exists in the uniform topology, and also belongs to C1¢, with the corresponding domain Qr

having positive thickness. Furthermore, by interpolation, it follows that
ImI, =T'p in Cte, 0<er <e.
t—=T

This allows us define the reference boundary I', as a regularization of 'y, so that I'y €
ATy, e/2,0/4) for an acceptable choice of ¢ ensuring that A(I's,€/2,6/2) is also a well-defined
collar (cf. Remark|2.3.4]). Then the above convergence implies that T'; € A, := A(T,,¢/2,6/2)

for ¢ close to T'.

Reinitializing the starting time close to T', we arrive at the case where we have the initial
data (vy,I'g) € H® and the corresponding solution (v,I') in a time interval [0,7") with the
property that

I'veA,, tel0,T).

From the local well-posedness theorem, it suffices to show that
10, T) | o< (0.5 < 00 (2.9.17)

Similarly to the previous subsections, the strategy we would like to employ will involve show-
ing that the control parameters for a suitable family of regularized solutions (v;,I';) can be
controlled to leading order by the control parameters for (v,I"). The main difficulty is that
v; and v are defined on different domains. As in the previous sections, as long as we can
ensure that I'; and I' are within distance 277049 of each other, we can compare v with
V,v;. However, there is one added difficulty now. The difference bound, which ensured the
closeness of domains in the previous sections, has a stronger control parameter involving the
term || D;p||w1.(q,) in addition to B(t), which from Lemma has size controlled by B(t)
and an additional logarithmic factor.
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To overcome this, we will divide [0, 7)) into two disjoint intervals [0, 7] and [T',T) where
0 < T < T and T has the property that

T
/ B(t) dt < 50,

T
where g is some parameter to be chosen depending only on C, ¢y, the collar and the H®* norm
of (vo,T). Given such a T, we consider the regularized data (vg; T'f ;) of (v(T),T';) and
the corresponding solutions (v;,I';). We remark that 7" and ¢y need to be chosen carefully
to not depend on 7, but we postpone this choice for now. Their purpose is to guarantee
that the stronger control parameter D,p in the difference bounds as well as the logarithmic
factor in the energy bounds does not cause the distance between I'; and I' to grow larger
than 27749 for times ¢ < T where (v, ;) is defined.

From the continuous dependence result, the above regularized solutions converge to (v, I)

in [T,T) and their lifespans T} satisfy
lim inf 75 > T — T.

However, a priori, we do not have a uniform L} bound on their corresponding control param-
eters B;, nor a uniform L bound on A;, nor a uniform lower bound on the corresponding
Taylor terms a;. Arguing similarly to the previous subsections, if such bounds could be
established, one could hope to use them to establish a uniform H® bound on the regularized
solutions (v;,I';) and hence extend their time of existence by an amount uniform in j. To
establish such uniform control on these pointwise parameters, we will run a relatively simple
Ol and My = [[(o(T), Typ)
To set up the bootstrap, we begin by noting that at time 7', we have by Sobolev embedding

bootstrap argument. From here on, we write M := ||(vg, T'o)| Hs-

and interpolation, the bound

I (T) = n(T)|creqry < 272 My (2.9.18)

~Y

Moreover, by the properties of U<;, we have ||v; (T)HC%H <c¢ 1. Hence, initially we have

A;(T) < P(C) + 272 Mj (2.9.19)
where P > 1 is some sufficiently large positive polynomial. As long as the choice of T we
make later on depends only on C and ¢y (but not on j), we can arrange by taking j large
enough, the initial bound

A;(T) < 2P(C). (2.9.20)
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Finally, if j is large enough, and T is as above, we also initially have (for instance),
~ 2
(T) > =cg.

a;(T) > 300
Now, we make the bootstrap assumption that on a time interval [T, Tp] with 7' < Ty < T we
have the bounds

To 1
T

for 7 > jo(M,Ty) and some large universal constant C; > 1 depending only on A :=
SUPsepo,r) A(t). Our goal will be to show that the constant 4Cdy can be improved to 2C1dg
and the constant 4P(C) can be improved to 2P(C), with similar improvements on the Taylor
term and the collar. After we close this boostrap, we will give a separate argument which
uses the uniform bounds on the control parameters to establish a uniform bound for (v;,T;)

in H®, and hence permit us to continue the solution. To close the above bootstrap, we aim
to establish the bounds

. . 3
B <Cl(A)B+C27% A < P(C)+ 027, a; > ¢y, Ty(t) € ghe  (29.22)

where ¢ > 0 is some small positive constant and Cy depends on the size of M; as well as the
constant C above. The bootstrap can then be closed by choosing j, large enough to absorb

the contribution of (5.

As mentioned above, the main difficulty in comparing B; with B and A; with A is, as
usual, the fact that the corresponding domains (2; and 2 are different. Our starting point is
to select the parameter &y and the time T'(dy) to ensure that 2; and € are close enough. As
mentioned above, in order for our argument not to be circular, we need to ensure that the
choice of §y depends only on ¢q and C. Our first aim is to obtain some preliminary bounds
for n; — n;j41 in L and C2. We let k be the smallest integer larger than s. First, by the
double exponential bound in Theorem and the bootstrap hypothesis, we have for each
Js

105, T) e S exp (exp(K o) los(K (1 -+ 256~ (u(F), Tl )
Above, K is some (possibly large) constant depending on C and ¢y which we will let change
from line to line. In the above estimate, if we take Kdy < 1 (in particular, g does not

depend on j), then we can arrange for

(v, Tyl S K290 M2 (M727)° (2.9.23)
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for some small constant § > 0, where we assumed without loss of generality that Mz > 1
to simplify notation. Note here that there is a slight loss compared to coming from
the double exponential bound in the energy estimate. On the other hand, the difference
estimates, Lemmal[2.7.9/and the energy coercivity ensures that by Gronwall and the bootstrap

assumption, we have
D((v;,T;), (vj41,Tj11)) S 27K Mz exp (K60Z;)

where Z; = sup;_,, (log(K + K E*(v;,T;)) +1og(K + KE*(v;41,'j11))) and k is, again, the
smallest integer larger than s. By the higher energy bound and the bootstrap assumption,
we have

Z; S Klog(1+2%¥(o(T),Tp)lI72) Sk K7,

where we used the higher energy bound for the regularized solution to propagate log(1 +
E*(v;,T;)) and control log(1 + E*(v;,T;)) by log(1 + 22||(v(T),T';)||2,) as well as the fact
that the volume of €, is conserved and Hélder’s inequality to estimate ||(v(T), T'z)||z2 Sa 1.

Again, we choose 0y small enough (and therefore f) depending only on C and ¢y so that
eXp(K(S()I]> S 2j6,

for some sufficiently small 6 > 0 (depending only on s). Next, we pick j, depending on My,
C and ¢ so that if j > jo (after possibly relabelling ), we have

D((vj,T)); (011, Tj41)) S 277070 (0, Ty) e S 29079027

with universal implicit constant. The key point to observe here is that there is now a slight
loss in the difference estimates and energy estimates compared to the previous subsections
because of the stronger control parameter in the difference bounds and the logarithmic
factor in the energy estimates. However, by using these estimates, we still obtain by Sobolev

embedding and interpolating, the bounds (after possibly relabelling 9)

i _ 1 _3;
=il g oy S 2770 Im=njallorewy S 272, lInj—ngallem) S 27, (2.9.24)

all with universal implicit constant if jj is large enough. The first bound will give us control
of ||| oy in the first estimate in (2.9.22). The second bound above gives us control over
ITj||c1e for the second estimate in (2.9.22)) and also shows that I'; € 3A,. The third bound
ensures that I'; and I';;; are sufficiently close. With this closeness established, we now
work towards closing the bootstrap ([2.9.22) for the [|v;|ly1.00(q,) component of B; and the
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ij”c%“(@v) component of A;. We show the details for [|v;||y1.(q,) as the other component
J
is very similar. We estimate in three steps. First, we observe that from the bounds for ¥},

we have

W <jvllwiee Sa B. (2.9.25)

We can ensure that the implicit constant in this estimate is less than Cy(A) if C1(A) is

initially chosen large enough. Then we compare V<;v and W<;v; which is justified thanks

to (2.9.24). We have
Vo= Ugpvy =) Voo — Ygu

1>j

By Sobolev embedding and a similar argument to the C2 bound for Nj+1 — N;, we see that
19 <001 = Wegunllwree < Co27%,
which gives by summation
1<y — Wejuyllwree < Co277°. (2.9.26)

Using the error bound for I — ¥<;, Sobolev embedding and the higher energy bounds, we
also have
19 <505 = vjllwie < G277, (2.9.27)

Combining (2.9.25)), (2.9.26]) and (2.9.27)) shows that

[0jlwree (o) < CL(A)B + Co277°.

Doing a similar estimate for ||v;| and taking j large enough allows us to close the

CEANCH
bootstrap for A;.

It remains now to improve the bootstrap assumption for the Taylor term a;. To do this,
we need a suitable way of comparing the C'' norms of the pressures p; and p. We begin by
defining the shrunken domain Q' via n’ :=n — 277, As Q; is within distance O(Z‘gj) of Q2
for 5 > jo, it follows that

ocon ()
Jj2Jjo
We next note the following bound which holds on €2’ for any 0 < 4 < 5,

< (027909, (2.9.28)

H/UJ - UHC%ths(Q/) —
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This follows by similar reasoning to the above. Now, we establish the following C' estimate

for p — p;:
lp = pjlleriy < Co277°. (2.9.29)

We begin by splitting p — p; into an inhomogeneous part plus a harmonic part on €,
p—p; = AT Ap —p;) + H(p —py)-

Using Proposition [2.5.15] the dynamic boundary condition and the fact that the boundary

of ' is within distance 277° of the boundaries of Q and €, we have
1H(p — pi)llors@ny Se 27 (Ipllere) + [Ipillore,))-
By Lemma and the bootstrap assumption on A;, this gives
1H(p — pi)llcrsery Se 277

To estimate the inhomogeneous part, we can argue similarly to the proof of Lemma

using a bilinear frequency decomposition for A(p; — p), to obtain
1A AP = p)ller@) Se v = vjll pges gy < C2277,

where in the second inequality we used ([2.9.28)). Finally, to close the bootstrap on the Taylor

term a;, we can work in collar coordinates on I', to estimate
. ) —jod
Jnf [Vp;(@)] 2 mf [Vp(o)] = lIp; = pller@) = 27 (lIpsllor<c@y) + lIpllere@).

In the above, we first estimate the error between Vp;(z +n;(z)v(z)) and Vp;(z+17'(x)v(z))
(and also Vp(z + /(z)v(z)) and Vp(z + n(z)v(x))) using the C** Holder regularity of p;
and p. Then, we estimate the difference between Vp;(z + 7/ (z)v(z)) and Vp(z +7/(x)v(z))

on the common domain using our bounds for ||p; — p||lc1 .

Taking jo large enough and using (2.9.29)) and Lemma [2.7.5] this gives

2
aj > 300,

which closes the bootstrap for a;.

From the above argument, we see that for j > jy, the regular solutions (v;,I';) are
defined on the interval [T, 7] and satisfy the assumptions (2.9.21)). What we do not yet
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know is whether we have a uniform in j bound for the H® norm of (v;,I';). Once we have
this, will follow from our continuous dependence result. From here on, we assume
without loss of generality that Mz > C(A). We let ¢; denote the frequency envelope for the
data at time 7. Similarly to the above, on a time interval [T,TO], we make the bootstrap

assumption that for finitely many j > jo,

(v, 7)) || < M3, (2.9.30)

As in the previous subsection, we let a > 1 be such that s+ « is an integer. Then the higher

energy bounds, (2.9.30) and (2.9.21) yield

(v, T5)]

oo S 27%c; exp(K 0g log(M3)) My
where K is some constant depending on C. As long as ¢y is such that Kdy < 1, we obtain

(v, 1)

Hota < QJ%J-M,_-;” (2.9.31)
for some positive constant § < 1. A similar argument with the difference bounds yields
1 —js 6
D((v,Ty), (vj1,Tj41))2 S 277 CjM;r .
Arguing as in the local well-posedness result, we can use the above two bounds to estimate
(v, D)z S ME™,

which improves the bootstrap. We are then able to finally conclude the bound (2.9.17)) and
thus the proof of Theorem [2.1.7]
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Chapter 3

Ultrahyperbolic Schrodinger

equations

3.1 Introduction

In this chapter, we consider the large data local well-posedness problem for general quasilin-
ear ultrahyperbolic Schrodinger equations of the form
10 + ¢7F(u, u, Vu, Vu)9;0u = F(u,u, Vu,Vu), u:RxR?— C™, (3.1.1)
u(0,2) = uo (), .
where g and F' are assumed to be smooth functions of their arguments with g real, symmetric

and uniformly non-degenerate and [F' vanishing at least quadratically at the origin.

In a recent series of articles [105, (107} |106], Marzuola, Metcalfe and Tataru have studied
the well-posedness of the system (3.1.1)) in low regularity Sobolev spaces. As a brief overview,
the paper [107] considers the small data problem for cubic and higher nonlinearities in the
Sobolev spaces H*(RY), s > %. The article [105], on the other hand, permits quadratic
terms in the nonlinearity, but assumes that the data comes from the smaller space I' H*(R?),
5 > g + 3. Here, ['H® is an appropriate translation invariant Sobolev type space, imposing
similar regularity requirements as H?®, but slightly stronger decay. To see that some addi-
tional decay is needed, it is instructive to look at the leading part of the linearized flow,

which can be written schematically as

10 + 0,9 v + Vv + VT = f,

3.1.2
v(0,z) = vo(x). ( )
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Here, for the purposes of our heuristic discussion, we have written the principal operator
in divergence form with ¢/* = ¢/*(u,u) — we will elaborate further on this reduction later
on. As is well-known, a necessary condition for L? well-posedness of a wide class of such
linear systems is integrability of the first order coefficient Re(t’) along the bicharacteristic
(or Hamilton) flow of the principal differential operator 9;¢?%9y. This is usually referred
to as the Mizohata (or Takeuchi-Mizohata) condition. See, for instance, |70, 79, 104} [116],
117, 115, |145] for several manifestations of this ill-posedness mechanism. For cubic and
higher nonlinearities, the integrability of Re()’) along the bicharacteristics is automatic for
small H?® data, but for quadratic nonlinearities it is not. That being said, there are several
natural ways to recover the above integrability condition. One common approach is to work
in weighted Sobolev spaces. However, the alternative ' H* spaces also achieve this goal, but
have the additional advantage of being translation invariant — they are also far less restrictive

in terms of regularity and decay, as we will see below.

In contrast to the case of small data, the third paper in the series by Marzuola, Metcalfe
and Tataru [106] considers the significantly more challenging large data problem. Here, the
authors establish well-posedness in the same setting as their small data papers, but under two
additional assumptions. The first assumption is that the initial metric g(ug) is nontrapping,
meaning that all nontrivial bicharacteristics corresponding to the principal operator Ag,)
escape to spatial infinity at both ends. Such a condition is automatic in the small data regime
(assuming sufficient regularity and asymptotic flatness of the metric) as in this setting the
Hamilton trajectories are close to straight lines. For large data well-posedness, a nontrapping

assumption is completely natural, in light of the Mizohata condition.

On the other hand, the methods in |[106] also rely on the assumption of uniform ellipticity

of the principal operator, i.e., the existence of a uniform constant ¢ > 0 such that

P < M)k < clél (3.1.3)

This assumption is critically used in the above article to effectively diagonalize the linearized
equation (3.1.2]) and remove the complex conjugate first order term. Roughly speaking, this

diagonalization proceeds by considering the new variable
Sv:=v+ Rv,

where R is a pseudodifferential operator of order —1 with symbol which is essentially of the

form

.Bl
@)= gf’“&flﬁk’
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when [£] > 1. Tt is not difficult to see that, to leading order, Sv formally satisfies an equa-
tion like , but without the complex conjugate first order term. This diagonalization
procedure is then used as a key ingredient in the proofs of the requisite local smoothing and
L L? estimates for the linearized flow. A similar diagonalization is heavily relied upon in
[24] and [87].

The primary objective of the current chapter is to generalize the main result of [106] to
the full class of ultrahyperbolic quasilinear Schrédinger flows, while keeping the regularity

and function spaces identical. That is, we shall relax the uniform ellipticity assumption

cHEP < gPheer < clg)?
to the much weaker uniform non-degeneracy condition

e < g% < gl

The lack of an ellipticity assumption on the metric in (3.1.1) causes significant difficulties,
and is what prompted the development of the new well-posedness scheme that we present
in this chapter (we were also inspired by the scheme in [81]). On the other hand, there
are several physical sources of motivation for studying the general ultrahyperbolic problem.
Some well-known examples arise naturally in the study of water waves [34] and others arise
in the theory of completely integrable models |76, [137]. More recently, the Hall and electron
magnetohydrodynamic equations without resistivity have been shown to behave at leading
order like degenerate quasilinear Schrodinger systems of ultrahyperbolic type [80]. This
dispersive character of the equations was used to great effect in |80} 81|, leading to well-

posedness in certain regimes and ill-posedness in others.

Although [106] requires ellipticity of the metric in order to achieve their low regularity
results, significant progress has been made towards removing the ellipticity assumptions from
the well-posedness theory of in the high regularity regime. This is best illustrated by
the pioneering series |84}, 90} 86, 87] of Kenig, Ponce, Rolvung and Vega, which culminates
in a proof of large data well-posedness under the nontrapping assumption for systems of
the form in high regularity weighted Sobolev spaces of the form H*® N L?({z)"dx),
where s and N are suitably large, dimension dependent parameters. In this fundamental
series of papers, [87] studies the well-posedness problem assuming ellipticity of the principal
operator 9;¢°%0y., while [84} 90, |86] consider symmetric, non-degenerate metrics, first in the
constant coefficient case and then later for variable coefficients. As should be evident from

these articles, the ellipticity assumption on the metric is not easy to remove, even in the
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high regularity regime. The main objective of this thesis is to give a much simpler proof
of well-posedness for the general system (3.1.1)) that is also robust enough to work in low
regularity spaces. To the best of our knowledge, this is the first low regularity well-posedness

result that applies to the full class of ultrahyperbolic quasilinear Schrédinger flows.

The rough strategy used in [84] to prove well-posedness of the ultrahyperbolic flow (3.1.1])
in high regularity weighted spaces is to first establish an estimate for the local energy type

norm

N
2

[olle == {x)" = (V)2vlla2, N =N(d) €N,

for the linearized equation ({3.1.2)) (assuming suitably strong asymptotic decay of the coeffi-
cients b/, b and V,¢7%) of the form

lollee S vl + 1fllLpesryrs- (3.1.4)

Here, LE* denotes the “dual” local energy space. The estimate shows that the local
energy norm of v remains under control, as long as v satisfies an a priori LL? bound.
The preliminary estimate follows, roughly speaking, from a suitable adaptation of
Doi’s construction in [38] to the ultrahyperbolic problem. The more significant technical
obstruction in [84] is in establishing the a priori bound for the L L2 norm. To understand
the difficulties, we first note that when the real part of the coefficient ¥ vanishes, it is a
relatively straightforward exercise (in view of ) to obtain the bound

[vllzsezz < llvollzz + | fllLe=sr12-

Indeed, this follows by a standard energy estimate, as one can integrate by parts to shift
derivatives off of the first order terms and onto the coefficients »’ and ». Therefore, in the
general case, one is motivated to try to conjugate away the badly behaved first order term
Re(V’)d;v. In [84], this conjugation is accomplished by constructing a (formally) zeroth order

operator O which achieves the approximate cancellation
[0,0;¢% 0] + ORe(V)9; =~ 0. (3.1.5)

The idea here is very loosely akin to the method of integrating factors from ODE. On a
formal level, the symbol for the operator O achieving (3.1.5)) is given by

O(x,€) == exp (— /0 Re(b(z")) - ftdt) , (3.1.6)

— 00
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where (z¢,£") denotes the bicharacteristic flow

(jrt’ ft) = (Vfa(xt> ét)v —VICL({Et, ft))7 (ajoﬂ 50) = (Iv 5)7

corresponding to the principal symbol a(z,€) := —g7*(2)€;&. Unfortunately, the symbol O
does not belong to the standard symbol class S°. Rather, (assuming that b has sufficient

regularity and decay) it satisfies
08070, &)| Sas (&) 71N @)l (3.1.7)

In the case when the metric is positive-definite (i.e. A, is elliptic), the mapping properties
of the pseudodifferential operators associated with this class of symbols were intensively
studied in the paper [33] of Craig, Kappeler and Strauss. In the case of a merely non-
degenerate metric, Kenig, Ponce, Rolvung and Vega in [84] execute a systematic study of
this symbol class as well as a very careful analysis of the bicharacteristic flow for —g/*(z)&;&;,
to establish suitable mapping properties for O. In contrast, in the current chapter, to obtain
the L L? estimate for we will instead use a spatially truncated version of the above
renormalization operator which achieves a suitable cancellation of the form (3.1.5)), at least
within a large compact set. The key advantage of this truncation is that the corresponding
renormalization operator will be a classical pseudodifferential operator of order 0, which will
dramatically simplify the analysis (perhaps at the cost of estimating some extra error terms).
Moreover, it will allow us to considerably lower the regularity and decay assumptions on the
coefficients in (3.1.2)) compared to [84] when estimating the L L2 norm of v. Of course, this

idea comes with some technical caveats of its own, which will be discussed later.

We remark that the idea of using the above spatial truncation to close the energy es-
timate for is inspired by the article [81] of Jeong and Oh, where they consider the
well-posedness problem for the electron MHD equations near non-zero, constant magnetic
fields, and perform an analogous truncation in their setting. As we shall see below, such
a construction turns out to be tied heavily to the direction of propagation of the bichar-
acteristics of the principal part of the corresponding linear flow. For the electron MHD
equations, the bicharacteristics have a distinguished direction of propagation. However, the
bicharacteristics for the Schrodinger equations that we consider in this thesis do not ex-
hibit this feature. Therefore, one key novelty of the present thesis is in dealing with the
multi-directionality present in Schrodinger flows. Another important novelty is our ability
to extend the truncation idea in order to give a new and very simple proof of the natural
local smoothing type estimate for in the local energy norms compatible with the
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translation invariant function spaces used in this thesis. The method that we present is very
robust and requires only mild decay of the coefficients (e.g. uniform integrability along the
Hamilton flow). A more detailed outline of the argument will be given in Section

Statements of the results
We now state our main results more precisely. As in [106], our primary focus will be on the
case of quadratic nonlinear interactions.
Let d,m > 1 and consider a system of equations of the form ((3.1.1)) where
g:C™" x C™ x (C™)? x (C™)? - R™ and F:C™ x C™ x (C™)? x (C™)* - C™"
(3.1.8)

are smooth functions. We assume that F' vanishes at least quadratically at the origin, so
that

|F(y,z)| =~ O (|y|2 + |z|2) near (y,z) = (0,0). (3.1.9)

In [106], the authors assume that the metric g is uniformly elliptic and coincides with the
identity matrix at the origin. That is, they assume that g(0) = I;x4 and that there is a fixed

constant ¢ > 0 so that
cHEP < My, 2)&58 < cl€)?, VEERY, y, 2 € C™ x (C™)™

In this thesis, we only assume that g is symmetric and (uniformly) non-degenerate, in the
sense that
el < lgly, 2)€] < clél, VE e RY, y, 2 € C™ x (C™)Y, (3.1.10)

for some fixed constant ¢ > 0.

As in 105} |107} [106], we also consider a second class of quasilinear Schrodinger equations

of the form
10 + 0;¢°% (u,w)Opu = F(u,w, Vu, V), u:RxRI—C™,

(3.1.11)
u(0, ) = ug(x),

where F' is as in (3.1.9), but where the metric ¢ depends on u but not on Vu. Such an
equation arises by formally differentiating the system (3.1.1]). Indeed, if u solves (3.1.1]) then
(u, Vu) solves an equation of the form (3.1.11)) with a nonlinearity F' which depends at most

quadratically on Vu.
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Remark 3.1.1. Note that the second order operator in (3.1.11]) has a divergence structure,
which can be achieved by commuting the first derivative with g and viewing the commutator
as an additional term on the right-hand side. In contrast, the second order operator in (3.1.1))

cannot be written in divergence form without possibly changing the type of the equations.

To state our main well-posedness theorem, we must recall the function spaces used in
[105, (107} 1106]. For now, we limit ourselves to an expository summary, giving more precise
definitions in Section [3.2

Consider a standard spatial Littlewood-Paley decomposition
1=>_ 3
J€No
where S;, j > 1, selects frequencies of size ~ 27 and S selects all frequencies of size < 1.

Corresponding to each dyadic frequency scale 27 > 1, we consider an associated partition Q;

of R? into cubes of side length 27 and an associated smooth partition of unity

1:ZXQ.

QeQ;
We define the ljl-L2 norm by
lullize = Y lxqullzz, (3.1.12)
QeQ;
and the space [' H® via the norm
ol e = 322915yl o (3.1.13)
§>0

Note that if one replaces the ¢! sum by an ¢? sum in and defines [2H* analogously to
, then H® = [?H* with equivalent norms. The extra summability in the definition of
the ' H* norm yields the decay necessary to circumvent Mizohata’s ill-posedness mechanism.
However, unlike the high regularity weighted Sobolev spaces used in previous works, the
function spaces ' H® admit translation invariant equivalent norms and contain functions

exhibiting weaker regularity and decay.

As mentioned above, in the large data problem, one has to contend with trapping. This is
an obvious obstruction to well-posedness, so we will need to impose a nontrapping assumption
on the initial metric g(ug) to prevent this. Then, as part of our well-posedness theorem, we
will show that the nontrapping assumption propagates on a time interval whose length
depends on the data size and the profile of the initial metric. Our definition of nontrapping

is the same as [106].
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Definition 3.1.2. We say that the metric g(ug) is nontrapping if all nontrivial bicharacter-

istics for Ay, escape to spatial infinity at both ends.

The above qualitative definition of nontrapping suffices in order to state our main results.
However, as we shall see, the proofs require us to introduce a parameter L which gives a
quantitative description of nontrapping. The precise way in which we define L is slightly

different than [106], so as to better handle the case when A, is not elliptic.

With the above discussion in mind, we may state our main well-posedness theorem as

follows.

Theorem 3.1.3. Let s > £ 4 3 and suppose that the initial data uy € {'H* makes g(uo)

into a real, symmetric, uniformly non-degenerate, nontrapping metric. Then (3.1.1)) with
the quadratic nonlinearity (3.1.9)) is locally well-posed in I*H*. The same result holds if

s > 521 + 2 for the equation (3.1.11]).

Remark 3.1.4. We will prove the latter result in Theorem as it will imply the former
by differentiating the equation.

Remark 3.1.5. As in [106], the regularity and decay assumptions in the above results can

be weakened if the metric and nonlinearity satisfy the stronger vanishing conditions
9(y,2) = g(0) + O (ly +121) . |F(y,2)| = O (|y* + |2I*) near (y,2) = (0,0).

Namely, it can be shown that is well-posed in the same sense as Theorem when
up € H® and s > #. An analogous result holds if s > % for the equation .
To prove this, one makes modifications to the quadratic case which are virtually identical
to those made in |106]. In order to simplify our exposition, we omit the details for these
relatively straightforward modifications and instead focus on the general case of quadratic

nonlinearities.

Remark 3.1.6. In the above results, well-posedness is to be interpreted in the standard
quasilinear fashion. More precisely, in the setting of Theorem [3.1.3]it includes the following

key features.

e (Regular solutions). For large o and nontrapping initial data ug € I[!H° there is a
unique solution u € C([0,T];1* H?) which persists and remains nontrapping on some

nontrivial maximal time interval I = [0, T%).
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e (Rough solutions). For s > g + 3 and nontrapping data vy € [' H® there is a unique
solution u € C([0,T]; I H*) N 1*X*([0,T]) which persists and remains nontrapping on
some nontrivial maximal time interval I = [0, T}). Here, the auxiliary space ' X* is a
natural analogue of the local energy space LE described earlier. A precise definition

of this space will be given in Section |3.2

e (Continuous dependence). The maximal time T} () is a lower semicontinuous function
of up with respect to the I' H* topology and for each T' < T, (ug) the data-to-solution
map vy + v is continuous near ug from ' H* into C([0, T); I* H*) N I* X*([0,T7).

Remark 3.1.7. As in [106, Remark 1.3.2], the maximal existence time T (ug) a priori
depends on the full profile of the initial data wuy rather than just its size in I* H?, due to the

nontrapping condition on the metric.

Remark 3.1.8. As in [106], the arguments we use here are purely dispersive. This is in
contrast to the viscosity methods used in earlier works, which are less tailored to the structure

of the equations, and hence less suitable for low regularity analysis.

Organization of the chapter

The chapter is organized as follows. In Section|3.2|we recall the precise functional setting used
in [106] as well as the standard Fourier-analytic, nonlinear, and pseudodifferential machinery
that will be used throughout the chapter. In certain cases, we adapt this machinery in order
to obtain refined estimates in the space-time function spaces where we aim to construct
solutions to and . In Section , we provide a detailed outline of the proof.
Then, in Section [3.4) we analyze the bicharacteristic flow. The key objectives of this section
are to quantify nontrapping, show that nontrapping is stable under small perturbations, and
establish suitable asymptotic bounds for the bicharacteristics. In Section [3.5] we state our
main well-posedness theorem for the linearized flow and reduce the main linear estimate to
establishing a simplified bound for the corresponding inhomogeneous linear paradifferential
flow in the ! X* spaces where we intend to construct solutions. Then, in Section we aim
to establish a suitable estimate for the L3 L2 component of the I! X* norm by constructing a
truncated version of the renormalization operator O in . Such an estimate will close on
a short enough time interval, up to controlling a small factor of the local energy component
of the I*X® norm. In Section 3.7, we control this remaining component of the [ X* norm for
the linear paradifferential flow. Then, in Section , we deduce the full I'!X* estimate for
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the paradifferential and linearized equations by combining the local energy estimate with the
LFL? estimate from Section [3.6] Finally, in Section [3.9 we use the linearized estimates from
the previous sections along with a suitable paradifferential reduction of the full nonlinear

equation to establish Theorem |3.1.3
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the renormalization operator in the energy bound for the linearized equation, which was
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component of this argument, which we also use in our setting, is the high-frequency Calderon-
Vaillancourt bound in Proposition [3.2.6]

3.2 Preliminaries

In this section, we recall some basic Fourier-analytic tools as well as the definitions and
elementary properties of the function spaces that will be used in our analysis. We also recall
some standard facts about pseudodifferential operators and establish some new estimates for

these operators in our function spaces.

Littlewood-Paley decomposition

We begin by recalling the standard Littlewood-Paley decomposition. We let ¢ : R — [0, 1]
be a smooth radial function supported in the ball of radius 2, By = By(0), which satisfies
@ =1 on B;. We define Fourier multipliers Sy and Sy by

Sei=p(277) —p(271¢), keEN,
So = ¢(§)-
We then define for each k € N,
Seki= > 8, Seri= Y Sy
0<j<k k<j<oo

With the above notation, we have the standard (inhomogeneous) Littlewood-Paley decom-

1:2&.

k>0

position
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In the sequel, we will often phrase our bilinear and nonlinear estimates in the language of
paradifferential calculus. For a suitable pair of complex-valued functions f and g, we will
write T, f to mean

Tof ==Y Scr-agSif. (3.2.1)

k>0
In other words, T, f selects the portion of the product fg where f is at high frequency
compared to g. With this notation, we have the so-called Bony decomposition or Littlewood-

Paley trichotomy,
fg=Trg+Tyf +1(f.9).

We refer the reader to [14] and [109] for some basic properties of these operators. To
compactify the above notation, we will sometimes write f., as shorthand for S.f and
f>k as shorthand for S>;f.

Function spaces

Next, we recall the definitions and basic properties of the function spaces that will be used
in our analysis. Much of the material here is recalled from [105] and the large data paper
[106]. For each frequency scale 2%, we consider a partition of R? into a set @}, of disjoint

cubes of side length 2% along with a smooth partition of unity in physical space,

1= ZXQ

QEeQy

For a translation-invariant Sobolev type space U, we define the spaces [YU by

1
p
[l = (Z HXQUH?}) , 1<p<oo, |ullgr := sup |[xqullv-
QEQx QEQk

As noted in [105], these spaces have a translation invariant equivalent norm, obtained by
replacing the sum over cubes with an integral. Moreover, up to norm equivalence, the smooth
partition by compactly supported cutoffs can be replaced by a partition consisting of cutoffs
which are all localized to frequency zero.

We next recall the definition of the local energy type space X, which is defined for each
T > 0 by

l
u||x = sup sup 272 ||ul|;2 12 .
Julx = sup sup 2”4l 120 m1<0)
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Associated to X is the “dual” local energy type space Y C L%*([0,7] x R%) which satisfies
the relation X = Y™*. See |105] for more details on the properties and construction of this

space. For each non-negative integer k, we define
k k
Xp=2"2XNLFLE,  lullx, =22 |lullx + [Jullrgre
and
k . _k
Yk =22Y + L%Li, HUHYk = 111f{2 2 HU1||Y + ||u2||L;L% U =Uu + UQ}.

Loosely speaking, we will use X; to measure solutions to the Schrodinger equation localized
at frequency 2% whereas Y, will be used to measure inhomogeneous source terms localized

at this frequency. Next, we define for each s € R,

1
2 2
[ullipxs = (Z 22k5!\5kuﬂzzgxk> ;o ullwys = <222k8\|5ku\|12zyk> )

k>0 k>0

N =

for 1 < p < oo (with the natural modification for p = oo). We will also work with the

corresponding spaces without the /7 summability,

lullxs = (Z2ka||5kUI|§<k> ol

k>0

NG
[SIE

ys 1= (Z Q%SHSkUH%@)

k>0

As already mentioned, throughout the chapter we will frequently make use of the standard
tools of paradifferential calculus to estimate various multilinear and nonlinear expressions.
A very nice bookkeeping device for efficiently tracking the frequency distribution of such
terms is the language of frequency envelopes introduced by Tao in [147]. To define these,
suppose that we are given a translation-invariant Sobolev type space U with the orthogonality

relation,

[ullv ~ (Z HSkuHZU) :

k>0
An admissible frequency envelope for u € U is a positive sequence (¢;) C Ny such that for

each k € Ny, we have

(i) (Boundedness and size).

ISkully < cellullo,  llexlle ~ 1.
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(ii) (Left-slowly varying).
c; > 200" Mg, <k,

for some fixed parameter § > 0.

(iii) (Right-uniformly varying).
Cj > QU(k_j)Cka .] > kv

for some fixed parameter o > 0.

For nonzero u, such a frequency envelope always exists. For instance, we may define

ey = " (a2 5 S+ a2V M Sl )

In this chapter, the primary purpose of the above frequency envelopes will be to facilitate the
proof of the continuity of the data-to-solution map for the quasilinear Schrodinger systems

we consider.

Pseudodifferential calculus

Our objective in this subsection is to recall some basic properties of pseudodifferential oper-
ators and then establish some refined estimates for these operators in the local energy and

“dual” local energy spaces defined above.

For m € R, we recall that the standard symbol class S™ := ST is defined by
S™ .= {a € C*(R*): |a|(5j31 < oo, j€ Ny},
where the corresponding seminorms |a|g)n are given by

lal 9 = sup{[[()1=" 020 a(x, €)|| oo m2ay : |+ B] < 4}

To each symbol a € S™ we can associate the pseudodifferential operator Op(a) € OPS™,
defined for f € S(R?) by the quantization

1

Op(a) () = o [ ol < F(e)ae

We now list some basic properties of pseudodifferential operators; proofs can be found in the

standard reference [151]. We begin with an elementary result on Sobolev boundedness.
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Proposition 3.2.1 (Sobolev boundedness). Let s,m € R and let a € S™. Then Op(a)
extends to a bounded linear operator from H*'™ to H® and there exists j depending only

on s, m and the dimension such that

|Op(a)] < lal¥h..

Hs+m—Hs
We next recall the sharp Garding inequality for symbols a € S*.

Proposition 3.2.2 (Sharp Garding inequality). Let a € S' and let R > 0 be such that
Re(a) > 0 for || > R. Then Op(a) is semi-positive. That is, there exists j depending on d
such that for f € S(R?), we have

Re(Op(a)f. ) Zr ~lal &I £1172,
where (-, -) denotes the usual L? inner product.
Proof. See, e.g., [6§]. O

Remark 3.2.3. As shown in [68, |96], a variant of Proposition also holds for N x N
matrix-valued symbols. More specifically, if a € S* is an N x N symbol satisfying Re(a) >

0 then the associated pseudodifferential operator Op(a) is semi-positive in the sense that
Re(Op(a)f, f) > —c|| f||3. for all f in the Schwartz class.

Next, we recall a (weak) version of the Calderon-Vaillancourt theorem [19).

Proposition 3.2.4 (Calderon-Vaillancourt theorem). Let a € S°. There exists an integer

j > 0 depending on the dimension such that

1Op(a)ll2oe S sup [10£ 07 all oo (raay,
la+B]<j

where the implicit constant is universal.

Finally, we recall some elementary symbolic calculus which will allow us to perform basic

manipulations with pseudodifferential operators.

Proposition 3.2.5 (Algebraic properties of pseudodifferential operators). Let my,my € R
and let a; € ™ and ay € S™2. The following properties hold.
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(i) (Composition property). There is a € S™*™2~1 such that
Op(a1)Op(az) = Op(aiaz) + Op(a)

g72L1+77L2,1 is controlled by |a1|k(9kn)11 |ag|k(gkn)12 for some k depending

and for every j € Ny, |a
on j and d.

ii) (Adjoint). There is a € S™ ! such that
(i) (

Op(a1)" = Op(ay) + Op(a)
and for every j € N, |a|g311,1 is controlled by |a1|fgk%1 for some k£ depending on j and
d.

(iii) (Commutator). There is a € S™™272 guch that
Op(a1)Op(az) — Op(a2)Op(ar) = Op(—i{as, a2}) + Op(a)
where {-, -} denotes the Poisson bracket, which is defined by
{a1,a2} = Veay - Vyas — Veay - V.

Moreover, for every j € Ny, \a|g3”+mr2 is controlled by |a1]gk3l1|a2]gk3l2 for some k
depending on j and d.

Proof. See, e.g., [84, Theorem 2.1.2] for a precise statement and [55, [151] for proofs. O

In our construction, we will need the following refinement of the Calderon-Vaillancourt
theorem for symbols a € S°, which ensures that the L? — L? operator bound for Op(a)
depends only on the L*> norm of a when applied to functions localized at sufficiently high
frequency. This refinement will be important later when we attempt to spatially localize the
renormalization operator mentioned in the introduction. We remark that Proposition [3.2.6]
is also used in the paper [81] to achieve a similar purpose. We include the simple proof for
completeness.

Proposition 3.2.6 (Calderon-Vaillancourt theorem at high frequency). Let a € S°. There
is ko depending on a such that for k > ko, Op(a) satisfies the L? — L? bound,

10p(a) Skl L2522 < lallze

That is, the L? — L? bound for Op(a) depends only on the L> norm of the symbol a when
applied to functions at sufficiently high frequency.
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Proof. The proof is a simple scaling argument. The symbol for S5 is of the form ¥y (&) :=
1—p(27%¢), where ¢ is a smooth bump function equal to one on the unit ball and supported
in By(0). Define the symbol ay, := atpy. Let A > 0 be some constant to be chosen, and define
arpa(z,€) == ap(A "tz AE), va(z) := v(Ax). We clearly have

Op(anye = (2m) [ an(e AT
Rd

Hence,
d
|0p(ax)vllz = A72[|Op(ar)va-1l 2.

By Proposition [3.2.4] we have

_4d _d
A2 Oplaga)oa-ille SAT2 sup (10708 ap |l p<loa-1 o2
e, B1<5(d)

= sup 000 apx ||Vl 2,
leel,| B1<5(d)

where j(d) depends only on the dimension. To conclude, we therefore only need to show

that for a suitable choice of A\, we have

sup  [|008arllLe S llal| e
lal,|B1<5(d)

Taking \ = 25 and using that a € S°, we find

|8§8§‘ak,>\| < |a|g00¢|+|5\) 9~ lalk \lal=18l < |a|goa|+|5\) o—(lal+B8)%

The proof is concluded by taking k sufficiently large (depending only on the symbol bounds
for a). O

Next, we extend the above bounds to the X and Y spaces.

Proposition 3.2.7 (Operator bounds for X° and Y°). Let a € S° be time-independent and
let T < 1. Then there is j = j(d) such that we have the operator bounds

10p(a)[x0-x0 + [OP(@) [ yoyo S 1+ |a|%. (3.2.2)
Moreover, there is ky > 0 depending only on a such that if k > kj, we also have
10p(a) Sk x0—x0 + [[Op(a) Sskllyosye S 1+ [lal|ze-. (3.2.3)

Remark 3.2.8. The inequality (3.2.3) can be thought of as the analogue of Proposition [3.2.6|
for the X° and Y spaces.
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Proof. We prove 2|) and remark on the very minor modifications required to prove (3.2.3))
where necessary. For notational convenience, we let K, denote the term on the right-hand
side of (3.2.2)). We begin with the X° — X° bound. By definition, we have

10p(a) f1I%0 = 15:Op(a) f%,

k>0

< D lISk[Op(a), Silfll, + D 18:0p(a)Sif %,

k>0 k>0

(3.2.4)

for some fattened Littlewood-Paley projection Sj. For the first term, we can crudely estimate

using Holder in T" and dyadic summation,

(Z 15k[Op(a), Sk]fll?xk> S (Z 2" S[Op(a), gk]f”%g?L%)

k>0 k>0

< sup||[Op(a), Sil /|
k>0

Se KaHfHLOOH—%Jrs
T Hx

S Kall flixe,

1
5+e
LTco H;

where in the second to third line, we used Proposition and that [Op(a), Sp] € OPS™!
(which has symbol bounds uniform in &, thanks to Proposition |3.2.5).

Remark 3.2.9. We remark briefly on one change needed here for the proof of (3.2.3)). If f is

replaced by S< f for some sufficiently large k, then in the third line above, we can estimate
KallSskfl . -3ee S Ka2 MG flx0,
T

and so, the factor of K, can be replaced by 1 in the above estimate by taking k& large enough.

Now, we turn to the second term in (3.2.4). By square summing and Proposition
(or Proposition when proving (3.2.3)), it suffices to estimate the 275 X component of
the X norm. For this, we have

10p(a)Sifll,-5 . = = sup sup 2'7 | x@Op(@)Sef 3 12

leNy Qe

Using the L? — L? bound for Op(a) from Proposition and that [Op(a), xg] € OPS™
with bounds independent of [, we obtain for each Q) € @),
kL 5 k=l & koG
27 [Ix@Op(a)Skfllrarz S Ka2 7 [IXQSkf 1202 + 22 Kal[Skf |l 12

) e (3.2.5)
S-K;HSkaXk%_2_§B%HS%fHL?L%
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Therefore,

1
<Z\!OP(@)§kf|\§<k> S Kol £l xo,
k>0

which establishes the X° — X° bound. The high-frequency variant (3.2.3) is proved by
using instead Proposition |3.2.6 in place of Proposition [3.2.4] above and using the frequency

gain in the latter term in the second line of (3.2.5)) to absorb the factor of K.

Next, we turn to the Y? — Y bound. Again, by definition, we have

1Op(a) fII30 = 1SkOp(a) f1I3

k>0
S Z 1Sk[Op(a), Sk]f”?@ + Z ||Sk0p<a>§kf||§’k‘
50 5>0

For the first term, we estimate using the embedding LLL2 C Y and that [Op(a), S| €
OPS~! to obtain

(Z 15k|Op(a), 5k]f||2yk> S Kall Fll gy rve S Kall Fllve,

k>0

where the last inequality follows from the fact that Y ¢ LLH, > . Similarly to before, for
the bound ([3.2.3) when f is replaced by S~ f, we have

Kol Sorfll s e S Ka275 72| f]lyo,

and so, the factor of K, can be replaced by 1 if k is large enough. For the second term,
we use duality. Let g € X with ||g||x, < 1. We have by Proposition and similar
embeddings as above,
|(5k0p(a)Sk.f, )| S 115k 11w 15k (Op(@)) Skl xi + Kall Sk f | oy sz 1189 L3e 22
S 15k f 1% 15k(Op(@)) Skgllx, + 277 Ko |k f v,

Again, if k£ is large enough, the K, factor in the latter term can be discarded. Using the
XY — X? bound already established above, we also have

15k(0p(@))Skgllx, < 10p(@)Skglixo < Ko,

where K, can be replaced by 1+ |la||z~ if &k is large enough. The proof of (3.2.2)) is then

concluded by dyadic summation. O]
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In our analysis later, we will sometimes need to estimate commutators of pseudodifferen-
tial and paradifferential operators. For this purpose, we recall the following Coifman-Meyer
type estimate from (3.6.4) and (3.6.5) of [151].

Proposition 3.2.10 (Coifman-Meyer type bound). For every m,o € R and P € OPS™,

we have
I[P, Ty fll e < Cligllwree || f | zroem-1, (3.2.6)

where C' > 0 is a constant depending on P and o.

Multilinear and Moser estimates

Here we recall several of the multilinear and Moser-type estimates for the local energy and

dual local energy spaces defined above.

Proposition 3.2.11 (Proposition 3.1 in [105]). Let s > . Then for u,v € ['X* we have
the algebra property

[wollnxs S Hlulloxs [[vllixs

We also have the Moser-type estimate,
[ )llixs S llllixs (U [[uflixs)e((full ),
for s > ¢ and any smooth function F with F(0) = 0.
We next recall some elementary bilinear estimates for the [}Y}, spaces.

Proposition 3.2.12 (Bilinear estimates). The following bilinear estimates hold for LY}

spaces.

(i) (High-low interactions). If j < k — 4,
(d41) 0
1SjuSkvllny, S 27112 k”SkUHQ—gXHSjqu}L%OL%‘
(ii) (Balanced interactions). If |i — j| < 4 and i,5 > k — 4,

ISk(SuSiv) iy, S 2% || Siu

~Y

2.2 ||Sjv||L§9L£n

Proof. This is a slight refinement of Lemma 4.3 in [106]. The proof is almost identical, so

we omit the details. O
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By dyadic summation, the following is a consequence of Proposition [3.2.12

Proposition 3.2.13 (Paradifferential bilinear estimates). Let sy > % + 2. Then for every

o > 0, we have

ITuvllnye + (T = v)ullnye S lullpxso-t|vllxo-,

I Tuvllnye + (T = v)ullnye S fluflpxeo-2lvflxo-

If 0 <o < sg, we also have

(T = v)ulloye S lulloxo—lollxeo-r,

(3.2.7)

1T, = vulloye S lulloxezlollxeo.

We next state a closely related commutator estimate, which is a slight refinement of the

version in [105].

Proposition 3.2.14. Let s > % +2 and let A € SY be a Fourier multiplier. Then we have

[V[S<r—ag, A(D)]VSpullpyo Sa llg — goollnxs

Skuuxo,
where g, is any constant matrix.

Proof. The proof of this is essentially identical to the proof of Proposition 3.2 in [105]. We
omit the details. O

Remark 3.2.15. We note that if A € S™ is a Fourier multiplier for some real number m > 0

then we can write the commutator in the above proposition as
[S<k,4g, A(D)]VSku = 2mk5k[5<k,4g, 2*mkA(D)§k]VSku,

for some fattened projection Sy. Since 27 A(D)S, € OPS® with symbol bounds uniform
in k, we have from Proposition [3.2.14],

||[S<k—4g7 A(D)]VSWHHYO f, Q(m_l)ng - goo||llxs

SkUHXO.

The next bound will allow us to precisely estimate certain error terms in the dual lo-
cal energy space Y? which involve commutators of pseudodifferential and paradifferential
operators. This is essentially a variant of Proposition [3.2.10| but for the X and Y spaces.
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Proposition 3.2.16 (X2 — Y commutator estimate). Let T < 1, O € OPS° be time-
independent with symbol O € S° and let sy > g + 2. Moreover, let g be a function such that

g — Goo € 11 X% for some constant g... Then we have the estimate

IO, Tl fllyo < Cllg = goollinxso

fHX_27
where C' depends only on O.

Proof. Clearly, it suffices to prove the claim with g,, = 0. Moreover, it suffices to work
with the principal part of the commutator since the remainder is bounded from H;? — L2
uniformly in 7" with norm So [|g||zssc2< for some sufficiently small € > 0, which by Sobolev
embedding can be controlled by ||g||;1xs. The principal symbol p for [T}, O] is

p(x,€) == =iy {Scr-ag(x)Sk(€), 0}

k>0

=i Y Sc-a9(x)VeSk(€) - Vo0 +i Y ScroaVag(2)Sk(€) - VeO =: py + pa.

k>0 k>0

First, we consider bounds for P; := Op(p;). Modulo an operator which is bounded from

H.? — L7 with norm So [|gl|zssc2e, we can write

Py=—i Y Sk ag(x)(VeSk)(D) - Op(Va0)Sk + Oy 2, o2 (1),

k>0

where S}, is a slightly fattened Littlewood-Paley projection. As Vggk is localized at frequency
~ 2F we can use Proposition |3.2.12| and dyadic summation to estimate

[Pifllyo S 119 = goollnxso—r Lfllx -2

A similar argument for P, := Op(py) gives

1P2fllyo S IVeglloxso-t [l fllx-2,

which concludes the proof. ]

Finally, we state versions of some of the above bilinear and Moser estimates which are
phrased in terms of frequency envelopes. This will be convenient for establishing the finer
properties of the solution map later on, such as the continuous dependence of the solution

on the initial data. From Proposition 3.2 of [105], we have the following estimates.



CHAPTER 3. ULTRAHYPERBOLIC SCHRODINGER EQUATIONS 199

Proposition 3.2.17 (Frequency localized estimates I). Let s > g and let u,v € [1X* with

I X frequency envelopes given by a; and by, respectively. Then for each k € Ny, we have

[Sk(uo)|lnxs S (an + bi)l[ullrx

UHlle.
Moreover, if F'is a smooth function with F'(0) = 0, then we have
[Sk(F(u)llnxe S arllulloxes (1 + fulloxs)e(|ul o).

Proposition 3.2.18 (Frequency localized estimates II). Let s > g + 2. The following
estimates hold for k£ € Nj.

(i) Let 0 < 0 < s and let u € I'X?! and v € I'X*! with corresponding frequency

envelopes a; and by, respectively. We have

1Sk (uv)lliye S (an + b)fullinxe [[ollaxer.

(i) Let 0 <o < s—1andlet u € I'X? and v € I*X*? with corresponding frequency

envelopes a; and by, respectively. We have

HSk(uv)HllY“ 5 (ak + bk)HquIXUH'UH[IXS—Q.

(iii) Let 0 < o < sandlet u € ' X7 and v € ' X*~2 with corresponding frequency envelopes

ay and by, respectively. We have

1Sk (082 k—at)[[nye S (ar + bi) lulln xo vl xs—2

3.3 Overview of the proof

In this section, we give an overview of the key ideas that go into the proof of Theorem [3.1.3]

We recall that our essential aim is to establish local well-posedness for the system

10 + 0;¢°% (u,w)Ou = F(u,u, Vu, V), u:RxRI—C™,

(3.3.1)
u(0,x) = ug(x),

in the [' H* scale, for s > sy > %+ 2. As we shall see, our scheme builds on and complements
the ideas from [81} |84} 90, 86, |87, |106], but also has several important novelties.
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The linear and paradifferential ultrahyperbolic flows

The main component of our argument involves a careful analysis of the linear ultrahyperbolic
flow
10w + 0;¢° kv + V1 0jv + W O;u = f,

(3.3.2)
v(0, ) = vo(x),

which is naturally associated with the linearization of (3.3.1). Here, the metric ¢g/* is real,
nontrapping, symmetric and non-degenerate, and the coefficients g, b, and b satisfy the

asymptotic flatness conditions
lg = goollinxso + 10egllirxs0-2 + 1[5, 0) [l 001 + [10:(b, B) [l 005 < M, (3.3.3)

where M > 0 is a fixed constant and g, is a constant, non-degenerate, symmetric matrix.

Note that in the special case where v corresponds to the linearization around a solution
to (3.3.1]), the coefficients and inhomogeneous source term in (3.3.2) take the form

¥ = Vg Opu — Vv, I, V= Vag*Opu — V(v I

. | (3.3.4)
fi=(VgF — @(Vggjk)aku)ﬂ + (V. F — 8j(Vug3k)8ku)v,

where we have suppressed the dependence on u in the coefficients for simplicity of notation.
In our general analysis of 1} we will not require that b, b and f arise from solutions to

(3.3.1) via linearization.

An equation that is closely related to (3.3.2)) is the associated linear paradifferential flow

ia{U + 8jngk8kv + Tbj 8]-1) + TB] aﬂ = f,

(3.3.5)
v(0, ) = vo(x),

which extracts the leading part of the linear flow. Here, the paradifferential operator 7T} is
defined as in (3.2.1). Again, when v arises from the linearization around a solution u to

(3.3.1), ¥ and &’ remain as in (3.3.4), but now

f = (VaF — 0;(Vag”™)opu)v + (Vo F — 8;(Vug’*)Opu)v + (0;T,5x 0 — 0;”* Oy )v
—+ (Tbj — bj)ﬁjv + (TZ)J — 57)8]6
In this case, f can be thought of as being comprised of perturbative error terms when
measured in the dual local energy space ['Y?. These terms either have a suitable algebraic
balance of derivatives between the coefficients and v or have coefficient functions that are at

high or comparable frequency relative to v.
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Quantitative nontrapping and the bicharacteristic flow

As in [106], to adequately study the linear (and ultimately nonlinear) problem, we will
need a quantitative measure of nontrapping. For our purposes, we will only need to define

nontrapping for time-independent metrics g with regularity and decay given by

d
g = goollirmo < M, 542 <50 <5, (3.3.6)

where M > 0 is a fixed constant and g, is a constant, non-degenerate, symmetric matrix.
Note that the condition (3.3.6) guarantees that g € C?9, which in particular ensures that

the corresponding Hamilton flow,

(@',€") = (Vea(r', ), =Vaea(a",€"),  a(z,§) = —g"(2)&&;,  (2°,€°) = (2,€),

is locally well-posed. The first preliminary objective of Section is to show that under the
nontrapping assumption on g and the asymptotic flatness condition (3.3.6), the Hamilton
flow is in fact globally defined. This is not automatic when A, is not elliptic. Indeed,
although ¢“¢;€; is conserved by the Hamilton flow, unlike in the elliptic case, it does not

necessarily control the size of |£f| in our setting.

The second objective of Section is to provide a quantitative measure of nontrapping.
For this, we define a function L : [0,00) — [0,00) where L(R) measures (roughly speaking)
the maximal amount of time any initially unit speed bicharacteristic can intersect the ball
Bgr(0). Our definition differs slightly from the definition in [106], as they define L in terms
of the Hamilton flow projected onto the co-sphere bundle || = 1. This latter definition is
natural in the elliptic case, in light of the conservation of ¢g/&¢;, but is not quite suitable
for our problem. Analogously to [106], we show that our nontrapping parameter L is stable
under small perturbations of the metric, which will be important later on when we analyze

the linear and nonlinear Schrodinger flows.

The main linear estimate

The crux of our argument centers around establishing the following key estimate for the
linear paradifferential flow (3.3.5):

[ollnxe < C(M, L)([[vollnwe + [|fllnye),  0<o0, (3.3.7)
which as a simple consequence yields the following estimate for the linear flow (3.3.2)):

[vllnxe < C(M, L)(lvollge + | flloye), 0< o0 < sp.
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Here, C'(M, L) is a constant depending on the coefficient size M in (3.3.3)) and on the
nontrapping parameter L for g within a fixed compact set whose size depends on the profile
of the metric g and the rate of decay of the coefficients & and &’. In Section , we reduce
establishing the above two estimates to establishing the following simpler bound for the

linear paradifferential flow:
[ollxe < C(M, L)([lvollg= + | flly~), =0, (3.3.8)

in the setting where ¥ is supported at frequencies > 2!, where k; is some sufficiently large
parameter. This latter reduction follows in a straightforward manner as low-frequency errors
can be controlled by taking 7" small enough depending on k;. The reason we perform
this reduction is so that we can make use of the more precise pseudodifferential mapping
properties in Propositions [3.2.6] and [3.2.7], which provide high frequency operator bounds for

pseudodifferential operators that depend only on the L> norm of their symbols (as long as
the symbol itself does not depend on k;). This will be of critical importance in Sections
and as we will explain below.

L? bounds for the linear flow

We next give an outline of Section 3.6 where we prove the first of the two main components
of the bound ({3.3.8). The main aim of Section [3.6|is to establish control of the L3 HZ norm
of v. Throughout the discussion, we assume that v is supported at frequencies larger than

2% Given € > 0, our aim is to prove an estimate of the form
[0l mg < C(M, L)(||vollme + || fllye) +€llvlxe, o =0, (3.3.9)

on a time interval [0, 7] whose length depends on M, L and e. In order to clearly outline
the main techniques, we focus on the case ¢ = 0. The key objective in this part of the proof
is to construct a spatially truncated version of the renormalization operator in (3.1.6)) which
conjugates away the “main” portion of the term Re(¥)d;v. As noted in the introduction,
obtaining an L L2 bound for ([3.3.5)) is straightforward in the absence of such a term. Unlike
the symbol in , however, we want the symbol O(z, &) of our renormalization operator
O to be time-independent and to belong to SY. In view of the first goal (and also to ensure
that our symbol is smooth) we truncate in frequency and time, rewriting the paradifferential

linear flow as
i0pv + 0Ty 00 + by (0)0;0 + b, (0)0,0 = f + RY,

(3.3.10)
v(0) = .
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We then prove that if the frequency truncation parameter kg is large enough and 7' is small

enough, the resulting error term R! satisfies the perturbative bound
IR lyo < ellvlxo.

In order to guarantee smoothness of our symbol O, we will only work with the Hamilton flow
(2%, &") for the truncated symbol a := —gijko (0)&:&;. By our stability results, the truncated
metric gijko(O) will be nontrapping with comparable parameters to ¢g¥ if k is sufficiently
large and T is sufficiently small. The downside of working exclusively with these truncated

quantities, however, is that we will need to obtain an estimate of the form
10, 8:(Tys — 92,,(0)3;] ][ xoyo <,

when we commute the equation with O. Establishing such a bound is not completely trivial,
but can be handled expeditiously with the tools developed in Section [3.2, Knowing this,
our construction of O proceeds as follows: First, we fix a large parameter R such that the

coefficients in the equation are small outside of B(0). That is,

||(9 - goo)X>R||l1XSO + ||(b» B)X>R”11X50*1 <e. (3-3-11)

We then make the ansatz O := e¥**¥2 where 9,1, € S°. The purpose of the symbol v, is

to arrange for the leading order cancellation

{a’ wl} + Re<bj<k0 (0))£J >0,

within the region Br(0) where the coefficient & is potentially large. Roughly speaking (but
not exactly), we will take

0

Pi(z,§) = —X<2R(a7)/ Re((X<arb<i, (0))(z")) - £ dt.

—0o0

The symbol 5 will then be chosen to correct the error terms in the transition region || ~ R
which appear when derivatives are applied to the localization y.or. The resulting symbol

O will turn out to be a classical time-independent S° symbol, allowing us to avoid the more
exotic symbol class (3.1.7)) used in [84].

We crucially note that the spatial localization in O comes with one significant caveat.
Namely, it only conjugates away the bad first order term within the region Br(0). Therefore,
we still have to estimate the residual error term ysp Re(biko(()))ajOv in Y. Ideally, such
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an estimate would follow easily from the smallness of ¥ outside of Br(0). However,
the symbol bounds for O grow in the parameter R. Therefore, we have to somehow ensure
that the X° — X bounds for O do not counteract the smallness coming from &/. This is
accomplished by using the observation that, unlike the higher order symbol bounds, the L>
norm of the symbol O is independent of the parameter R (as R — oo). Therefore, since 0
is supported at frequencies > 2!, we can make use of the bounds in Proposition and
Proposition to ensure that we have an estimate essentially of the form

1Ov]|x0 < (O] e [|v]| xo-

This is what will ultimately allow us to break any potential circularity in our analysis. As
mentioned earlier, an analogous construction was used to establish well-posedness for the

electron MHD equations in [81].

Local energy bounds for the linear flow

In Section we turn to the second of the two main components of the bound (3.3.8)).
Again, for simplicity of discussion, we take ¢ = 0. Here, the aim is to establish control of the
local energy component of the X° norm of v in terms of the dual norm of f and the L¥L?

norm of v. More precisely, we aim to prove an estimate of the form
[ollxo < C(M, L)([[vllzge 2 + [ f]lvo)- (3.3.12)

Combining this bound with the L L? bound (with € sufficiently small), it is relatively
straightforward to obtain the main bound . To obtain , we implement a novel
approach based on the truncation idea used in the L?L? bound. As before, we begin by
fixing R > 0 so that we have the smallness outside of Bg(0).

Our first observation is that we can use the small data result from [105] (which holds
for the general ultrahyperbolic Schrodinger flows that we consider here) to reduce having
to control the entire local energy component of v to having to obtain the corresponding
estimate within the compact set Br(0). Precisely, we can reduce matters to establishing the
bound

Ientl,, 5 < COLLY[ollzsz + 1 Flyo) + ol (3.3.13)
Note that in we work with the stronger (but simpler) LZTHI% norm within the compact
set Br(0). The starting point in the proof of this estimate is to rewrite as a system
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for v := (v,):
v+ Pv + Bgov =R,

where P is the corresponding principal operator. As in the L3 L? estimate, the operator Bgo
is a suitable time and frequency truncated version of the first order differential operator in
the paralinearized Schrodinger equation and R is a source term which can be controlled by
the right-hand side of (3.3.13)) in Y°. We write Pgo as a shorthand for the associated time

and frequency truncated principal operator.

The estimate proceeds via a positive commutator argument. Our implementation
can be thought of as a spatially truncated version of Doi’s argument in [38]. Precisely, we aim
to construct a real symbol ¢ € S° and a corresponding pseudodifferential operator Q such
that the principal symbol for the commutator [Q, P}, ] is elliptic within B(0) and controls
the first order term B} up to a small error. Like before, we work with the bicharacteristic
flow (2!, &) for the time and frequency truncated metric ggko (0) to ensure that the symbol we
construct is smooth and time-independent. To construct ¢, we first fix a secondary parameter

R’ > R to be chosen. Similarly to before, we make the ansatz

q = EC(M)(171+102+}73)7
where C'(M) is a suitably large constant and pi,ps, ps are S° symbols to be chosen. The
choice of p; will simply ensure the ellipticity of [Q, P} ] in Br(0). We can take

pl(xvé) = _X<R’/O X<R<xt,£t)|£t‘dt.

A natural next step would be to correct this symbol in the transition region |z| ~ R’ and use
the smallness of the coefficients (b, b) outside of Br(0) as in the L¥L? estimate. However,
this will not work because the L> bound for p; will not be uniform in R. Instead, we consider
a second symbol py whose purpose will be to ensure that the commutator [Q, Pgo] controls
the first order term Bj within the much larger compact set Bg/(0) but with an L> bound
which does not depend on the larger parameter R’. Roughly speaking, we will take py to be

pa(2,6) = ~x<rr / e N1 (bara (0D ()2 + (bt O0)) ()2 + LR 2",

which turns out to be a S° symbol with the desired properties. The symbol ps will then be
chosen to correct the error in the transition region |z| &~ R’ similarly to the L3 L2 bound. If
v is localized at high enough frequency, the multiplier Q will then achieve the following key

outcomes.
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e [Q, P%O] will have an essentially positive-definite principal symbol which is elliptic of
order 1 within Bg(0). This will permit the use of Garding’s inequality to control y.grv

1

in L%Hf.

e [Q, P} |v will control the first order term x.pB) Qv.

e If v is at high enough frequency 2%, ||QSsk,_4l|xo_x0 will be independent of R'.
This will allow us to control x>rBj) v in Y° by a small factor of ||vyo by taking R’
sufficiently large and using the smallness of & and & outside of B (0).

The above scheme turns out to be sufficient for closing the estimate (3.3.12). We remark
that this method is very robust and works under extremely mild decay assumptions on the
coefficients — we essentially only require integrability along the bicharacteristic flow (zt, ¢").
Such integrability is guaranteed by the asymptotic flatness condition and the fact

that the metric is nontrapping.

Well-posedness for the nonlinear equation

Finally, in Section we will make use of the estimate for both the linear and
paradifferential flows as well as its various corollaries to establish well-posedness for the
nonlinear flow. Having established our key linear estimate, the scheme for establishing well-
posedness is virtually identical to the one implemented in Section 7 of [106]. We therefore
only outline the minor changes, and refer to [106] for additional details. The interested
reader may also consult [71] for an expository presentation of the overarching well-posedness

scheme.

3.4 The bicharacteristic flow

In this section, we define our quantitative measure of nontrapping and establish basic prop-
erties of the bicharacteristic flow corresponding to the symbol a(z,&) = —g"(x)&&;. We
begin by fixing sq > % + 2 and letting g be a time-independent metric satisfying

19 = goollrmso < M, (3.4.1)

for some constant non-degenerate symmetric matrix g.,. We moreover assume the non-

degeneracy condition
el < 1g¥g| < clel,  VEe R, (3.4.2)
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for some constant ¢ > 0. By Sobolev embedding, we have for some § > 0,
lglle2s Sgoe 1+ M.

As a consequence, for each (z,£) € R?*? the bicharacteristic flow (zf,&t) := (.)€l
given by

(@',€") = (Vea(a', €"), =Vaa(a',€),  (2%,€°) = (2,€), (3.4.3)
is well-defined in a neighborhood of ¢t = 0 (whose size a priori depends on (z,£)).

In addition to the above decay and non-degeneracy assumptions, we will also impose the
condition that the metric g be nontrapping. The meaning of this is given in a qualitative

form by the following definition.

Definition 3.4.1 (Nontrapping metric). A non-degenerate metric g is said to be nontrapping
if for every (z,&) € R% x (R? — {0}) and every compact set K C R?, the bicharacteristic z'

intersects K on a compact time interval.

As in [106], we will need a more quantitative description of the above definition. The
quantitative parameter L = L(R) we introduce should measure, in some sense, how long a
given bicharacteristic can intersect Br(0). However, since the bicharacteristic flow satisfies
the homogeneity law

Er N, e M (3.4.4)

such a parameter will not be uniform in the size of £. To deal with this, it is natural to
restrict to data & € S¥°!. From the non-degeneracy of the metric, this restricts the initial

speed of a given bicharacteristic to approximately unit size.

At this point, we fix a non-degenerate, nontrapping metric g satisfying (3.4.1)) and (3.4.2)).
By a compactness argument, the function

L :[0,00) — [0, 00)
given formally by
L(R) :=inf{s >0:|2'| > R, V [t| >s, ¥(x,&) € Br(0) x S} (3.4.5)

is well-defined. We will use L := L(R) as a quantitative measure of nontrapping.
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Remark 3.4.2. In the case where A, is elliptic, it is automatic that the bicharacteristic

flow is globally well-defined because the quantity
9765 (3.4.6)

is preserved by the flow, which, by ellipticity, implies that |¢!| remains bounded uniformly
in ¢ by |¢|. The same is not immediate when the symbol g”&;¢; is not elliptic and therefore
it still needs to be proved that the bicharacteristic flow is globally well-defined. We remark
that our definition of the nontrapping parameter L is slightly different than the one used
in [106]. In their article, they define L in terms of the maximal time any bicharacteristic
for the projected flow onto {|£*| = 1} can intersect Bg(0). In light of the above discussion,
this is a natural definition in the case of an elliptic symbol, but is not so natural for our
purposes because the bicharacteristic low should not in general preserve any normalization
of €| (even though is still preserved by the flow). We therefore only restrict the initial

¢ to the unit sphere in our quantitative measure of nontrapping.

Our next proposition addresses the problem of global existence and asymptotic bounds
for the bicharacteristic flow when the metric is nontrapping and satisfies the decay condition
g — goo € ILH?.

Proposition 3.4.3. Let so > g + 2 and let g be a non-degenerate, nontrapping metric

satisfying (3.4.1). Then

(i) For each (z,&) € R? x (R? — {0}), the bicharacteristic flow for a(z,&) := —g“&¢; is
globally defined.

(ii) For every gy > 0 sufficiently small, there exists Ry > 0 such that for any initially
outgoing bicharacteristic (i.e. #/(0)-z > 0) with data (x,£) € (R?—Bg,(0))x (R?—{0}),
a2t is defined for ¢t > 0 and is close to the flat flow in the sense that for all ¢t > 0, we
have

o =+ 206 < teole], I — €] < =olel (3.4.7)

Proof. The proof of this is very similar to Lemma 5.1 in |[106]. We include the short argument
for completeness. We begin by choosing R, large enough so that g is sufficiently close to the
flat metric g, in I' H*° outside of Br, (0). That is,

2

15 20 (9 = goo) I o <&, (3.4.8)
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where 0 < ¢ < g9 < 1 is some sufficiently small constant relative to g9. We let (2, &") be
any initially outgoing bicharacteristic with data (z,£) € (R? — Bg,(0)) x (R? — {0}) and
make the bootstrap assumption that the bicharacteristic (¢, ") satisfies on a time
interval ¢ € [0,T]. Our goal will be to show that when & > 0 is small enough, the factor of €y
in the bootstrap hypothesis can be improved to 5. Thanks to the nontrapping assumption
on g, this will clearly suffice for establishing both (i) and (ii).

To close the bootstrap, we note that on [0,7], thanks to (3.4.7) and the fact that z*
is initially outgoing, the bicharacteristic x! remains outside B% r,(0). Using this and the

bootstrap hypothesis, we aim to prove the following simple lemma.

Lemma 3.4.4. The following estimate holds for every ¢t € [0, 7] :

t
[ 19gta)ids < elef
0

Proof. We estimate

| 19ea@is 35 [ ola) Sk 1 V) ) s

k>0 QeQy

SN 2" X QSk(X 20 Vag) |l

k>0 QeQy
16 s 2 Vi
< [¢| e,
where in the second line we used and the non-degeneracy of g.,, which ensures that
the bicharacteristic z° intersects a cube of size 2% for time at most < 2¥¢|71. In the third

line, we used Bernstein’s inequality and in the fourth line, we used (3.4.8]). This concludes
the proof. O

To close the bootstrap, we note that by (3.4.7) we have || < (1 + &¢)|£|. Therefore, by
using Lemma and integrating in time the equation

d -
(€= ©) = Vg7 (a)ele]
we obtain
& =&l S elél.

Using this bound, integrating in time the equation

%(xt — x4 2tgi&;) = 2(g% — 7)) (")l — 297 (&5 — &)
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and using that |(g — g )(2")| < €, we also obtain
2" — =+ 2tgi&;| < telé],

which improves the bootstrap (3.4.7)) if € is small enough relative to 9. This concludes the
proof of the proposition. O

The next proposition shows that the size of the nontrapping function L as well as the

bicharacteristic bounds are stable under small perturbations of the metric.

Proposition 3.4.5. Let gy be a non-degenerate nontrapping metric satisfying (3.4.1)). For
every sufficiently small g3 > 0, there is a radius Ry(g¢) > 0 and a constant Cy > 0 depending

only on M and the profile of gy such that if g; is another non-degenerate metric satisfying
g0 — g1l prso < = OHE) (3.4.9)

then the bicharacteristics corresponding to g; satisfy (ii) in Proposition with comparable
parameters Ry and €y and, moreover, g, is also nontrapping with comparable parameters L,
and data size M;.

—CoL(Ro)

Proof. Choosing e so small that

llgo — g1llinmso < €0

ensures that the data size M; is comparable to M and also that the proof of part (ii) of
Proposition [3.4.3] works equally well for the metric g;. It therefore suffices to show that L,
is comparable to L for R < Ry. To do this, we fix (x,£) € Bg,(0) x S*"!. The desired
conclusion will follow if we can show that the bicharacteristic flows corresponding to gy and

g1 are close within Bg,(0) in the sense that
|y — 2| + |6 — &l S e”CUIDEED (3.4.10)

for times in which z}) intersects Bg,(0). The proof of this is similar to the proof of Proposition
5.2 in [106] but since our nontrapping parameter L is slightly different than theirs, we include

the short proof.

We implement a simple bootstrap. First, we can restrict to a time interval J such that
|J| < L(Rp). We will then assume the bound ((3.4.10) on some smaller interval I C J and
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establish the same bound with an improved constant. We begin by writing the equation for

ozt =zl — 2t and 0&" := &} — & Dropping the i, j indices, we obtain

Lox' =2(g1 — go)(@))& + 2(go(xh) — go(xh))ES — 2g0(21)8E",
266" = =€V (g1 — go) (2h) & — €L (Vgo(ah) — Vgo(zh))El + (Y go(2h)Eh — E1V go(2h)ED),
(62°,6£%) = (0,0).

By definition, we have |I| < L(Ry). Moreover, by a compactness argument, there is a
constant Ky > 1 depending on the profile of gy (but not on (z,¢)) such that

[0l < Ko

for every t € J. By the bootstrap hypothesis, this implies the same bound for £ on I. From
this, (3.4.9)), the bootstrap hypothesis and the fact that gy € C?, we obtain the bound

%[(&Ct)2 +(061)7) S e72OHI) 4 C(Ko) (1 + M)[(d2°)” + (5¢")7].

By Gronwall’s inequality and the bound || < L(Ry), we obtain

(5$t)2 + (5575)2 5 e—QCOL(Ro)eC(Ko)(1+M)L(R0)

on I. Choosing Cj large enough improves the bootstrap hypothesis and concludes the proof.
O

By combining Proposition [3.4.3| with Proposition [3.4.5] we have the following immediate

corollary which gives a precise quantitative bound for &°.

Corollary 3.4.6. Let gy be as in Proposition [3.4.3, Then the corresponding bicharacteristic
& (which is defined for all ¢) satisfies the bound

|60l < Colé]

for all (z,¢) € R* and some constant Cy > 1 depending only on M and the profile of
go- Moreover, if g; is any other metric satisfying the conditions of Proposition then
the corresponding bicharacteristic £ is globally defined and satisfies the same bound with a

similar constant.

Proof. For |£] = 1, this follows immediately from Proposition [3.4.3, Proposition [3.4.5, and

the nontrapping assumption. The general case follows from this case and the homogeneity

law (344). O



CHAPTER 3. ULTRAHYPERBOLIC SCHRODINGER EQUATIONS 212

We next note the following bounds for the z and & derivatives of z' and &'

Proposition 3.4.7 (Higher regularity bounds). Let (z,£) € Bgr(0) x S¥71. Let k be a
positive integer. Assume that the metric satisfies g € C*! and write My := ||g||cx+1. Then
if |2*| < R, there holds

|8§‘8£$€%5>| + |8?35§fm7§)| < CMR)LIR) lao+ B| < k.

Proof. The proof follows by differentiating (3.4.3) in the x and £ variables, which leads to a

differential inequality for
d
a b, . t2 a 00 ¢t
7 (\8509693 1 + [0 0,€7 )
One then concludes by inductively applying Gronwall’s inequality. We omit the details which

are straightforward. m

The final result of this section shows that functions in (' H* with s > g + 1 are uniformly
integrable along the bicharacteristic flow. This is what will allow us to recover the Mizohata

condition.

Proposition 3.4.8. Let g be as in Proposition and let s > %—f— 1. Let v € I'H*. Then

v is integrable along the bicharacteristic low and satisfies the bound

sup  [Jo(@( o) i@ S (14 L(Ro)[[vlli s,
(z,6)eRIxSd—1

where Ry is as in Proposition |3.4.3|

Proof. We abbreviate xfx ¢ by x'. Without loss of generality, we may assume that z! inter-
sects Bg,(0) only if |t| < L(Ry). We then have

L(Ro)
/ [o(a")|dt < 2L(Ro)|[v]l S L(Ro)l[vlliss-
—L(Ro)
By homogeneity of the flow, it therefore suffices to show that
[ e S ol
L(Ro)

Without loss of generality, we may assume that z'(L(Rp)) is outgoing. Using Proposi-
tion [3.4.3) we see that if ¢ > L(Ry), then for every cube Q C R, 2! intersects the cube on a
time interval I of size at most |I| < |Q|¢. Therefore, we have

[ i £33 2lixaSuoli S ol
L

(Fo) k>0 QEQy,
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where in the last step we used Bernstein’s inequality and dyadic summation. Here, the strict
inequality s > % + 1 was what allowed us to retain summability in k. This completes the

proof. O]

3.5 The linear ultrahyperbolic flow

Let so > g +2and let 0 < o < s5. Here we consider the [' H° well-posedness of the linear
ultrahyperbolic flow,
0w + 0;¢7* v + Vv + V0,0 = f,

(3.5.1)
v(0, ) = vo(x),
as well as the corresponding linear paradifferential flow,
10w + 8]-ngk6kv + Ty 8jv + ng 8]6 = f, (3 5 2)

v(0, z) = vo(z).

We make the following basic assumptions on the metric ¢/ and the coefficients ¢’/ in the

above equations:

(i) (Non-degeneracy). The metric ¢g/* is real, symmetric and non-degenerate. That is,
there is ¢ > 0 such that for all ¢ € R? we have,

el < g7l < clél.

(ii) (Asymptotic flatness and size). There is a constant, symmetric, non-degenerate matrix
Joo and a constant M > 0 such that

19 = goollirxeo + 118egllinxso-2 + [0 D)l xs0-1 + [[05(b, B) [ xs0-5 < M. (3.5.3)
‘ >0,
(iii) (Asymptotic smallness). For every gy > 0, there is Ry > 0 such that

||(9jk - gglg)X>Ro||l1X50 + ||(bjal~7j)X>R0”llX50*1 < €o, (3-5-4)

where 0 < x-pg, < 1 is a smooth cutoff which vanishes on Bg,(0) and is equal to 1
outside of Bag,(0).

(iv) (Nontrapping). The metric is nontrapping with parameter L as defined in ({3.4.5)).
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Note that condition (iii) follows from the asymptotic flatness condition (ii). However, we

prefer to make statement (iii) explicit, as it will play a prominent role in the analysis.

In the sequel, we will write C'(L) to denote a constant which depends on the parameter L
within some fixed compact set whose size depends on the profile of the metric g. The main

result we aim to prove is the following.

Theorem 3.5.1. Let sq > g + 2 and 0 < 0 < s9. Moreover, assume that gjk,bjj)j satisfy
the above assumptions with parameters M and L. Then for every f € ['Y?, the equation
(3.5.1)) is well-posed in {* H°. Furthermore, there is Ty > 0 depending on the size of L within

a compact set and on the data size M such that for every 0 < T < Ty, we have
[ollnxe < C(M, L)(lvolla e + [ flly)- (3.5.5)
The same result holds for the paradifferential flow (3.5.2) for every o > 0.

As the above result holds for the paradifferential flow for all o > 0, it is a straightforward
consequence to deduce the following frequency envelope variant using similar reasoning to
Section 5 of [105] (see also [71]).

Corollary 3.5.2. Let ¢ > 0 and assume the other properties in the statement of Theo-
rem . Let a;, be an admissible [' H° frequency envelope for vy and let by, be an admissible
I'Y? frequency envelope for f. Then the solution v to the paradifferential equation (3.5.2))
satisfies the bound

|Skvllnxe < C(M, L) (arllvollin zo + brll fllny-)

on a time interval [0, 7] whose length depends on the size of L within a compact set and on
the data size M.

The main component of the proof of well-posedness for the equations and
is the energy estimate . This is because the adjoint equation, which has essentially
the same form, will also satisfy a similar energy estimate. Well-posedness then follows by a
standard duality argument. Therefore, we focus our attention mainly on the bound .

Some simplifying reductions

We begin our analysis by making some straightforward but useful reductions which will allow
us to simplify some of the steps in the proof of Theorem [3.5.1} Our first reduction shows
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that by restricting the time interval to be small enough, we may assume that v is supported

at high frequency. More precisely, we have the following lemma.

Lemma 3.5.3 (High frequency reduction). Let ¢ > 0. Under the assumptions of Theo-
rem for every k; > 0 there is Ty > 0 depending on k;, £, M and o such that for
0 < T <Tp, vsg, = Ssi, v satisfies the equation
i@tv>k1 + 8jgij8iv>k1 + bjajl)>k1 + Bjajl)>k1 = h,
Vs, (0) := S5k, 0o,
where h and S<j, v satisfy the estimate
[S<ivllinxe + |Allnye < C(M, ki, o)(vollawe + [ fllnye) + ellvflnxe
for 0 < o < sg. The analogous result holds for the paradifferential equation (3.5.2)) for o > 0.

Proof. We show the proof for the full linear equation. The proof for the paradifferential flow

is similar. Using the notation of the lemma, we easily compute that
h=Ssp, f —(0;970;S<i,v + ¥ 0;S<pyv + 10, S<4,0)
+ SSkl (ajgij&-v + bjajv + 6]8]@>
We clearly have
1S5k fllnye S A1 llye-
For the remaining source terms, if 0 < o < sy — 1, we can estimate in ['LLH? C 'Y in a

naive fashion using the frequency projection S<i, to obtain

[”llaye S (1 loye + ellvllnrgem,

by applying Hoélder’s inequality in 7" and taking 7" small enough (depending on k7). On the
other hand, for sp—1 < 0 < sg, we can instead use the bilinear estimates in Proposition|3.2.13
to obtain

[Bllnye S 1 fllnye +C(M, kyo)|[oflo gz

We can estimate the latter term on the right using the crude energy inequality
||U||11L;9L3. S [lvollnze + ||U||11L1THg + || fllrye,

which follows from a direct energy estimate for (3.5.1) where the first order terms are es-
timated directly in LLL2. Since ¢ > 1, we may conclude by applying Hélder in T and
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taking T" < ¢ to control the second term on the right by ¢||v||;1x-. It remains to estimate

| S<k,v||lnxe. Using that Sk, v is frequency localized, we easily have
1
1S<hvllnxe S 252 Sy, vl Lo

We then note the naive energy type estimate

[S<kvllnrsers Savp lvollnrz + lvllnzyzz + 1 layo,

which follows from inspecting the equation for S<i,v and using the fact that the first and
second-order terms in the resulting equation are localized to frequencies < k. Then using
Holder in 7" and taking 7' small enough (depending on M, k; and &) we can again control
the second term on the right by £||v||; xo. This concludes the proof of the lemma for (3.5.1)).

A very similar argument works for the paradifferential analogue. We omit the details. [

Reduction to the paradifferential low

As a second reduction, we reduce proving Theorem to proving the corresponding es-
timate for the paradifferential equation. We begin by writing in the paradifferential
form

10y + 0145 0iv + Ty Ojv + 15,00 = f + R,

v(0) = vy,

where R is a remainder term given by
R = (Tbjaj?} — bjaj'l}) + (Tgﬂaﬂ — BJ@jU) + (9]'(Tgijaﬂ) — g”&v) (356)

Thanks to Lemma |3.5.3] we may harmlessly assume that v is localized to frequencies > 2*1.
Our next lemma shows that the error term R can be treated perturbatively if k; is large

enough.

Lemma 3.5.4 (Paradifferential source terms). Assume that the estimate in Theorem
holds for the paradifferential flow for each ¢ > 0. Let ¢ > 0 and assume that v is supported
at frequencies || = 2. Then for k; large enough and T small enough depending on ¢ and

k1, the remainder term R satisfies the estimate

IRlrrye < CM, ky, o) (l[vollinae + [ Fllnye) +llvllinxe
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Proof. We show the details for the first term as the estimates for the other two are similar.
We split the analysis into two cases. First, assume that ¢ < sqg — 6 where § > 0 is such

that sg — 20 > g + 2. Then since v is localized to frequencies > 2%, we may replace the
coefficient &/ in (T 0;v — b70;v) with Ssy, 507, Therefore, by (3.2.7) in Proposition [3.2.13
and Bernstein’s inequality, we have
[(Tyi050 — ¥ 0;0)lnye S [|Sok—56 [l xs0-1-5]v]ln xe
Sar 27 ol xe

Taking k; large enough, we therefore have

H(Tb]@jv — bjajv)pra < EH'UHllXa.
The other terms in (3.5.6) can be estimated similarly to obtain

||RH[1YU S €||U||I1XU

In the case s > o0 > 59— 0 > g + 2, we use instead the first estimate in Proposition [3.2.13
to obtain

1(Tbs050 =V 050) lnye S 107l [[vli xeo-29

<M 2_k16H”U”11Xo7

~

where we used the fact that v is localized to frequencies greater than 2*. Estimating the
other terms in (3.5.6]) in a similar fashion, and again taking k; large enough, we obtain
HRHZIYJ S 5“1}”[1){0

This concludes the proof. O

Reduction to the X7 estimate

To summarize what we have so far, it now suffices to establish (3.5.5)) for the paradifferential
flow under the assumption that v is localized to high frequency. As one final simplification,
we reduce the proof of this estimate for the paradifferential flow to the corresponding X

estimate without the {' summability. For this, we will need the small data result from [105].

Theorem 3.5.5 (Small data well-posedness). Let ¥/, &/, ¢ and M, o be as above. Let
0 <T < 1. For every o > 0, there is § > 0 such that if M < ¢ then (3.5.2) is well-posed in
both H° and I* H° with the uniform bounds

[o]lxe S llvoll e + W[ 1y,

lvllinxe S llvollose + || fllinye.
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Remark 3.5.6. Strictly speaking, the small data result above is only explicitly stated in the
case when g, is the identity, but as remarked on page 1154 of [105], the result is also true
when ¢, is of the form we consider here, and the estimates above follow almost verbatim

from the proof of Proposition 4.1 in their paper.
We may now phrase our final reduction as follows.

Lemma 3.5.7. Let ¥/, ¥/, ¢ and M, o be as in Theorem [3.5.1l Assume that the paradif-
ferential flow (3.5.2)) admits the estimate

[vllx- < C(M, L)([[vollz= + [ fllv=) (3.5.7)

for each o > 0. Then the corresponding estimate in Theorem in {1 X7 also holds for
(3.5.2)) for each o > 0.

Proof. We can again harmlessly assume that v is localized to frequencies > 2. Now let
e > 0 and let R(g) be such that (3.5.4) holds. Using Proposition [3.2.13 and Theorem [3.5.5]
our first aim will be to reduce to estimating v in a compact set. More precisely, we aim to

prove the estimate

Ix>2rVnxe S llvollinae + ([ flloye + [[X<arvllnxo- (3.5.8)

This is a straightforward computation which follows by inspecting the equation for v..; =

X>2rV. Indeed, if we define gyt := X>r9 + X<RYoo, bext := X>rb and Z)ext = X>Rl~?, we obtain

10 Veat + @ng‘g . OjVest + Tbgztajvemt + Tgae'm OjVest = feat,
Veat (0) = X>2r0(0),
where
feat = X>2rf + [0iT,ii0; + Ty 0; + T304, Xx>2r]V + (@ngit@j — 0;T}i5 0} ) Vext
+ (T 05 — T4 0j)Vewt + (Tgiﬂaj — T3,0;)Veat-

ext

Making use of Proposition [3.2.13| and paradifferential calculus, we can easily estimate
||[8iTgijaj + 14505 + T 05, x>2r]v|nye < C(M, R)(||x<arv|lnxe + HUHllLlTHg)
< C(M, R)||x<arvllnxe + 0lv[[in xo

for some small 9 > 0. We note that in the last inequality, we used Hdélder’s inequality in T’

and took T sufficiently small depending on R and M. Using the disjointness of the supports
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of gezt — g and ey, we obtain from the embedding I'LLH? C 'Y and paradifferential
calculus,
10T i3 05 = 0iT4is 05)veat lrve Sur [vllnprmg S 0llvllnxe.

We can similarly estimate the last two terms in the definition of f.,;. In light of this and
the small data result Theorem which applies to the equation for v.,;, we obtain (3.5.8]).

We have therefore reduced the estimate for v in !X to obtaining the bound

Ix<arvllnxe < CM, L)([vollir e + ([ fllirye)-

However, this simply follows from (3.5.7) and the fact that the {'!X° and X° norms are

equivalent within the set Byg(0) (with equivalence constant depending on R). O

3.6 The L? estimate for the linear flow

We begin our analysis by showing that we can close an estimate for the L H? norm of a
solution to the paradifferential linear equation (3.5.2) up to a small error term in X7 as
long as the time interval is small enough. Thanks to Lemma [3.5.3] we may from here on

harmlessly assume that
supp(v) C {[¢] > 2}

for some large parameter k; to be chosen. We will make this assumption for the rest of the

section. The main estimate we wish to prove is the following.

Proposition 3.6.1 (L? estimate for the paradifferential linear flow). Let so, ¢, b/ and b/
be as in Theorem with parameters M and L. Let € > 0. There is Ty = Ty(g) > 0 such
that for 0 < T < Tj, we have the a priori bound for v satisfying (3.5.2)),

[0l g e < C(M, L)([[voll e + [ fllve) + €lvllxe,
for every o > 0.

As noted earlier, by C'(M, L) we mean a constant which depends on M and the trapping
parameter L within some fixed compact set (which is allowed to depend on €). The main
obstruction to establishing Proposition is essentially the presence of the real part of the
first order term Tge@i)0jv. This is characterized somewhat by the following basic estimate

for a truncated version of the linear flow in which the coefficient &’ is purely imaginary.
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Lemma 3.6.2 (Basic energy estimate). Let ¢ be smooth, real and symmetric and let '
and b be smooth functions. Assume that we have the size condition (3.5.3). Moreover, let
A(z, D) € OPS" be a time-independent pseudodifferential operator with symbol satisfying

Re(A) > 0 and assume that v solves the equation
10w + 0, T390 + i Tm (V) 0jv + b 0,5 + i A(w, D)v = f. (3.6.1)

Then for every 0 < § < 1 there is Ty > 0 depending on M, § and A such that for 0 < T < Ty,
we have the L? estimate,

Wiz 2 < lvollZz + lvllxoll fllvo + dllvl%o-

In the above lemma, we allow for the extra first order term iA(z, D)v. This will afford
us some flexibility when dealing with commutations of the principal operator 0;T;0; with
various zeroth order Fourier multipliers and pseudodifferential operators later on when we

deal with the full linear paradifferential flow.
Proof. We start with the basic energy identity:

||v(t)||%:% + 2Re(A(x, D)v,v) = ||v0||2L3 + 2 Re(i0; T, 0;v,v) — 2 Re(Im(b)d;v, v)
+ 2Re(ib9;7,v) — 2Re(if, v),

which holds for each 0 < ¢ < T. Here (-,-) denotes the inner product on L?L2. Unlike the
operator 9;¢"9;, the paradifferential operator 9;T,:;0; is not quite self-adjoint. However, we
do have the relation

Re(id;T 50,0, v) = Re(i0;(T,s — g”)0;v,v).

By standard paradifferential calculus and the fact that ||g”||Lec2.e < C(M) for some o > 0,

we have
10:(Tyis — g") 050l 2 Sar (0]l ez
Hence, by Holder in T" and taking 7' sufficiently small, we have

2Re(i0; Ty 0v,v) Sar Tl 7z 2 < 0llvllo-

Now, we turn to the other terms in the energy estimate. Integrating by parts and making

use of Sobolev embeddings, we obtain the bound

~2Re(Im(b)d,v,v) + 2 Re(il 0,7, v) S MT[vlf3 12 < 6v]|o,
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if T' is small enough. Moreover, by the Y* = X duality, we have
~2Relif,v) S ollxoll fllvo.
Therefore, if T' is small enough, we arrive at the bound
[0l2 12 + Re(A(z, D)o, v} S ol + ool fllyo + dllolZo.
Finally, by the sharp Garding inequality Proposition [3.2.2] and Hélder in time, we have
Re{A(e, D)o, 0) Za =Tl 515
Taking T sufficiently small concludes the proof. O

The remainder of this section will be essentially devoted to transforming the equation
into an equation of the ideal form . Our primary means of doing this will be
to construct a time-independent pseudodifferential renormalization operator O = Op(O) €
OPS® which upon commuting O@ with the equation achieves this transformation within a
compact ball Bg(0). The hope is then to use the asymptotic smallness to control the
residual error terms outside Br(0). Quite a bit of care is needed here to avoid a circular
argument because the higher order symbol bounds for O will grow in the parameter R, and
so, at first glance, the operator bounds for O could counteract any smallness coming from
the remaining error terms. Therefore, we will need to carefully track the dependence of the
operator bounds for O on the parameters R and L. In our construction, it will turn out that
the L* norm of the symbol O will have a R independent bound (as R — o0). Therefore,
for large enough ky, the operator OS>y, will have R independent L? — L% X° — X© and
Y% — Y° bounds thanks to Proposition and Proposition , respectively. This is

how we will break the potential circularity:.

First order truncations

Since we want the symbol for O to be time-independent and smooth, our first aim will be
to show that the first order paradifferential coefficients in (3.5.2) can be replaced by smooth
time-independent coefficients localized at a suitable frequency scale. To achieve this, let
us fix another large parameter kg with 0 < kg < k; to be chosen. We can rearrange the

paradifferential equation as

i0pv + 0Ty 00 + b, (0)0;0 + b, (0)0,0 = f + RY,

(3.6.2)
U(O) = Vo,
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where

R' = (b, (0)0;v — Ty 05v) + (b4, (0)0,5 — T, 0,0). (3.6.3)

We have the following short lemma which shows that for large enough ko, k; and small

enough 7', the error term R, can be treated perturbatively.

Lemma 3.6.3. For ky and k; sufficiently large and T sufficiently small, we have
IR = < vl x-.

Proof. We estimate the first term in (3.6.3) as the other term is essentially identical. By
Bernstein’s inequality, averaging in 7" and the assumption (3.5.3)), we have

b v’

<ko <k0(0)Hlleo—1 SM 92ko,

Therefore, by the assumption k; > ko, Proposition |3.2.13| and taking 7" small enough (de-
pending on ky and M), we have

10k, = Ul ONs0llyr = 1 Ts, 1, o @ivllve < ellvllxe.

Next, using k1 > ko, we can write

Tbjaj'l] — bikoajv = Tszkobjaj?).
So, from Proposition [3.2.13], there is 6 > 0 depending only on sg such that

HTbjajU — bj

L Oivllve S 1S5 keb [l xs0-1-5] 0| x

Sar 270 e

~

The above term can be controlled by ¢||v||x- by taking kg large enough. This completes the
proof. O]

Commuting with derivatives

The next step is to commute (3.5.2) with (V)?. This will essentially reduce matters to
proving an L? estimate for the paradifferential flow and get us one step closer to a situation
in which we can apply Lemma [3.6.2] This would typically be a completely straightforward
matter since the equation is already in paradifferential form; however, the commutation of

the principal operator P with (V)7 will generate a further first order term which cannot be
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treated perturbatively in the large data regime.

To proceed, we define u := (V)%v. We also compactify the notation for the principal and

new first order terms by defining
P .= ajTgijai,
B = b, (0)9; — [P, (V)7 (V)"
B = b]<k0 (0)8]
By commuting (3.6.2) with (V)?, we obtain
O+ Pu+ Bu+ Bu = (V) f + RL + R2,
where R! := (V)7R! and

RG = —[(V)7, b, (0)]050 = [(V)7, L, (0)]0;0.

o » Yo » Y<ko

Thanks to Lemma [3.6.3] we have a suitable estimate for R! in Y which allows us to treat
this term perturbatively. The following lemma shows that R? can be estimated naively in
LLL2 CY?".

Lemma 3.6.4. For T small enough, the source term R2 satisfies the bound
IR 2y 22 < ellv]lxe (3.6.4)
Proof. Since ky < ki and v is supported at frequencies > 2%, we can write

(V)7 6Ly, (01050 = (V)7 T,

» Y<ko bj<k0 (0)

](9jv.

Hence, by Proposition [3.2.10, Sobolev embedding and the regularity assumptions on &, we
have
V)7 0 (010l Ly 2 Stk 0l ey Sar Tllvl g mg -

The other term in R? can be estimated similarly. Hence, by taking 7' small enough, we

obtain (3.6.4)), as desired. O

Next, we further frequency and time truncate the commutator in the term B. As we
will see later, such truncations will ensure that our renormalization operator O belongs to
OPS°. Note that while we cannot directly truncate the principal operator P because it is

second order, it is reasonable to expect that we can do this (as long as the truncation is
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sharp enough) for commutators involving P, which are first order. We therefore define time
and frequency truncated variants of P, B and B (technically, this last term is unchanged)
via

Pko = ]g<ko (0)827

By, = 0L, (0)9; = [P (V)T UV) 7,

By, =L, (0)9;,

and obtain the equation

i0pu+ Pu+ By u+ By = (V)7 f +RL+R2+ RE, (3.6.5)
where

Ry = (By, — Bju = —[Py, — P, (V)"]u.
The next lemma treats the new source term R2.
Lemma 3.6.5. For ky and k; large enough and 7" small enough, we have
IRy < ellvllxe. (3.6.6)

Proof. We begin by writing

Piy =P = (0:924,(0) = To,g5)0; + (92, (0) = Tyss)0,0;.

0

As with the estimate for R%, we have

(V)7 (8:92,,(0) = Togii)10jvll Ly 2 < ello]lxe,
by taking 7" small enough. The term [(V)7, (Tyi — gijko (0))]0;0;v is more difficult to deal
with since it is like an operator of order o+ 1 applied to v, and therefore cannot be estimated
in LL.L? without losing derivatives. Consequently, we must estimate it in the weaker space
Y?. Since k; > kg, we have the identity
(V)7 (T, 9<k0 )]0i05v = Z Sk S<k—4(9ij - ggko(o))]aigjskva

k>0

where S, is a fattened Littlewood-Paley projection. Therefore, by almost orthogonality,
Proposition [3.2.14] and Remark [3.2.15( we have

(V) (T = 924, (0))0:05v]lvo S 197 = 924, (0l xs0-5 (Z 22'“("”|15va|!§(0)

k>0

S 197 = 92, (0) i xso-s V] xe
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for some § > 0. By taking ky large enough and then 7" small enough, we can estimate using

Bernstein type inequalities and the fundamental theorem of calculus,

197 = 921, Ol x20-5 <.
Combining this with the above estimates concludes the proof of (3.6.6]), as desired. O

To summarize what we have so far, u := (V)70 solves the equation
iOu+ Pu+ By u+ Bu=TR, (3.6.7)
where the source term R can be estimated in Y by
[Rllyo < Cllfllye +ellvllx-,

for some universal constant C.

Renormalization construction

Now we are ready to construct the renormalization operator O whose role will be to transform
into an equation essentially of the form . As alluded to earlier, the main enemy
we have to deal with is the first order term Re(By,)u. The strategy will be to construct an
operator with symbol in S® which conjugates away the “worst part” of this term. As noted
in [84], conjugating the entire term away would give a symbol that does not belong to S°.
We opt therefore to conjugate away only a portion of the first-order term whose principal
part is supported within some large compact set Bg(0). The hope is that the remaining
error term will contribute errors of size = ¢||v||xs due to the smallness of the coefficients
in outside of Br(0). As mentioned earlier, this does not come for free. The trade-
off is that we will also need to control the X° — X% Y9 — Y° and L? — L? norms of
our renormalization operator to ensure that the smallness is retained when applying this

operator (as the ¢ derivatives of its symbol will not have uniform in R bounds).

The details of this construction will be given below. To set the stage, let us fix a large
constant R >> 1 to be chosen. We also define for each p > 0, the function y.,(z) := x(p )
where y is a radial cutoff function equal to 1 on the unit ball and vanishing outside |z| > 2.
As a first constraint, we demand for R to be such that holds with some Ry < % and

g9 < €. The bulk of the renormalization construction is given by the following proposition.
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Proposition 3.6.6. Let u be as above. Let ky be large enough so that gijko(()) is a non-
trapping metric with comparable parameters to ¢ (0) (the existence of which is guaranteed
by Proposition [3.4.5). Define the truncated symbol a(z,§) = —ggko(O)fifj, which is the

principal symbol for PP . Write also iB(x, &) := iRe(b, (0))&; + i{a, (£)7}(€) 7 to denote
the principal symbol of Re B} and

H,:=V¢a -V, —Vza- V¢

to denote the Hamiltonian vector field for a. Let the parameters R, M and L be as above.
Then there exists a smooth, non-negative, real-valued, time-independent symbol O € S°

with the following properties.

(i) (Positive commutator with good error). There exists r € S* such that if T is sufficiently

small,
HaO + X<2RB(J:7§)O($’ g) + T(ZL‘,f)O(ZL‘7£> > Oa ||Op(r>||X0—>Y0 SM €.

(i) (Uniform L? bound at high frequency). For kg, k; large enough and 7' small enough
depending on R, M and L, O := Op(O) satisfies the estimates

1Oullzz = flull 2, [|Oullyo S [lullyo,  [[Oullxo S [lullxo, (3.6.8)

with implicit constants depending only on M and on L within a fixed compact set

whose size is independent of R.

(iii) (Even in & within Bg((])). The symbol s := O(z,&) — O(z, =€) is supported in the

region |z| > % and for k; large enough, there holds
10p(s) Sz, [[yoyvo S 1,

with implicit constants depending only on M and on L within a fixed compact set

whose size is independent of R.

The first property will allow us to transform (3.6.7)) into an equation of the type (3.6.1)
up to an error term supported outside Br(0) (plus an acceptable remainder). The second

property ensures that the L? — L2 Y% — Y% and X° — X9 operator bounds for O
do not depend on R, at least at high frequency. The third property ensures that O :=
Op(O) commutes with complex conjugation to leading order (i.e. within Bg(O) where the

coefficient &’ can be large). The second and third properties will be important for avoiding
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the circularity mentioned earlier when trying to estimate the error terms supported outside

Ba(0).

We also emphasize that a is the principal symbol for the truncated operator 73,80 and not
P. This is to ensure that O will be a classical (time-independent) S° symbol with bounds not
depending on higher derivatives of g/ (however, they will depend on the frequency truncation
scale 2F0). The trade-off is that when commuting the equation for v with O, we will need to

estimate an additional first order error term of the form
[P — 73,20, Olu

in Y. It will turn out that this can be made small by taking ko, k; large enough and T

small enough. We will discuss how to estimate this term later. For now, we start by proving
Proposition [3.6.6]

Proof. We make the ansatz O(z,£) = ¥ where 1) is some smooth real-valued function to
be chosen. We begin by trying to enforce condition (i). For this, we recall that the vector
field H, corresponds to differentiation along the Hamilton flow of a, which is given by (3.4.3]).
That is,

(o) (2, ) = (e, €m0,

where (zf, ") are the bicharacteristics for a with initial data (z,£). We will perform our
construction in two stages. That is, we will define two symbols ¢, and 15 in S°. The symbol
11 will be chosen so that H,1; cancels the bulk of the term y.orB(z, &) but possibly with
an additional error term which isn’t small but has the redeeming feature that it is supported
in the transition region |z| ~ R where ggko (0) is close to the corresponding flat metric. The
second symbol 5 will be chosen to correct v, so that the error term can be made sufficiently
small. The full symbol v will then be defined by v := 9y 4+ 1. Inspired by the previous
works 33} 38, 67, [90], our starting point is to consider the ideal “symbol”

1 0
wideal(x7 £) = _§X>1(|£D /_ B(‘Tléx,f)? géx,g)) + B(xi(ix,fgy £€x,f§))dt7

where x>1(|¢]) is an increasing Fourier multiplier selecting frequencies > 1. We note that
since gijko(O) is nontrapping and v/, V,¢¥ € [*X*0~! the integral in ;4. is well-defined.
On a formal level, the commutator of the principal part of the equation with Op(e¥ideat)
conjugates away the leading part of the term Re Bgou, but as mentioned above, the symbol

Widea is NOt a classical SO symbol, so it is not ideal to work with such a construction directly.
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In order to resolve this issue, we localize this symbol to the compact set Byr(0) by instead
defining

1 0
Y1(z,§) = _§X>1(|5|)X<2R(I)/ (X<4RB)(‘T€$,§)7£€:B,£)) + (X<4RB>(ZE€2,—§)’gfx,—&))dt'

—0o0

The corresponding pseudodifferential operator Op(e¥!) will conjugate away the leading part
of the first order term Re B) u within the ball By(0), which is the region where the X° — Y
operator bounds for B,go are expected to be large. The difficulty is then shifted to controlling
the remaining errors in the exterior region, but now we have the benefit of ¢); being a genuine
SY symbol (this fact will be confirmed below). We remark that since B(z, &) is real, 1 is as

well. Moreover, 17 is even in &.

Since B is odd in &, it is straightforward to verify that we have the leading order cancel-

lation,
1
Hothr + X<2rB(w, §) = =K R (GR™7)IE] = Kx<a(I€]), (3.6.9)

where K > 0 is such that K > ||Yidear||z. We remark that K is uniformly bounded
in R because of Proposition m The term on the right-hand side of is not quite
suitable for defining a symbol r ensuring the bound in (i) (the corresponding operator need
not have small X° — Y bound due to the insufficient spatial decay in the first term). For
this reason, we seek to further correct i); by a symbol 15 which is supported in the region

|z| 2 R. Precisely, our aim will be to construct v, so that
_ R
Hathy = KR Y (GR7)|IE] = Kxea(l€]) + (2, €) 2 0 (3.6.10)

where 7 € S! is a suitable remainder term satisfying the bound in (i). Before proceeding,
to simplify the notation somewhat, for the remainder of the proof we will write A := A(x)

as a shorthand for ggkO(O) and A, as a shorthand for ¢g¥. We also define the functions
0(x,8) == Lz, Ax), alx,8) 1= L(w, Ag), B(E) := £L(Ag, Axf) and (z,§) »= 5(1 + cos(0)).

Now, to proceed, we begin by recalling that the assumption (3.5.4) ensures that we have
the bounds

R
|A— A | +|VAl < e, |z > 3 (3.6.11)

In particular, A is close to the flat metric in L when |z| > %. Now, let:

(i) p be a smooth, increasing function such that p’ ~ 1 for £ <r <2, p=0forr < $ and
p=1for r > 3. Define pr(x) = p(R~'r) and py(z, &) = pr(zy).
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(ii) For ¢ € [—1,1] and some fixed positive dy < 1, let ¢, be a decreasing smooth function

which vanishes for > c+dy and is identically one for z < c¢. Define also ¢~ := 1—p..

We then define the symbol 15 by

V(@) = K1(1€D) (prec_y (cos(6)) = popo_y (cos(6)) (3.6.12)

where K’ > K is a constant to be chosen. We note that the weight pg is increasing in the
direction of the bicharacteristics in the regions of phase space where they are outgoing with
respect to the flat metric. In such regions, this will give a good bound from below for the
bulk of H,yy. The purpose of pg will be to accomplish the same task in the incoming region
as well as the regions of phase space where A,.£ is nearly orthogonal to z. In such regions,
a purely radially increasing cutoff (such as pr) would be insufficient. The reason we use the
average 3 (1 + cos(0)) in the definition of py is to ensure that py still vanishes for a suitable
range of r on the support of ¢ _ (008(9)) (r < &, say). This, in particular, ensures that
the pointwise error between A and A is small on the support of pgp. (cos(é’)). To verify
that 15 has the required properties, we first make note of the followmg simple algebraic

computation.

Lemma 3.6.7. For r > %, we have

Ag - Vo) = 14g] (220 4 6(0,0)).

where §(z, ) is an error term with |6(z, &) < .

Proof. This is a simple computation. We have

| §| (COS( ) — cos(a) COS(Q))

138y B a5 — 1) contcoss) — st

T T

By non-degeneracy of A and A, and (3.6.11]), we have

A€ -V, cos(0) = (3.6.13)

| =

|cos(a) — cos(f)| + |cos(B) — 1| <1, r>

Taking 0 to be the coefficient of |A¢| in the second term in the second line of (3.6.13))
concludes the proof. O
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Now, we compute the Hamilton vector field applied to ¥5. We define the remainder
symbol r € S! by

r(,8) == =& Ve - VA7 + K"y (]€)), (3.6.14)

where K” > K' is some sufficiently large constant. We note that r essentially consists of
the part of H,1s in which 1), is differentiated in . This is expected to contribute a small
X% — Y operator norm because its principal part includes a factor of V,A which is small in
! X071 when |z| > £. The subprincipal terms will contribute small L}.L2 — L}.L2 operator
bounds by taking T to be sufficiently small. We then have

Hothy +1(2,8) > —=2A8 - Vs + K" x <o ([€])- (3.6.15)
We now expand the first term on the right-hand side of (3.6.15]) to obtain
- Aé ’ sz

- —%x>1<|5|>|f4€ | (< ) (Rr)pey(cos(0))

+— (sm ) +18) p(R (cos(@)))

+ GealelAe]((cos(a) + cos(E) ),y osl6)

bd

(s (0) + ) ) (eosl) ).

r

where a and 3 are as in Lemma [3.6.7] If & is small enough in (3.5.4), we observe that on
the support of p/(R™'r)p__ 1(cos(#)), we have cos(a) < —1. Additionally, (sin®(#) + rd) is
non-negative on the support “of p(R™'r)¢"_ 1 (cos()) and p(R™'ry)¢’ 1 (cos(f)). Moreover,

<

on the support of p/(R™'ry)p. _ (cos(@)), we have (cos(a) + cos(f)) > 3.

By non-degeneracy of A, we can choose K’ depending only on ¢ so that
K'|Ag] > KI¢].

Combining the above, we can arrange for

K!/
—Ag'vx¢22KR_l|X( el = X (l€)),

where K" is as in (3.6.14)). We then define the full symbol ¢ by

V=11 + Yo
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It is left to verify the properties (i), (ii) and (iii) in Proposition [3.6.6] The positive commu-
tator bound
HaO + X<2RB($7 f)O(fE, 5) + 7’(1’, 5)O<x7 5) = 0

follows easily from the chain rule and the above construction if K’ is large enough. Next,
we verify that r € S* and that r has the operator bound

10p(r)]|x0y0 < e. (3.6.16)

The fact that r € S! is clear so we turn our attention to (3.6.16)). Using the definition of r,

we can write
Op(r) = (x>n Vo A7) - Op(&€;Vetz) + K"x<2(|D)).

Using the embedding L}.L2 C YV and that &&; Vs € S, we can estimate using simple

paradifferential calculus and Proposition |3.2.5]
10 2 VoA — Tx>%vxmi) - Op(&i&;Veva)ll s L2—yo Smmo 1.

Therefore, by Holder’s inequality in 7', we have for 7" small enough (depending on M and
kO)?
065 224 = T,y 5,0) - OplE&; V) lxovo <.

Hence, we now only need to show that the X% — Y norm for T qvoai- Op(&:&;Vehs) can
8
be made small. For this, let us define 7 € S° by

(,€) = (§)7&& Vet

By Proposition [3.2.5 one can verify that the operator (V)Op(7) — Op(&:€;Verbs) is bounded
from LL.L2 — LL.L2 with norm depending only on M and ky. Therefore, by taking 7' small,
we can make the X — Y bound of this operator smaller than . From Proposition [3.2.13

and the smallness assumption (3.5.4), we then have

1T, gvaai - Op(&EVers)lxomyvo S X 8V A lnxsot [{V) xomx—2 [Op(F) | xox0 + €

S ellOp(7)][xo-x0 + €

<M E.

~Y

Clearly, the XY — Y bound for the remaining subprincipal term K”x_o(|D|) can be made
small by taking 7" small. This concludes the proof of (i). Now, we turn to (ii) and (iii). For

this, we need the following lemma involving symbol bounds for O.
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Lemma 3.6.8. The symbol O constructed above satisfies the following bounds.

(i) (R independent L*> bound). There is a constant Cj depending only on the profile of
¢(0) and on M but not on R or kg such that

106, &)1, S Co.

ii) (Higher order symbol bounds). For every |a+3| > 2, there is a constant C, s depending
B
on M, L(R), R and kg such that

1(€)*102020(, €)1, < Cou
If |o + 8] = 1, the constant can be taken to be uniform in k.

The crucial thing to note here is that only the higher order symbol bounds for O depend
on R and kg while the L* bound does not.

Proof. Clearly, it suffices to show each of the above symbol bounds for ¥; and 5. Given the
requisite bounds for 11, the bounds for 1, are clear. Therefore, we focus on ;. We begin
with the L>° bound. By homogeneity of the bicharacteristic flow, it further suffices to show
that

/ |B(a*, £")dt Sur Co. (3.6.17)
R

By homogeneity and a change of variables, we have

[ 1Bttt = [ 1B €l
R R

where (z!,&!) denote the bicharacteristics with data (z,w) := (x,£[€]71). Then, we use
Corollary and the definition of the symbol B to obtain

| B, [E1€5)] < Col€l| (b, (0)) ()| + Col€ll(VaA) (af)]-

The estimate (3.6.17)) then follows (after possibly relabelling Cy) from Proposition m,
using the fact that bj<k0 (0), VA € I'H*~! with norm <jp; 1. This yields the L> bound for
1. The higher order symbol bounds follow immediately from Proposition and repeated

applications of the chain rule. O

Now, we return to the proof of (3.6.8]). From the above lemma and Proposition [3.2.6 we
have the L? bound,
10ul|z: S Collul| 2 (3.6.18)
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for k; large enough, with universal implicit constant. We next aim to establish the bound
[ull2 < Col|Oull 2. (3.6.19)

Using Proposition we see that Op(e™¥) is an approximate inverse for Op(e¥) in the
sense that we have
Op(e™)Op(e*) = 1+ Op(q),

where ¢ € S~! with symbol bounds depending only on the symbol bounds for ¢. Therefore,
we have
u = Ssp,—au = Op(e™")S5p,-10u + Op(q)u,

where ¢ € S~! with uniform in k; symbol bounds. Hence, from Proposition we obtain
lullrz S Col|Oul|rz + Crllull 1,

where Cy depends only on M and ¢(0) and C; depends on a finite collection of semi-norms

|O\g0) Since [[ul| -1 < 27" ||lull 2, we can take k; large enough so that
[ullz < CollOull 2.

This gives (3.6.19). The Y° — Y and X° — X° bounds for O follow from Proposition[3.2.7]
This establishes property (ii) of Proposition [3.6.6] The proof of property (iii) follows almost
identical reasoning to the proof of (ii), using the fact that ¢ is even in ¢ for |z| < %. This

completes the proof of Proposition [3.6.6| n

Proof of Proposition |3.6.1

Now, we complete the proof of Proposition We will slightly abuse notation from here
on and write <j; to mean that the implicit constant in the corresponding estimate depends
on M and Cj as above (but not on R). Moreover, we let R generically denote an error term
such that

[Rllyo < COM, LY(Iflly= + lvoll ) + llollxe. (3.6.20)

We apply O := Op(O) from Proposition to equation (3.6.5). Writing w := Ou, we
obtain

0w + Pw + OBy u+ [0, Plu+ OBy i = R,
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where by the Y — Y bound for O (see (ii) in Proposition|3.6.6)), R still satisfies the estimate
(3.6.20) as long as k; is large enough. Performing similar frequency and time truncations as

before and commuting O with the first order terms, we obtain
0w + Pw + i Im(By Jw + B + [O, P Ju + X<2r Re(By )Ou = R,

where

R =R —[0,B)Ju— [0,B]u— x>2rRe(By ) Ou + Bj) (Ou — On) + [0, (P, — P)]u.
(3.6.21)

We next estimate R. To begin, note that the second and third terms in (3.6.21)) are zeroth
order and can be estimated in LL.L2 C Y°, so that

1[0, By Ju + [0, By Jullyo Sarr T||v]|xe,

which by taking 7" small can be controlled by ¢||v||x-. To get a suitable error estimate for
the fourth term in ({3.6.21]), we first note that by property (ii) in Proposition [3.6.6, we have

[Oullxe S Collullxo

if k1 is large enough. Here, we recall crucially that Cj is a R independent constant. Therefore,
it suffices to establish the bound

Ixs2r Re(BY)llxoyo < <. (3.6.22)

Clearly, it suffices to work with the principal part of xsar Re(Bgo) as the error term is

bounded from LLL2 — LLL2. We can expand the principal part as

X>2r Re(bar, (0))m1(D) + x>2r Ve Ama(D)

where my,my € S' are suitable (matrix-valued) Fourier multipliers with symbol bounds
independent of M, L and R. We can replace the coefficients of m; and my above with
the paradifferential operators T\, Re(s <k (0)) and T ,,va, as the error is an operator which
maps LLL2 to L1 L? with norm depending only on M and kq. Therefore, if T is small enough,

such an error term can be discarded. Using Proposition |3.2.13| and the asymptotic smallness
(3.5.4]), the remaining term satisfies

1Tz Re(b <y 0011 (D) + Tz ppvama(D) | xoyo Sar e([[ma(D)]| xox-1 4 [[ma(D)]|xox-1)

Se.
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To deal with the fifth term in (3.6.21]), we do a similar analysis. Using the definition of Bgo
and property (iii) in Proposition [3.6.6, we can write

B}, (Ou — 0u) = x. 1bl;, (0)9;(Ou — Ou).
If w is supported at high enough frequency, we can estimate using (ii) in Proposition ,
10;(Ou — Ow)|| x-+ Sar |lullxo.
Combining this with the smallness
1o 5Dty (0) [l x0-1 <&,
we can argue as with the previous term to obtain
182, (Ou = O)[yo Sar vl xe

Now, we turn to the most tricky part, which is estimating the last term in (3.6.21)). For this,

we have the following lemma.

Lemma 3.6.9 (Commutator bound). For kq large enough and 7' sufficiently small, there
holds
I[O, (P, — P)lullyo < el|v]|x-. (3.6.23)

Proof. Clearly, we can write
(0. (P = Pi)) = [0, (Togs — 0ig2,,(0)95] + (Tys — 924, (0))[0, 0:05]
+10, (Tgis — 924,(0))]0:0;.
The first term is zeroth order and is bounded from LLL? — LLL2. Indeed, by taking T'

small enough, it is a straightforward consequence of Proposition [3.2.5{and Proposition [3.2.10
that

(3.6.24)

1O, (T — 1%, (00| e £2ov0 < e
The second and third terms are first order, and, as usual, must be dealt with carefully to
extract the necessary smallness. We start with the second term which is a bit easier. Since
(ngko(o) — 92,(0))[0,9,05] is bounded from L;L3 — LiL2, we can replace Ty — g2, (0)
with T,;

Then by Proposition [3.2.13] and Bernstein inequalities, we have

ggko 0)

I,

g =92, (0) [
S (1S5k097 [l x0-1-5 + 1925, = 9%k ()l xs0-1-5) [ (V) MO, 8,05l xo
Sar 27k (V) YO, 9,0;]ul| xo,

O, 0,0;]u|yo



CHAPTER 3. ULTRAHYPERBOLIC SCHRODINGER EQUATIONS 236

for some § > 0. As (V)7'0,8,0;] € OPS?, it suffices to consider its principal part when
estimating the last term. This is because the subprincipal part is (crudely) bounded from
L¥H, : to L%OHE C XY, so we can control such terms by using the fact that u is localized
to frequencies > 2*! to gain a smallness factor 2_%1, and then take k; sufficiently large. To
estimate the principal symbol ¢, for (V)71[0, 9,0;], we can use that Vg (0),’ € C'° and
Proposition to obtain the bound

lepllzoe S IVaOllree Sarrr 1,

with implicit constant independent of ky. Therefore, by taking ky and k; large enough and
applying Proposition [3.2.7, we obtain

2708 Op(epull xo S 27|y || oo [Jul [ xo < efv]] xo
Consequently, the second term in (3.6.24) can be estimated by
1(Tgis = 924, (0))[O, 9:0;]ullyo < ef[v]|x-

It remains to estimate the third term in which is the most delicate because the
commutator itself involves the metric g¥ at high frequencies. Our aim as above is to show
that

IO, (Tyii — 92, (0))]8id;ullyo < efv]xa-

Intuitively, this should be possible by taking ky large enough. There are, however, two
complications in dealing with this. Firstly, the symbol bounds for O depend on k. Secondly,
the coefficient in the paradifferential operator T,:; has limited regularity, so the standard
pseudodifferential calculus cannot be directly applied. Our strategy is to split this term into

three parts to separate the issues. We write

[O’ <T9ij - gi<jk0 (O>)]alaju = [07 (gl<]m - ggko)]@aju
+ [O’ (Tgij - ggm)]azaju (3625)

where m is some universal parameter with ky << m < ky. For the first term, we do not need
to worry about the presence of any functions of limited regularity, but we still need to worry
about the dependence of O on ky. For the second term, by taking m large enough, the kg
dependence in O should be a non-issue, which puts us in a position to use Proposition [3.2.16]
Control of the final term follows by taking 7' < 27%% and averaging in 7.
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Let us begin by analyzing the first term. The principal symbol ¢, for [O, (ggm — gijko)]&»
is given by
Cp = {O’ (gl<]m - ggko)}gi-

Analogously to the principal part for the second term in , we have the bound
[(€)VeOl|L~ Sarrz 1.
To estimate the full commutator, we then use Proposition to write
[0, (92 — 92,)10: = V(g2 — 924,) - Op(VO&) + Op(r)

where r € S° (with symbol bounds depending on m). Arguing as in the estimate for the

second term in (3.6.24), it follows by using Proposition [3.2.13] then Proposition |3.2.7, then
taking ko large enough and 7" small enough (depending on m, M, R and L) that

O (92 — 924,)10:0;ullyo < el|v]x-.

This takes care of the first term in (3.6.25). For the second term, it suffices to estimate
(O, T ;i 10;0ju, as the error will be bounded from L}.L2 — L1.L2. To estimate this term,

gi—g2,,

we simply use Proposition |3.2.16| to obtain

O Tyss s 10:05ullyo Sarrrmo 192m = 97l xcoo-s [[ullxo-

We then recall the smallness bound
Hggm - gijﬂzlxso*é Swm 2_5m=
which tells us that if m is large enough relative to kg, R, L and M then we have the estimate

IO, T,

gii—gs, 10i05ullyo < el xo < el|v]|x--

Finally, by averaging in T" and arguing similarly to the above, the last term in (3.6.25|) can be
controlled by ¢l||v]|x- by taking T small enough. This completes the proof of Lemma [3.6.9]
[

Using the above lemma and Proposition [3.6.6] we now arrive at the following equation

for w:

iOyw + Pw + i Im(B) )w + [;’20@ + [0, PR Ju + x<2r Re(By,)Ou = R,
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where R is as in (3.6.20)). To conclude, we make one final reduction. From Proposition |3.2.5]
O~1:= Op(e~?) is an approximate inverse for O in the sense that we have Op(Q)Op(O~1) =
14 Op(q) for ¢ € S71. Therefore, by estimating the error term generated by Op(q) in LLL2

we can write
iOyw + Pw + i Im(B) Jw + Bgow +iA(x, D)0 'w = R,
where
A(z, D) = —i|O, 73,?0] — iX<2R Re(Bzo)O + Op(r)O,

and R is again of the form (3.6.21)) (as long as T is small enough). By construction,
A(z, D)O7! is a time-independent pseudodifferential operator of order 1 with non-negative

principal symbol in S*. Therefore, the above equation for w is now in the form (3.6.1)) with

a source term R satisfying (3.6.20). Hence, Proposition easily follows by applying
Lemma [3.6.2]

3.7 The local energy decay estimate

In this section, we complement the L? estimate in the previous section with an estimate for
the local energy component of the norm ||v||x- for a solution v to (3.5.2). For every o > 0,
we denote the local energy component of X7 by

1
2
(oaL
[vllae = (E 2%t +2)||Sﬂ~t||§(> :

>0

We remark that we have the obvious embedding ||[v||xe < HUHL2 asy
T x

The local energy estimate
The local energy estimate we will need for (3.5.2)) is given by the following proposition.

Proposition 3.7.1. Let o > 0 and let sy, ¢¥, ¢/ and b be as in Theorem with
parameters M and L. Suppose that v solves (3.5.2) and let € > 0. There is Ty = Ty(e) > 0
such that for 0 < T < Tj, we have the local energy bound

[l e < CM, L)(|[0][ g1z + ([ fllve) +ellvllxe,

where C'(M, L) depends on M and on the parameter L within some fixed compact set

depending on ¢.
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Fix 0 > 0 to be some small parameter to be chosen. From in the previous section,
we can choose kg sufficiently large and T sufficiently small so that u := (V)?v solves the
equation

i0pu + Pu+ Bpu+ Bu =R,

with the remainder estimate
[Rllyo S Ifllye +dllvllxe.

Also, as in the previous section, we may assume that u is localized to frequencies > 2,
where k; is some sufficiently large parameter to be chosen. Unlike with the L? estimate,
however, we will not need the added energy structure coming from the complex-conjugate
first order term. It is therefore convenient to write the equation as a system in u and @. In

doing this, we obtain the following compact form of the paradifferential linear equation:

du+Pu+B) u=R,

N B _BO
P .= Po , BgO::i ~—:° _Oko B e g ,
0o P B, By, u

and R is a source term satisfying the bound

where

IR0 S M fllye + dllvflxe- (3.7.1)

We define analogously to before the truncated principal operator Pgo by replacing the nonzero

entries in P with 77,80 in the natural way.

By using Theorem [3.5.5] and arguing similarly to the proof of Lemma [3.5.7] for each
R > 0 large enough and 7" small enough, there holds

Ix>rullxe < C(M, R)([[v]lgpmg + [Rllvo + lIx<arull , 1) +ellvllxe
T4
Therefore, to prove Proposition |3.7.2] it suffices to establish the bound
Ix<erull , 4 < CM, L)([[vllgmg +[[Rllvo) + elfvllxe. (3.7.2)

Ttz

This latter estimate is where we will concentrate the bulk of our efforts in this section.



CHAPTER 3. ULTRAHYPERBOLIC SCHRODINGER EQUATIONS 240

Interior estimate

Now we turn to establishing the required interior estimate (3.7.2). The main construction
we will need is given by the following result, which can very loosely be thought of as a
spatially truncated version of Doi’s construction in [38]. Our method will work under far
less stringent decay assumptions, however. For similar reasons to the previous section, we
will again work with the principal symbol for the truncated operator Pgo in our analysis
rather than P directly (at the cost of estimating a term with the same flavor as )
We will also write |Bf, | to denote the maximum of the absolute values of the entries of the

principal symbol for Bgo.

Proposition 3.7.2. Let C(M) > 1 be a constant depending on M to be chosen. Moreover,
let ko be large enough so that ggkO(O) is nontrapping with comparable parameters to g%/ (0)
(which is possible by Proposition . Define a := —ggkO(O)fifj. Then for every R’ > R
sufficiently large, there is a smooth, non-negative, time-independent S° symbol ¢ > 1 with

the following properties:

(i) (Positive commutator in Bg/(0) with small error). There exists r € S! such that if R’
and k; are large enough and T is sufficiently small relative to R’ and k;, then we have

3

Hoa+ C(M)rg 2 COM)x<n[Bl . 108(ra)Sotsllxov0 £ 5y

(ii) (Ellipticity in Byg(0)).
Hu,q+ C(M)rq > C(M)x<2rl¢lq,
where 7 is as in (i).

(ili) (Zeroth order symbol bound). There is a constant Cy(M, R) depending on M and R
but not on R’ such that
g < Co.

(iv) (First order symbol bound). There is a constant Cy(M, R, R") depending on M, R and
R’ such that
€[ Veal + [Vaq| < Ch.

(v) (Higher order symbol bounds). There is a constant Cy(M, R, R, ky) depending on M,
R, R' and kq such that

(©)1N9202q| Sap Co o+ 8| > 2.
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In the R and R’ dependent constants above, we also allow for dependence on L within
Bgr(0) and Bg/(0), respectively. The first property will allow us to control the contribution of
the first-order terms in the equation within the larger compact set Bg/(0), up to a small error
term, as long as u is localized at high enough frequency. The second property will give us
the required control of y_oru in LQTHE up to a suitable error term. We importantly remark
that the zeroth order symbol bounds in (iii) for ¢ depend only on M and R (more precisely,
L(R)). This will ensure that the Y° — Y bound for Op(q) depends only on M and R as
long as u is at sufficiently high frequency, thanks to Proposition As a consequence,
we may argue similarly to the previous section and treat the first-order terms in the region
outside of Br/(0) perturbatively as long as R’ is large enough relative to R. We note that
unlike in the construction in Proposition this second parameter R’ is needed because

the uniform norm of the symbol ¢ necessarily depends on the smaller radius R.

We emphasize that the first order symbol bounds in (iv) depend on M, R and R’ but not
on kqg. The purpose of this will be to control an error term that is similar to the commutator
from the previous section by taking kg large relative to M, R, and R’. The higher
order symbol bounds in property (v) will ensure that ¢ is a classical S° symbol and will allow
us to estimate lower order error terms in LLL2 by taking T small depending on M, R, R’

and ko, similarly to the previous section.

Proof. We begin by defining a smooth function that will be suitable for controlling the size
of the first order coefficients within the larger compact set Br/(0). A reasonable choice is

the following;:

i = vear\] oy (O) + (bt (0)[2 + [V ()2 + L2R)) 2

The term L(2R’)~2 is for technical convenience. It ensures that ng is smooth and allows us
to invoke Proposition to obtain uniform integrability along the bicharacteristic flow for

the truncated metric gijko (0) with a bound independent of R'. Precisely, we have

/R n(at, €)|E'dt < Co (3.73)

where Cj is as above. Moreover, for |z| < R, we clearly have [V,g2, (0)||§|+|B,| < nrl€.
Now, we move to constructing the symbol q. We start by defining a preliminary symbol p;
via

pi(z,§) == —X>1(!5|)X<R//O (X<2r +nr) (2, €| € dt,
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where similarly to the construction for O in Proposition [3.6.6, we localized the symbol in
space to Bg/(0) so that it will ultimately belong to S°. As in Proposition [3.6.6, H,p; will
generate an error term coming from the localization x.g. To deal with this, we correct
p1 by another symbol p,. To define py, we take our cue from the definition in the
previous section. Using the same notation as in (3.6.12)) with the parameter R’ replacing R

in all instances, we define

pa(e.) = Ko (1€]) (o3 (cos(6) — poges s (cos(6)))
where K’ := K'(R, M) is a constant such that
K s e [ Ocean+om) @, €)1t (379
(z,£)eR2d 0

We note that thanks to the nontrapping assumption and (3.7.3), K’ can be chosen to depend
only on R and M, but not on R’. We then define p := p; 4+ p, and analogously to (3.6.14)),

we define the remainder symbol r by
r(z,§) = =& Vepa - ngijko(o) + K" x<2(l€]),
where K” > K’ is some sufficiently large constant. We then define the required symbol ¢ by
q = eCP, (3.7.5)

for some sufficiently large constant C'(M) > 0. Now, we turn to establishing each property
in Proposition [3.7.2. First, arguing similarly to the proof of the first property in Proposi-
tion [3.6.6] we compute directly that

H,q+ C(M)rq > C(M)(x<2r + X<rmr)|€lq. (3.7.6)

From this, we immediately obtain the positive commutator bounds in (i) and (ii) in Propo-
sition [3.7.2] The X° — Y estimate for Op(rq)S>y, follows from properties (iii)-(v) (to be
established below), Proposition and the fact that HX>R/ngi<jk0(0) |Le — 0 as R — oo.
Next, we verify the symbol bounds (iii)-(v). It clearly suffices to establish the analogous

symbol bounds for the symbol p;. To do this, we split

pi= el ([ i €olelar+ |

By a change of variables and homogeneity, we have for each £ # 0,

ai(x>€) = Q; (.T, %) ) L= 172

o0

X<2R(93t, ft)|§t|dt> = X>1(‘5’)X<R’(al+a2)~
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By (3.7.3) and Corollary we then easily verify property (iii) for xs1(|¢|)x<rai. By
the nontrapping assumption, one may verify (iii) for the symbol x=1(|¢|)x<ras as well.

Properties (iv) and (v) for both x=i1(|¢|)x<ra1 and xs1(|&|)x<ras are a straightforward
consequence of Proposition [3.4.7] This completes the proof of Proposition [3.7.2] O

Now, we turn to establishing the main estimate (3.7.2). We begin by defining the symbols

q and |ql:
g 0
q:= ( ) ) |C1| = qlaxo.
0 —q

Define Q := $0p(q) + 50p(q)*. Performing a similar calculation to Lemma [3.6.2, we note
that P is skew-adjoint up to a L2 — L2 bounded error. Therefore, it is a straightforward

algebraic manipulation to verify the inequality
1
Re(QPuv u> > 5 Re([Qv P]u? 11> - CzHUH%%oHéU

where C5 is as in Proposition [3.7.2] We then obtain the basic preliminary energy estimate,
1 oo
3 Re(@uu)(T)+ [ Re((G1Q. P} + QB) Ju.wjas

<5 Re(Qu,u)(0) + ¢ /OT Re([Q, (PY, — P)Ju, w)dt + /OT Re(QR, wydt + Cyllul2 .
(3.7.7)
Now, we estimate each term in (3.7.7)). By Cauchy-Schwarz and Proposition , we have
|Re(Qu, u)(T)| + | Re(Qu, u) (0)] < Cof[ul|7ee 2
Next, by Proposition , the principal symbol ¢(z, ) of [Q, P}, | satisfies,

1
c(2,€) + C(M)rqlaxs = SC(M)(x<arl€ld + X< By, [¢)Taxo.

We can therefore choose C' (M) large enough so that

1
c(r,§) + C(M)rqlaxe — x<2rl§|qlaxe — EC(M)X<R’Q|B20|IQ><2 > 0.

Then, the classical Garding inequality Proposition along with its matrix version (see
Remark [3.2.3]) yields

T
1
| Rel(1Q PR+ QB Ju wyde 2 [canul?, |, ~ Callul
0 L5 H.

Ttz

— C(M)[Op(rg)ullyo|[ul|xo — [Qx=r By, ullyollul|xo,
(3.7.8)
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where we applied Holder’s inequality in T" to control the lower order error term in Re-
mark by the L L2 norm of u and the Y* = X duality to control the remaining first
order terms. To control the first Y error term on the right, we use property (i) from
Proposition [3.7.2] to estimate

CM)|I0p(rg)ullyof[ullxe Sar ellvllx-.

which holds as long as u is localized at high enough frequency (i.e. k; is large enough). To
control the latter Y error term, we first note that by Proposition [3.2.5, the embedding
Li.L2 C Y° and Holder in T, we have

1Qx>r B ullyo < [Ix>rBj, Qullyo + Coflul| e 2.

Then by using Proposition |3.2.13| and arguing as with the analogous terms in the previous

section, we have
X>R' Dy, Yo 3 |IX>R ~<ko y O<ko\Y), zggko(()))nﬂxswl||Q5>k1—4||X0—>X0||u||X0
Ix>rBL,Qullyo < [Ix5r (b<ky (0), bk, (0), V
+ Collu| ooz

Using the fact that the L>° norm of the symbol q depends only on R and M and not on R/,
we can take k; and R’ large enough so that Proposition and (|3.5.4) ensure that

||X>R’(l~7<k:0 (0)7 b<k20(0)a va:gijko(o))nllx“*o*l||QS>k1—4||X0—>X0 <e.

It then follows by Cauchy-Schwarz and (3.7.8) that we have

T
1
Re((5]Q, on] + QB%O)U, u)dt 2 ||X<2R11||2 1= CQHUH%OOLg - 5||U||§(a.
0 2 L2.H? T

Next, we estimate the contribution of the second term in the second line of (3.7.7). The
procedure here is essentially identical to the estimate in (3.6.23|). Using the symbol bounds
for ¢ in Proposition m (specifically, that the derivatives of ¢ up to first order have uniform

in ky bounds), we can estimate by taking kg large enough and 7" small enough as in the proof
of Lemma [3.6.9 to obtain

Q. (P}, — Pu)Jullye < ejv]|x-.

To estimate the third term in the second line of (3.7.7)), we use the Y* = X duality and
Proposition to obtain

T
/ Re(QR, u)dt < Co|[Rllyo[[v] e,
0
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where the constant Cj depends only on M and R if k; is large enough. Taking 7" small
enough in (3.7.1) and using Cauchy-Schwarz, we have

T
| Re(@R,wdt < Coll£15 + 2ol
0
Putting the above estimates together, we obtain

Ix<2rull < Co[[vllegemg + [ fllve) +ellvllxe

1
L2H?

This establishes (3.7.2]), which completes the proof of Proposition 3.7.1}

3.8 Proof of the main linear estimate

In this short section, we complete the proof of Theorem by combining Proposition |3.6.1
and Proposition [3.7.1] First, note that by Lemma |3.5.3] Lemma and Lemma [3.5.7], it
suffices to establish for small enough 7', the bound

[v]lxe < C(M, L)([[vol[ e + 1 flly=), o =0, (3.8.1)

when v is a solution to (3.5.2)) with © supported at frequencies > 2% for some arbitrarily
large (but fixed) parameter k. Let ¢ > 0 be a small positive constant to be chosen. By

Proposition [3.6.1] and Proposition [3.7.1 we have the initial estimate
[0l Lgrg + Nvlle < CM, L)([[voll e + [ fllve) + &llvllxe- (3.8.2)

We would like to strengthen this bound by replacing the left-hand side of (3.8.2)) with ||v|| x-,
which would suffice to complete the proof. For this, we require control of the slightly stronger
(than the L HZ) norm

1
2
[v]lzs == (Z 22”“5]'””%;%3) :

Jj=0
Clearly, (3.8.1)) will follow from (3.8.2)) and the following lemma, for £ small enough (depend-
ing on M and L).

Lemma 3.8.1. Under the above assumptions, v satisfies the following estimate in the space
Z7:
[vllze < C(M, L)(lJvollme + [ fllye + llvlla-) + €llv]lx--
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Proof. We begin by defining vy := Siv for each k£ > 0. We see that v, satisfies the equation

10pvy, + E)jTgij O;vy, + T @-vk + ng @-m = Sif + Ry, (3 3 3)
v (0) = Sy,

where
Ry, i= [Tyis, Si)0;0;Skv + [T, i3, Si)0;Skv + [Ty, Skl0; Sk + [T, Sk)0; kv

and Sy is a fattened version of the dyadic multiplier S;. By dyadic summation and Propo-
sition 3.6.1], the proof of the lemma will be concluded if we can show that

IRillye < C(M)||Skv]l e + €| S|l x- (3.8.4)

for some ¢ > 0 sufficiently small. This is an easy consequence of Proposition [3.2.10| for the
latter three terms as we can estimate these in LL.H? and take T small. To estimate the

remaining term, we first observe that
[T, Sk)0:0;Skv = [Ts_, g5, Sk)0:0;Skv = [S<ig”, Sk)0:0;Skv + [Ts_, 415 — S<rg”, Sk|0;0;Syv.

The latter term above can be estimated easily in LY. H¢ by the right-hand side of by
using paradifferential calculus and then by taking 7" small. For the remaining term, we use
that

[S<kg™, Sk)0:0;S)v = 27 ¥ L(Sx V9", 0;0;Sv),

where L is a translation invariant operator of the form

L(ér, o) () = / bu(a + )oale + 2K (y, dydz, K]l S 1.

See, for instance, [148]. As the spaces I' X*° and X° are translation invariant (in that they
admit translation invariant equivalent norms), it follows from Proposition that we
have

11S<x9”, Sk]0i0;Syvlly= < C(M)]|Syol|xe-

This completes the proof of the lemma. n

3.9 Well-posedness for the nonlinear flow

Now, we proceed with the proof of Theorem [3.1.3] By differentiating (3.1.1]), we obtain an
equation for (u, Vu) of the form (3.1.11]). Therefore, it suffices to prove the second part of
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the theorem for (3.1.11). Given the key estimate and well-posedness in Theorem the
scheme for proving this follows a very similar path to [106, Section 7]. We only outline the
main results and procedure here for the convenience of the reader, and refer to the corre-
sponding parts of [106] where relevant. A fully detailed exposition of a simplified version of

the scheme that we employ below can be found in |71].

The starting point is to rewrite the equation

10w + 0;9" (u,w)Oyu = F(u,u, Vu, V),

(3.9.1)
u(0,x) = ug(x),

in the paradifferential form

10u + ajTgij oyu + Ty, 8ju + Tg)j ajﬂ = G(u, u, Vu, Vﬂ),
u(0,z) = uo(x),

where

b:= —8(VU)F, b= —a(vﬂ)F

and

G(u,u, Vu, V) := (0;Ty:0; — 9;9” 0)u + F(u,w, Vu, V) + Ty 0ju + Ty, ;0.

Existence of /! X* solutions to the nonlinear equation

Our first aim is to establish existence of {'X* solutions to the equation (3.1.11]) for small
time. This is given by the following proposition.

Proposition 3.9.1. Let s > 2+2 and let ug € I H* with |uo|[1zs = M. Suppose that g(uo)
is a nontrapping, non-degenerate metric with parameters Ry and L. Then there is T > 0
depending on M, L(Ry) and Ry such that for every T' < Ty, there exists a solution u € [* X*
to (3.1.11)) such that

(i) (I'X* bound).
[ullnxs < C(M, L)|[uolln =

(ii) (Smallness outside Bg,).

||X>ROU||11XS < 2e.
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(iii) (Comparable nontrapping parameter).

L(u) < 2L(uyp).

As in Section 7 of [106], for each n > 0 we consider the following iteration scheme for the

paradifferential form of the nonlinear equation:

i@tu”“ + &-Tgij(un)(‘)ju"“ + Tbj(un)aju”“ + Tl;j(un)(‘?jﬂ"*l = G(u”),

(3.9.2)
u" 0, z) = ug(x),

with initialization u® = 0. Here, we are suppressing the dependence on derivatives of u” and
its complex conjugate in b, v and G. It is clear that Proposition will follow from our
next proposition, which addresses the convergence and bounds for the iteration scheme.

Proposition 3.9.2. Let s, M, L, Ry, T and ug be as in Proposition |3.9.1. Then there exists
a constant C'(M, L) such that for every n > 0 there exists a solution u" to (3.9.2)) on [0, 7]
such that

(i) (I*X* bound).
||Un||lle S C(M, L)”U()”lle.

(ii) (Smallness outside Bpg,).

x> Rt || xs < 2e.

(iii) (Comparable nontrapping parameter).

L(u™) < 2L(uyp).

Moreover, there is a function v € ['X* satisfying the same bounds as above such that u™

converges strongly to u in (1 X7 for every 0 < o < s.

Remark 3.9.3. For simplicity of presentation, we have omitted the parameter g—|—2 <8< S
used in [106, Section 7] from the statements of the results in this section. This parameter
still needs to be taken into account in the (omitted) proofs to ensure that the bounds for

the low-frequency coefficients g, b, and b stay under control in each iteration.

The proof of the above proposition follows from a virtually identical line of reasoning as
[106, Sections 7.1-7.3]. We simply use Proposition and Theorem in place of the
analogues in their proof. We omit the details.
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Uniqueness and the weak Lipschitz bound

In this subsection, we establish uniqueness of solutions in the class I' X* when s > % +2. In
fact, our uniqueness result follows as a corollary of a weak Lipschitz type bound as noted in

the following proposition.

Proposition 3.9.4. Let s > £42 and let u} € I' H*. Assume that g(u}) is a non-degenerate,
nontrapping metric with parameters M, Ry and L as above. Suppose that u3 € I'H® is
another initial datum satisfying

luglli e S M,

and suppose that uZ is close to u} in the I' L? topology in the sense that

ug — ud||nr: <u e~ C(M)L(Ro)

Then the following statements hold:

(i) g(u?) is nontrapping with comparable parameters to g(u}).

1

(i) The solutions u' and u? generated by u} and u2 exist on a time interval [0, 7] whose

length depends only on the parameters M, Ry and L(Ry).

(iii) For 0 < o < sy — 1, we have the following weak Lipschitz type bound:

Hul — u2\|l1X0 < C(M, L)Hu(l) — unglHU.

Proof. The proof follows an identical line of reasoning as Section 7.4 in [106] except that we
use Proposition in place of Proposition 5.2 in [106] to prove (i). O

Frequency envelope bounds and continuous dependence

In this final subsection, our main objective is to establish continuous dependence for (3.9.1)).
More precisely, for s > %l + 2, we want to show that the data-to-solution map (given non-
trapping data) ug — u is continuous from [* H* to [' X*. As in [106], the main ingredient is

the following frequency envelope bound for the solution u € [* X* in terms of the data.

Proposition 3.9.5. Let u € I' X* be a solution to (3.9.1)) as in Proposition with initial
data uy € I'H®. Let a;, be an admissible frequency envelope for ug in I* H*. Then the solution
u satisfies the bound

| Skullinxs < apC (M, L)||uol| i gs-
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Proof. The proof follows identical reasoning as the proof of Proposition 7.5 in [106]. The only
difference is that we use Corollary in place of the analogous bound in their proof. [

Armed with Proposition the proof of the continuity of the data-to-solution map in

Section 7.6 of [106] now applies verbatim to establish the same property in our setting.
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Chapter 4

Derivative nonlinear Schrodinger

equations

4.1 Introduction

In this final chapter, we consider the generalized derivative nonlinear Schrodinger equation:

i0pu + 02u = i|u|*9,u,

u(0) — (gDNLS)

where v : R X R — C and ¢ > 0. We will be particularly interested in the case ¢ < 1, as
this is where H?® local well-posedness is most difficult. We begin with a brief history of this

family of equations, and some of its closely related analogues.

The (gDNLS) equations originate from the study of the so-called derivative nonlinear

Schrodinger equation:
i0pu + 0%u = i|ul?0,u,
u(0) = wo,

which corresponds to (gDNLS|) with ¢ = 1. Physically, (DNLS|) derives from the one-
dimensional compressible magneto-hydrodynamic equation in the presence of the Hall effect,

(DNLS)

and the propagation of circular polarized nonlinear Alfvén waves in magnetized plasmas
[113]) [118, 125]. It also appears as a model for ultrashort optical pulses [1, |119], as well as
in various other physical scenarios |22} |78, |I135]. Mathematically, also has many
interesting features. For example, like the 1D cubic NLS, it is completely integrable [83].



CHAPTER 4. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 252

However, it scales like the 1D quintic NLS, which makes it L? critical. Moreover, although
at first glance (DNLS|) looks to be semilinear, it is known that uniform continuity of the
solution map fails in H* as long as s < 3 (see |13, 143]). Therefore, this PDE has a clear

quasilinear flavour.

In recent years, the family of equations has seen increasing interest, stemming
from the 2013 article of Liu, Simpson and Sulem [102]. One of the original motivations
of [102] was to shed light on the global well-posedness of in the energy space H',
which was an important open problem. However, in an interesting turn of events, Bahouri
and Perelman [10] managed to prove global well-posedness for the (DNLS|) equation before
the global well-posedness of could be established for any o # 1. In this thesis
we make progress towards resolving one half of the program of Liu, Simpson and Sulem by
proving that is globally well-posed in H! for o € (‘/75, 1). Note that, although
completed shortly after each other, our result for o < 1 and the o = 1 result of [10] are
completely independent, and the methods used differ quite dramatically. Indeed, for o =1,
local well-posedness in H! has been known for a long time [65], and can be established
by employing a suitable gauge transformation, and standard Strichartz estimates. In fact,
the smoothing properties of the equation are suitable to lower the well-posedness threshold
to Hz as in [144]. Global well-posedness, however, is considerably harder, as the problem
is L? critical. For this reason, Bahouri and Perelman (as well as Harrop-Griffiths, Killip,
Ntekoume and Visan [59, [58, [91] in their subsequent work) crucially rely on the complete
integrability of . In the case o < 1, the main difficulties are reversed. Establishing
local well-posedness is difficult because of the lack of decay and roughness of the nonlinear-
ity. On the other hand, one expects to be able to easily propagate any reasonable H' local
well-posedness theory in time to obtain a global result. This is because when ¢ < 1 the
problem becomes L? subcritical, and one expects to be able to use the conserved energy and

mass of the problem to control the H! norm of a solution.

Another motivation for is the rich family of soliton solutions, which is actually
where the majority of [102]’s efforts were focused. Assuming a suitable H' well-posedness
theory, the authors of [102] were able to use the abstract theory of Grillakis, Shatah and
Strauss [49, 50] to investigate the orbital stability of the solitons. However, an H' well-

posedness theory for ¢ < 1 had not been known until now.

When ¢ < 1, one can view (gDNLS)) as a prototypical model for a quasilinear dispersive
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equation with a rough, low power nonlinearity (see [99] for a KdV analogue). Such non-
linearities in the context of semilinear NLS type equations are becoming increasingly well-
understood [21}, 154], and at modest regularity local well-posedness can usually be proven by
a combination of regularization and perturbative arguments. However, the combination of
derivative and low power coefficient in the nonlinearity of causes many interesting
technical issues, several of which are yet to be fully understood. One issue for low regularity
well-posedness is that the coefficient |u|** in the nonlinearity is less than quadratic in order.
Because of this, the smoothing properties of the linear part of the Schrodinger equation are
seemingly not strong enough to directly compensate for the apparent derivative loss which
occurs because of the wu, term in the nonlinearity. Another tool to avoid derivative loss -
which has been successfully employed in the case o > 1 in [57, [64] - is a gauge transforma-
tion. This technique allows one to re-normalize the equation to effectively remove the worst
interactions in the derivative nonlinearity. However, again, it seems one can only directly
apply this method when o > 1 (i.e. |u|?’ is of quadratic order or higher), as in the case o < 1
negative powers of |u| eventually appear in the analysis. This is related to the roughness

of the nonlinearity, and will be elaborated on further when we outline the proof of our results.

To contrast, the Benjamin-Ono equation,

Uy + Hugy = uty,

(4.1.1)
U(O) = U,

has a similar low power derivative nonlinearity uu,, and as with , the linear part
of the equation does not have strong enough smoothing properties to directly compensate
for the derivative loss in the nonlinearity. Nevertheless, H' well-posedness for this equation
was established several years ago in [149]. One should note, however, that the Benjamin-
Ono nonlinearity has a much nicer algebraic structure than that of (it is smooth
and multilinear), which makes the equation more amenable to normal form type techniques
(such as cubic corrections or a gauge transformation). Moreover, Christ [26] showed that
Schrodinger’s equation with Benjamin-Ono’s nonlinearity is ill-posed in any reasonable sense,
so the analogies between these equations are at best heuristic. For (gDNLS)), our solution to
the above difficulties will be to introduce a family of partial gauge transformation adapted
to each dyadic frequency scale and the corresponding paradifferential flow - which removes
the portion of the nonlinearity which is large in a pointwise sense, on a scale which is bal-
anced against the corresponding frequency localization scale of the nonlinearity. This will

then be combined with smoothing and maximal function type arguments to attain the H}
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well-posedness threshold.

Another novel issue in the study of is that the nonlinearity has only a finite
degree of Holder regularity, and so one does not expect to be able to construct smooth solu-
tions from regular data. In our case, the nonlinearity is only C?°~1 Holder continuous. We
expect therefore to only be able to differentiate the equation with respect to some parameter
“20 times” to obtain estimates. To maximize the potential regularity of solutions, we note
that the scaling of the Schrodinger equation suggests that we can convert L2 based estimates
for one time derivative of a solution to estimates for two spatial derivatives. Therefore, it is
advantageous to differentiate (gDNLS)) in time rather than in space, and then convert time
derivative estimates into estimates for spatial derivatives of a solution. After a single time
differentiation, we are left with 20 — 1 degrees of regularity on the nonlinearity. By working
with fractional space derivatives, one expects to be able to prove an energy estimate for the
H!™7 norm of a solution. However, working with fractional time derivatives (after suitably
localizing in time), one expects to improve this further, and prove well-posedness in H? up
tos=2-14+2-(20 —1) =40. A similar heuristic argument applies to any dispersion gen-
eralized equation with rough nonlinearity, where one can convert time derivative estimates
into estimates on a certain number of spatial derivatives, perhaps modulo some perturbative
terms coming from the nonlinearity. In general, we expect this heuristic to give rather sharp
results, but this is not even known for semilinear NLS equations with rough nonlinearities

[21}, [154], and is essentially unexplored in the quasilinear setting.

Finally, let u recall some basic symmetry properties of (gDNLS|) as well as some conser-
vation laws, which we will use to propagate our local well-posedness result to a global one.
First, we have the scaling transformation

1

u(t, ) — ur(t,z) == A u(\*, \z), A >0,

which makes the critical Sobolev index s. = % — % In particular, the problem is L2

subcritical when o < 1. Moreover, (gDNLS|) admits the following conserved quantities:
1 2
M(u) == [ |u|dz, (4.1.2)
2 Jr
1 -
P(u) = —Re/zuuxda:, (4.1.3)
2 R

1 1
E(u) = §/R|um|2dx+ mRe/RﬂuF"ﬂuxdw, (4.1.4)
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which are the mass, momentum and energy, respectively. Unlike the standard NLS,
doesn’t enjoy the Galilean invariance nor the pseudo-conformal invariance symmetries, the
latter being relevant for avoiding blowup. We also note that a simple change of variables
allows us to change the sign of the nonlinearity in and arrive at

i0pu + 02u + ilu|* Opu = 0. (4.1.5)

This latter equation is more common in the study of the solitary waves of (gDNLSJ).

Results

The main result of this chapter is global well-posedness of (gDNLS)) in H*(R) when \/75 <
o < 1and s € [1,40). However, we divide this theorem into a “low-regularity” part and a

“high-regularity” part, to maximize the range of o. The high-regularity result is as follows:

Theorem 4.1.1. (High-Regularity) Let 3 < o <1 and let 2— 0 < s < 40. Then (gDNLS)
is locally well-posed in H*(R).

As mentioned, for a restricted range of o, we can lower the well-posedness threshold down

to H', where the conserved energy also gives global well-posedness:

Theorem 4.1.2. Let \/Tg <o <landlet1l<s<40. Then (gDNLS)| is globally well-posed
in H*(R).

Remark 4.1.3. As a special case, Theorem shows in particular that we have local
well-posedness in H® for % < s < 2. Therefore, we recover the only previously known local
well-posedness results for when o < 1; namely, we recover the H? result of [64] and
improve the result of [136], which used weighted Sobolev spaces.

Remark 4.1.4. In both Theorem and Theorem [4.1.2] well-posedness is to be in-
terpreted in the usual quasilinear fashion, including existence, uniqueness and continuous
dependence on the data. More specifically, given an appropriate Sobolev index s and time
T > 0, we first build a function space X3 that continuously embeds into C'([-T,T]; H?). We
then show that for each uy € H} there exists a unique solution u to that lies in X7,
and satisfies u(t = 0) = uy. Finally, we show that the data to solution map is continuous,
even as a map from H to the stronger topology X7.

Remark 4.1.5. Since (DNLS)) is known to be globally well-posed in H %, one may wonder
why we only consider H® well-posedness when s > 1. This is, in fact, not necessary. For
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each o € (%g, 1), we expect that technical modifications of our proof should establish H*

well-posedness of (gDNLS) in a range s € [I(0),40) with I(0) < 1 and I(0) — 5 as 0 — 1.
We avoid doing this for the sake of simplicity. It remains an open problem to prove well/ill-
posedness in H: for any % < 0 < 1, and to find the smallest o € (0,1) such that (gDNLS)

is well-posed in H!.

History on well-posedness and solitons

There is a vast literature devoted to the well-posedness of , as it took several decades
for the regularity to approach current thresholds, and for global results to emerge. We
begin our review with the work of Tsutsumi and Fukuda [152, [153] who studied the well-
posedness in H*(R) for s > % by classical energy methods and parabolic regularization. The
well-posedness in H'(R) was reached by Hayashi [65] by applying a gauge transformation
to overcome the derivative loss, and Strichartz estimates to close a-priori estimates. The
H'(R)-solution was shown to be global by Hayashi and Ozawa [66], as long as the initial
data satisfies ||ug||3, < 2. Later, Wu [162] improved this global result by relaxing the small-

ness condition to ||ug||3, < 4, which is natural in view of the soliton structure.

Below the energy space, there are also many results for (DNLS)). Takaoka [144] proved
local well-posedness in H*(R) when s > 5 by the Fourier restriction method. This was com-
plemented by a result of Biagioni and Linares |13] which notes that the solution map from
H*(R) to C([-T,T]; H*(R)) cannot be locally uniformly continuous when s < 1. By using
the I-method, Colliander, Keel, Staffilani, Takaoka and Tao [31, 30] proved that the H*(R)-
solution is global if s > £ and ||ug||3. < 27. Guo and Wu [54] were later able to strengthen
this result by proving that Hz (R)-solutions are global if luol|3. < 4. For an incomplete list
of well-posedness results for on the torus, see [63, |121] and references therein.

There are also many works that use the complete integrability of the equation.
The breakthrough result is [10], which establishes global well-posedness in Hz(R). However,
[10] was preceded by many results - see, e.g., [77, 126, 127 - highlights of which include a
global well-posedness result in the weighted Sobolev space H??(R), and progress towards the
soliton resolution conjecture. Moreover, although H 2 regularity is necessary for uniform con-
tinuity of the solution map, |59, [58} [91] are able to lower the global well-posedness threshold

all the way to the critical Sobolev space L?, definitively resolving the well-posedness theory
for (DNLS)) on the line. On the other hand, blowup for (DNLS) on non-standard domains
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(for example, the half-line with the Dirichlet boundary condition) is known to be possible
[146, [161].

For , the literature on well-posedness is also quite large, though the results are
far less definitive. As mentioned, was popularized by [102], though well-posedness
was not considered in that article. Possibly the first well-posedness result was by Hao, who
in [57] was able to prove local well-posedness in H %(R) intersected with an appropriate
Strichartz space for o > g Ambrose and Simpson [8] proved the existence and uniqueness
of solutions u € C([0,T); H*(T)) and the existence of solutions u € L>([0,T), H*(T)) for
o > 1. The uniqueness of H!(T)-solutions was left unresolved, as the proof uses a com-
pactness argument. Existence and uniqueness in H %(R) was proved by Santos in |136] for
o > 1, by utilizing global smoothing and maximal function estimates. A result in weighted
Sobolev spaces was also proved in [136] for the case % < 0 < 1, as adding weights helps
compensate for the low power in the nonlinearity. In terms of H*(R) spaces, [64] proves
local well-posedness in H? when o > %, local well-posedness in H* when o > 1, existence
of weak solutions when ¢ < 1, and certain unconditional uniqueness results at high regular-
ity. See [120] for more on unconditional uniqueness. The equation with extremely

rough nonlinearities 0 < o < % is studied in [98, 100], but not in standard Sobolev spaces H*.

We now turn to the history on stability of solitons. This is also a vast subject, and

(gDNLSY]) is not the only generalization of (DNLS|) whose solitons have been considered. For
the sake of unification, therefore, let us consider the equation

10 + 02u + ilu* Opu + blu|*u =0, z € R, (4.1.6)

which is just a Schrodinger equation with a scale-invariant combination of derivative and
power nonlinearities. Direct calculation verifies that the soliton solutions of (4.1.6]) are given
by

Uy o(t, T) = ei“’%w,c(x — ct)

where

gbw,C(x) = (I)w70(x)eww’c(x)a wac(x) - gm 9% + 2 /oo CI)w’C(y)Qady’

(2042)2
20+1

and, using the notation vy =1+ b, the real-valued function ®, . is given by
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( (0 +1)(4w — ?)
>0, —2Vw <c<2Vw,
V2 +v(4w — ) cosh (04w — 2x) — ¢ ! v v
2(c + 1)c

D, ()% = { (ocx)* +v
(0 +1)(4w — c?)

Ve + (4w — ¢2) cosh (V4w — 2x) — ¢ B
\ — 2w < c < =2¢/ /(1 = y)Vw.

These solitons are, of course, related to the Hamiltonian structure of (4.1.6)), as well as to

the conservation of mass, energy and momentum, which we leave to the reader to compute.

As expected, the story on soliton stability for (4.1.6)) begins with the (DNLS) equation.
Indeed, in [51], Guo and Wu proved that the soliton solutions of (DNLS)) are orbitally stable

when w > % and ¢ < 0 by applying the abstract theory of Grillakis, Shatah, and Strauss [49,
50]. Colin and Ohta [29] removed the condition ¢ < 0 and proved that u,, . is orbitally stable
when w > % by applying the variational characterization of solitons as in Shatah [138]. The
endpoint case ¢ = 2y/w is only partially resolved; progress was made by Kwon and Wu in
[94], but with certain caveats, such as a non-standard definition of orbital stability. For the

study of periodic travelling waves, we refer to |23, |56} 60, 63| and references therein.

For (gDNLS]|), the story on soliton stability is much richer. In [102] it was shown that
the solitary waves u, . are orbitally stable if —2\/w < ¢ < 2z9y/w, and orbitally unstable if
2204/w < ¢ < 2y/w when 1 < 0 < 2. Here the constant zy = 29(0) € (—1,1) is the solution
to

2

Fo(2) = (0 —1)? (/Ooo(coshy - z)—édy)2 - </Ooo(coshy )+ (2 coshy — 1)@) ~0.

Moreover, [102] proves that all solitary waves with w > % are orbitally unstable when o > 2
and orbitally stable when 0 < ¢ < 1. As mentioned previously, these results are conditional
on an appropriate well-posedness theory; there is also a minor numerical portion to the proof.
In the borderline case when ¢ = 22py/w and 1 < o < 2, Fukaya ([44], see also [53]) proved or-
bital instability of the solitons. This completes the study of orbital stability of the solitons of
(gDNLS]), except in the case of the algebraic soliton, which requires special attention [52,|97].
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In the case ¢ = 1, b # 0, there are also many works on soliton stability for (4.1.6)),
e.g. |29, 45, 63, 62, 61, 122, 123, |124]. On the other hand, there are no results in the
case 0 # 1, b # 0, as it seems the explicit formulas for the solitons were not previously
known. We also mention that from the point of view of low regularity well-posedness, the
additional term blu|* u in is both perturbative and maintains scaling, so in our usual
range \/Tg < o < 1 our proof can easily be modified to establish global well-posedness in
H*', regardless of the size or sign of b. To contrast, recall that the known proof of global
well-posedness in the case ¢ = 1, b = 0 is rather delicate; global well-posedness could, in
principle, fail to persist once the effect of the focusing NLS is added. For state of the art
global results when o = 1, b # 0 we mention [63], which establishes global well-posedness
below the soliton thresholds. In particular, in the case 0 = 1, b < —1% has been
known to be globally well-posed for some time now, as at this point the energy becomes

coercive, after a suitable gauge transformation.

Outline of the proofs

Here, we outline the key ideas in the proof of Theorem and Theorem [4.1.2] We begin
with a discussion of the low-regularity argument. Before describing the proof, however, it
is instructive to discuss why the gauge transformation used in [64] combined with standard
Strichartz estimates will not work. The following discussion is mostly heuristic and for the

purpose of motivation only.

Firstly, by a standard energy estimate, one obtains for (regular enough) solutions to (gDNLS)),

T
il S ol o ([ 1l oo ) (4.7
0

Therefore, one expects to be able to prove suitable H! bounds for solutions to (gDNLS]
as long as one can estimate the Strichartz norm, ||u,|| ire- However, applying Strichartz
estimates directly to (gDNLS|) leads to a loss of a derivative. Therefore, one might naively

|2J

try to do some sort of gauge transformation to remove the |u|*”u, term in the equation,

which is responsible for this loss. Indeed, if one (formally) defines

O(t,x) = —= /m [u|? dy (4.1.8)

and then
w = e®u, (4.1.9)
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this leads to an equation for w of the form
iw; + 02w = (=0, ® + 102 — (0,P)*)w. (4.1.10)

At first glance, it looks like one can prove Strichartz estimates for w, without losing deriva-
tives, to obtain the corresponding bound for ||u,|| rire- Unfortunately, if we expand 9,®, we
get

0 = —J/ Re(|ul*”*uu,)dy
—o0 . (4.1.11)
= —J/ Re(|u|* " *uidu)dy — a/ Re(|u|* ~*1u, )dy.

—0o0 —00

The first term above is problematic. To avoid losing derivatives, we are forced to integrate

‘20—2

by parts off one derivative. However, since |u % is not C! when o < 1, this will inevitably

introduce negative powers of u, so this approach will not work.

While the above calculations are not particularly useful for closing low-regularity estimates,
they do clearly identify the main enemies in trying to close Strichartz estimates for the gauge
transformed equation. That is, the portion of v which is small or vanishes will prevent us
from closing Strichartz estimates for w. Therefore, it is natural to try to somehow perform a
gauge transformation which only removes some portion of the derivative nonlinearity |u|*u,,
which corresponds to a part of u for which u is bounded away from zero. Doing this is some-
what subtle. We can’t simply fix a universal constant € > 0, and remove the portion of the
nonlinearity for which |u| > e. This is because when the u, factor in |u|**u, is at very high
frequency (compared to €), we will still lose derivatives in the Strichartz estimate. To work
around this issue, we perform a paradifferential expansion of the equation. That is, for each

j > 0, we project onto frequencies of size ~ 27 and obtain
(i0; + 02) Pju = i Pj_4|u|* Pju, + g; (4.1.12)

where g; is a perturbative term. The idea now is to split the coefficient P_;_4lul** =
P 4lus|®*® + P-j_4|w]®, where u; corresponds to the portion of v which is bounded away
from zero (where the lower bound depends on the frequency parameter j), and u, is the
remaining portion of v which is bounded above by some small j dependent parameter. We

then try to do a gauge transformation by defining

o, = __/ P4l dy (4.1.13)
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and
w; = ' Pju. (4.1.14)

This leads to an equation for w; of the form,
(zﬁt + 8%)111] = (—8t<bj + Zagq)] — (8xq>j)2)wj + €iq>jgj + ieiq)jP<j,4|us|2"Pjux. (4115)

The point now is that the negative powers of u that arise in the 9;®; term are bounded
above by some parameter depending on the frequency scale 2. To avoid derivative loss, we
would like this parameter to be as small as possible (i.e. u; should be bounded below by a (j
dependent) constant which is as large as possible). However, we still have to contend with
the remainder of the original derivative nonlinearity, ie’®s P_;_4|u,|?’ Pju,, which is expected
to cause derivative loss unless uy is sufficiently small (depending on j). Therefore, we have to
compromise between potential losses incurred by the 9,®; term, and the remaining derivative
nonlinearity. Unfortunately, by optimizing the appropriate splitting of u, it turns out that
we will still lose 1 — o derivatives in estimating the Strichartz norm [lu,|| 11 7o, and therefore,
one only expects to be able to control [ug|p1 zee by |lull Leer2-o- As mentioned, while this
is certainly an improvement over previous results [64, [136], this method is not quite robust

enough to get well-posedness down to the energy space.

To get H! well-posedness, we combine this modified gauge transformation (and Strichartz
estimates) with smoothing and maximal function type estimates, as in Propositions
and [4.2.4] However, we modify these Strichartz and maximal function norms (see the defi-
nition of Y;# below) to reflect the loss of 1 — o derivatives compared to the L H! norm, as
mentioned above. That is, we build this deficiency into the function spaces where we con-
struct solutions. In particular, the Strichartz (LLLS°) component of the norm involves no
more than o derivatives. Therefore, the energy estimate described above is no longer
appropriate to close a priori estimates in H'. Hence, the energy estimate has to be modified
accordingly so that the control parameter (i.e. the Strichartz component) does not lead to a
loss of derivatives (in excess of the H! norm) in the Strichartz/maximal function component
of the estimate. It is actually this part of the argument that leads to the restriction on o,

which we will elaborate on later.

Next, we outline the proof of the high regularity well-posedness. As mentioned previously,
the C120~1 Holder regularity of the function z — |2|? effectively limits the number of times

one can differentiate the equation to obtain H® estimates. A direct energy estimate, which
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involves differentiating the equation s times in the spatial variable (i.e. applying D$ to the
equation) limits the range for which one can obtain estimates to s < 20. In [64], the authors
managed to bypass this issue in the case s = 2 by instead obtaining an L? energy estimate
for the time derivative d;u. The point is that doing this only requires one to differentiate the

nonlinearity a single time. Once an appropriate L2 estimate is obtained, H? energy estimates

for the solution can then be obtained by observing that up to an error of size O(||u||i‘§él),
T T
the equation gives,
1(0Zu) ()]l 2z ~ [[(De) (8) |2 (4.1.16)

In this thesis, we generalize this approach to derivatives of fractional order. It turns out that
(after suitably localizing a solution in time), one can morally obtain an estimate (up to a

suitable error term) essentially of the form
”DEU“L%OLg ~ ||D;U||L39Lg (4.1.17)

where 1 < s < 40. The main idea for proving this estimate is a modulation type analysis.
Namely, when the space-time Fourier transform of a solution w (after suitably localizing in
time) is supported close to the characteristic hypersurface (or in the low modulation region),
T = —£2, one expects to be able to directly compare Dt%u and D3u. On the other hand,
when the space-time Fourier transform is supported far away from the hypersurface (or in
the high modulation region), one expects to be able to control Dt% w and Diu in L2 by a
lower order error term stemming from the nonlinearity of the equation. This latter high

modulation control can be loosely thought of as a space-time elliptic estimate.

With a method for suitably comparing space and time derivatives of a solution in hand,
it then essentially suffices to obtain an energy estimate for D?u when u is localized near
the characteristic hypersurface (which is precisely where one expects to be able to compare

Dt% u to Diu). Therefore, in light of the C'?7~! regularity of the nonlinearity, we should

s

2
threshold of 40 for our result. As hinted at earlier, the lower threshold of 2 — ¢ is explained

be able to obtain H; estimates for a solution as long as 5§ < 2¢. This explains the upper
by the fact that such an energy estimate closes as long as one can control [[uy|f1 . Our
low regularity estimates allow us to control this term by the L H; norm of u, as long as
s > 2 — o, where o lies in the full range (3,1). This should be contrasted with the H*
case where we employ a more complicated functional setting and only deal with a restricted
range of . For clarity, we have chosen to present our high regularity results in the simplest

possible functional setting, which is why the lower bound of 2 — ¢ appears in Theorem [£.1.1]
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as it comes naturally from our previous estimates. Since 2 — o < % when o > %, this is

a reasonable lower threshold for the high regularity result (as it encompasses the range for
which [Jug |1 o can be controlled by Sobolev embedding). Nonetheless, we emphasize that
the main novelty in Theorem is the upper threshold s < 4o.

4.2 Preliminaries

In this section we settle notation and recall some standard tools.

Littlewood-Paley decomposition

First, we recall the standard Littlewood-Paley decomposition. For this, let ¢y be a radial
function in C§°(R) that satisfies

0< b0 <1, Gof€) = Lfor 6] <1, dole) = 0 for [¢[ > T
Let ¢(&) := ¢po(&) — po(2€). For j € Z, define
P F(€) = 002796 F(©),

Pif(€) = 62778 f(€).
We will denote P ; = I — P<;, where [ is the identity. Similarly, we define P, = >, <j<b -
We will also use the notation ﬁ’j, P_ s lf’>j to denote a slightly enlarged or shrunken frequency

localization. For example, we may denote Pj;_3 ji3 by }5]

Next, we recall a useful bookkeeping device. Following |73, 147], we denote by L(¢1, ..., ¢n)

a translation invariant expression of the form

L, (@) = / K(5)é1(x+ 1) dul + ya)dy,

where K € L. Of interest is the following Leibniz type rule from |73, 147] which will make

certain commutator expressions simpler to estimate:

Lemma 4.2.1. (Leibniz rule for P;). We have the commutator identity

[Pj, flg = L(0..f, 277 g). (4.2.1)
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Frequency envelopes

One way we will employ the Littlewood-Paley projections is to define frequency envelopes,
which are another nice bookkeeping device introduced by Tao [147]. To define these, suppose

we are given a Sobolev type space X such that
Pl + 3 1Pl ~ (422
j=1
A frequency envelope for u in X is a positive sequence (a;);en, such that
[1P<oullx S aollullx, [Pullx < ajflullx, iﬁ S (4.2.3)
=0

We say that a frequency envelope is admissible if ag ~ 1 and it is slowly varying, meaning
that
a; <207 Fgq j k>0, 0<d< 1,

An admissible frequency envelope always exists, say by
ay = 27 4 [lullg* max 2?54 P . (4.2.4)

In (4.2.4)) - and in the definitions of the X7 and H} frequency envelope formulas defined

later - there is a slight notational conflict, and Fyu should really be interpreted as P<yu.

Remark 4.2.2. Frequency envelopes will be particularly convenient for expediting the proof

of continuous dependence later on.

Strichartz and maximal function estimates

Next we recall some standard linear estimates for the Schrodinger equation on the line,
which will play a key role in our analysis. We begin with the relevant maximal function and

Strichartz estimates for the linear Schrodinger flow:

Proposition 4.2.3. (Homogeneous Strichartz and maximal function estimates) For v €
S(R), 0 €10,1] and T" € (0, 1), we have for j > 0

152
Heztasz %L% S HUHL2,
o . (4.2.5)
[Pl 2, 5 S 250 Jol|ze.
z T
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Proof. See [89, Lemma 3.1]. O

We will also need the inhomogeneous versions of these estimates. Here D2 := |0,%,
(D,)* := (1 +0,]*)2, and |0,| := HO, where H is the Hilbert transform, Hu = —isgn(&)u.
We further note that both Propositions4.2.3|and 4.2.4/ hold for j = 0, with the interpretation
po — Pgo.

Proposition 4.2.4. (Inhomogeneous Strichartz and maximal function estimates) For f €
S(R?), 0 € [0,1) and T € (0, 1), we have for j > 0
4 7N||f|| ( )/ —/

¢
/ =% £(s)ds
L L-°

/ P i(t— 382 ds

0
¢ 2

/ IR f(s)ds| S ey, (4.2.6)
0 LI, ot

g/ i(t— 582 )dS
0

/0 =99 P, f(5)ds

I\D\Qﬁ

S; HfHL’;(G)L%(g)’
L L2

S 28|11l o o1,
L2L cr

o SPEf s,

2 2
Ly L8
where
1 340 1 3—10
_5t0 _2Y 127
O RO R 20
Proof. See [89, Lemma 3.4 and Remark 3.7]. O

The following fractional Leibniz rules will also be useful for some of the following esti-

martes:

Proposition 4.2.5. Let o € (O 1), ay,as € [0,a], p,p1,P2, 4, q1, @2 € (1, 00) satisfy a;+ay =

1_ 1,1 1 1
aand;-pl—i—m,q_ —|— . Then
||Dg(fg) Difg— fDg 9||L1’L ||Dglf||L£1LqT1||Dg29||L£2LqT2- (4-2-8)

The endpoint cases ¢ = 00, a1 = 0 as well as (p,q) = (1,2) are also allowed.
Proof. See [85, Lemma 2.6] or [89, Lemma 3.8]. O

Another variant of the fractional Leibniz rule for L? spaces is as follows:
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Proposition 4.2.6. Let a € (0,1), ag,a2 € (0,a) and p € [1,00), 1 < p1,ps < 00 satisfy

1 1 1
«Q a9 =« and = = — + =. Then
1+ 2 p p1+P2

1Dz (f9) — D3 fg — fDZglle S 1DZ fllen D229l o= (4.2.9)
The endpoint case ay =0, 1 < ps < 00 is also allowed if p > 1.
Proof. See [85, Lemma 2.6]. O

Next, we need a vector-valued Moser type estimate which will be convenient when deriva-

tives fall on |u|?.

Proposition 4.2.7. Let F € C'(C). Let a € (0,1), p,q,p1,p2,¢2 € (1,00) and ¢, € (1, 00]

with 1 1 1 1 1 1
S, o= (4.2.10)
p Pt P2 9 @ 92
Then
1D F ()l gy, S IE ()l s o [| DG ull 22 o2 (4.2.11)
Proof. See Theorem A.6 of [8§]. O

We also recall the scalar version of the above estimate,

Proposition 4.2.8. Let F € C'(C), u € L*(R), a € (0,1), 1 <p,q,r < 00, and + = i+ é,
Then

1D F(u)l[r S IE ()]l Lo | DFwll Lo (4.2.12)
Proof. See [25], Proposition 3.1. O

We will also make use of not only the standard Bernstein estimates (see, for example,
(150}, (A.2)-(A.6), page 333]) but the following vector-valued version:

Proposition 4.2.9. Let 1 < p,qg < o0, j >0 and s € R. Then we have
D5 Pyul| pp g, ~ 27°|| Pyul| g pa.. (4.2.13)

Proof. Let ]5j have corresponding multiplier gzgj, where, as in the preliminaries on Littlewood-
Paley theory, we have ¢;(£) = ¢(277¢). Notice that

D;(PjPyu) = (D3F ;) * Pyu.
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For each z, we have the inequality
1D3 Pyull g, < [D3F 650 # || Pyull s -
Hence, applying L? and Young’s inequality, we have
1D; Pyullrzg. < IDF 651l eyl Pyull ore S 27| Pyl rz s
On the other hand,

27| Pyullpprg, = 27° |1 D3 Dy Pyull zpg. S 1Dz Pl ey,

A useful lemma

Finally, we need a Holder estimate, which we will use to extract all of the C12°~1-regularity

that our nonlinearity offers. We will use this lemma, e.g., when derivatives fall on |u|?*~?a,
or more generally on terms with regularity C%® for 0 < o < 1.
To set notation, for v € (0,1] and 1 < p < oo define the Holder space AZ(R) by
u(- + h) — u(- P
lull iz, = sup lul+ R) = ul)llze. (4.2.14)

IB|>0 Al
This is just the usual homogeneous Holder space C%* when p = oc.

Lemma 4.2.10. Suppose that F' € C%*(C). Then for every 0 < 8 < a < 1, p € [1, 00] with

ap > 1, we have
1F )l S I Flgollul® s .. (4.2.15)

Proof. We have

|F(u(z + 1)) = F(u(@))] _ [F(u(z + h)) = Fu(z))] (IU(w+h) —u(x)|>a

- B

|}? u(z + h) —u(z)]* ||

< 1Pl <|u(x +|Z)|§_ u(x)|)

(4.2.16)




CHAPTER 4. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 268

Hence,
jula+h) ()| \"
1), < [[EFll¢o.a sup | 7 [z
p |h|>0 e
<P leo el t2.17)
<P lenellul? s,
where the last line follows from a standard embedding (c.f. [150, Exercise A.21]). O

We also have the following very useful corollary of the above lemma which we will use

extensively.

Corollary 4.2.11. Suppose that F' € C%*(C) with F(0) = 0. Then for every 0 < § < a < 1,
p € [1,00] with ap > 1 and ¢ € (0, — ), we have

1E ) lwer Se [1Fleoallull? .. .- (4.2.18)
Proof. This follows from the embedding (c.f. [150, Exercise A.21]),
IE@llwsr Se [[F@)llze + 1 E(u)lliz, (4.2.19)
and Lemma [£.2.10 as well as the fact that
IE @)l S 1 F [l o llwlzra- (4.2.20)
[

Remark 4.2.12. Tt is easy to see that F(z) = Z|z|?? 2 meets the hypothesis of the above
corollary (c.f. [47, Lemma 2.4]). The price to pay when using Corollary is that there
is a sort of “loss of regularity” when derivatives fall on F'(u) in the sense that a derivative
of order 0 < s < 20 — 1 will be amplified by a factor of ﬁ

4.3 Low regularity estimates

Now, we proceed with the proof of Theorem [£.1.2] By the scaling symmetry u,(t,z) :=
/\iu()\Qt, Ax), we see that the L2 norm is subcritical with respect to scaling. Hence, we will
assume without loss of generality throughout that for some small 0 < ¢ < 1 the initial data
satisfies ||ug||ms < e. We then will obtain local well-posedness on the time interval [T, 7]
where T < 1 is fixed.
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Function spaces

We now define the spaces where we seek solutions. To begin, we define our baseline Strichartz

type space Y} via

1 1
2 o1 2 o3
[ullyg = (Z HPJ‘D§1UH%4TL;O> + (Z 1P} Ds QUHi;«»L%) + (ZHPJ'DJ: 2“”%%;0)

7>0 7>0 7>0

N[

+ | P<oul| 2 Lse -

(4.3.1)
Then we define the space X2 by:
3
[ullxg := (ZIIEUII%%) + [|P<oullpgerz + [lullyp- (4.3.2)
7>0
For higher Sobolev indices, s > 0, we define the spaces X7 and Y} by
ullyz = [{Dz)*ullye,  lullxz = [[{De) ull xo- (4.3.3)

One should observe that we trivially have |Jullcq—rm;ms) < [|ullxs.-

Remark 4.3.1. One might wonder why the above Y, space is not defined in a more standard
way, where one replaces ¢ with 1. Indeed, one can see from the proof of the following
estimates that by using this stronger norm, one will incur a loss of 1 — ¢ derivatives in excess

of the L3 H; norm. The function spaces defined above account for this loss.

Finally, it will be convenient to define the weaker norm S4 which just involves the purely

Strichartz components of the X7 norm. Namely,

D=

3
[ulls;. = [[P<oullrrz + <Z ||Pj<Dm>sU||2L%OLg> + (Z HPj<Dw>S_1+guHi‘%Lg°> - (4.3.4)

7>0 7>0

The behavior of the S} norm will be relevant for continuing a local solution to a global one

V3

when o € (%5°,1) in both the low and high regularity regimes.

Xi frequency envelopes

It is easy to see that for s > 0, we have

s T 1Pl

j=1

| P<ou]

X~ llullks - (4.3.5)
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Hence, for u € X7, we use b; to denote the X7 frequency envelope for u defined by

b]' = 2_5j + HUH}; Iilzag( 2_6|j_kIHPkU| Xz, (436)

where § is some small, but fixed, positive parameter. Similarly, for v € H;, we use a; to

denote the H} frequency envelope for v defined by

a; =2"% 4 HUH;I% max 270 || Pov|| s (4.3.7)

Unless otherwise stated, X7 and H} frequency envelopes will always be defined by the above

formulae.
Remark 4.3.2. In an identical fashion, one can also define S7. frequency envelopes.

Next, we state a technical lemma which will be useful for tracking the contributions of
the rough part of the nonlinearity in (gDNLS|) when derivatives fall on it.

Lemma 4.3.3. (Moser type estimate) Let s € [1,3], 0 € (3,1), 0 <7 < 1 and let b; be a
X7 frequency envelope for u. Write « = s — 14 0 < 20. For j > 0, we have the following

Moser type estimate,

102 Pyl | 3 1 S Byllull2 [l . (43.8)

St
Proof. There are two cases to consider. First assume o > 1. We have
102 Py ([ul M rg.ree S 12D (Jul* 2z ) [ 3.2
< B0 Py, (43.9)
+ 1P D5 (Pojma([ul* W) s )| 2,20
For the first term, we have by Bernstein,
1P D~ (Pejma(lul @) o) || 2 130 = 1By D5~ (Pejma(ul™~*0) Pyuy) | 2.0
< POl | Byl 1
< Ml 108 Pyull s ree

< billullg " [lul

(4.3.10)

X3
For the second term, we have for § > 0 small (under the additional assumption that
277 S by)

1P D2 (Poja(ul* W) us) | 2 e

~Y

< 2OV Pojoa(Jul W) a1 150
S PN Py (D) g n a1
S DY (P2 ) | g e el e

S il DY (%) | g el

(4.3.11)

X3.-
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It now suffices to show that
1D~ ([ul? W) | 1 100 S IIUIIQU g
For this we fix € > 0 small and invoke Corollary and the fact that 20 — 1 < 1
a— o— a—ltote o—
1D (Jul*?0) 1 10 S [{D2) 271 Ta1g
. § (4.3.12)
S llullsr
[1 5] and
o€ (3,1).
This handles the case a@ > 1. Next, we assume 0 < a < 1. For this, we write
Pjlul*” = Py P<jul® + Pj(|u** — |P<jul*). (4.3.13)
We have for the first term,
DeP:P. . 20 <2j(a71) PP 2072P WP .
|1 D3 Py Pejul™ || S 1P (| Pejul <juPejuz)] Lee
S YO Py(Pej_a(|Pejul*Pju) Pjug ) | e
+ 27| Py(Psj_a(| P<jul™* Peju) Pojuiy )| Loe
S ull 3% P Dy ul e + 27 D2 (| Pejul > Peju) | e | Dy ™ Pt | e
(4.3.14)

Hence, by taking ¢ small enough, using Corollary [4.2.11, and the fact that 2779 < b., we
obtain

1D Pyl Pejul* iz poe S byllullsy llullxs-

(4.3.15)
Next, we estimate
1P D ([ul*” = [Pejul*) Iz ree S 2 Nulli%te Y 1 Peullrz e
k>j
xo y 27y, (4.3.16)
k>j
< billullg " llullx;

where in the last line, we used the slowly varying property of b;. This completes the proof. [
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Remark 4.3.4. By repeating the proof almost verbatim, and taking b; instead to be a S%

frequency envelope for u, we can modify the conclusion of the lemma to

||D§Pj|u|20||L§FLgo S bJHUHZ(;_lHU

5 (4.3.17)

Remark 4.3.5. The |Ju| Z‘{_l coefficient in the estimate (4.3.8) could be optimized in terms
T

of the parameters s and . We do not pursue this, for the sake of simplicity and also because

it does not improve any of the later estimates in an important way.

Uniform bounds

In this subsection, we prove a priori estimates for solutions to (gDNLS|). First, we prove

uniform X7 bounds:

Proposition 4.3.6. Let 0 <e < 1, s € [1, %], o€ (‘/73, 1) and let ug € H with |lug||gs < e.
Let T" < 1. Suppose u € X solves the equation,

10y + 02)u = i|ul|**O,u,

(10, + Oc)u = ilul (4.3.18)

u(0) = up.

Furthermore, let a; and b; be a H? and X7 frequency envelope for u and u (on the time
interval [0, T'), respectively, as defined in Section [4.3] Then we have the following X3 esti-
mates for 7 > 0,

a) (Frequency localized X% bound)
1 - 1o -
1Pjullxs Sty aslluollig +T2b;(1+ Tullslullxg + T2 billul%y lullx;. (4.3.19)

b) (Uniform X3 bound)

[Jwll s, §||uux% [uolls < e. (4.3.20)

We will also need the following result:

Proposition 4.3.7. Let 0 < ¢ < 1 and o, T and s be as in Proposition Suppose
v € X? is a solution to the equation,

(i0; + 0*)v = i|w|** v + gOpav + GO,.av,

(4.3.21)
v(0) = vy,
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for some w € X1 solving (gDNLS) (with possibly different initial data), g € Z := Zp :=
2 3 ‘
L7 LE N LPWe

—%—4—&,00 —0+€,00

3
N LAW2
Then v satisfies the bound

and a € X}, all with sufficiently small norm < 1.

[v]lxg. < llvoll 2 (4.3.22)

Remark 4.3.8. In practice g will correspond to terms which are of similar regularity to

|20’—1

the term |u . For such terms to lie in Z (specifically the latter two components of this

norm), we will need o > ‘/75 This will be elaborated on later in the proof.

Remark 4.3.9. Proposition will be useful for establishing difference estimates for
solutions in the weaker topology, X?. This will allow us to show uniqueness for X1 solutions,

and to prove a weak Lipschitz type bound for the solution map.

We begin with the proof of Proposition [4.3.61 We divide the relevant estimates into two
parts. First, we control the Y7 component of the norm. Then we do an energy type estimate

to control the L7 H; component. For this purpose, we have the following lemmas:

Lemma 4.3.10. (Y estimate) Let s € [1,3], 0 € (3,1) and let u, T, a; and b; be as in

Proposition [£.3.6] Then for j > 0 we have

1Pl

1 g
e + T, (1+ [lull %)

X (4.3.23)

Vi Slhllgy a;||uol

Lemma 4.3.11. (L¥ H? estimate) Let s,0,T, a;,b; and u be as in Proposition m Then
for 7 > 0 we have

1-0
g + T2l %y

1 Pjull g ry S ajlluol X3 (4.3.24)

Proof. We begin with the proof of Lemma4.3.10, For this purpose, let us apply P; to (4.3.18))

and write

(z@t + 85)1,6] == iP<j_4|u|2”8$uj + g; (4325)
where
g; = in(PZj_4|u|2“8zu) + i[Pj, P<j_4|u|2“]8xu. (4326)
The term
iP<j_4|u|2"8xuj (4327)

which corresponds to the worst interactions between d,u and |u|? is non-perturbative, and

can lead to loss of derivatives in the Y} estimates for u;. It is desirable to remove as much



CHAPTER 4. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 274

of this bad interaction as possible. As mentioned earlier, one might try to remove it entirely
with a gauge transformation, but this will not work, because the function z — |2|? is not
smooth enough. Fortunately, in some sense, formally, the worst terms introduced by a gauge
transformation are only poorly behaved when w is small (i.e. sufficiently close to 0). On the
other hand, if u is sufficiently small (on a scale depending on j), then we expect to be able to
treat the associated part of the term perturbatively. One then expects to be able to
remove the other part (in which u is bounded away from zero) with a gauge transformation,

and gain some mileage.

With this strategy in mind, let ¢ be a smooth compactly supported function on R with
¢ = 1 on the unit interval and zero outside (—2,2). Likewise, define y = 1 — . We want to
tailor these functions to a particular frequency, which we do by defining the rescaled func-
tions ¢;(z) = p(2/z) and x;(z) = x(2/z). Next, we further rewrite as the following

equation,
(0, + 02)u; = i Py sl (uf) )0 + 0Py alips ()l )00y + g5 (4.3.28)

Remark 4.3.12. One might wonder whether one can modify the 27 scale in the definition
of p; to 2% for some a > 0. It turns out that @ = 1 is the optimal choice, as one can
ascertain from repeating the estimates below with this new parameter o. This optimization

is obtained by balancing the contributions from the terms I ]1 and [ J3 in the below estimates.

Now, we do a partial gauge transformation to remove iP;_4[x;(|ul?)|u|*?]0,u;, which
corresponds to the part of (4.3.27)) for which the coefficient |u|** is bounded below by 2777,
Indeed, define

B,(t,7) = — 5 Peyoady Dy (el ] (4.3.29)
where .
0 1)) = [ 1wy (1330
and then define
w; = uje®. (4.3.31)

Before proceeding, we need the following technical estimate which relates u; to w;.

Lemma 4.3.13. Let S refer to any of the four spaces, L L2, L®L2, L2L%, or LLL®. Let
B € (—1,1)and 0 < ¢ < 1. Then for j > 0, we have

(D) ujlls e (1+ Nullsy)* (IKD2)? Piwjlls + 1{Da)”wjlls)- (4.3.32)



CHAPTER 4. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 275

Remark 4.3.14. As a brief remark, the range on § accounts for (more than) the greatest
range of derivatives allowed in any component of the X7 norm, which will correspond to
the situation in which we apply the estimate. Strictly speaking, this is overkill, but it lets
us avoid dealing with several individual cases. Also, the § — ¢ factor in the second term in
the above estimate is to compensate for terms in which w; is not frequency localized. In
particular, later when applying Proposition [£.2.4] the ¢ will allow us to sum up the individual

frequency dyadic contributions of wj.

Proof. We have using the fact that u; is frequency localized to frequency ~ 27,
(D2) uslls = {Da)? Py(e™ " 1w)) s (4.3.33)

S IDE Py (Pejae™ Pyw;) s + | D Py (Psj—ae™ % w;) s

For the first term, we have by the (vector-valued) Bernstein’s inequality
|DBy(Pejae™® Prwy)|s < DS Byl (4.3.34)
For the second term, we have from Bernstein’s inequality (and since j > 0),
IDSPy(Psjse™1w)) |5 S 27| Pj(Psjse™ " w;)||s

< 298| Psjoae ™| Lo 1o | Pejawy | s

+27 Z Hpke_iq)j | 5o o ||pkwj||s (4.3.35)

k>j

Se 1Py oa D226 | e e [ (D)~ 5
where ¢ > 0 is small enough so that for instance, |3| 4+ 2¢ < 1. Then we have by Bernstein,
1Poj—a DY | e e S 1|00 Pojse™ % |rgerse S Ilull - (4.3.36)
Combining the above estimates completes the proof. O

Given Lemma [4.3.13] we are in a position to convert estimates for w; into estimates for

u;j. A direct computation shows that w; satisfies the following equation:

(10, + 0F)w; = 1€"® Pej_s[;(|ul?)[ul*]0pu; 4 (=0, ®; + i02®; — (9,®5)%)w; + €*Pig;,
w;(0) = e®iu;(0).
(4.3.37)

The goal is to prove a priori estimates for w; - and hence u; - in Y. We observe a cou-

ple of useful facts. First, by Bernstein, we have |lu;l|y: < 2j(0+s_1)]|ujHY%fo. Secondly, we
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obviously have |[gw;||z1 2 = [lgullL1 2 for measurable functions, g. Using these observa-
tions, Lemma 4.3.13] the maximal function estimates and the usual Strichartz estimates

from Propositions and we have that
||Uj||Y; , .
T < ui(0 . +2](U+S*1) P . (lu 2 U 20 axu _|_2](U+571) )
T+ Tullsp) ~ [ (0)[| 2 | P<j—alips(Jul®) [ul*7)0pt; || .12 g5l 22
Ll 7 S P il 0 1

+ 2D (0,95) w11 10

= |l (O)| gy + I + I + I, + I] + I2.
(4.3.38)
We now estimate each of the above terms.
Estimate for [/
By Bernstein and the fact that |u| < 2-% on the support of ¢;,
2V P [ (Jul) |u*)0zu; 1.2 S 277Vl (Jul) ul* || g oo 11025 150 2
S Tl g g (4.3.39)
S Thjllullxs.-
Estimate for IJ
We have
95 = iPj(Psj-a|ul*0yu) + i[ P}, Peja|ul*]0, Pju (4.3.40)

where lf’] is a “fattened” projection to frequency ~ 27. By the standard Littlewood-Paley
trichotomy, we write
Py(Psalu" dpu) = Py(By[u"0,Pju) + Py(Bylul Pyo,u)
+Zlgj(pk|u’2a]5k6xu) (4341)

k>j
For the first term, we have by the Moser estimate (4.3.8) and Bernstein’s inequality,
N Py (Pilul* 0, Peju) | sz S 2 VNP ul* | 1y oo |0zt 1o 12
S NP DT M ul* || oo | Ot 2o 12 (4.3.42)

1
< T30yl lul

X1+
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The second term is dealt with similarly. For the third term, we have by Bernstein’s

inequality

2N (Bl Pudew) |z

k>j
3 ~ . _ _
STV N Brallg 1 2702 Prfu* | ez
k>j
3 . B o~ B
<Ts Z 9(i—k)(o+s 1)HDg+s 1pkuHL%LgoHPM?IIUPUHL%OL%
- (4.3.43)
3 _ - .
ST“HUH?;HUHX;ZQ (o+s=D)lk—jlp,
k>j
S Tk |lullxz ul3g, Do 27Ok
k>j
< Tb; || s || ]| 25 -
~ J X7 Sk

For the commutator term, we have by Lemma
lets=VIp P |0, Pju = 22D L(0, Pej_y|ul*, Pj0,u) (4.3.44)

for some appropriate translation invariant expression L.

This term is easily estimated by
2D L(0, Pejoalul*, Pdyu)ll s 12 S 2200 Pejalul® || e 2 | PyOrull 1 10
< Mulli% e 100wl pge 2 | Py DTl g e
3
S O T |ullg flullx;.

(4.3.45)

Hence, we have
1 S T%b;ul

u||§<;. (4.3.46)

X7

Estimate for IJ

We expand

1 o 1
0®; = =5 Pl (X (Z[ul)Ohlul[uf] = 5 Pejma0y D ([ul)Oulul*] =: Jy + .
(4.3.47)
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We have
Ty = =5 Py a0 I 2 ) )
= —Pej a0, (22X (27 [ul*)Re(wuy ) [u]*7]
= —Pj 007 (27X (27 [ul*)Re(iTty, ) [u*] — Pejoa07 ' (27X (27 [ul*) Re(@lul*"u, ) [ul*]
= —Pj 107 (27X (27 |u*) 0, Re(itiu, ) [ul*’] — Peja07 (27X (27 [ul*)Re(@ul*"u, ) [ul*’]
= K, + K.
(4.3.48)
For the first term, K, in (4.3.48) we write
—Pj40; ' [27X (2'|uf*) 0, Re(iTuy ) [u|*7] = —Peja[27X (27 |uf*)Re(iTu, ) [u[*]
+ P40, 2% X" (27 |u|?) O | u*Re (i, ) |u|*7]
+ Pejoa0, 27X (27 [l Re(itiuy ) Oy ul ).

(4.3.49)
We have for the first term in (4.3.49)
1P<jma[27% (27Jul*) Re(itius ) [ul* | g rz < 271X (27 [ul*) Re(iTus) [ul* || e 12 (4.3.50)
S Nullzepe ol o2
where we used the fact that
I (27 Jul) a7 g rge = 10" (27 Jul) |l Ml zgeree S 277 NullZieze- (4.3.51)
Now, for the second term in (4.3.49)), we have
29| Pejma0y X" (27 [ul®) O ul* Re (1T ) [u|*7] || o L
S 29||X" (27 |ul*) O [ul*Re (itius ) [u* || e 11 (4.352)
S 22j||90"(2jIUIQ)Re(ﬂux)Re(iﬂux)IUIQ(’IIL%OL; -
S 2i1=e ||“x||L°°L2
The third term in (4.3.49)) is estimated similarly to the second term.
Hence, we obtain
2j(0+5_1)||K1Uj||L1TLg < 2j(0+5_1)2j(1_U)T||Uz||%%oLg||Uj||Lg9Lg
j(o+s—1) 20—1 3 ,
+2 Jull 3 Lo T Mt || oo 22 5] 4. 1.0 (43.53)

S THUzH%%OLg 1D Lge 22

3 — _
+ T3 Jull e e llual e 22 1 DT g e
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Next, we estimate K3. We have by Cauchy Schwarz, and Sobolev embedding,
1Pejma0 (27X (27 Jul*) Re(@lu* o) [ul* | g e S 2711 (27wl Re(@|ul* s ) [ul* || g
S 26 ull¥ o [l 22212
< 2707 [l [l |z 1
< Null2g e

(4.3.54)

where we used the fact that o > %

Hence, we finally obtain the estimate,
T 3 _ _
2 Ny || S TlluallZoe e | Diusllngere + Tol|ull 2 foe el g 22 1105 g | e
+ TH“H?;Hua:HL%"L%’|Dg+s_1uj||L%°L§

3 loa
ST+ Jlullg) sl x.

T

(4.3.55)
Next, we turn to the estimate for J,. We have
1 — ag
Jo = =5 Peja0y Dy ([ul) O]

= —0Peja0; [ (Jul*) [u*"~*Re(u, )]
— 0Py 10 G () [0 Re(iT)] — 0 Pej107 [ (ful?) [ul2~2Re(alul2u,)
= K3+ K.
(4.3.56)
For the first term, we have
Ky = 0Py _als(u)ulRe(itu,)] + 0 Py 10; [x;([uf?)0ulul*Re(imn, )]
— 270 P_j 40, ¢ (27|u)®) 0, [ul?|u|* —*Re(itu, )] (4.3.57)
= K31+ K32+ K33
We now must estimate each of the above terms. For the first two terms, we have
[ K3allzeerz < HUH%‘EngoH%HL?L; (4.3.58)
and
1K 2l rse < 1 (uf*)O:lul* " *Re(itiug )| e s
< I (ul?) [ul* ™ Re(@us ) Re(i@us) | g 1t (4.3.59)

S Qj(l_a)Hux”%%oLg
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where we used the fact that
X ([ul) w72 < 27079, (4.3.60)

Remark 4.3.15. It should be emphasized that the main point of the partial gauge trans-
formation is to be able to estimate the term K32 above, which involves negative powers of
|l
Now, we turn to the estimate for K33. We have
IKoslizue 21 @l R Retimua gz o
S 2/01=) ||Ua:||L°°L2

Hence, we have

(s 3 _ _
2i(7ts 1)||K3UJHL1TL3 S T4HUH%U%OngoH%|’L§9L§”Dg+s 1UJHL‘;Lgo +T\|ux||%§.9L%||D;uj||L§9L%.

(4.3.62)
Finally, we estimate K. We have
IKallzgree S 1P<j-a05 D (Jul™)[ul* ~*Re(@lul* ua)] | g 20
< I () [~ Re(@lul* ) || g 11 (4.3.63)

S ull 75 e 1wl pge 2 Nl pge 2.
Hence, combining with the estimate for K3, we obtain
T 3 _ _
D g ol 1z S Tl el 22102 sl g e + Tl ezl Dl 2
Da+s—1
X

+ Tllull 7% o 1l pge 2 el pge 2 |

3 o
Sr T+ [lull$h) luy]

Uj||L;9L§

X3.-
(4.3.64)
Now combining this with the estimate for J; finally yields the desired estimate for I g . Namely,
we have
S T ull §)uslx;
, I (4.3.65)
<1+ Jull )l
Estimate for I}
This term is straightforward to deal with. Indeed, after expanding 92®; we have
10725l L2z S 27 Ml (27 Jul*) Re(@ua ) [ul* || ez + I (Jul) Re(|ul**Tus) || g 12 (4:3.66)

Sl e luallgers-
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Hence,
I S T\l B e el o2 |1 DT g g oo
3
S Tilullgd llugllx; (4.3.67)
3
< T )12 flullx;.

Estimate for Ig

The estimate for Ig is also straightforward as it doesn’t involve any differentiated terms.
Indeed, we have
4
Ham(ij%%OLgo S Ml 23 pee- (4.3.68)

Hence, by Sobolev embedding,
IERS TH“H%%’L;;O||Dg+s_1uj||L§'9L§,
S T||U||if;||uj| X, (4.3.69)

S Tby”“”é?”“”x;

Now, combining all the estimates above completes the proof of Lemma [4.3.10]

Remark 4.3.16. By taking b; to instead be a S} frequency envelope for u, and repeating
the proof almost verbatim with Remark in place of (4.3.8)), we instead obtain

1 o
IPullvy Spuigy @illuollms +T2b;(1+ ulls] ) lulls;. (4.3.70)

This will be relevant for when we later establish local well-posedness in the high regularity
regime 2 — o < s < 4o for the full range of % < o < 1. Specifically, this will be important
for establishing a priori bounds in the range 2 — 0 < s < % when Sobolev embedding is
not suitable for controlling the term ||u,|| 4. The reason the proof of (4.3.70) is almost
identical to the current proof is that we have not yet used the maximal function part of the

norm of X7; we will begin using this part of the norm in the proof of Lemma {4.3.11

Remark 4.3.17. As a second important remark, the estimate also holds for T" <
1 if the nonlinearity i|u|?*?u, is replaced by the spatially regularized and time-truncated
nonlinearity inP-y|u|*u,, where k € N and n = n(t) is a time-dependent cutoff function
supported in (—2,2) and equal to 1 on [—1,1]. This fact won’t be relevant for the low
regularity construction, but will be important for the high regularity construction in Sections

5 and 6 where the cutoff 7 is needed for estimating (fractional order) time derivatives of a
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solution u to (gDNLSY)). Since the proof of this estimate is nearly identical to Lemma [4.3.10),
we omit the details. Nevertheless, for the sake of completeness, we state this observation in
the following lemma.

Lemma 4.3.18. Let k € N, 0 € (3,1), s € [1,2], and T < 1. Let 1) be a time-dependent
cutoff function supported in (—2,2) with n = 1 on [—1,1]. Let v,w € S5 with |jv

S
[wl|ss. S 1. Assume that u,v € 7 solve the equations
10y + 02)u = inPk|v|*? Oy,
(10, ) nPx|v] (4.3.71)
u(0) = uo,
and
i0; + 0%)v = inP_i|w|* O,
(10 + 0c)u = inPaul (4.3.72)
v(0) = uy,
respectively. Then u satisfies the estimate

As mentioned, the proof of Lemma [4.3.18] proceeds in a nearly identical fashion to
Lemma 4.3.10], so we omit the details. The main difference is that ®; is replaced by

1 _ o
¢; = —§U(t)P<j—4P<kax " (v (4.3.74)

The requirement (4.3.72) that v solves an additional (gDNLS)) type equation is merely rel-

evant for the ]g estimate when time derivatives fall on ®;, and hence on v. In practice,
Lemma [4.3.18 will be used in the construction of solutions at high regularity in Sections 5,
6 and 7.

Next, we turn to proving Lemma [£.3.11]

Proof. Again, we begin by writing the equation in a paradifferential fashion,

z'c‘?tuj + (‘ﬁu] = iP<j_4|U|208$Uj + ’in(PZj_4|U|208xU) + Z[P], P<j_4|u|2”]6xu. (4375)
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A simple energy estimate (i.e. multiplying by —i2%*%;, taking real part and integrating),

T
+ 22js /
0

and Bernstein’s inequality gives
T
2 5 0i
s 131y S s (O)I13, + 2% /
0

T
w20 [0 [ P, P
0 R

= [|uy (0)|3 + 1 + B + I3,

/ Py alu* 0,
R

/ TP, (Payaluf*0,0)
R

(4.3.76)

Estimate for [/

For the first term, we integrate by parts and estimate using standard interpolation inequal-
ities, Bernstein’s inequality, Holder’s inequality and Proposition

T
22”8/ / |uj|* Pej_4Og [ul*
0 R

S 2| Pejeaalul g PO (7

=T

< 92js . 20 12(1=0) 1120

< 2%%|| Pej_40, | ||L§Lﬁ||uj||L%L#”U]HLgOL%
_1 _ 2(1— s+ —Licoe

S IPesaDE 2Py o 1D sl D sl

x T LzT

_1_
ST NPy (D2 )y o sl
LI LS

_1_
< TNl DTl szl
< Tl e %

< TR 25 ully;.

2
X7

where ¢y, ¢y are fixed positive constants, and € > 0 is sufficiently small. Observe that going

V3

from line 3 to line 4 uses the fact that o > *5° since S+%—% < s—l—o—% precisely when o > ‘/7?:

Estimate for IJ

We have by the Littlewood-Paley trichotomy
200 [ PPy alul 0 = 24 [ B () Pt + 200 S [ (Puf) o
R R oos /R

(4.3.78)
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for appropriate “fattened” Littlewood-Paley projections ]5] For the first term, using Bern-
stein’s inequality and Holder’s inequality, and that 279 < b, we have,

T
22js/
0

< 9i(3-

[ B
R

) — = 2(1— —+
1Bl 27, (| Pl 20 Py DI 2 g e

oo T2 2
et (4.3.79)
— — 902 ~
STI 0’||D§+0’ 20 +5f)j<|u|20)|| 20 1L2 ||PU|XS U|Xs
— — 952 ~
5 Tl aijDg-&-o 20 +25PJ‘(|U|2J)HL%L—IL2 ||P]u| X3 u| X5
Note that the first line follows since s € [1, ]. Now, we estimate | D27=27+2 P(|u|>)|| -
LT

For notational convenience, write 2 + o — 202 + 26 = a. We employ the Littlewood-Paley

trichotomy and then Holder’s and Bernstein’s inequality to obtain

DB g, 1D B2,
< 1D By Py (fu > )Pux>HL%
- |1D3—13<P>j<ru\20-2mux>HLQ%_IH
S [ 2 Y 7 (M o PN P
(4.3.80)

Observe that || Dful[pep2 < [lullyy since o < o + + when o > \/75 Furthermore, by Corol-
lary [4.2.11] and Sobolev embedding, we have

a— o— a—1+e o o
1D (ul* D)l re S (D) 77 ullie foe S llulls (4.3.81)

where the last inequality again follows because o > \é Furthermore, by interpolating

luzll 2,  between LZL7. and L°L%, we see that [[u,l|
LT

control (4.3.79)) by

?%IHT S |lullxy. Hence, we can

bl llull

% (4.3.82)
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For the other term in (4.3.78]), we have

T
2 113 [ w0
0 - JR

S z“zﬂlC’nfﬁz@anLaHzfzguizfzjiizkHF%\uF”MlQa Lo 1Peulliz e
k>j
S YOOI > 2Bl Brllzzos
k>j
(o l(1—920 s 3_g5—s S o S_HT
S ATy ;52T DBy IBDE s
k>j ’
5_7 o o—20 o S+U
ST xip 3 20T BT )y 1PDS Fulizss
k>j
—0 o | — s—1(1-20)2)—
S T8 ulli ulg, 2070730720
k>j
S TR ulld, lul3
(4.3.83)

where we estimated || P, (D727 |u|>7) in essentially the same way as we did with

||L20' I L
the previous term.

Estimate for I]

We have
[Py, Pejalul*)0,u = [P}, Py alul*’]0, Pyu

y . 5 (4.3.84)
=2 K(y)0y Pej_s|ul™ (x4 y1) 0, Pyu(x 4 y2)dy
R2

for some kernel K € L' with || K|, < 1 (with a bound independent of j), see Lemma [4.2.1]
Hence,

r

This is estimated analogously to Ijl. Indeed, we obtain by Cauchy Schwarz, Bernstein’s

T
s2isup [ [ 0Pl (et 0Bt + )l
R

yeR2 Jo

/ TPy, Peyalu7)0, Pyu
R

(4.3.85)
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inequality and Proposition [£.2.7]

T
22js /
0
o—1—coe

. ~ lfl+cs = 2(1— —
S PINBDF T i I Pyl o Tl 1Dl g (4.3.86)

[P Pey a0, Py
R

< 70~ 251 Byull;
< TRl ull;.
where ¢y, ¢y are positive constants depending on o, s. The second line follows from the fact

that%—%<o—%aslongasa>‘/7§.

Hence, we obtain

oo o
1Pjull g ry S ajlluollag + 177 bjl[ull % llullxs., (4.3.87)
thus completing the proof of the L H? estimate. O
Proof of Proposition 4.3.6
We combine the energy estimate and the Y* estimate to obtain
1 o l1-o o
1Pyl Spugy, asllwollms +T20;(1+ lullG)llullx; +T = billullSy el (4.3.88)

This proves part a) of Proposition m
Now we move to part b). Let us first assume 7' < 1 (but independent of €). There are
two components to consider. For high frequency, square summing over j > 0 shows
1 o 1o o
1Psoullxs Spuigy lwollms + 721+ llull ) ullx + 772 lull%y lullx;.- (4.3.89)

On the other hand, directly applying the maximal function/Strichartz estimates in Proposi-
tion and Proposition and Bernstein’s inequality to P<ou, we easily obtain

| P<ou|

x5 S uollzz + 1 Peo(ul o)l 2 < lluollzz + Tllulls (4.3.90)

From the above bounds, we see that the X3 norm of u converges to the H} norm of the

initial data as 7' — 0F. Let us now make the bootstrap assumption [lul/x; < 2. We then

obtain from the above estimates,

lells. Sl Nluollms < € (4.3.91)
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where T' < 1 (but independent of €) and 1 < s < % To obtain the estimate for 7' ~ 1, we
iterate the above procedure O(7T~!) many times (after suitable translating the initial data).
This proves part b) of Proposition |4.3.6}

Next, we turn to the proof of Proposition We proceed in a similar manner to Proposi-
tion 4.3.6 and prove separate estimates for the Y and L L2 components of the X% norm.

For this purpose, we have the following two lemmas:

Lemma 4.3.19. (Y} estimate) Let v, o, T, w, g and a be as in Proposition E Then we

have the Y, estimate,
1 g —0
Wlive < lvollzz + T2 (1 + [[wll ) vl xg + T llgllzllal g vl xo. (4.3.92)

Lemma 4.3.20. (L L? estimate) Let v, o, T, w, g and a be as in Proposition E Then

we have the estimate,
1Pulliepers < llvollze + T llgllzllallxpllvllkg + T llwll s vl e - (4.3.93)

We begin with Lemma [£.3.19) The proof is almost the same as Lemma with a
couple of small differences. As in (4.3.28]), we consider a similar paradifferential truncation

of (4.3.21)),
(160 + 0205 = 1Py 4 (s () w) 00, + 1Py a5 (W) w])Opv; + f; + g5 (4.3.94)
where ¢; and x; are as in (4.3.28)) and
fi 1= iPj(Psj-a|w|* 9,v) + i[ P}, Pj_alw]*] 0,0, (4.3.95)
gj := 2P;(0,aRe(gv)). (4.3.96)
Analogously to the proof of Proposition |4.3.6] we define
1 — o
(@) = =5 Pejady [ ([ ) [l *] (4.3.97)

and consider the new variable
;= e’ (4.3.98)

By direct computation, v; solves the equation,
(10 + 07); = ie"9 Pej_a[p;(|w]*) w[*7]0pv; + (=0, ¥, + 107 — (0,F;)%)7;
+2¢™i Pj(0,aRe(gv)) + €™ f;, (4.3.99)
’lN)](O) = e“’fvj(O).



CHAPTER 4. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 288

Now, Proposition [£.2.3] Proposition and a similar argument to Proposition yields
the estimate

1
lwllve St llvollze + T2 [1+ [wllx]* vl xg

(ZH )7~ Pi(90s av)HLle)

7>0

1

2 (4.3.100)

It remains to control the last term. Indeed, we have by Bernstein and Sobolev embedding,

(D27 Pi(90zav) | y12 S 27 V|| Pi(g0pav) |y 12

~

< 2j(0_1)||P<j_4(8xag)pjv||L1TLg + | Pj(P=j-4(0zag)v)

.
i3
(4.3.101)
For the first term, we have by Bernstein’s inequality,
21| p aang 12<T48aoozgooooPD‘Tlv 4 [0
| Pej-a(0zag) Pyvll Ly L 10zallree 2|9l g | L4 L2 (43.102)

ST llallxp gl 212D 0l e
For the second term, we have by the usual Littlewood-Paley trichotomy;,

1P5(P2j-a(Gzag)o)ll | o2 S HPj(J':’j(@xag)qu)HL D NP(BGsag) Bo)ll |
T

1 3—20
IEWE:

3
Ls k>j

= K{ + Kg.
(4.3.103)

To estimate K7, we have

PPy 0ra0) P, 5 S 1P (0n0) | P,

THT

S IDS=7 R Py (90,0) || 1.2 || Pejoll s 1 1P DZ 7 0ll35 A

S T DYt Bi(gd,a) || 2.z 1ol o
(4.3.104)

where in the last line we used the fact that by Sobolev embedding,
1P<; D 0l g0 S lvllzgers + [1Poovllxg < llvllxg (4.3.105)

as well as [[Pjvllz2 < T%HUHX%. Now, setting a« = (1 — o + ¢)(20 — 1), we have by
Bernstein’s inequality, and a simple application of the Littlewood-Paley trichotomy,
1D Pi(90za)ll 1212 S 271 DS Pi(90:2a)| 12 12

S 27| D3 0sal +277|0all g2 1 D39 ra 1

T

et 191

(4.3.106)
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a+2e

Next, by interpolating ||D“+5c9$a|| & between D" "'a in LPL7 and dya in L2L, we
LT

3

see that for ¢ small enough, ||Da+58 a|| 3 (because this

. S llallxs as long as o >
=L

corresponds to when 52~ < o — 3). Furthermore, clearly | Dg*¢gllr2 1o < llgllz. Hence,
1D Pi(90ea)ll 1212 S 27 Nlgllzllallxs. (4.3.107)

It is easy to see that a similar analysis works for Kg. Hence, we ultimately deduce that
K+ K3 S 27717 gllz )l all xpl|v]] xo.- (4.3.108)

Square summing now gives

2

(ZH )7 Pi(g0. av)l!pm) S T Ngllzllallxp vl xe. (4.3.109)

7>0

]

Next, we turn to the energy type L3¥L? estimate in Lemma [4.3.20, First, it is straight-
forward to verify by a simple energy estimate that P<qv is controlled in L L2 by the right
hand side of (4.3.93). Hence, let us restrict to controlling P qv.

Proof. Let j > 0. Projecting onto frequency 2/, multiplying by —im, taking real
part and integrating from 0 to 1" gives
T
+ [ e oom
o IJr

(4.3.110)

T
1Pl s < [ Prooll3; + / / Py(g0,av)T + P;(G0,av)T;
0 R

= || Pywollis + 1 + I3.

Estimate for I/

For simplicity, we show how to deal with the first term,

/ P,(g,a0)7; (4.3.111)
R

as the other term (involving the complex conjugate of gv) is essentially identical.

We have by the Littlewood-Paley trichotomy,

[ Ptoduanyts = [ P(Peystammare)s + [ Peylytua) PPy (13.112)
R R R
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We expand the first term as
Py(Psj1(gua)0) = Py(Py(90,) Peyv) + 3 Py(Pulgdsa) Pov). (43.113)

k>j
We obtain by Bernstein’s inequality, Holder and a simple application of the Littlewood-Paley
trichotomy,

['| [ petsaapom

5 i+
SIPDem 27 (g0za)

-1 _ _3_
L HPD“" QUHi}LIzTHPJ HLsz |1P<j{Da)" >0l 2150

. . 3 _ 1.9
< 27919 | D " <géxa>||

2
L ol %o

2149

143
< 279 (| Dy Il o5 [|0zall L, + gl IID“" 2 0pall ez )10l

LQU 1
S 27T lgllzllallxp vl
(4.3.114)

where in the last line, we used the assumption o > \/7§ The second term in (4.3.113)) is

similarly estimated by 27777 g[| z]lal| x3 [v]/%0 - Hence,
T
1P5(P=j-4(90:0)0)T5 | 1y 11 S 27T |lg zllall . [[v] %o - (4.3.115)
For the remaining term, we have
—g0.a = gD, Ha
%—o—i—a 0—%—5 %—0—1—5 o—1_¢

g

3 _o4e —1i_¢ 3_o4e o—1i—¢
— D2 (9Dy * Ha)+ D3 gD, * Ha+ gD,Ha.
Now, we estimate each term, thinking of the second line as a single term for which we will
apply fractional Leibniz. For the first term in (4.3.116]), we have by Holder and Bernstein

/T
lea

~ 3_5 _1_ ~
S I1P<iD2 " (D2 " Ha)| P2

inequalities,

~ §—O' € O'—l—E ~ ~
[ oD @D ) Py
R
s U||PU||LOOL2

- 3 _o4e o—1—¢
S|IP<;DE " (gDs* " Ha)l| 4 |1, (4.3.117)
z =7

HL2L2 H HLOOL2

- o_l_ -
ST Py > " Ha)ll 1 1Pl
T

STl e ||DU_2 “Hallrzo5 | ol
x
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where going from the second to the third line uses the fact that ¢ > \/75

Next, we estimate the second term in (4.3.116)),
/T o
0

—o+€e 0'—%—6 ~ §—U+€
/P<J(D gDz * “Ha)PoPp| S|Pl fera D2 " gllra e 1Dz * " Hallrz 10
R

< T lgllzllallxp | Poll3 o -
(4.3.118)

Using Sobolev embedding and the fractional Leibniz rule, the third term is estimated anal-

ogously to the second term.

Combining the estimates and square summing then shows
1E 0y S T lglizllallxp ol (4:3.119)
Estimate for J. A similar argument to Lemma [4.3.11| shows that
1By < T Mlwl* iz llwllxp ol . (4.3.120)
We now use the fact that for o > \/75, we have

w1l < lll25 (4.3.121)

2
To see (4.3.121)), first note that the Li°" L component is controlled by

w1 SlwllE e S lwli (4.3.122)

Lzo T L2 Ly ~
T

2+’

For the L°°W component, we have by Corollary |4.2.11, Sobolev embedding, and
the fact that (4" 2) <z
1
1D w2 e lwll e < lwll (4.3.123)
This easily gives
20—1 20—1
[ RO ) (4.3.124)

Flnally, for the L4TWx e component, we have by Corollary 4.2.11| and the fact that

2

3
S_o4 _ —
||D§ o 6|w|20 IHL%«L? rg ||w”ig‘1£V[}'§°o ~ |

]w||2” ! (4.3.125)
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which clearly gives

=)

| [w 2071, (4.3.126)

e S 01

Combining the above three estimates gives (4.3.121)).

Combining (4.3.121)) and (4.3.120) gives

1Bl S Tl vl ko (4.3.127)

Combining the above estimates for I} and I3 completes the proof of Lemma {4.3.20]

Proof of Proposition [4.3.7] Now we complete the proof of Proposition

Proof. Combining Lemma and Lemma with an argument similar to what was
done in Propositionm gives for T~ 1 and ||g||z, [|w]|xz1, [lallx1 <1,

[vllxo < [lvollrz- (4.3.128)

]

4.4 Well-posedness at low regularity

In this section, we aim to prove local well-posedness in H? for s € [1, ] and o > i assuming
the conclusion of Theorem When 2 < s < 40, which will be justified in a later section
when we prove hlgh—regularlty estlmates. Given the estimates established in the previous
section, the scheme to prove well-posedness is relatively standard. We essentially follow the

approach of [105]. See also the recent preprint [71] for a more detailed overview.

Frequency envelope bounds

Proposition 4.4.1. Let \/75 < 0 < 1 and let u be as in Proposition @4.3.6 If a; is an

admissible frequency envelope for u, in H3, then a; is an admissible frequency envelope for

- S
win Xi.

Indeed, let b; be a X7 frequency envelope for the solution u. Obviously by < ag, so let
us consider j > 0. By Proposition a), we have

[1Pyul

g + T2b;(1+ ull$) |yl

1-0
xp + T by llul %

x5 St ajl|uol X (4.4.1)
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Hence, by definition we have

by < a;(1+ Jluo

— l1-0o o 1 g
ellull k) + T ulle, + 0,1+ [lul5). (44.2)

For T small enough, it follows from Proposition that
bj 5 aj. (443)

Iterating this procedure O(T~!) many times shows that this is true for 7' < 1. This completes
the proof.

Existence of H® solutions

Now, we construct local H® solutions to (gDNLS|) for 1 < s < % as limits of more regular

solutions.

Indeed, let ug € H*. Let u™ be the globally well-posed Ci,.(R; H2) solution (to be con-

structed in a later section) to the equation,

(10, + ?)ul™ = iju™|?9,u™,

(4.4.4)
U(()n) - P<nu0.
Let n > m. We see that v := u(® — (™ satisfies the equation
(10, -+ 2)umm) — [y 209, (mm) | jGinm) gy (m)yy(ma)
(4.4.5)
U(m,n) (O) = Pm§-<nu07
where 12 2

Using Corollary 4.2.11) Sobolev embedding, the fact that o > \/75 and Proposition [4.3.6, one
easily verifies that G(™™ satisfies the conditions of Proposition with |G| 2 <ol s
1 (with the implicit constant independent of n and m). One likewise checks using Proposi-
tion that u(™ satisfies ||u(”)||X% Slluollzs 1 uniformly in n. Hence, by Proposition ,

we obtain for 7" small enough (depending on the size of the H? norm of uy),

™|y S 1 Ps-<ntioll 2. (4.4.7)
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Hence, u(™ is Cauchy in X% and thus converges to some v € X%. We show that in fact

u™ — uin X3.

To see this, we let a} and a; be admissable frequency envelopes for P,ug and ug respec-
tively, in H3. Clearly (a}) — (a;) in I5(Ng) as n — oo. Now let ¢ > 0. Then thanks to

Proposition [4.4.1] we have
1P ju ™|

Hs- (4.4.8)

X5 S ||(a?)N>j||l§v(N)||u0|
Hence, for n > ny(e) large enough, we obtain the bound,

1P ™|

xS e+ ||(aj)N>j||z§V(N))||uo| H; (4.4.9)

where the implicit constant is independent of j and n. Hence, there is j = j(&) such that for

every nm > ng, we have
1P ju™ | x; S e (4.4.10)

On the other hand, since u(™ converges in X2, it follows that for m,n > ng large enough
that

™ =tz S 27 ™ —ut™ | xg + || Poju™)

g+ || P>ul™)|

Hence, u(™ is Cauchy in X3 and thus converges to u. It is clear at this regularity that u

solves the equation (gDNLSJ|) in the sense of distributions. This shows existence.

Uniqueness and Lipschitz dependence in X"

Here, we aim to show that solutions in X7. (and thus, also in X% for s > 1) are unique and
that they satisfy a weak Lipschitz type bound in X?. For this, consider the difference of two

solutions u' and u?, v := u! — u®. We see that v solves the equation,

(i0; + 0%)v = i|ul[* Ov + iGOu v,

(4.4.12)
v(0) = u'(0) — u*(0),
where il 2
u-|“7 — |us|*?
G = R (4.4.13)
We see that Proposition 4.3.7| applies, and we obtain the weak Lipschitz bound
lut —w?|lx, < llu'(0) = u?(0)]| 2. (4.4.14)

In particular, this shows uniqueness.
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Continuous dependence in H?

Here, we aim to show that the solution map is continuous in H*. Specifically, we show that for
each R > 0, there is T'= T'(R) > 0 such that the solution map from {ug : ||ug||gs < R} to the
corresponding X 7. space is continuous. By rescaling the data and restricting to small enough
time, we may assume without loss of generality that the conditions of Proposition are
satisfied.

Now, let u{"” be a sequence in H? converging to ug in H:. Let a; and ag»n) be the asso-

ciated frequency envelopes for u, and ugn) given by (4.3.7). We have (ag-n)) — (a;) in %
Now, let ¢ > 0. Let N = N(e) be such that ||a§Z)N||1§ < . Using Proposition [4.4.1, we
have || Psyul™||x; < ¢ for all n. On the other hand, using the Lipschitz dependence at low

frequency, we have
1P (™ — )| x5 S 2N ul” — o) - (4.4.15)

Now, for n(N) large enough, we have
[ Poyul™ — Poyullx; Se. (4.4.16)

Hence, for such n, we have

0™ = ullxs < I1Pen (@™ = w)l|xs + [|Ponvu™] x5 + || Povullxs S e (4.4.17)
It follows that
lim sup [|u™ — | xs S e (4.4.18)
n—oo
Taking ¢ — 0 then yields
lm [u®™ — ul|x; =0 (4.4.19)

n—o0

as desired. This completes the proof of continuous dependence and also concludes the local
well-posedness portion of the proof of Theorem when s < 3. O

Further discussion of the proofs
We now provide a brief discussion on how one can, in principle, go below the H! well-

posedness threshold, as well as justify some of the choices made in the proof.

It is instructive to discuss a version of this gauge transformation method which was suc-

cessfully implemented in Tao’s article [149] which established local well-posedness of the
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Benjamin-Ono equation,
up + Hugy = utiy,

(4.4.20)
u(0) = uo,

in H!. The idea in Tao’s paper was to do a type of gauge transformation by defining
essentially,
w = Pypi(e”F) (4.4.21)

where F(t,x) is a suitable spatial primitive of u(t,x) and P,p; is a projection onto large
positive frequencies. Then one proves a priori H? estimates for w (which can be translated
into H} estimates for ). While the coefficient v in the nonlinearity in Benjamin-Ono is
only of linear order (and so one might at first naively suspect that this equation behaves
similarly to (gDNLS|) when o = %), the spatial primitive F' still essentially solves a linear
Schrédinger equation (up to a perturbative error). A refinement of this gauge transformation
idea appeared in [73] in which L? well-posedness (among other results) for Benjamin-Ono
was proven. Loosely speaking, in this latter paper, the authors performed a gauge trans-
formation on each frequency scale to remove the leading order paradifferential part of the
nonlinearity and then performed a quadratic normal form correction to remove the milder
terms in the nonlinearity. Our so-called partial gauge transformation is more analogous to
what was done in that paper. Specifically, the analogue of F' in our proof is essentially the
family of functions ®; as defined in (4.3.29)), which in addition to the frequency localization
scale, takes into account the pointwise size of u relative to the frequency scale. However, in
our case, there is no obvious cancellation arising in the term (i0,®; + 92®,), which forces
us to estimate each term 9,®; and 92®; separately. This is one of the major sources for the

losses in our low regularity estimates.

This issue actually also adds technical difficulty when trying to lower the local well-posedness
threshold below H.. For instance, when estimating 9,®; in Proposition there are ex-
pressions essentially of the form

P_;0, (gv1v2) (4.4.22)

that we bound in LY.L where g is some bounded function and v; and vy are linear ex-
pressions in u, or u,. Unfortunately, in these expressions, it doesn’t seem that typically
the output frequency of the product guvivy is comparable to the frequencies of the individ-
ual terms v; and vq, and so the 0, L can’t be “distributed” amongst these factors to obtain

expressions with lower order derivatives in place of u,. One workaround to this issue could
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be to place any factors of u, arising in such an expression in an appropriate maximal func-
tion/smoothing space as in Proposition Proceeding this way will likely lead to losses
worse than the 1 — o derivatives already observed in the current low regularity estimates.
However, this should work in principle to lower the well-posedness threshold below H! when
o is close to 1. We decided not to do this for the sake of simplicity, as our preliminary
calculations suggested that the dependence of the well-posedness threshold on ¢ would be

rather complicated when s < 1, at least without introducing some new tools.

4.5 High regularity estimates

In this section, we aim to prove a priori H2*-type bounds for a global solution u to a family

of regularizations of (gDNLS]),

i0pu + 02u = inP_y|v|* uy,

w(0) = Pyt (4.5.1)

where k € N, v € C*(R; HS®), 2s is in the range 2 — 0 < 2s < 40, 1 is a suitable time-
dependent cutoff function which is equal to 1 on the unit time interval [—1, 1] and supported
within (—2,2), and vy € H2® has sufficiently small norm. The key difficulty here is to ob-
tain estimates independent of the regularization parameter k. As mentioned earlier, this is
somewhat subtle because the nonlinearity is too rough to directly obtain an energy estimate
by simply applying D2 to the equation. Our overarching idea, morally, is to instead obtain
suitable estimates for time derivatives, Dju, of order s < 20 for solutions to (4.5.1). This
is one of the key technical reasons for truncating the nonlinearity with the time-dependent
cutoff 7 and working with global in-time solutions to (£.5.1)). For small enough data, one
expects to be able to construct a solution u to this equation on the time interval [—2, 2], and
then extend it to a global solution using the fact that u should solve the linear Schrodinger
equation for |t| > 2. The idea of truncating the nonlinearity with a time-dependent cutoff
in order to obtain global in time solutions (to facilitate use of Fourier analysis in the time

variable) is not a new idea. See for instance, [15] and [16].

Before outlining our strategy in more detail, we give an overview of the functional setting
and relevant notation for this problem.
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Function spaces and notation

Here, we fix some basic notation and describe the function spaces used in our construction

of solutions at high regularity.

We will use Si, Scr and S>j; to denote the temporal variants of the spatial Littlewood-
Paley projections Py, P.j, and P> as defined in Section We write ¢(277€) to denote the
spatial Fourier multiplier for P; and ¥(27%7) to denote the temporal Fourier multiplier for Sj.

We will also need to sometimes distinguish between a compact time interval and the whole
space in our estimates. For this purpose, let us denote for a Banach space X, VX :=
LP(R; X) (that is, we use a lowercase ¢ to emphasize when the underlying time interval is
R). For T' > 0, we use L4 X := LP([-T,T]; X) when we want to emphasize that the time

interval is compact.

Next, for the range of 2s € (2 — 0,40) we are considering, the smoothing and maximal
function type norms from the low regularity estimates are not needed. We modify our
function spaces accordingly and only use standard L2 based Sobolev spaces and standard
Strichartz spaces (see below). Since both spatial and temporal regularity will be relevant in
our analysis, we make the convention from here on that a real number s will correspond to
the Sobolev regularity of a function in the time variable. In light of the scaling of the linear
Schrodinger equation, it is natural to use 2s to denote the corresponding spatial regularity.
With this in mind, for s > 0 and 7" > 0, we denote the relevant Strichartz type space by
825 .= LIW?2>° N L H2. We also define the energy type space X2* by the norm,

2
[ullxzs := | P<oul| g rrzs + [Pl o przs | - (4.5.2)
T

>0
Clearly this controls the C([—T,T]; H**) norm. The reason we opt for this slightly stronger

norm (as opposed to just ||ul[ s p2s) is because it will be slightly more convenient for proving

frequency envelope bounds. Furthermore, we have the trivial embedding
X2 C X% (4.5.3)

Finally, since estimates for time derivatives will play a key role in our analysis, it will

also be convenient to introduce the auxiliary norm

lullzg,, = (Do) ullzpra + (D) * ull s (4.5.4)
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When ¢ = 2, we will simply abbreviate this by Z;.

The reader should keep in mind that although we will often time-localize u (or the non-
linearity) to be compactly supported in time, some mild care must be taken in the estimates
when nonlocal operators such as D} are involved. This is especially relevant when comparing

L;X and L7 X type norms.

A frequency localized H?* bound

The key result for this section is the following frequency localized H?* a priori bound for
(4.5.1]).

Proposition 4.5.1. Let 2—0 < 2s < 40, T = 2 and ug € H?*. Suppose that u € C?(R; H°)
solves . Furthermore, let a; be a H2° frequency envelope for ug and let b} and b3 be
X7 frequency envelopes for u and v, respectively. Let b; := max{b}, b?} Furthermore, let
0 < e < 1 and assume that for each 0 < § < 1

HU”S}” + [1(i0; + ai)”’ 755108, Ss € (4.5.5)

Then Pju satisfies the estimate,

1Pyullizs < ajlluollzzs + b5e™ (ullyzs + llullsy) + b5 lullspllull vz vl g

(4.5.6)

824l 2y ol e

Furthermore, by square summing, we also have

lulla < luollzzze + € (lullZz + lullsy) +* lullspllull vz lollags + 2 ull5y vl 3s-

(4.5.7)

Remark 4.5.2. Crucially, it should be noted that the implied constant in the bound above

does not depend on the regularization parameter k.

Remark 4.5.3. The reader should carefully observe the restriction 7' = 2 and not T' < 2
in Proposition This is because 7 is localized in time to a unit scale. More work is

required to show that we have suitable bounds for 7" < 2. This will be studied further in
Section

Next, we give a brief outline for how we will obtain such an estimate. As mentioned
above, to minimize the number of derivatives which fall on the rough part of the inhomoge-

neous term, |v|??, we will prove what is essentially an energy type estimate for Diu instead
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of D%y and use the bounds for Dju to estimate D?*u. This is consistent with the scaling
symmetry of . There is one technical caveat however. Namely, one expects to be
able to convert estimates for Dfu to estimates for D*u when the time frequency 7 of a
solution u to (4.5.1)) is close to —&? where ¢ is the spatial frequency (i.e. in the so-called
low modulation region). However, this is not guaranteed due to the presence of the inho-
mogeneous term in the equation. Therefore, we need a suitable way of controlling D?*u
for the portion of u which has space-time Fourier support far away from the characteristic
hypersurface 7 = —£2. In other words, we also need an estimate for u in the so-called high

modulation region.

With this in mind, we split our analysis into two parts. First, we prove an elliptic type
estimate in the high modulation region for solutions to (4.5.1)) which will allow us to suitably
control D?u in terms of the portion of D?u localized near the characteristic hypersurface,
as well as a lower order term stemming from the nonlinearity. To control D?*v in the low
modulation region, we essentially obtain an energy type estimate for Dju (the benefit being
that we only have to differentiate the nonlinearity s times in the time variable as opposed to
2s times in the spatial variable). When w is localized near the characteristic hypersurface,
this is precisely the regime in which we expect to be able to suitably control D?u by Dfu.
Proposition will then follow from combining the low and high modulation analysis.

The high modulation estimate

We begin with the high modulation estimate, Lemma[4.5.4, This will be useful for estimating
the portion of a (time-localized) solution to (4.5.1) which has space-time Fourier support
away from the characteristic hypersurface. This can also be thought of as an elliptic space-

time estimate.

Lemma 4.5.4. Let ug € H> and suppose u € C*(R; H®) solves the equation,

(4.5.8)
u(0) = up.

Let 0 < s <1, 75,k>0,pq € [l,o0] and suppose |k — 2j| > 4. Then P;Siu satisfies the
estimate,
1Py Sk{Da)**ull o g + 1P Sk{De)*ull .z s S || PpSkDe) ™" fll o e (4.5.9)

The result also holds for k£ = 0, when S is replaced by S<q.
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Proof. We prove the estimate for (D,)?*u. The estimate for (D;)®u is similar. Notice that

[]:t,x(<Dac>288kP]u)](77 g) = <§>28¢(2_k7)¢(2_]§)[]:t,:v(gkpju)](Ta 5)

” o 4.5.10
—fz@w(ammfg)[ft,xsm(iat+a§>u]<ﬂf>- e

Hence, by Young’s inequality and (4.5.8)), we have (using that ¢(27%7)¢(279¢) is supported
away from 7 + &2 = 0),

(€)%
T+ &2
(€)%
T+ &2

KD2)* Sk Prullpprs < 1z [ Y27 )2 a1 160, + 02) SePyullp g

(4.5.11)

S 17 Y27 )2 Ly ISP f N e

It remains then to show that

(€)*

-1
H‘Ft,x [7_ 4 52

Y@ )o@y S 27070 45.12)

A simple change of variables shows that

(&)*
T 4 &2

(27¢)>
2T 4 2252

[ V()o@ = |17 W(T)o(E)l sz (4.5.13)

Then we have

(2¢)*

(1) (27F 4257 ?)s
ohr t 2%g?

T 4 22-kg2

w(r)e(8) = 2* V(T)o(6) = 2CTVE k(T €). (45.14)
It is easy to see that for multi-indices 0 < || < 3,
0 Fip] S 1 (4.5.15)
so that (since ¢ is supported on [—2,2] x [—2,2])
02 Fills, S 1 (45.16)
with bound independent of j and k. It follows that

”]:-—1[ <2j£>2s

L 2k7- + 22j§2¢(7)¢(§)]||L%Li S Qk(8—1)||(1 + |IE| + |t|)_3||L%Li ,S 2k(s—1) (4517)

which is what we wanted to show. The case for (D;)%u is similar. O
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From this lemma, we obtain a very useful corollary which will allow us to control deriva-
tives of u in the high modulation region with convenience and reduce matters to proving a
suitable low modulation bound.

Corollary 4.5.5. Let u € C?(R; H®), and let the notation be as in Lemma [4.5.4f Then for
every 6 > 0 and j > 0, we have

a) If0<s <1,

1P (Da)**ull zra + 1Py (Do) ull s Ss 1152 P (De)**ullpprg + | PH{De)* ™ fllzprs (4.5.18)
and
b) If 1 <s < 20,

||Pj<Da:>25U||LfL3 + ||Pjat<Dt>S_1U||Lng Ss ||S2ij<Dx>2SU||LfL§ + ||]5jf|

goavs (45.19)
P
where Sy; = Sloj—4,2j+4]-

Proof. For a), this follows from the Bernstein type estimate

HfogngjuHLng ~ ||Df§2ijuHLng and from Lemma m by summing over k > 0, |k —
2j] > 4 (which is where the requirement of having 6 > 0 comes in to play). Then b)
follows from part a) with u replaced by d;u and s replaced by s — 1, and then by expanding
O D% 2Pju = i02 D> 2Pju — iD* %P, f. O

Remark 4.5.6. We remark that in part b), if f takes the form of f = inPg|u/*u, as in
then if ¢ is sufficiently small, we expect to be able to control the last term on the
right as long as 2s — 2 < 20 which is satisfied automatically, because 2s < 40 < 20 + 2 in
the range % < o < 1. If we were looking at the case ¢ > 1, this would present a new limiting

threshold for which we expect to obtain estimates for u, c.f. [154].

In light of the above remark, one should observe at this point that the high modulation
estimate above essentially reduces proving Proposition to obtaining an estimate for the
L3 H?* norm of a solution u to in the low modulation region, as well as controlling
an essentially perturbative source term stemming from the nonlinearity in . With this
in mind, we now turn to the low modulation estimate, which is essentially the heart of the

martter.
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Low modulation estimates

Next we prove suitable bounds for the L H?* norm of a solution u to (4.5.1) in the low
modulation region. Specifically, we prove the following energy type bound to control the

portion of u which is localized near the characteristic hypersurface.

Lemma 4.5.7. Let ug € H?® and suppose that u € C*(R; H°) solves (4.5.1). Let T = 2,
2 — 0 < 25 < 40, a; be an admissible H2® frequency envelope for ug, and b;, b5 be A7°
frequency envelopes for u and v, respectively. Take b; := max{b}, b?} Let 0 < e <1 and
suppose v satisfies the estimates,

lollsses + 118, + 82)ol

Z;O’H‘;ﬂ&fp S(; e (4.5.20)
for each 0 < 0 < 1. Then for every j > 0, we have

152 Py D2 ull 5o 12 S af luollFze + b3 (lullZe + [lull3y) + 03 Hlullsp llullage lv]laze

Y
020l o

(4.5.21)

Remark 4.5.8. As a brief but important remark, it should be noted that for o > 0 there is
no need to distinguish between |[u[| e pro and [|ul|some. This is because outside of [-2,2], u

solves a linear Schrodinger equation, and so the HS norms are constant on both (—oo, —2]
and [2, 00).

It will also be convenient to introduce the notation v := nv where 7 is a time-dependent
cutoff supported in (—2,2) which is equal to 1 on the support of 7. For notational conve-
|20'

nience, we also write [v|2} to denote P;x|v|**. Now, we begin with the proof of the energy

type bound in Lemma [£.5.7]

Proof. Note that we can write 1|v|%, = 1|9]|%%. Next, we apply So;Pj := Sp;_42;14 P; to the

equation and see that ngPju solves the equation,
(Zat -+ 82)5’2]-Pju = ZngPj(n’ﬁ’ial-cum)a (4522)

with initial data (Sy;Pju)(0). Next, we do a paradifferential expansion of the “nonlinear”
term z'S’Qij(n]@ 29 u;), in both the space and time variable, which splits this term into five

interactions. Indeed, first by commuting the spatial projection P;, we have

So; P; (1|6 uz) = Soj (inPej_a|0]2%,05 Pju) + Sa;(in] Py, Peja]8|%3)0,u)

o X (4.5.23)
+ SQij(ZT]PZj_4|U|2<26xU).
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Then by commuting the temporal projection ggj in the first term, we obtain

S Pi(in]01%ua) = S<ajs(inPe;ja0|%3)0:P;Saju + [Saj, S<aj—s(inPe;jal01%,)]0, Pyu
+ Sy;(Ss0j-s(inPej-a|025,)0x Pu) + Sa;(in[ Py, Pej_a|0]23]0:u)
+ 85, P (P -a|0|%,050).
(4.5.24)

We label these terms in the order they appear above as Ay, ..., As.

We make a brief remark about each of the above interactions before proceeding with the
estimates. The first term, A;, which corresponds to the low-high interaction (in spatial
frequency) between the coefficient in|0]%, and d,u reacts well to a standard energy type
estimate for P;S;;u since the single spatial derivative 0, on P;Syju can be integrated by
parts onto the coefficient in|0]25,. The terms A,, A3 and A, are expected to be treated per-
turbatively. These in a very loose sense correspond to more balanced frequency interactions
for which (space or time) derivatives can be distributed somewhat evenly between the terms
dyu and in|0]23,. The most serious issue comes from Ajs, which is the situation in which the
coefficient in|0|%%, is at high spatial frequency compared to d,u. Some care must be taken
here to ensure that this term is not “differentiated” 2s times in the spatial variable, but

instead “differentiated” at most only s times in the time variable.

Now, we continue with the proof. We begin with a standard energy type estimate. In-

deed, multiplying (4.5.22)) by —i24j8§2iju, taking real part and integrating over R in the

spatial variable and from 0 to T with |T'| < 2 gives,
) i 5
1D 8o Pyull e 2 S 29 (So; Pyu) (O)72 + Y I} (4.5.25)
k=1

where

T ~
IF = 24ﬂ'5/ |Re/—iAkSszju|. (4.5.26)
=T R

Now, we estimate each term. We need to deal with both the initial data term 2%% || (Sy; Pju)(0)]2,

and the I]”-C terms for k = 1,...,5. First we deal with the latter terms.

Estimate for Ijl
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We integrate by parts and use Bernstein’s inequality to obtain

T ~
I; = 24]5/ (Re/ S<aj-8(11Px<j-4|0]23,) 005 PjuSs; Pyul
R

=T

T
S 2438/ |Re/5<2j8a:c(77p<j4’77|2<6k)’52jpju’2|
R

-T
S 2Vl Ze oo lva | g noe 1 Pyl 7o 2 (4.5.27)
< B0l ulls

< b3 ||ulFeas-

Estimate for 1]2

As mentioned above, this term can be treated perturbatively. For simplicity, we denote
g :=inP-;j_4|0|%,. Then Lemma m gives

[Saj, S<aj—s(inPeja|0|2))0p Pyu = 27 | K(5)[0S<2j-sg](t + 51, 2)[0u Pyul(t + 55, 2)ds

RQ
(4.5.28)
for some K € L'(R?). Hoélder’s inequality, Minkowski’s inequality, Bernstein’s inequality

and the fact that || Pjul[zerz = || Pjul|per2 then gives

T
2929 [ KO [ [ [0St + su0)0uPul(t + sa,0)|[(5yPyu) ¢, )| dodeds
R2 —-T JR

S 2’j24j8|’3t5<2j789HL?L3° HPJu”%%OL%

S 202050y gll  x Pl

t T

l_i_‘il _
SIDET? (nP<j_a|0)2%) ||

2 2
s PP

(4.5.29)

where gy < ¢§ is some small positive constant. From the fractional Leibniz rule and then the
vector valued Moser bound Proposition [1.2.7, Sobolev embedding and then Corollary [4.5.5]

we obtain

D%+%J P . ~|20 < |ls]|20 ~1120—1 D%+570~
1D (nP<j-a|0[Z) | i ||U||311,+||U||L§°Lg°|| ;oo o

L2L LiL:® (4.5.30)
£2.

N
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Hence,
I3 < by [Jull3z. - (4.5.31)

Estimate for IJ?’

This term can also be dealt with perturbatively. Indeed, we can use Holder and then Bern-
1

stein’s inequality to shift a factor of D? onto the rough part of the nonlinearity,

I} < 299|805 (S>0;-8(nPej-a|025) 0 Pu)[| 12 2 || Pyull 12 2

S 218508 (1P<j-a|01Z) | 1200 |1 P D3| 70 12

i -2 (4.5.32
< 1852-s D (1Pesalt50) ez | P D2l e )
21z ts ~12 2
< ijDt2 > (nP<j_a|v <J’“)HL%L§0 Hu”xq%s
By a similar argument to the estimate for I ]2, we then obtain,
I} < b7 ||| %z (4.5.33)

Estimate for IJ‘.1

This term is also straightforward to deal with directly. The estimate is somewhat analo-
gous to I7. We have by Lemma |4.2.1}

[P, Pejalt]2]0pu = 277 ) [Pejmadul02) (2 + y0) [P0su) (x + yo)dy  (4.5.34)
R
for some integrable kernel K € L!'(R?). Hence, by Minkowski’s inequality, Holder’s inequality
and Bernstein’s inequality,
I} S 10015 Ly e 1 D2 P e 2

< b3 ||ul R

(4.5.35)

Estimate for I;’

As remarked on earlier, this is the most troublesome term to deal with since the rough
coefficient |0]%9, is at high spatial frequency. To deal with this, first write w = nu. We

expand using the Littlewood-Paley trichotomy,

S Py (nPsj-a|01%500u) =Y S Py(Po|#[25,0, Puw) + S5, Py (Py[5[25,0, P<jw).  (4.5.36)

m2j
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The first term above, where the frequency interactions between 9,w and |0]%, are balanced,

is relatively straightforward to estimate. Indeed,

2435/ |/ SZJPUZSQJ (P |9|%%.0, Prw)|

m>j

S D2 S Pyl 132 Y Soj Py (Pl 0[50 Pvw) 13,12

m2>j
<N D®Sy; Pl peer2 > 2%%|| P 6]%9,05 P 11
~ e 02 55U [ L 12 m |V <O tmWl| L1 L2

m>j
Sbjllullaze Y 27| Po|625.0, Prw| 1y 2 (4.5.37)
m2>j

S 011001012 1 e lull a2 Y 22077 Py D20 e 2

m>j
S bj&.ZU”qu(%s Z 22(]'*m)sbm

m>j

S b§52”||u||§(%s

where in the last line we used the slowly varying property of b;.

For the second term in (4.5.36)), we distribute the temporal projection to obtain

SQJ (P ‘U 3 P<]U)) SQJ (P ’U 8 P<]S>2] gw) + SQJ (P SQJ‘U 8 P<]S<2] 8'LU)
(4.5.38)

For the first term in (4.5.38)), we use Bernstein’s inequality and then Corollary [4.5.5, which
yields

2%9°(| S Py (P515]25,00 P S2j—sw) | 11 12 S 2790 | D0 (0] || 1 e | S52j—s D w]| o2

<9 Jao‘|Dglc+€0‘U|20||L1TLgoHPSQSZM—SthHL%"’L%

1
2
+ Q*jsoHDi+ao’U‘2aHLlTLgo ( E HPmewH%?OL?:>

m>0
S 27| D00l 1 oo ([l azs + gl a1)
(4.5.39)
where g := (i0; + (93)11} and 0 < g9 < ¢ is some small positive constant. If gy is small

enough, then Corollary [4.2.11] gives | Dy*[v[**|| 11 1oe S [[v] ‘{H < €%7. Then finally by

~Y
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taking 2770 < b;, it follows that
2%9°| Sy Py (P]0125,0: PejSza-sw)llirz S bse® (lullage + llgll go-1+9)- (4.5.40)

Now we look at controlling the second term in (4.5.38). We use Bernstein’s inequality and
the fact that w = nu is time-localized to obtain

2%9%|| Sg; Py (P80 8|23,00 Pej S <ajmsw) || a2 S 2%9°(| PS50 23,00 Pej Scajmswl 13 12

P (4.5.41)
S lullsy D7 PiSa; |07 | 2z -

Here we crucially ensured that the time derivative D;, rather than the spatial derivative D2

fell on the rough part of the nonlinearity.

To control || D;P;Sy;|0]%| r2r2 we will need the following low modulation Moser type es-

timate.

Lemma 4.5.9. Given the conditions of Lemma [£.5.7] the following estimate holds:
Hpjg%DfW%HL%Lg N bjé?%_l(é“ + HU||X%) (4.5.42)

We will postpone the proof of this technical lemma until the end of the section.

Combining Lemma and the estimate (4.5.37) allows us to estimate I? by

7 S 07 (lullgs + lullsy + 1905 500) + 056 Nullsy lullags [0 - (4.5.43)
Finally, combining the estimates for [ jl, o d ;’ now yields

1D% S Pyullserz S 29 (Sa; Pu) ()72 + b3 (ullas + lully, + gl Zs-ves)

(4.5.44)

2 fullsy e ol

Next, we need to control (Sy; Pju)(0) in terms of Pjug. To accomplish this, we use the high
modulation estimate Lemma 4.5.4, Namely,

2%9%||(Sa; Pyu)(0) |22 < 1D Pyuolz2 + ||(1 — S;) Py D2l pee 2
SIDZ Pl + 1S<oPs D2 ullere + Y I1BSmDz ullipers
m>0,lm—2j|>4
S ID2 Piul| 2 + [1(De)* 0 Py (025 || ger2-
(4.5.45)



CHAPTER 4. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 309

In light of (4.5.44]) and (4.5.45)), to complete the proof of Lemmam it remains to estimate
the latter term on the right hand side of (4.5.45) as well as [|g[| ;s-1+s. This is done in the

following lemma.

Lemma 4.5.10. Let s,0,T, up,u,a; and b; be as in Proposition 4.5.1, Let v also be as in
Proposition 4.5.1], but with (4.5.5)) replaced by the weaker assumption that for all 0 < ¢ < 1
and 0 < 0 < 1,

Jollsges + 11+ ol

4us So €. (4.5.46)

5—
')

Then we have

1B (nfo15at0) L v S b2 (ullsy + Nullyzsses) + b2 ullgyloll gorsves  (45.47)
and

1(i0; + 0wl g5 = llgll garvs S Null gzomrves + llullsy, + ullspllvllgzs-rees,  (4.5.48)

for some constant ¢ > 0.

Remark 4.5.11. The reader may wonder why we estimate the full Z571*° norm in the
above lemma. Although the argument up until this point only requires us to estimate the
component of the Z5- % norm involving the time derivative, we will need to also estimate the
component involving spatial derivatives in the next section when we establish well-posedness

for the full equation in A2

Proof. We begin with . For the purpose of not having to track all the factors of ¢§
that appear throughout the proof, we will denote by ¢ > 0 some positive constant which is
allowed to grow from line to line. First we study the component of the Z7 1% norm which
involves the time derivative. By considering separately temporal frequencies larger than 2%
and smaller than 2%/ we obtain (using the vector valued Bernstein inequality),
1BHD) ™ (0|2 ua) | ooz S 277 || Py(Da)** > (0|62 ) | 1o 12

9=20|| P. S (DN~ 1H (512 (4.5.49)
+ [1P5:S>2(Dr) (M0 Zwa) ez

Hence,
125 (520 ) || gz r00 S 27| P D) 224 (00 21z )| e 12

o * (4.5.50)
+ 2780 PySsa (Dy)* 0 (0]025ua) || e 2.

We now look at the first term in (4.5.50). The bound

27| Py(D, )2 ()0| 20 | oz S bie™ lull yzesves + b5 Hullsplloll gzs-1ees (4.5.51)
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is a straightforward consequence of 272 < b; and the fractional Leibniz rule if 2s — 2 < 1.

If 2s — 2 > 1, then for the homogeneous component, we have

1D =25 (inPaklvP7us) e rs S D2 (in Pl tes) 5o 12

(4.5.52)
+ [nDZ =2+ (RePeg(|0]*" D0y )ua) | o2

By the fractional Leibniz rule and Sobolev embedding, clearly the first term above can be
controlled by &2 ||ul| xz—1+es. Using the fact that 25 —3 < 20 —1 and applying the fractional
Leibniz rule, Corollary [4.2.11] (when D273+ falls on |v|?**~2v) and interpolation, we can

control the second term by
52U||u||X%s—1+c6 + g2o-1 ||U||S% ||U||X721571+c§ (4.5.53)
to obtain the desired bound (4.5.51)).

Now, to estimate the second term on the right hand side of (4.5.50)), we use that 2=%% < b;
and estimate

2720  PySsgi(De)* P (]2 ua) || e 12
S bj||]5jS>2j <Dt>8_1+05(77|6|2<1u:v)||L§°L§
S0 > P8 (De)* ™ ()65 ) | 5012
m=2 (4.5.54)
Sby Y IPiSm D) (S o a(0]02%) St | 2 12

m>2j

+0; D 128 (D) (S s (0] )|l 12

m>2j

For the first term in (4.5.54)), we have by Bernstein’s inequality,

b Z Hpjsm<Dt>871+66<s<m74(77’7~)|2<Uk)gmux) HLgOLg

m>2j

S by Z 1P5Sm (D2}~ 2+ (S cna(n|0125) Smtw) | Lo 12 (4.5.55)

m>2j

+ by > PrSm (D) (St (02| 91%5) S | e 2.

m>2j
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Using Bernstein’s inequality and Corollary [£.5.5] we may control the first term by

bi Y 1PSum(Dey ™2 (S s (n81%5) Sw) | e 12

m>2j

1
S ijvH?g‘;H(th U ez

(4.5.56)
S ;e [{De)* 2 ul| e
< bje® (Jlull yzs-1ves + [l 2w ] Z;_%+as)'
For the second term in (4.5.55)), we obtain also
bi > 1P Sm (D) ™ (S com—4(nal827) Smtt) | 5o 2
m>2j
S bj”WzJHL;”H;H<Dt>s_1+65U”L;’°Lg°
~ _ 1
S 030127 g [ (D) 74D, 2+l e 1. (45.57)
1 1
S 03 (I(D)* "2 ul| ez + [1(Da)* 2w e 12)
S b3 (full s + ol o)

For the second term in (4.5.54]), we obtain

bj D PSPy (Szmea o2 ) ez S byllualloge 2 (D)™ (o2 | e 1

m>2j
S billullss (D) 0l 0125) || e e

(4.5.58)

We have by Sobolev embedding, the fractional Leibniz rule and the Moser bound Proposi-

tion 28,

[(De)* " (|52 oo e

S (D)~ (o2

LgOLt%
SR, g+ Dol
T 't z 't (4 5 59)
~12 ~|20—1 s—14cd i
SWoPl g, + 1P, D53l
< 20 ~20—1 s—1+cé ~
S o g, DDy

S & ol Dyl
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Now, notice that by Corollary £.5.5]

(D) =0 4

L5Loo
s 1+¢d p ~

S Z (D™ PJUHL?L%

7>0
< Z s 1+c5 lP‘

H >2 ]U”Lt%LQ

7>0
S Z (D)2 Pyis|| s + Z 1(D,)* "2+ Pyis|| 4 (4.5.60)

' L L L2

J20 3>0

~ s—1+c ~ D s—3+cs(; 0
S ollageees + 3 (H<Dx>2 Sy, + IR D)0+ 0l )

Jj=0
D s—24cd; ~
< ollagemres + 32 NBHDY 5400, + R 5
7>0 L
To control the latter term above, there are two cases. If s — % < 0, then this term can be

easily controlled by € by commuting (i, + 9%) with 7 and applying Holder’s inequality. If
s— = > 0, then we have (after possibly enlarging cd)

~ s—31c5/- -
S I B E A0, + )0

3>0 L
S KDY =24 (0 + 0l g, + (D)5 @)l (4.5.61)
S D IDYEOS D, + o) 3, + KD Su(@ii) | 3,

kZO t Tx ;U

By doing a paraproduct expansion of Sy, (n(i0;+0%)v) = Sk(S<k_477(i8t—|—8§)5'kv)+5k(Szk_m(iarl—
02)v), using Bernstein and Holder’s inequality, summing over k, and possibly enlarging the
factor of cd, we obtain

> IKDY S (@0 + 2)0) | 4 | S 110+ 2o

]{JZO t x

ot S (4.5.62)

A similar argument involving a paraproduct expansion of Si(9;nv) can be used to show
S*§ Ci
[(D,)*~ 2" 6S’f(a”7“)HL§Lg <e. (4.5.63)
Therefore, the second term in (4.5.54)) can be controlled by

i ||ullsy, + by |ull sy [0l] ye-sses. (4.5.64)
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Combining this and (4.5.55) with (4.5.51)) yields the estimate,

15 (n] 25 )|

s— < b 20 S— € i
gz S b ([ullggimrees + lullsy + InfolZue] o yes) (4.5.65)

+ ;6™ Hlullsy v xze-rees.

By square summing (4.5.65)) and applying (4.5.65) with s — 1 replaced by s — %, we obtain

ol 2tsl]—gees S €2 ] gzrmsoes + ullsy + o Zetts | eoaes)
o o1 (4.5.66)
+ 77 ull s lolf pze-rres
and since s < 2, it follows that if ¢ is small enough, then
||77|U 2<0]-€u2;| Zgo72+55 5 820-”“”‘)(7215714»65. (4567)

Therefore, the bound

1B (02l g0 < b (ull yamrses + llullsy) + bje™ ullsy vl azs-1ses - (4.5.68)

follows.
For the estimate (4.5.48]), we have

Igll 72145 S Ourpull gorvs + NPk |0t 7145 (4.5.69)

The first term above is controlled using Corollary by

371+6<

Ol giss S Il s+ (D> 5@z
< "U"X%s—l-&-cé + 107 null gamztes + 10N Pk |v]*7t1) || gs-2+es (4.5.70)

< ull o1

where in the last line, we used that s < 2. The second term in (4.5.69|) can be estimated by
square summing (4.5.68]). This completes the proof of Lemma |4.5.10] n

Finally, we complete the proof of Lemma [4.5.7 This simply follows by combining

Lemma 4.5.10| with the estimates (4.5.44)) and (4.5.45)). O
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Proof of Proposition 4.5.1
Finally, we prove the main estimate of the section, Proposition [4.5.1]

Proof. Let 0 < 6 < 1. From Corollary [1.5.5 we have

1Pl ooz S 11925 Pl Los sz + 1P (n]9] s )|

By Lemma [4.5.7, we have

Yetts (4.5.71)

152 PrullZss rrze S af ol + 03 (lull e + lulisy) + 6562 lullsy llullaze 0]z
22, ol 2
(4.5.72)
Furthermore, by Lemma [£.5.10, we have
IS0 s S 032l 4 ) + 56Nyl
S0 (lullzge + llully) + 62" 3y [[0]lz. N
This completes the proof. O

Proof of Lemma [4.5.9)

It remains to prove the technical estimate Lemma [£.5.9] This will follow from the slightly

more general estimate:

Lemma 4.5.12. Let T =2, 1 < 0 < 1 and u be a C*(R; H°) solution to the inhomogeneous

Schrodinger equation,
(10, + OP)u = f (4.5.74)

supported in the time interval [—2,2]. Furthermore, let b; be an admissible X7* frequency
envelope for u (here we don’t assume that the formula is necessarily given explicitly by
(4.2.4)). Then for j > 0 we have,

a) If 0 < s <1, then

1P, S0 (Ju*) 222 < billullZ ™" (ullage + 11 £1ls)- (4.5.75)

b)If 1 <s <20 and 0 <0< 1, then

125 S0, D5 ([l 22 S biA(llullxgs + 1 f llsg. + 1]

Z;Ha) (4.5.76)
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where

A= (Jlullsies + 11 fllss)* ™ Ao (4.5.77)
and Ag is some polynomial in HuHS%H + [ fllss -
Remark 4.5.13. We only prove the above estimate for P;Sy; Di(|ul*?) in L2L2. Although

the estimate is almost certainly true for a suitable range of p > 1 in LY L2, we do not pursue

this here, so as not to further complicate the argument (specifically, the proof of b)).

Remark 4.5.14. We do not claim that the factors of || f||so., || f]|

the estimate are in any way optimal (in fact, in many instances in the below estimates, they

zs-1+s and A that appear in

arise in relatively crude ways). We opted not to carefully optimize the inequality because
it will not affect the range of s for which Lemma holds, and also because the current
form of Lemma [4.5.12 can be more easily applied to establish Proposition 4.5.1|

Proof. a) For notational convenience, we will sometimes write F(z) = |2[** 2z and P-ju =

U;. Now, for each j > 0, we write

D; 52 Pilul* = D§ 89, Pj| Pejul® — Dy Sa; Py(| Pojul® — |uf*’)

_ ) 1 (4.5.78)
= DiSyPPeyul’” + 20Re | PSa, Di(F(y(6)) Poyu)dt
0
where
y(0) :==0u+ (1 —0)Pju. (4.5.79)
For the first term, interpolating gives
||ng2ij|P<ju|20||L%L% S_, ||§2ij|P<ju|20||1L§zi||SQJ‘P](F(U<])P<]ut)||i?L?E (4580)
By expanding u,; in the second factor, we obtain
155 P (F (uei) Pejue) 212 S 1152, P (F (uey) Pejias )| 1212 (4.5.81)

+ 1|82 Py (F (ue) Pej )l 1212
We expand the first term in (4.5.81)) using the Littlewood-Paley trichotomy. Then Bernstein’s
inequality and Corollary [4.2.11] yields

152 P (F (<) Pejtta)l| 212
S 1PejoaF (uss) Pytigs || 212 + | PsjaF (<) Pjtisell 212

< b2 |l lullage + 22709279 DR F (usj) | o nee | D2l o2

< 0,207 a2 e

(4.5.82)
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For the second term in (4.5.81)), we obtain (by taking 22/(=1) < b;)
1525 Py (F () Pej f)llnzrz S 0,220l M fll ez (4.5.83)
and so by Bernstein, the estimate (4.5.80) becomes
1D} S5 Pj| Pejul || 212
< 220 byl 3 ullage + byllllZ 1 fllge 2] 1182 Py 1 P<jul* Il 357, (4.5.84)
< bl Nullags + billul 1 fllge 2] | D S Py | Pyl 37
Hence,
10782 Py | Pejul* Nz < billull ™ ullage + billull S 11fllzers- (4.5.85)

For the second term in (4.5.78)), using that 2%°||Psjull212 < || D2°Psjull1212 and Corol-
lary 4.2.11] leads to the estimate,

12152, D5 (F (y(0)) P ju) || 22

S 27| Py (F(y(0)) P=ju)ll sz

S b ID PO 115l (1550
< byl g
Hence, by Minkowski’s inequality,
1
20 Re / P8, D3 (F(y(0) Pou) ] zre S byl Hullage. (4.587)
Combining everything shows that
10350, Pyl 2z S byllull2g ™ ullage + byllull 2501 sz (4.5.88)

This proves part a).

Next, we prove part b). By commuting through the temporal projection, we obtain

1525 P D3 ([ul**) 202 S 1152 D7 (S<ag([ul* @) 0pSju) | 212

) by (4.5.89)
+ {192, D7 (S5 (Jul @) ) || 212

The first term in (4.5.89) can be estimated by Bernstein’s inequality to obtain

152 D (S (Jul* 2 @) 9pS2ju) 202 S Nullg 1105~ 0uSazull 2z (4.5.90)
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Then writing

2
1D 0:Sajull 212 ~ || D7 0:S2; Peoull 212 + (Z HDf_latsza'PkUHigL;) (4.5.91)

k>0

and requiring b; > 2779 applying Lemma and then square summing over k yields

105 0uSajull 212 S D2 Sy Pyullparz + 2770 [ (De)* 085, fllpars

(4.5.92)
S bjllullxzs + byl £l gsorvs
To estimate the second term in (4.5.89)), we have two cases:
f1<s<o+ %, we obtain from the equation,
S D1 Ssoi(|u?*~2w)dyu
192; D7 (S>25(|ul™ @) Opu) || 1212 (4.5.93)

S 1182, D5 (Sza5(Jul* 2 @)03u) | rzrz + 1152 D~ (Sa2y (Jul* @) )l 212

By Holder and Bernstein’s inequality, Sobolev embedding and Corollary 4.2.11}, the first term

can be estimated by

o— S— 1+ o—
150057 Gy 020 a2 ID] QP2 s,

107 ull

2
LeL3™%

S 279(Dy) uH22c, 3 20 |00
Trs

t x

LOOLS 23

S2 j5H<Dt> = u||22(, 1 20- 1||U||L°<>HS+1
T

t x
(4.5.94)
Applying Corollary gives
s—1+46 25s—2+46 o— s5— l+25_ o—
D) TPy ey S IOD T UL sy + D) T ey (45.5)
L° UL, LT Lt ST LS
2 _21 <1-— (% — 280;_11), when s < o + %, we have by Sobolev embedding in the spatial
variable,
25-2445 9 < 20—1
||<‘DI> 20—1 U| L2a 1]_[/25r 1 ||u||LooHS+l ||u||81+65 UHL?OH%& (4.5'96)

t T

for some fixed constant ¢ > 0.
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Next, applying Sobolev embedding in the time variable, and using the inequality ||g|| 2z S

gl sz when p > g, we also obtain

s—1426 -1

[{Dy) 21 f|| sy 2y SFI| 2 S ||f|| =

L (4.5.97)
S Hf||sg

and so, the first term in (4.5.93)) can be controlled by (after possibly relabelling §),

27 (lullgrres +11flls0) > Nlullpomze S bjMlullrgemzs S bjAllullaze- (4.5.98)

For the second term in (4.5.93)), we simply have by Bernstein, and Corollary [4.2.11| and

Corollary [4.5.5]

s— o— s—1+3 o—2—
10,5 Sy (22 Lz S 27°ND] B P iy I,
9 20—1
S 2Dl sy 159
S 27l + 115 DI lss
T
S biA] s
This handles the case 1 < s <o + %
Next, suppose o + % < s < 20. By Bernstein’s inequality,
5— o— s—14+3 o—2—
||523D 1(S>2y(‘u|2 u )atu)||L2L2 S27 ]§||D 2(|U|2 2U>||LmLm||atu|| ,C,Lm
t
s=1+§ 1 1202
ST (S 1
(4.5.100)

Using Corollary [4.2.11] and then Corollary we estimate,

148 o s—1+46 _
1Dz (Jul* 2U)HLQC, i S D) =T allg

2(20 1)
—1+46 1446
< || P<o(Dy) 7 ull75.: + (Z (D) = PUHL2L2>
7>0
25s—2+26

S D) =l 5 + 115

~ L2L2

(4.5.101)
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Furthermore, we have by Sobolev embedding and the equation,

o3 o1
[0 Lre S IKD2) 2 ullgperz + (D)2 fll o2 (4.5.102)

Hence, we obtain

s—1+3 o9
DT H (2 a0l
o432 o—1 252420 o
S b5 ((D2) " 2ull ez + (D)2 fllrer2) 1{D2) 51 ull 35,3 (4.5.103)

+ A ([[ull e rze + 1 Fll 75 10)-

To control the first term, interpolating each factor between L°H?* and L°H} shows that

25—2425 o 3 _
(D2 S wlP A D) bl rpons S Nl 2 el ey (4.5.104)

—2+426

For the second term, interpolating the (Dx>232v—1 u factor between L{°H} and L{°H?* and
the (D)% f factor between Li°L? and L° H?*~?*% and using that s > o + 1 leads to

23 2+25

D) T a2 1D Flli iz S Allulierze + 171 vvs): (4.5.105)

Now, collecting all of the estimates and using that ||u[| g p2s S [[ullxzs completes the proof.
[l

Finally, we use Lemma to establish Lemma [4.5.9]

Proof. First, it is straightforward to verify that b? is a X2* frequency envelope for ¥ in the
sense that b7 satisfies property (4.2.3) and is slowly varying. Next, we expand

(i0; + 02)0 = i0yijv + (i, + O2)v = f. (4.5.106)

Using an argument similar to what was done to estimate (4.5.61)) and applying Corol-
lary[4.5.5] it is straightforward to verify || f||ss +|| f]

immediately follows from Lemma |4.5.12 [

25140 S €+ ||v] xzs, and so the conclusion

4.6 Well-posedness at high regularity

In this section, we aim to prove Theorem [£.1.1 We begin by studying a suitable regularized
equation.
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Well-posedness of a regularized equation

Since there is an apparent limit to the possible regularity of solutions to , we con-
struct H?* solutions as limits of smooth solutions to an appropriate regularized approximate
equation. Like in the previous section 7 will denote a time-dependent cutoff with n = 1 on
[—1, 1] with support in (—2,2). To construct the requisite solutions, we need the following

lemma:

Lemma 4.6.1. Let 2 — 0 < 2s < 40. Let 2s > a > max{2 — 0,2s — 1}. Then there is
an € > 0 such that for every ug € H2® with |jug||ge < € and for all j > 0, the regularized
equation

(10; + 02)u = inP;|u|*’ O,u,

4(0) = P, (4.6.1)

admits a global solution u € C*(R; H°). Moreover, we have the following bounds for 7' = 2,

”u”)cgms}“ Se,

e (4.6.2)
(30 + am)uHsgngglﬂ Se,

where the implicit constant in the above inequality is independent of the parameter j and

where 0 < 6 < 1 is any small positive constant.

Remark 4.6.2. The smallness assumption on the H¢ norm of u will turn out to be incon-
sequential (by L2 subcriticality for (gDNLS])). This assumption is made for convenience to

guarantee (4.6.2)).

Let us now construct solutions to (4.6.1)). The first step is to construct solutions to an

appropriate linear equation. For this, we have the following lemma.

Lemma 4.6.3. Let n = n(t) be a smooth time-dependent cutoff with n = 1 on [—1, 1] and
with support in (—2,2). Let 7> 0 and v € L¥ L>®. Let ug € H2*. Then for each j > 0,

there exists a unique solution w € C([=T,T|; H.°) solving the equation

dw = 102w + nP;|v|*? 0w,

0(0)— P (4.6.3)

Proof. First, observe that for each n > j a simple (iterated) application of the contraction
mapping theorem in the closed subspace of C([—T, T]; L?) consisting of functions whose spa-

tial Fourier transform is supported on [—2", 2"] gives rise to a solution w™ € C([~T,T]; H)
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to the following regularized linear equation,

Ow™ = i0%w™ 4+ P, (Pj|v]*0,w™),

(4.6.4)
w(")(O) = P<jU0.

We show that the sequence w(™ converges as n — oo to some w € C([~T,T]; H®) which
solves (4.6.3]). This follows in two stages, but is standard. First, for each integer k£ > 0, a
standard energy estimate and Bernstein’s inequality shows that w™ satisfies the bound

1™ oy S exp( ™ ol|Z o)l Pejuol| (4.6.5)

where importantly, the bound is independent of n (but can depend on j). Furthermore, a
simple energy estimate in L? for differences of solutions w(™ —w(™ to shows that the
sequence w™ is Cauchy in C([ T,T]; L?) and thus converges to some w € C([-T,T]; L?).
Interpolating against (4 shows that in fact w™ converges to some w in C([-T,T]; H®)
and that w solves in the sense of distributions, and furthermore that w satisfies the
bound for each k£ > 0. ]

The next step in the proof of Lemma is to construct the corresponding C?*(R; H°)
solution to . For this purpose, consider the following iteration scheme,

(Zat + 8g>u(n+1) — Z'np<j|u(n)|208£u(n+1)’

(4.6.6)
u("+1) (O) = P<jU0,

with the initialization ©(® = 0. Thanks to Lemma it follows that for each n, there
is a solution u™*Y ¢ C([-2,2]; HX) to the above equation. In particular, u™*!) can be

extended globally in time because for [t| > 2, u("*V) solves the linear Schrodinger equation.

Next, we have the following lemma concerning the convergence of this iteration scheme,

from which Lemma [4.6.1] is immediate.

Lemma 4.6.4. Let 2—0 < 2s < 4o. Let 2s > o > max{2—a 2s—1}. Let ug € H2® and let

u™*Y be the corresponding C(R; H, °°) solution to . Then there is € > 0 mdependent
of j such that if [|ug||se < e, then u(™ converges to some u € C(R; HX) solving (4 .
Furthermore, we have u € C*(R; H°) and the bounds

H“Hx;*ms;“ Se,

(4.6.7)
160, + 02)ull gz 100 S e
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Proof. We begin by showing that u(™*! satisfies the bounds

[u™ V| pagres S e,
MFNSy (4.6.8)
3

~Y

(60, + E20u™ V| g5y 110

for T = 2 uniformly in n. Given the initialization () = 0, we may make the inductive
hypothesis that (4.6.8) holds with n+ 1 replaced by n. Now, we prove the above two bounds
for w1,

We begin by showing ||“(n+1)||xgms;+5 < e. Indeed, it follows from the modification of
the low regularity bounds outlined in Lemma |4.3.18| that for 2s > a > 2 — o,

n+1 n+1

HU( )||qu,zng;+5§||u( )||X§- (4.6.9)

Then Proposition and the inductive hypothesis gives

™ % < Mluollfzg + 2 (a3 + IuV1E) + 2 ™ Dlsy ™ [lag ™|

R a2 [0

(4.6.10)
and so,
[ 3 S lluollfrg + 7 lu™ ] R (4.6.11)
From this, we deduce
[u™ || xq S e (4.6.12)
Next, we aim to verify the bound,
1(i8: + ) u" V| g5 p100 S & (4.6.13)
For this, we use the equation,
(10, + 02)u™ Y = inP_;|u™ |2 9,u" D). (4.6.14)
From Lemma [4.5.10 and (4.6.9)), we have
inPs ™0™V gy picres S €2 Jul™V Ly S e (4.6.15)

This verifies the uniform in n bound (4.6.8)).
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Next, we show that that u(™ converges to u € C(R;L?). Clearly it suffices to show (by
the localization properties of 1) that u(™ converges to u € C([-2,2]; L?).

We begin by estimating the L2 norm of u™1(¢) — u((t) for |[t| < 2. Indeed, we see
that w1 — (™ satisfies the equation,

(10, + 07) (ul™*V) — ul™) = in P [u™ > 0y (u ) — u)
4Py (a7 — [l o)), (4.6.16)
(u*D — u™)(0) = 0.

A simple energy estimate shows that for each —2 < T < 2

(1) _ ()2

[u ||L°T0Lg

(n+1)

S ™ g llut™ [ 75 e e u™Fe 12 (4.6.17)

1l (™75 e + ™ V1) 1™ = at e pa [Ju™ — ™| e s

where all the implicit constants are independent of j. Using (4.6.8)) and Cauchy Schwarz,

we obtain

(n+1) _ (n+1) _

1 1 _
I Uw)”%;%g < ZHU U(n)H%;OLg + ZHU(N) —ul? 1)||%39Lg~ (4.6.18)

From this, one obtains

1

Hence, we see that u(™ converges to u in C([—2,2]; L2). By a simple energy estimate, and
Bernstein’s inequality, it is straightforward to verify that for each integer £ > 0, we have the

uniform (in n) bound
™ ooty S exp(@ D u™ 35, L1 P<juollm: <5 luollmz- (4.6.20)

Hence, by interpolating against (4.6.20]), we see that u(™ converges to u in C([—2,2]; HZ).
By differentiating the equation in time, we find u € C?([-2, 2]; HS®).

It remains to show (&.6.7). Since u™ — w in C([-2,2]; HX), the X& N SL™ bound fol-

lows immediately from (4.6.8]). For the remaining estimate, we may clearly control

(i0; + 02)u = inP—;|u* Ou (4.6.21)
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in SN Z:119 by (after possibly slightly enlarging 9)

20
140
XPNST

+ [linPe;|ul* Ozu|

el geos S €+ [iPonlul* Opu] yoss. (4.6.22)

From Lemma [.5.10] we have

[inPej|ul2 0pul poodis SE (4.6.23)
Then applying Lemma again, using then gives

linPej|ul* Oyul| yso14s S €. (4.6.24)
This completes the proof. O

Remark 4.6.5. Note that at this point, we haven’t said anything about the behavior of
(4.6.1) as j — oo. For this, we will again need the uniform bounds from Proposition

Well-posedness for the full equation

In this section, we prove the local well-posedness of (gDNLS)) in H?® for 2 — o < 2s < 40.

Indeed, let uy € H?* and let 2 — 0 < a < 2s. By rescaling (recalling the problem is L?
subcritical), we may assume without loss of generality that |ug||ge < e for some € > 0
sufficiently small, and construct the corresponding H? solution on the time interval [—1,1].
For2—o0 <25 < %, we construct the solution in the Strichartz type space X2 OS%J”S, where
0 < 6 < 1 is any sufficiently small positive constant. When s > %, the extra S%J”S component

is, of course, redundant, thanks to Sobolev embedding.

We will realize H2* well-posed solutions as (restrictions to the interval [—1,1] of) limits of
smooth solutions to the regularized equation (4.6.1]). To establish this, we have the following

lemma.

Lemma 4.6.6. Let 2 — 0 < 25 < 40. Let 2s > a > max{2 — 0,25 — 1}. Then there is an

e > 0 such that for every uy € H2® with ||ug||ge < ¢, the time-truncated equation,

(i0; + 0%)u = in|u|* d,u,

(4.6.25)
u(0) = uo,
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admits a global solution u € C*(R; H°). Moreover, we have the following bounds for T' = 2,

HuHX;fns;” Se,

) 5 (4.6.26)
160, + 02)ull g5 pscres S .
and also
2 < 1 2
||U||x%s ~S m”uol@s, (4.6.27)

where C' > 0 is some universal constant.

Proof. 1f € is small enough, thanks to Lemma4.6.1} for each 57 > 0, there is a smooth solution
u) € C%(R; H) to the equation,
(0, + 02)u) = inP;|ud® |27,

. (4.6.28)
u(J)(O) = P<jU0,

satisfying
[ Lagrsyes + 1000+ 02)u | gy pecres < (4.6.29)

uniformly in j. Now, define for k& > j, v := u®) — () Then v*4) satisfies the equation,
+inPj<.<i|ul? 7 0,ul), (4.6.30)
U(k’j)(O) = Pj§~<kuo-

Multiplying by —iv(J) taking real part and integrating over R and from 0 to ¢ with [t| < T

leads to the simple energy estimate

lo* e 12 S I1Pj<cnuollze + (a5 + Iu™ S 1P lsy 0 ge 2

1
(k)12 (k,3) |2 N () 2ST () (k,5) (4.6.31)
+ [ NSE 0™ e £z + 1Py <i[ut” 7] Loz [ sy 10M || e 2.
Using the uniform in j bound
[ g1es S & (4.6.32)
from Lemma and Cauchy Schwarz gives
W N2 12 S 1 Pr<crtiollZz + | Pyeanl e P | oo 2 0?32 (4.6.33)

Furthermore,

P u® )2 || o2 < Q—j”u(j)”g;_ (4.6.34)

Tz ~
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Hence, the right hand side of (4.6.33)) goes to zero as j, k — oo. Therefore, u'¥) converges to
some u in C'([—2,2]; L2). On the other hand, thanks to the uniform (in k) bounds from the

energy estimate Proposition [4.5.1] we obtain

1P |3as S a2lluollFrze + [B57126% [0 13 (4.6.35)

where b;k) is a X2 frequency envelope for u¥). Using that ||u®|| gt < €, an argument similar
to the low regularity well-posedness shows that for € small enough, a; is a X3* frequency
envelope for u*). Analogously to the low regularity argument, this can be used to show that

u®

— u in X7 and that a; is a X2* frequency envelope for u and that u solves the time
truncated equation,
100U + Ugy = i0|u|* Uy,

b e = il (4.6.36)
u(0) = o,

in the sense of distributions. Moreover, by square summing over j and passing to the limit
in (4.6.35), we obtain the uniform bound

1
||u||§(% S WHUOH%{% (4.6.37)

O
Next, we establish local well-posedness for the full equation (gDNLS]).
For existence, we may rescale (using the L2 subcriticality of the equation) to assume uy € H?*

has sufficiently small data. Then we may construct a X2* solution to (gDNLS]) on the time
interval [—1, 1] by applying Lemma and restricting to |t| < 1.

For uniqueness, we consider the difference of two H2* solutions uy, us to (gDNLS)) and obtain,

by a standard energy estimate, the weak Lipschitz bound,
lur = wsllgerz Spurlgy dhuailgy, 142(0) = u2(0)]lzz- (4.6.38)

for T > 0. Among other things, this shows uniqueness in C([—1,1]; H2*) N S}

For continuous dependence, again assume without loss of generality that uy has sufficiently
small H2* norm. To show continuous dependence for the full equation , it clearly
suffices (by restricting to 7' < 1) to show that the data to solution map ug € H2® +— u €
X2, N SLE for the time-truncated equation is continuous. For this, let u? € H



CHAPTER 4. DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS 327

be a sequence of initial data converging to some ug in H2*. Let u™ and v denote the corre-
sponding X2, N S}FJ;‘; solutions to the time-truncated equation (4.6.36|), respectively. From
the frequency envelope bound (4.6.35) and an argument almost identical to the proof of
continuous dependence at low regularity, it follows that

lim |Ju" — UHX%;QHS}L‘; =0. (4.6.39)

n—oo

We omit the details. This finally completes the proof of Theorem 4.1.1]

4.7 Global well-posedness

Here, we complete the proof of Theorem 4.1.2 That is, we show that for ‘/75 <o <1and
1 < 2s < 40, (gDNLS]) is globally well-posed in H2*. The proof of local well-posedness in H 2
for 1 <2s < % and o > \/75 established in Section relied on having global well-posedness
when % < 2s < 40, so we establish this first. Ultimately, global well-posedness will follow

from the conservation laws, which we use in the next lemma to establish uniform control of

the H} norm of solutions:

Lemma 4.7.1. (H! norm remains bounded) Let uy € H2?*, 1 < 2s < 40 and \/75 <o <l
Let T' > 0 be sufficiently small. If 2s < %, suppose that there is a corresponding well-posed
solution u € X7° to (gDNLS)). Likewise, if 40 > 2s > 2, let u € X2* be the corresponding
well-posed solution to (gDNLS]). Then for 0 < |¢| < T', we have

Hu(t)HH; SlluollH}E 1 (4.7.1)

where the implied constant depends only on the size of ||ug|| z1. In particular, the H) norm

of u cannot blow up in finite time.

Remark 4.7.2. There is one small technical caveat to be aware of. Namely, in Lemma|4.7.1}
it is assumed for 1 < 2s < % that the equation is locally well-posed X2¢. As men-
tioned above, this will follow from the results proven in Section [4.4] once we have established
global well-posedness in the range % < 2s < 40 (where we already have local well-posedness
from Section 6).

Proof. Recall that we have the conserved mass and energy, respectively

M(u) = %/R\u|2d:ﬁ — M(u), (4.7.2)
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1 1
E(u) := 5 /R || *dx + mRe/RﬂuF”ﬂuxdx = FE(up). (4.7.3)

It is also straightforward to verify that any well-posed solution in X7 (when 2 < 2s < 40)
or X% (when 1 < 2s < %) satisfies these conservation laws. By interpolation, we have the

following lower bound for the energy (where C' is some constant that may change from line

to line)
1
B(u) > ¢ uell?, — Ol ez
> Luallz, — Cllull (4.7.4)
1 140

> sl - CM (),
Hence, for 0 < |t| < T, we have

HU@)H%{; < E(ug) + M (up) +M(uo)% <

~lluoll g1

1. (4.7.5)
O

Corollary 4.7.3. Let ug € H?, 0 < T* < oo, g < 258 < 40 and \/75 < 0 < 1. Suppose that
for each T' < T*, there is a corresponding well-posed solution u € X?* with initial data ug.
Then for each 0 < § < 1, we have

lim sup ||| gi+s y2-o+26 < 00. (4.7.6)
T,/T* T T

In particular, the S5™ N X277 norm of a solution cannot blow up in finite time.

Proof. Lemma shows that for all 0 < T < T™, the norm |[u[|zsp: is bounded by a
constant depending on the initial data ||u||g1. Therefore, iterating (after appropriately
translating and rescaling the initial data) Proposition shows that

limsup [Jul|x1 Sjpuoll,,, 1- (4.7.7)
T T+ @

By virtue of (4.7.7) and iterating Proposition we find that

lim sup [Jul| y2-o+2s < oc. (4.7.8)
It follows that
limsup ||u|| gi+s < limsup |Juf] y2-o+26 < 00. (4.7.9)
T 2T* T T 2T* T
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Next, we use Corollary and Lemma to establish global well-posedness in the
high regularity regime % < 25 < 4o. Indeed, for ug € H2® let T* > 0 be the maximal time
for which there is a corresponding well-posed solution v € X2 for each T' < T™*. If T* = o0,
then we are done. We can therefore assume for the sake of contradiction that T* < co. Then
we have

lim sup ||ul| xz: = oco. (4.7.10)
T T

We show that this is impossible. By rescaling and translation, we may without loss of gen-
erality take T = 1.

3

We begin with the case 5 < 25 < 2. Set a = 2 — ¢ + 20 where ¢ is some small posi-

ol

tive constant.

Let 0 < ¢ < 1. Define now the rescaled solution uy(t, z) = A2eu(A2t, Az) to (gDNLS),
where \ satisfies k := A2 € N and where ) is small enough so that for each T' < 72,

e S A3 |ul|pe e S e (4.7.11)

||| o ®

T<A—2

By assumption uy is a XZ* solution to ([gDNLS)) for 7' < A~? with

lim sup ||uy || y2s = 0. (4.7.12)
T /A-2 r

Now, we iterate Lemmal[4.6.6l We consider the initial value problem for each natural number
n <k,

(i0; + O2)wn = in|wn|** Ozwn,

w,(0) = up(n).
By Lemmaby taking o = 2—o+24, and there is a global solution w € C'(R; H**)

to the above equation satisfying

(4.7.13)

1
lwallz: | < mHUA(n)H%{%s (4.7.14)

from which we deduce (by restricting w to times in [—1,1]),

1
lua(n+ M., S 77z 1Az (4.7.15)

[terating this k& times gives the bound

1 k
2 < 2
i, . S (1) TaOl- (47.16)
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This contradicts (4.7.12)). Therefore T* = oo and the X?* norm cannot blow up in finite
time when % <28 < 2.

Next, we proceed with the case 2 < 2s < 40. If 2 < 25 < 3, then if we assume a max-
imal time of existence T* < oo for a XZ* solution, then the previous case shows that for
0 > 0 sufficiently small,

lim sup [Ju|| y2s-1+5 < 00. (4.7.17)
T T T

Replacing « in the previous case with max{2s — 1+ §,2 — o + 2§} and repeating the proof
verbatim shows once again that 7™ = oo. Iterating once more shows that in the case

3 < 2s < 40, we also have the same conclusion. Thus, (gDNLS) is globally well-posed in
H?* when 2 < 25 < 40.

We finally turn to the last case. Namely, we show that (gDNLS) is globally well-posed
when 1 <25 < %

Indeed, at this point, we know from Section 4 and the previous two cases that we have
a locally well-posed X% solution. Iterating the low regularity bounds Proposition and
using Lemma [4.7.1] shows that such a solution can be continued for all time. This finally
completes the proof of Theorem |4.1.2]
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