Math 53 - Quiz Solutions.

Adam Booth.
Fall 2005.

Quiz 1 — 9/7/05.
1. Formula check:

(a) A smooth curve is parameterized by the equations x = f(t), y = g(t). Give
formulae for the following quantities in terms of (= dt) and y(= %%):
dy _ g,
1. % = 5

ii. The length of the arc from (f(«), g(a)) to (f(8),g9(B));

B
/ Va2 + g2 dt
«@

iii. The surface area of the solid formed by rotating the above arc around the
z-axis (assuming g is positive);

B
/ 2y &% + g2 dit
(0%

(b) Another curve is given in polar co-ordinates by r = f(6) (assume f positive).
Give a formula for the gradient of a line which is tangent to the point with
polar co-ordinates (f(a),a).

dr
g sinf +rcos 6

dr
gg cos —rsind

2. A shape has equation 7 = |sin 6| in polar co-ordinates. Find its area. [Recall: sin®z

can be re-written as a linear function of cos 2z.]

2
Lsin” 0 do

S~

' 7\\‘ Area
T =
— ‘0?{/0.4 2
/ N ) / (1 — cos26) db
\ ‘ 0
_— [0 — 1sin20]5"

3. Find the distance traveled by a particle with position (sin?¢,cos?t) from ¢ = 0 till
t = 37 and the length of the curve.
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The particle traces out the arc once from ¢ = 0 to ¢ = 7/2. Over the next 7/2 “seconds”
it goes back over the same path again (but backwards). It then repeats this twice. So,

distance = 6 x length.

0.8 /2
Length = / \/4 sintcos2t + 4sin? t cos2 t dt
0

0.6

0.4 /2
= 2\/5/ sint cos t dt
0.2 0
/2
0 02 04 06 08 1 = \/5/ sin 2t dt
0
—V2
= ;/_ cos 2t ]3/2
=2

- distance = 6v/2.

Quiz 2 — 9/19/05.

1. Suppose a,b and ¢ are vectors and s ant ¢ are scalars. For each of the follow-
ing expressions, say whether it is meaningful or not and, if meaningful, whether it
represents a vector or scalar:

(a) (sa+t)- b is not meaningful (can’t add a scalar to a vector);

(b) a- (b x sa) is meaningful and is a scalar;

()

d)

(a+ b) x (sa + tb) is meaningful and is a vector;

(d) (a-b) x c is not meaningful (can’t input a scalar into a cross product).
2. A plane passes through the points (1,0, 3), (0,1,2) and (0,0,1).
(a) Find a normal vector to the plane.

Two vectors in the plane are a = (1,0,3)(0,1,2) = (—1,1,—1) and b =
(1,0,3)(0,0,1; = (=1,0,—2). Their cross product will be a normal vector.

It 1s:
i j k _ . _
-1 1 —1:1 1i-l— ! 1j+ 1k:—2i—j+k.
10 -2 0 -2 -1 -2 -1 0

(b) Give an equation for the plane in the form ax + by + cz = d.
We may take a = —2, b= —1, ¢ = 1. To find d, we plug in a point, (0,0, 1), we
know is on the plane:

(=2)(0) + (=1)(0) + (1)(1)
cod

d
1



(c) Convert your equation from (b) into an equation in cylindrical co-ordinates of
the form z = f(r,6).
Solving for z gives:
z=1+2z+y
=1+ 2rcosf+ rsinf.

3. A particle is moving in such a way that r-r is constant. Show that the angle between

r and I is always more than 90, so long as r,f and t are never 0. [Hint. If r- 1 is
constant, what can you say about %(r -1)?7 Can you expand that expression?]

r - I is constant, so %(r 1) = 0. But,

L.
dtI'I'—I'I' r-r

= |£|? + |r||¥] cos 6,
where 0 is the angle between r and r.
|£|? is positive, so |r||¥|cos @ must be negative, as they sum to 0.

So, cos 6 must be negative. 6 is constrained to be between 0° and 180°, so must be
greater than 90°.

Quiz 3 — 10/3/05.

1.

(a) If z = f(z,y) and = = g(s,t), y = h(s,t) then what does the Chain Rule tell

z
you is the derivative —7
0s

0: _0:05 00y
ds  0x0ds Oyos
(b) Use the above to find % if f(z,y) = 2%sin(y), g(s,t) = In(s/t), h(s,t) =

tan(s + ¢).
2y = 2xsiny Zy = z? cosy
1
Ty = — ys = sec?(s +t)
S

SR = 2% siny + z% cos y sec’(s + t).
s

[Of course, one can simplify this by substituting in the expression for z and y
in terms of s and ¢, but there is no actual need to do this.]

(a) By finding Vv f, find D, f(1,—4,5) where f(z,y,2) = 2% —y? — 2.

1 1 1)
V3V3VE

(=)

Vf = (2557 —2y, _1>
S VAL —4,5) = (2,8, 1)

D<%,%,%>f(1, —4, 5) = <
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(b) Use part (a) to find a tangent plane to the surface z = 22 —y* + 20 at the point
(17 _47 5) .

This surface is a level surface of the function considered in (a), so Vf(1,—4,5)
is normal to it. Hence, an equation is

<2787 _1> ’ (X - <17 —4, 5)) -

3. Suppose we don’t know what ¢ is but we know Dy(0,0) and Dy (0,0) where u and
v are two given unit vectors (and it’s not the case that u = v or that u = —v). Can
we work out what g,(0,0) and g,(0,0) are? If so, explain how we’d do it; if not,
prove we can’t.

Yes, you can. Suppose u = (a,b) and b = (¢, d). Then

Dy(0,0) = ag(0,0) + bg,(0,0)
Dy (0,0) = ¢g,(0,0) + dg, (0,0

We know a, b, c,d, Dy(0,0) and Dy (0,0), so solve these simultaneous equations for
92(0,0) and g4(0,0).

[You weren’t required to prove this works, but the conditions I gave on u and v are
exactly right to guarantee a unique solution.]

Math 53 — Quiz 4 — 10/17/05.
Adam Booth

Name:

1. (a) Draw a picture (labeled with dimensions) of the shape whose volume is given

by
[ e,
—1,1]%[0,3]

) What is its volume? [Use geometry, not calculus.]
Volume = (length)(width)(height)= (2)(3)(2) = 12.

(c) Calculate f03 f_112d:z: dy. [Be detailed.]




3,1 3
// 2dxdy:/[2x]1_1dy
0o J-1 0
3
:/ 4dy
0

= [4y]3
~ 19,

(d) Explain the relationship between your answers to (b) and (c). [If you state a
theorem in your answer, you should state it precisely.]

They are the same. This is because Fubini’s theorem tells us that if a function
is continuous (as 2 certainly is), then

// f(:my)dwdy:/ng_llf(x,y)dwdy-
~1,1]%[0,3]

2. Evaluate the following repeated integrals:

fl 0 1+x d.Tdy,

2 04 2 2 3 0
/ / +2$ drdy = / [736 +:12: /3] dy
1 J-1 Y 1 Yy -1

b) [ f /2s1n x cos y siny dx dy.
T /2 /2
/ / sin? z cos y siny dz dy / sin xdx/ ydy
0 J—=n/2 —m/2
0

3. |z | represents the largest integer less than a real number, z. Find

/ / % + 3] d(z, ).
[1,2] ><[2,4}

[Note: the function |z] is called the floor of x.]
To understand what this function does, we first plot the level curves of the function
f(z,y) = = +y for various integers over the rectangle.



6 (Notice that the level ‘curves for 3 and
6 are actually level points.)

Now, note that over the whole region below the 4 level curve , |z + y| will be 3 (as
floor rounds down); between the 4 and 5 level curves it will be 4 and above the 5 level
curve it will be 5. So, the level ‘curves’ for |z +y| (I put ‘curves’ in quote marks, as they
are of the plane. are they bounded? Closed? Open?)

for people who

The safe way to be to regard the shape as a union of three cylinders (two

cylinders and one A more fun way would be to slice off the top
step, flip it over and place it on top of the bottom step. That gives us a cuboid with
dimensions 1 by 2 by 4, which has a volume of 8.

Math 53 — Quiz 5 —

1. Set up (but do not iterated integrals the following:

(a) The mass of the region of the first octant bounded by the cylinder z? + 3% = 1
and the surface z = z + y with density p(z,y,z) at the point (z,y, z) using
co-ordinates.

/

(b) The of the center of mass of the object in (a), using
co-ordinates.

(c¢) The surface area of its top surface.

(because z =z +y, 850 2, = 1, 2y, = 1).



2. This question asks you to find the center of mass of the part of the sphere

2% = 1 which lies above the zy-plane. Give the z and ¥ co-ordinates without doing
any and explain why 0 < z,, < 1/2 (where z,, is the of
the center of mass) before doing any calculus.

By symmetry, z =y = 0. 0 < 2z, = z < 1/2 because most of the mass of the solid
is contained in the bottom half. We now calculate z = M,, /M. First, we’ll do the
total mass, using spherical co-ordinates (as the shape of the object is very closely
related to that of a sphere).

M = = —
= 2m/3.

(Of course, if we’d remembered the formula for the volume of a sphere this would
have been even easier.) Now for M,,:

My, =

1
= - 5 5in 2 do

=7/4.
Thus, z = 3/8

3. Let D = [0,1]3 be the unit cube with opposite corners at the origin and (1,1,1).
Evaluate [Hint: Find where E is the part of the
cube on which z is greater than or equal to y and z. Explain why tripling this gives
the integral asked for.]

FE is the part of the cube on which z is greater than or equal to y or z. In other words,
E is described by 0 <2 <1, 0<y <z, 0 <z <2 On E, because z is greater than or
equal to y and z, we must have = z. So,

1

/01
i

1

T4
We have done the integral over the part of the cube where z is biggest, E. Let E' and
E" be the parts where y and z are biggest E,E', E" form a partition of the

cube, hence



But the last two integrals are the same as the one we’ve already worked out (the differ
only by a switch around of the variable letters). So,

W o

Math 53 — Quiz 6 —

1. Let F = be a vector field and C be a path in R?, by

t € [a,b]. This question asks you to write down the line integral of F

along C' (which you can think of as the work done by a fluid to help an
intruder particle) in two simple ways.

(a) First, write down the line integral using only 6 symbols (bars a
symbol do not count as extra

-dr

(b) Now, write down the line integral in terms a first semester calculus student
would understand. (ie. you must eliminate all vector notions, and write every-
thing in terms of single variable integrals and

2. A piece of wire is made into a semi-circle which may be described as the
of the circle 22 + y? = 4. The linear density is constant at 1. What is the mass and
center of mass of the piece of wire?

The length of the piece of wire is is %2%2 = 27, so this is its mass too. Z = 0, by
symmetry. We need to calculate the y-moment. Let’s C by 2 = 2cost,
y=2sint, 0 <t < 7.

Hence, y = 8/(27) = %.

3. Consider the vector field F = (—y,z). Prove that it is not conservative in three
different ways. [Hint: one way would be to use the formula involving derivatives
from 16.3; another would be to integrate around some closed curve; a third would
be to think about level curves of a function f such that Vf = F]



Here are a few ways to do it.
Firstly, using the formula:

Po=1#-1=Q,

so F isn’t conservative.
Secondly, around a closed curve: consider the unit circle. Parametrize it

as x =cost, y =sint, 0 <t < 2m.

. dr =
=2r#0
So, the field is not conservative.
Thirdly, using partial Suppose F = Vf. Then f, = —y, so f(z,y) =
to y gives f, = But, we are given
that f, = . Hence, F is not conservative.

Math 53 — Quiz 7 —

1. Let F be a (3D) vector field and f : R* — R a function of three variables. Which of
the following make sense?

(b) and (c) do; (a) and (d) don’t (can’t take the div or the curl of a scalar

2. Find the equation of the tangent plane to the surface r = (u —v) at the
point (2,3,0).
For starters, note that u = v = 1 (we get this easiest by =2, u—v=0).

Recall that a vector tangent to the surface at that point will be ry(1,1) x r,(1,1).

ry(1,1) = (1, 6u,1) |(1,1)
=(1,6,1)

ry(1,1) = (1,0,-1) |11
=(1,0,-1)

LN
Sory(1,1) xr(1,1) =11 6
10

Hence, the equation of the tangent plane is:

(r—(2,3,0)) = 0.



3. Let T C R? be the surface of a torus which is formed by rotating a circle in the
yz-plane of radius b and with center (0, a,0), a > b, about the z-axis. Given a point
(z,y,2) in T, let f(x,y,z) be defined as the of the point on the z-axis

to the torus at the point (z,y, z). If there

is no such point, leave f(z,y,z) undefined. [Advice: this whole question is meant to

(a)

be an exercise in not in doing calculations or writing
Is the function f defined at every point of T? Describe the set of
points on the surface of the torus at which it’s not defined. a picture

is fine, if the picture is well labelled. No

f is undefined at a point (z,y,z) € T if and only if the tangent plane at that
point is vertical. Thinking about the surface, we see that it only has vertical
tangent plane on the innermost and outermost circles, ie. the two circles of the
torus which intersect the zy-plane.

What do the level sets of the function f look like? Give only basic geometric
details, not formulze which result from calculations. No proofs
required.

All points in the same horizontal circle will have the same value under f, by
rotational symmetry, so each level set will consist of a bunch of circles parallel
to the zy-plane. To get a tangent plane which contains the point (0,0, k), we
can either go up from the bottom half of the torus, or down from the top half.
Hence, each level set will consist of two circles parallel to the zy-plane, one
above the zy-plane and one below it.

10



