MATH 74, FALL 2004, HOMEWORK 5 SOLUTIONS

BENJAMIN JOHNSON
Due October 6

Assignment: 1.4.3(2), 1.4.7(3), 1.5.6, 1.5.8, 2.1.5(1)(3), 2.1.6

1.4.3(2) Let AC N and let k € N.
(a) If k € A, then to say k is not a least element of A means (In € A)(n < k).
(b) If k is not necessarily in A, then to say k is not a least element of A means (k ¢
A)V (Fn e A)(n < k).

1.4.7(3) We'll adapt the proof in the book to show that /s is irrational whenever s is not a perfect
square.

Proof. Let s be a positive integer that is not a perfect square. To say that /s is irrational
means (Vn € N*)(Vm € Z)(\/s # ™), or equivalently, (Vn € N*)(n\/s ¢ Z). Let A = {n ¢
N*: ny/s € Z}. We'll use well-ordering to show A = ().

Suppose A # ). By well-ordering, A has a least element. Let n; be the least element of
A. Choose m to be the greatest positive integer with m? < s. (If we wanted to be more
formal, we could have chosen m to be the least member of the set {k € N* : (k +1)? > s},
and then shown m was also the greatest integer with m? < s). Let k = ny(y/s — m). We
will show that k € A, and that k < n;.

(1) First k must be positive, since n; > 0, \/s —m > 0, and k = ny(y/s —m). Second, k
must be an integer, since each of ny+/s, ny, and m are integers, and k = ni\/s —ny - m.
So k € N*. Third, k+/s must be an integer since each of ny, s, k, and m are integers,
and kv/s = [n1(v/s —m)]/s = n1s — niy/sm =nys —km. So k € N* and kv/s € Z. So
ke A

(2) Since m is the greatest integer with m? < s, we must have (m+1)? > s. (We could prove
this formally using the gap lemma). Hence \/s—m < 1. So k = ny(y/s—m) < ny-1 = ny.
So k < ny.

Together, the two statements above provide a contradiction to our assumption about n,

being the least member of A. So we conclude A must be empty, and hence /s must be

irrational. U

1.5.6 Prove: (Vn,j e N:0<j <n) ((”ﬂ) =(")+ ("))

J Jj—1 J
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Proof. Let n,7 € N, with 0 < 57 < n. It’s easier to figure out the algebra steps if we start
with the right side of the equality, so we’ll just write the proof that way.

(j . 1) ! (?) e e R gy (el (J ’ 1)a“d @)

I. 1-
- n-J + i+ 1-J) (finding common denominator)

jln+1—7)! ].(n—l—l—]).
nl-j+nl-(n+1-j7)
= leeb
n+1—j) (algebra)
_n!(j+n—i—1—j)
e+ 1 =)
(n+1)!

1= (e

) (1)

1.5.8(a) Prove: (VYm,n,j € N) <(m+n+1) = (mﬂ))

n J

(algebra)

Proof. We'll use induction on n. Let P(n) say (Vm,j € N) ((m+n+1) =" (mﬂ)>.

n 7=0 j
(1) P(n) is a predicate in the variable n.

(2) P(0) says (Vm,j € N) ((m+1) = Z?:o (mﬂ)) P(0) is true because both sides of the

J
equation evaluate to 1.

(3) Let n € N, and assume P(n) is true. Then (¥Ym,j € N) ((m+n+1) =" (m”)) We

n ]=0 Vi
need to show P(n + 1) is true. P(n + 1) says (Ym,j € N) ((m:;ﬁﬂ) = Z;j& (”j”))
Again working from right to left, we have

n+1 . n .
1
Z (m +<7) _ Z (m +<7) + <m :ff ) (by definition of summation)

j=0 J J=0 J
1 1
= (m T ) + (m Tt ) (by our induction hypothesis)
n n+1

B (m+n—|—2

+1 ) (by the addition formula for binomial coefficients)
n

So P(n+1) is true. So So (Vn € N)(P(n) = P(n+ 1)) is true. So by induction, (¥n €
N)(P(n)) is true, i.e. (Vn € N)(Vm,j € N) ((”””“) = ("“.Lj)), or equivalently,

(Vm,n,j € N) <(m+:+1) =0 (myﬂ)> _
O

1.5.8(b) We need to use part (a) to show that (3) = (5) + (}) + (). (Of course we could just

evaluate each of the 4 expressions directly and verify the equality, but that would not be the
point. The point is that we can verify the equality by citing the above result and without



MATH 74, FALL 2004, HOMEWORK 5 SOLUTIONS 3

really evaluating anything.) We have

2.1.5(1) Prove: If p(z) is any polynomial, and if d(z) is a (non-zero) polynomial with finite degree
n, then there exist unique polynomials ¢(x) and r(x) with p(z) = q(z)d(z) + r(x) and
degr(xz) <n.

Proof. First, if p(z) is the zero polynomial, we choose both ¢(z) and r(z) to be the zero
polynomial. This choice of ¢(z) and r(x) satisfies p(x) = q(z)d(z) + r(z) (since both sides
evaluate to zero) and degr(z) < degd(x) (since —oo < n = degd(x)). This choice of ¢(z)
and 7(z) is unique, since if p(z) = ¢(z)d(z) + 7'(z) and degr’(x) < degd(z), then ¢'(z)
must be the zero polynomial. For 1f ¢ (z) # 0, then r'(z) = —¢'(z)d(x) = degr'(z) =
deg ¢ (z)d(z) = degq'(x) + degd(x) > degd(z), which contradicts our assumption that
degr'(z) < degd(z). So ¢'(x) = 0, and hence 7'(x) = ¢/(x)d(x) = 0. So 7'(x) = r(z) and
7(2) = 4(x).

From now on, we may assume that p(z) is not the zero polynomial, so that p(z) has finite
degree m. Let d(x) = >_"_; bz’ be a (non-zero) polynomial of degree n. We'll prove (Vm €
N)[degp(x) = m = (Fpolynomials ¢(z),r(z))[(p(z) = q(x)d(x) + r(x) A degr(z) < n)]]
using strong induction on m.

Let m € N and assume (Vk < m)[degp(x) = k = (Ilpolynomials ¢(x),r(x))[(p(x) =
q(z)d(z) + r(x) A degr(x) < n)]]. There are two cases to consider. We must prove both
existence and uniqueness in each case.

(1) m < n: For existence, choose ¢(z) = 0, and r(z) = p(z). Then we have p(x) =

0-d(z)+ p(x) = q(x)d(z) + r(z), and degr(z) = degp(z) = m < n. So p(x) =
q(x)d(z) + r(x) Adegr(z) < n.
For uniqueness, suppose p(z) = ¢'(x)d(z) + r'(z) and degr’(z) < n. If ¢'(x) is not the
zero polynomial, and has finite degree k, then m = degp(x) = deg(q(z)d(z) + r(x)) =
max{deg q(z) + degd(x),r(x)} = max{k +n,degr(xz)} > n. This gives a contradiction
to our case assumption that m < n. We conclude ¢'(z) must be the zero polynomial,
and hence, r'(z) = p(z) — ¢'(z)d(z) = p(x) — 0-d(z) = p(z). So ¢'(z) = q(x) and
r'(x) =r(x).
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(2) n < m: In this case, the polynomial p(z) — $=2™ "d(z) has degree less than m. (This
is true because

Am _
p(x) — —a™ "d(z) = g ajr! — —am " g bz’
by = b =
m—1 n—1 ab
= E a;x’ + ay,x™ — Z Laatm=n L q o™
j=0 j=0 "
m—1 n—1
_ a.xd — b,$]+m—n
= j j
Jj=0 J=0

and this last expression is the difference of two polynomials, each of which has degree
at most m — 1). By our induction hypothesis, applied to p(x) — ‘z—’:xm_"d(x),
(I'polynomials ¢i(x),r1(x))[(p(z) — 2™ "d(z) = qi(z)d(x) + ri(z) Adegri(z) < n)].
For existence, choose ¢(x) = ¢i(x) + §=2™", and choose r(z) = ri(z). We then have
Qm m—n am m—n
p(e) = pl(w) — S rd(x) + ()

= qi(2)d(x) + r(z) + i—:xm"d@)

— (ch(x) + Z—:mm_") d(x) +11(x)

= q(z)d(z) +r(x)

and degr(x) = degr(x) < n.
For uniqueness, suppose p(z) = ¢'(z)d(z) + r'(z) and degr’'(z) < n. Then

plr) = ") = o (2)d(x) + /() = ")

_ <qf<x) . Cé—’”x’") d(z) +7(x)

By the uniqueness part of our induction hypothesis, applied to p(x) — 4=22™ "d(x), we

bn
have ¢'(z) — §=2™™" = qi(x) and '(z) = r1(z). Hence ¢'() = qi(x) + §=2™™" = q(z)

and r'(z) = r(z) = r(x).

By strong induction, (Vm € N)[degp(z) = m = (3'polynomials q(z),r(z))[(p(x) =
q(z)d(x) + r(x) Adegr(xz) < n)]l.

We considered the case where p(x) is the zero polynomial separately, and d(x) was an
arbitrary non-zero polynomial of degree n. So if p(x) is any polynomial, and if d(x) is a
(non-zero) polynomial with finite degree n, then there exist unique polynomials ¢(z) and
r(x) with p(z) = q¢(x)d(x) + r(z) and degr(x) < n.

0

2.1.5(3) Let p(z) be a polynomial and let @ be a number. Then «a is a root of p(x) if and only if a
is a factor of p(z).

Proof. (=) Assume a is a root of p(x). By part (a) above (with # —a in place of d(x)), there
are unique polynomials ¢(z) and r(z) such that p(x) = ¢(z)(x — a) + r(z) and degr(z) <
deg(z — a). Since z — a is a polynomial of degree 1, r(x) must have degree 0 or —oco. In
either case, r(x) must be a constant polynomial. Since 0 = p(a) = g(a)(a — a) + r(a) =
0+7(a) = r(a), we have r(a) = 0, and so r(z) must be the constant zero polynomial. Hence
p(z) = q(z)(x — a), and so x — a is a factor of p(z).
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(<) Assume = — a is a factor of p(x). Then p(x) = ¢(x)(z — a) for some polynomial ¢(x).
Hence p(a) = q(a)(a —a) = 0. So a is a root of p(x).
U

2.1.6 (a) [29]10 =16+ 8 +4 + 1 = 24 4+ 23 422 + 20 = [11101],
(b) [259]10=1-243+1-9+2-34+1-1=1-3"4+1-3242.34+1-3%=[100121];
(¢) [502]10=2-243+1-9+41-3+2-1=2-374+1-324+1-3" +2.3° =[200112]5



