A-PRIORI BOUNDS FOR KDV EQUATION BELOW H 1
BAOPING LIU

ABSTRACT. We consider the Korteweg-de Vries Equation (KdV) on the real line, and
prove that the smooth solutions satisfy a-priori local in time H® bound in terms of the
H?* size of the initial data for s > —%.
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1. INTRODUCTION

In this paper, we consider the Korteweg-de Vries (KdV) equation,

(1) Ou+ BPu+0,(u?) =0, u:Rx[0,T] =R,
u(0) = ug € H*(R).

The equation is invariant respect to the scaling law
u(t, x) — Nu(\’t, A\r),

which implies the scale invariance for initial data in H _%(R). It has been shown to
be locally well-posed (LWP) in H® for s > —% by Kenig, Ponce and Vega [18] using a
bilinear estimate. They constructed solution on a time interval [0, d], with ¢ depending
on [[ug||gsw). Later, the result was extended to global well-posedness (GWP) for s > —3
by Colliander, Keel, Staffilani, Takaoka and Tao [7] using the I-operator and almost
conserved quantities. See also the reference [2], [6], [17], [13], [20], [3], [21] for earlier
results, and [4], [15], [28] for local and global results at the endpoint s = —3.

In [27], Nakanishi, Takaoka and Tsutsumi showed that the essential bilinear estimate
fails if s < —3. In fact, Colliander, Christ and Tao [4] proved the illposedness of the R-
valued KdV equation for s < —%. They showed that the solution map fails to be uniform
continuous. See [19] for the corresponding result for the C-valued KdV equation.

On the other hand, the same question was posed in the periodic setting (u : Tx[0,T] —
R), where we have the result s > —1/2 LWPJ[I8] and GWP[7]. Also, Kappeler and
Topalov [16], using the inverse scattering method [12], proved GWP for inital data in
HP(T),3 > —1 in the sense that the solution map is C° globally in time. Their proof
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depends heavily on the complete integrability of the KdV equation. Interested readers are
also referred to the work of Lax and Levermore [24], Deift and Zhou [9], [10]. There they
used inverse scattering and Riemann-Hilbert methods to study the semiclassical limit of
the completely integrable equations.

In addition, there is an interesting result by Molinet and Ribaud [25] on the initial-value
problem for KdV-Burgers equation.

@) Ou+ Pu+ 0,(u?) —Pu=0, teR,, reRorT,
u(0) = up € H°(R).

They showed that (2) is GWP in the space H*(R) for s > —1, and ill-posed when s < —1
in the sense that the corresponding solution map is not C2. This is a bit surprising since
the initial-value problem for the Burgers equation

3) Ou+ 0,(u*) —Pu=0, teR,, xeR,
u(0) = up € H*(R).

is known to be LWP in the space H*(R) for s > —1, and is ill-posed in H*(R) for s < —3,
see references [1] and [11]. Notice that the critical result for Burgers equation (3)) agrees
with prediction from usual scaling arguments. While KdV-Burgers equation(2) has no
scaling invariance, the sharp result by Molinet and Ribaud s = —1 is lower than s = —%
for KAV, and s = —% for Burgers equation.

From the results of Colliander-Keel-Staffilani-Takaoka-Tao [7], Colliander-Christ-Tao [4],
Kappeler-Topalov [16] and Molinet-Ribaud [25], it seems reasonable to look for some well-
posedness result of KAV equation (1) in H*(R), in the range —1 < s < —3, with some
continuous but not uniform continuous dependence on the initial data. On the other
hand, notice the recent work of Molinet [26], where he showed that the solution map can
not be continuously extended in H*(R) when s < —1.

Another related topic is one dimensional cubic Nonlinear Schrodinger equation (NLS)

(4) i0u+ O*u+ Jufu=0, wu:Rx[0,T] — C,
u(0) = up € H*(R).

The NLS has scaling invariance for initial data in F~2(R). It has GWP for initial data
in ug € L? and locally in time the solution has a uniform Lipschitz dependence on the
initial data in balls. But below this scale, it has been shown that uniform dependence
fails [4],[19]. Koch and Tataru [23] proved an a-priori local-in-time bounds for initial
data in H*,s > —1. Similar results were previously obtained by Koch and Tataru [22]
for s > —%, and by Colliander, Christ and Tao [5] for s > —5. These a-priori estimates
ensure that the equation is satisfied in the sense of distributions even for weak limits, and
hence they also obtain existence of global weak solutions without uniqueness.

Inspired by the results above, we look at the KdV equation with initial data in H?®
when s < —%, and prove that the solution satisfies a-prori local in time H® bounds in

terms of the H? size of the initial data, for s > —%.

Theorem 1.1. (A-priori bound) Let s > —2. For any M > 0 there exists time T and
constant C', so that for any initial data in H -1 satisfying

HUOHHS < ]\47
there ezists a solution u € C([0,T], H_%) to the KdV equation which satisfies

() [ull Lo s < Cllu
2
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Using the uniform bound (5)), together with the uniform bound on nonlinearity

Hs,

X7l xsnxs + IX[=1,7705 (u?)]

which come as a byproduct of our analysis in the previous theorem, one may also prove
the existence of weak solution following a similar argument as in [5].

XsnX; N ||U0|

Theorem 1.2. (Ezistence of weak solution) Let s > —%. For any M > 0 there exists

time T and constant C, so that for any initial data in H® satisfying
||UOHHS < ]\47
there exists a weak solution u € C([0,T),H?) N (X* N X}) to the KAV equation which
satisfies
ull oo mrs + IIx—rryullxeonxs + X102 (u?) I xonxs, < Cllullas.

Remark 1.3. We can always rescale the initial data and hence just need to prove the
theorems in case M < 1.

We begin with a Littlewood-Paley frequency decomposition of the solution w,
=Y w
A>1, dyadic

Here we put all frequencies smaller than 1 into one piece.
For each \ we also use a spatial partition of unity on the \**5 scale

1= X}(2), x}(z)=x(\"" Pz —j),
JEL
with x(z) € C§°(—1,1).
In order to prove the theorem, we need Banach spaces

e X* and X to measure the regularity of the solution u. The first one measures
dyadic pieces of the solution on a frequency dependent timescale, and the second
one measures the spatially localized size of the solution on unit time scale. They
are similar to the ones used by Koch and Tataru in [23].

e The corresponding Y* and Y, to measure the regularity of the nonlinear term.

e Energy spaces

2 2 2
HqungOHs = Z)‘ SHu/\”L;”L?:v
A>1
and a local energy space
2 —25—5 A 2
lellg o o3 = D AT sup G Oaual7z
J A>1 J
With the spaces above, we will prove the following three propositions.
The first one is about the linear equation.

Proposition 1.4. The following energy estimates hold for (1):
(6) lullxs S Ml oo s + 1105 + 02

(7) [l

The second one controls the nonlinearity.

Ys,

Proposition 1.5. Let s > —1 and u € X°* N X} be a solution to equation (1), then
(8) 10: (u?)]

§(sz;€ + ||U||§(smxlse-
3

YeNY;S S [l



Finally, to close the argument we need to propagate the energy norms.

Proposition 1.6. Let s > —3 and u be a solution to the (1) with

[wllz Lo s < 1.

Then we have the bound for energy norm

6
(9) ||U||Z§L;;°Hs S lluollms + Z ||U||§(smxlse7
k=3

and respectively the local energy norm

6
(10) ||u||l§\ljooL$H*b*% 5 ||/u0||I—IS + Z ||u||§(szl‘Se'
k=3

We organize our paper as follows: In section 2, we will define the spaces X* 6 X}

ley
respectively Y® Y, and establish the linear mapping properties in Proposition [1.4. In
section 3 we discuss the linear and bilinear Strichartz estimates for free solutions, and
collect some useful estimates related to our spaces. In section 4 we control the nonlinearity
as in Proposition [1.5. In sections 5, 6 we use a variation of the I-method to construct a
quasi-conserved energy functional and compute its behavior along the flow, thus proving
Proposition [1.6.

Now we end this section by showing that the three propositions imply Theorem [1.1.

Proof. Since ug € H ’%, we can solve the equation iteratively to get a solution up to time
1, which implies that u € [3L° H* and also that u € X* N X}, because the space we use
has the nesting property X*' C X*2,s; < s9, same for [3L°H* and X

Then we use a continuity argument. Suppose € is a small constant and |[ug||g=m®) < €.
Take a small §, so that e < § < 1, denote

A=A{T € [0,1]; |lulliz e s qorxmry < 20, [Jullxsnx (o.11xr) < 20}

and we just need to prove A = [0,1]. Clearly A is not empty and 0 € A. We need to
prove that it is closed and open.

From definition in the next section, we can see that the norms used in A are continuous
with respect to T', so A is closed.

Secondly, if T € A, we have by proposition [1.6

||U||Z§L;;°Hs([o,T]xR) Se+d°,
and by proposition 1.4/ and 1.5, we have
Jull xsnxs (o.r1xm) S €+ 0%+ 6°.
So by taking € and ¢ sufficiently small, we can conclude that
lulliz oo s o, xr) < 05 [[ullxsnxg (o,r)xr) < 6.

Since the norms are continuous with respect to T, it follows that a neighborhood of T is
in A. Hence we proved Theorem [1.1. U



2. FUNCTION SPACES

The idea here follows the work of Koch and Tataru [22][23]. We begin with some
heuristic argument: If the initial data in (1) has norm ||u0||1r 3 < 1, then the equation
can be solved iteratively up to time 1. Now when taking the same problem with initial
data ug € H*,s < —3, localized at frequency A, the initial data will have norm Jull -2 <

A~s~1. Now if we rescale it to have H~1 norm 1, we see that the evolution will still
be described by linear dynamics on time intervals of size A**3. So we decompose our
solution into frequency pieces u = ) ,.; u\ and measure each piece uniformly in size
A*73 time intervals.

Another important idea is to look at waves of frequency A travelling with speed A2, so
for time A***3 it travels in spatial region of size A**°. So we also decompose the space

into a grid of size A***® by using the partition of unity
1= Z X;\(:c)
jez
X;\(:U) is defined as before, and it’s easy to see that the spatial scales increase with A.
Bourgain’s X*® spaces are defined by

s = [10(nOPW + (L + I = € arde.

We will use a modified version of it on frequency or modulation dyadic pieces.
We start with spatial Littlewood-Paley decomposition,

u = Z Pyu = Z Uy.

A>1 dyadic A>1 dyadic

[l

Also, we will use the decomposition with respect to modulation |7 — &3|

1= Z Q..

A>1 dyadic

Both decompositions are inhomogeneous, and uniformly bounded on X*° spaces.
Denote 7;(t) as sharp time cutoff with respect to any time interval I. Let I, be a time
interval of size A**3 then we use 7,(t) or 7, as a simplified notation for n, (). And
x*(x) is the smooth space cutoff with respect to spatial intervals of size A*™5 as before.
Define |D|* to be the multiplier operator with Fourier multiplier [£|*. We use the
convention that f € [D|*X < ||| = 3. A*|| /All% < oo in our definitions.

Definition 2.1. The spaces we use contain the following elements:

(i) Given an interval I = [to, 1], we define the space
181X 0. 1y = N6 (t0) 122 + 1111(0 + 02l 21

||¢||,2X1[1} = Z )‘28||¢)\||,2X071[1}'

A
X1[I] is used to control the low modulation part of the solution in a classical space,
which is extendable on the real line.
(ii) We use sums of spaces, i.e. ||u|lasp = inf{||u1]|a + [Juz||5, v = u1 + ua} to define

11
Z = (X 25 4 DX ) N DILES.

Z will always be used for very high modulations (> |£]%), i.e. in what are called the
elliptic region.
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111 e space S 1s defined by putting high and low modulation in different spaces.
iii) Th S is defined b ing high and 1 dulation in diff
3,11
luslls = N2 1Q _uypuallez, + 19302 ot patallx e + 1@ il

The good thing here is space S is stable with respect to sharp time truncations, the
L? structure deals with the tails when multiplying by a time-interval cutoff.
In particular, we have
[m@ualls < llualls-
(iv) Let Xy[I] = X'[I] + S[I]. Now we can define X* norm in a time interval I by
measuring the dyadic parts of v on small frequency-dependent time scales

2 2
= sup I (O)uallx, s
A A1 [I=AttBICT o

[l

X, measures the spatially localized size of the solution on the unit time scale

m=2_sw Y IG@mOuli,y.

A>1 T g=ats+s gcr

[[ul

(v) Correspondingly, we have the space Y* and Y}

Yo = Z sup  [[ns(t)uall¥; s
A>1 |J|=A4s+3 JCI

=X S el

A>1 7 | g)=ads 48 g

[[ul

i

Here
Yall] = |D.|~|I| 72 L* + DS[1],
DS = {f = (0; + 02)u; u € S} with the induced norm and DS[I] = {f|;, f € DS}.
Through our paper, we will mostly drop the interval I in the notation if I = [0, 1].

Remark 2.2. We look at each of the spaces in detail.

(1) X'[I] is not stable with respect to sharp time truncation as it would cause jumps
at both ends. Also in order to talk about modulation, we need to extend functions
so that they are defined on the real line. To fix the problem, we define

||¢||§<?,1 = llo(to) Iz + H11(0 + 09Iz
ol = >, )‘25”¢>\||_2X?71-
)

Now take any function v € X'[I], denote ug = 0(t)u, where @ is the extension of
u by free solutions with matching data at both ends and () is a smooth cutoff
on a neighborhood of I. Clearly, [lul[x1;) = [lugl/x1, and when we talk about
function u € X![I], we always mean up.

While S[I] is stable with sharp time cutoff, DS[I]| is not. We can extend
functions in S[I] by 0 outside the interval. And from the definition, functions in
DS[I] always come from interval restriction of functions in DS, which are defined
on the real line.

(2) The space X![I] is compatible with solutions to the homogeneous equation. Namely
for any smooth time cutoff 7(t), we can prove

3
(e ol 11 < Nluolla
It is also compatible with energy estimates

[ullzge 1,0y S Mlullxapn-
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(3) In our paper, we will ignore the subscript notation 7 = &3 in the in@ space

except for the special curve 7 = }153 which arises when two high frequency wave
interact and generate an almost equally high frequency.

(4) Since we are using sums of spaces, it is interesting to compare the norms of these
spaces. We note the following facts by Bernstein inequality.

3
[urllxaiz = l[uallxo, when |7 — §3|3§ /\414@37
ol = sl gt e when [ — 1e7 < XS
7‘:21{ ’
|urllz = [Jus||x 31525020 pjroe. = [|ur||x—s1+s, When |7 — & ~ %())‘3'

t,x

The X! and S norm balance at modulation |7 —&3| ~ A5 which is also where
we split S into the L? structure and X ~*'**. Hence whenever we split into an X'
and an S part, we always assume the S part have modulation larger than N4+
(which is larger than A?). The same applies for |D|~¢|I|"2L? and DS.

The third equality is because when modulation is around 1—10)\3, the Z norm is

in fact X 37452572 0 |DILs,. Using Bernstein, we can see that it matches with
X—s,l—&-s'

Now let us prove Proposition 1.4l

Proof. Tt suffices to prove the Proposition for a fixed dyadic frequency A. We restrict our
attention to time interval J = [a, b] with size A**™3 and we need to prove that
(11) lurllxain S Nuallze e + [ fxllva, (0 + 03)ux = fo.

We now split f) into two components
Hh=rhlatfor, fin€ L? far € DS.

Pick vy such that (9; + 97)va = fo, [l foallps = [[oalls. (or (v})5° with [[vi[ls — [ f2llps-)
Then we have (9; + 02)(uy — vy) = fix.
Notice the fact that, for any function ¢ and time interval I = [to, ;]

S -1 S L
loallxrn = N2 @all 2 i + A2 (1(0: + 87)dall 2 -
So we get
[ux = oallxi + lloallsin

lurll xS

_1
S NI lun —oallzz, g + sl
<

\D|*5\I\7%L2[J] + HfZ,AHDS[J]

lullzgerrs + [ fuall + I f2allDsi-

|DI==|11~ 2 12(7]
Here we used the fact
N2 [oallzz, i S loallse,
which can be checked easily.

For the second estimate about local energy space, we can still localize to fixed frequency,
and need to show that

‘J|=)\4S+3 ‘J‘:)\4S+3
(12) sup Z I ual 3y S sup Z (A_QS_BHX?@UAH%,%I[J] + G Alaw)
J JcI J Jci '

To prove the estimate, let us consider the inhomogeneous problem on interval J = [a, b]
of size |J| = \1s13,
(0 + )k = Poqpfr, ui(a) = xquoa
7



and prove that

. “N ys) p—1
(13) Ikl S G =87 L2 Iauillzz, + Ixafllvn)-

When j ~ k, it is essentially the same as (11). Notice in the process of proving (11)), we
get

si 711
lurllxan S A2 uallez, gy + 1A v
When |j—k| > 1, it follows from the rapid decay estimate on the kernel K, of Xj‘etag Py
(K (ta, )| SAY G =k, < At

Since uy = >, u}, so we sum up k in (13), and get

: N ys| -1
G @ uallxain € D00 =87 72 auallez, i + i (@) fllvs):
k
which is equivalent to (12)). O

3. LINEAR AND BILINEAR ESTIMATE

In this section, we look at solutions to the Airy equation,
(14) Opu + Ogu =0, u(0,2) = ug(x).
Solutions satisfy the following Strichartz and local smoothing estimate [20][30].

Proposition 3.1. Let (q,r) be Strichartz pair

2 1 1
15 Lo 4<g< oo
(15) q+r 5 d<q<oo

Then the solution of the Airy equation satisfies
_1
[ullzgry S DI wuol 2
Proposition 3.2. The solution of the Airy equation satisfies the local smoothing estimate
10sul peor2 S lluollz2.
Proposition 3.3. The solution of the Airy equation satisfies maximal function estimate
_1
102 *ullzarse < luollze-
Once we have estimates for linear equation, we can extend it to X*.
Corollary 3.4. Let (q,r) be a Strichartz pair as in relation (15). Then we have

1y
(16) Inr()uallar, S A0 luallxi,

Also, the following smoothing estimate and mazimal function estimate hold

(17) Inr()uallpeerz A lluallxam,

l—S
(18) Inr()uallzarse < A7 |luallx,
8



Proof. The results follow by expanding u, via Duhamel’s formula.
If (0; + 02)uy = f, then

. t
Uy = e’tagu,\(tg) + / e’(t’S)agf(s)ds.
to

From Strichartz estimate, and its dual form - the inhomogeneous Strichartz estimate, see
Theorem 2.3 in Tao [30] section 2.3, and we get

_ 193 _1
Inr@usllzzry, S (e % un(to) | ary + A" ne(®) fllirz

1
< )\ q SHU)\Hxl[[].

~Y

We can prove the local smoothing and maximal estimate in the same way. O
We will also need the bilinear estimate as in [14].

Proposition 3.5. Let I be defined by its Fourier transform in the space variable:

FLL(f 9)(€) = /g 60 £ &0 F(€)3(E2)dE.

1+&2=¢

Assume u,v be two solutions to the Airy equation with initial data ug,vo. Then we have
the bilinear estimate

(19) 11222 (u,0) 152, S Iluoll 2 oz

Proof. For a solution to the Airy equation, we can write down its Fourier transform,
u=06(1— &N, v=20(1—E&)y.

Then

11 1 L N
1312 (u,0)(7,§) = / |61+ &2l21€1 — &l 210(€1)00(E2)0(T — & — &3) dé.
§1+&2=¢
Let us make change of variable & + & =&, 7 — & — & = .
With 7, £ fixed, we have
1

= e alE e

hence we get

e~

121 (u,0)(7, €) !

36+ SR E — é“z\%UO(&)UO(&).

Now &7, & are solutions to

L+&=¢ §4+&=T
So we have
drdé = 3|¢7 — &3]d&,dés,
and it follows

11
V22 (e 0)llzz, S Mol leolloz.

Tt



Remark 3.6. Propostion 3.5 gives us the usual L? estimate on product of two free solutions
whenever they have frequency separation, i.e. |§ £ &| # 0, & € suppt, & € supp 0.

It is very useful especially when we localize the solutions into dyadic frequency pieces,
then the operators I§ can be simply replaced by scaler multiplication. We have the
following cases:

When [&1] & p, |&2] = A, 1> A, then we get

(20) luvll 2, < 1™ Hluoll 2 ]lvoll -

When |&| = |&| ~ A, and &, & have opposite sign, so the output has frequency
&1+ &| ~ a <\, then we get

1 1
(21) [uvllzz, S A72a”2 [luol| 2 [voll 2-

In case |&1| = |&] &= A, but &, & have same sign, the output lies close to a new curve
T = 3£, Following the idea in [18], we have the following Proposition.

Proposition 3.7. Assume u,v are two smooth solutions to the Airy equation with initial
data ug, vy, localized at frequencies about the comparable size and also the same sign, and
I be an interval of size less than 1, then we have the following estimate

(22) 72 (#)wv| S lluollzz l[voll 2

11
X
Proof. The proof is essentially the same as Proposition 3.5. There we first take two
frequency really close, but have small separation, i.e. | — &| > €, so that all the

calculation are still true, and we get the estimate (19). Notice that
G+&=¢6 G+&=T
So we solve for €1, & and get |(r — L63)¢|3 = 2|(€, + &)(€1 — &), which is exactly the
1

11
multiplier we have in the space X *™% ¢
!

converges as long as we are considering smooth functions. So we get
(23) [Juv]]

11
x4
7—:%53

;- Then we take the limit as € — 0, and the norm

S ||u0\|L§||Uo||L§‘

To pass to nonhomogeneous space, notice the following estimate

1
@) fllzz, S ez S W0y
T=%§3

The last inequality is by Sobolev embedding. U

In Proposition 3.9, we will extend these estimates (20) (21) from free solutions to
functions in X1
Now we list some LP estimates, which are mostly straightforward.

Proposition 3.8. When —1 < s < —3 we have the following estimates.

4’
_ _ _1
(24) Inr()Qotuall s, S 0 A% s 1,
_3s_3 11 o

(25) 1Q,ur 5 o catiallzz, SA7572 un]x-sase S A7 Junl|x -,
(26) 1Q s 3 o cratiallizs, S AT luallx—srvs,

—1 952
(27) HUAHLgt 5)\ o ||UA|||D|—25—2X%;%I1153’

10



(28) 1Qsr0tall 2. < A2 | x—s-se2ese,

_ 4(s+2)
(29) ||Q2A3UA||L3,I S )\1 q ||UA||X*3*45725+20\D\L§37 2 S q S D,
_4 _1
(30) 1@zwuallzs. S A3y,
_2 1
(31) 1Qzpswnllzg, S A5V a2,

Proof. The proofs are mostly simple. (24) is by definition combined with the size of the
interval. (25) (20)(28) are consequences of Bernstein inequality. (29) is by interpolating

the L? estimate with LP.

The only nontrivial one is (27), Similar to [31], we look at the operator S(o) defined

. . 0_2
by multiplier e F<J)(T—i§+ii0)“’

claim that
S0+ iy) Py : Lim — Liyt,
3
S(i + ’ly)P)\ . Li,t — L;(;

Let us prove the second one by computing its Fourier inversion,

Fl (7_ _ lg;(zi)i())g+¢y = .7:*1(7' + iO)_%—iy . ‘7:71[9/\(5)5"':&@]'
4

0,(&) is some smooth bump function around £ = A, which we used to define Pj.
From direct computation, we have

) 3 _3_;
|G DS + i) F (7 % 10) 27| e < 13,
and by stationary phase we get
\WW@@%#WW_H/@@WWMwﬂWSGM;
Combining them together, we get
3 . _1
||S(§ + W)PA||L;¢—>L;>;; SATE
Also notice the trivial bound
150+ ) Pallrz, 12, S C.
We interpolate to get
1 _1
ISG+inPly . SAE

3 13
z,tHLz,t

Define the operator T by multiplier ————, an S(%) =dT* ¢ = eif(%)'

T d
(r—1e3+i0)z
the 77" argument [29] [30], we have || TPy|| 2 s, S A7 5.
Hence we get

_1_ 94
||u>\||L27t 5 )\ 3 2 2||UA|||D|72572X%a21;
T:%E?’

If we take ¢ = 3 in (29), combining with (27) we get (30).
If we take ¢ = 6 in (29), also compare with
1 _9g_o4l
1Qomrawnllze, S (Ao)sflualleg, S A5 |ux|

11,
‘D|—2s—2XZ_Zi 5
7‘745

11

where I'(0) is the complex valued Gamma-function. We

So by



11
we get (31). From Remark 2.2(4), we only put pieces in |[D|"272X ™% . norm when it

1
7'1153

lies close to the special curve, and in that case its modulation is close to A3. O
Also, let us collect some bilinear estimates that will be very useful in the next section.

Proposition 3.9. For u > X\ > «, as before ny(t) is the sharp cutoff on time interval I
of size |I| = M3, We have the following estimates:

(32) 17O upoallz, S 7 A Nl xapa lloallxns

1_

1 g\ _1
(33) HW(t)PzA(UuUu)”LfJSJM 2720\ 2HuuHXl[Iu]”U/\”Xl[IMb

L9592 Ll sy 2.5 1l g
(34)  lIm(®)usvallzz, S max {A7372 2757 A7 a2 ™ Hluy||syz, | vl xo 2

Proof. For (32) and (33), we expand u,v via Duhamel’s formula, and apply the bilinear
estimates (20) (21) repeatedly. See [§8] Lemma 3.4 for a similar proof.
For (34), we still break uy by the size of modulation, and see that the worst estimate

11
comes when uy € |D|‘2“”_2XT4;41£3 N |D|L$. Then we use L? for uy, and L for v,.
—1 :

94 1_
Imusvallzz, S lImvuallzz 1Mavallrge, € A7 a2 ™2 lun]| x-s-ss2s2p1y) [Jval x1(10);

57l

1ogg
Imusvallzz, S lmvuallzs Iavallre, S A757%2a |D|72572X;I,%53w||Ua||X1[Ia]-
T=4
By comparing the coefficients in the estimates above, we get
1l gg 9 1
(35) Ima()urvallzz, S A3 20757 Jual 2 l|vall x 1.

If we also consider the case of uy € X %5,

1
§—S|

(36) lmuavallzz, < lmuallez, Inavallzz, S A7 "2~ luallx-saseiy lvallx1ir)

and compare the coefficients, we get (34). O
Remark 3.10. We don’t have a good L? estimate on the product of two pieces both in S.

But we will still list here some of the cases, which are manageable.

—s,14+s : 2 : 00
When uy, v, € X , bound uy in Lj,, and v, in Ly

(37) HU,\U,\UQ “Lfm 5 )\_z_sa_2s_1 ||UA||X78,1+S[IA] HUOtHX*SvHS[Ia]'

When uy, v, € Z, bound u, in L?, and v, in L%, we get

4 1 2 1

(38) a8y urvallrz . S A5 75755 Juy| 211, |val| 212

When uy € Z,v, € X575 bound uy in L?, and v, in L® which comes from Bernstein
together with L? bound, we get

_a _1 s1 __5_

(39)  llmvuavallzz, S A58 max {a7 @75 Hlual 2y [vallx-abopra)-

The above three inequalities imply that

Cdgei_l _20eip)al
(40) Ina(8)urvallrz . S A5 T35S uy |1y | 0allsira -

is true except for the case uy € X %'*% v, € Z, which corresponds to case the high-

frequency low modulation interacting with low-frequency high modulation.
To estimate the case uy € X %% v, € Z, use L? on uy, L™ on v,, and we get

(41) Imurvallzz, < lImuallzz [Imvallg,
12



< A 0]l ey ol iz

The bound here is worse than the one in (40).

4. ESTIMATING THE NONLINEARITY

The goal of this part is to estimate the nonlinearity as in Proposition [1.5. Since
functions in X*N X;, have different piece measured differently, we show that the estimate

(42) 10 (wv)

is almost true except for one special case.
Let us expand the estimate (42)), the energy norm takes the form

Z sup HTZJ(t)PA(am(UU»H%/)\[J}

A>1 |J|:)‘4S+3)JC[O)1]

S D sw (DAY Pawwa)lly )

)\21 |J|:>‘4S+37JC[071] a<<)\

+ > sup A P30

Azl |J|:)‘4S+37JC[071] HZA

YNy S lul XsnNXp, vl XX},

We can do same expansion for the local energy norm.
In the case of high-low frequency interaction, our goal would be to prove

(43) [Ans () Pr(urva)[va1) S Clluallxapnllvall xax)-

Here C = C()\,a) <1, and K is a time interval with size a***3, so that J C K.
Now given (43), we get bound for energy norm in the case of high-low interaction

Yoo osuwp (A Y Pawwa)

1 171=A48,C[01] =
S Y0P swp lulz D vallke
A>1 | J|=A4e%3, T C[0,1] a<A

v%e-

Sl
And we can prove a spatial localized version of (43)) in exactly the same way.
(44) I3 @0 (6) P (usva) v S ClxG (@)l a1

Then we also get bound for local energy norm in the case of high-low interaction

dosw > @AY Plwea) Iy

A>1 7 g=ats 8 gclo,1] a
S Y Chvalswp Y @l Y Il
A>1 T g=ats+3 (0,1 aA

S (17598 2%

~Y

One remark here is that we secretly turn the summation of o from ' to [? summation,
which is not true in general. Luckily, in our proof for (43), the bound C(\, «) mostly
involves negative power of a or A, which makes the summation valid. The only case
worth attention is case 1.1(b), where we illuminate the a summation in detail.
In the case of high-high frequency interaction, we need to measure each u, on smaller
time interval I, C J, of size |[,| = p**3.
13



We will prove the estimate

(45) Ay Pr(upv) vy S C sup vl g 1ol xsnxg,
"

and its corresponding spatial localized version

(46) 1A () Pa(uv,) vy S C sup Xy well xumallvall xsnxg -
"

Here X’,j(j)(x) is a chosen spatial cutoff so that x}(z) < X’lj(j)(z) (we might need two
adjacent spatial cutoffs), C' = C'(\, p) S 1.
Given (45), we get the bound for energy norm in the case of high-high interaction

|J‘:/\4S+3
Z sup  [[An, (1) Z Pa(uuv) 3511

o1 JClo] S

< 2 |Iu|:#4s+3 2 2

~ ZC</\7:U’) Z sup “u,u”XM[I#} Z||Uu||X$mee
A>1 pza Tnclo] pA

S e llvallxonx;

And with (46), we can bound the local energy norm in the case of high-high interaction

dsup > 1 (@) (XD - Prwu,) 13,0

A>1 7 | Jj=ads 43 Jc[0,1] A
S Z C(A, p)? Z sup Z ||XZ(j) (@“n”%{,i[lﬂ] Z ||Uu||g<smxlse
A>1 A FO) | =pts 3 1, cl0,1) A

S Nl loalienx; -

In both of the estimates, we need change the order of \, u summation. Luckily the bound
C(A, ) in (45) (46) will help us to perform the A summation.
Need to check it with Case 1.2(a). The only case where C' = 1. Maybe also 3.1.1(c)
Since the proofs for (44) (46) are essentially the same as (43) (45). We will discard the
spatial cutoff in our proofs unless needed.

Remark 4.1. To be more precise, for spatial localization, instead of writing a function as
uy =3, X} (x)uy, we need to decompose each function as

Uy = ZUA,p Uyn; = P,\(X?U,\)-
J

In this way, we preserve the frequency localization while blurring the spatial localization.
But thanks to the fast decay property of the kernel of x7(x)Pyx}(z), we have

IXpua| S |k —]'\_NA_NHX?UAHWOL;, |k —j] > 1.

So the difference of the two decompositions is really negligible. Similar reasoning applies
when we interchange the modulation localization and time localization.

Before getting into detail, notice that uv(r, &) = u(7m, &) * v(72, &), so we have
T=T1+7, {=&+&,
and the resonance identity

(47) 7—53: (71—5%)+(72—f§)—355152-

14



Also, the following high modulation relation is quite useful in our proof.

(48) om = max(|7 — &, I = &, I = &) 2 [§61&].

This relation forces high modulation either on the input or on output, which gives a gain.

4.1. Estimate for X' x X'. When u,v € X!, we break them into dyadic pieces and
discuss the problem in different cases. As pointed out in Remark 2.2(1), for function
uy € XL, [I\] = M3, we think of it as its extension uy g, which is defined on the
whole real time line and still supported on neighborhood of 1.

Case 1.1: High-Low frequency interaction. Suppose A > «, then the output frequency
is \. From (48)), let M = M\« then

AMAULUN = Z AGQq [QQUQQ3U)\]‘
QiG{QszQ<<M}

Clearly in each term, at least one of (); must be Q>;.
Case 1.1(a): When high modulation comes from input, simply bound that piece in L?
and the other in L*°. Combining with Bernstein inequality, we get

H)‘n)\Ql[Q?an?)v)\]HY,\[IA] 5 H)‘n)\Ql[QQan?)U/\]H|D‘75|]‘*%L2[b\}
w1, L 1
A M~ (a2 + A2)|Juallx g loallxpmy)

<
-1 4
< A gl loall -

For s > —1 we can sum up with respect to o then \.

Case 1.1(b): If none of @2, @3 have high modulation, this forces Q1 = Q~nr. Depends
on the size of M, we bound the output in different spaces (|D|~*|I|~2 L2 or X *). Using
the bilinear estimate (32), we have

Ly—1-s —s
M@, cyar g [QeuaQsua]llyainy S AFILEAT 0™ Juall xrpg lloallxrny
S luallxzalloallxo,
MA@y o yiv 2 [QouaQsua]llyainy S AT MO 0 Jua |z, [0allx1 11y
S uallxzalloallx-

Remark 4.2. We need to be careful with o summation in above estimates. For the first
one we use factor a® to turn /' summation to [2. A careful way of doing the second one is
to write the modulation as a multiple of A2, and use the {2 summability of modulation.

| Z Z )‘UAQ(AQOO@(U)\UOL)H%’/\ S (Z I Z )‘77/\Q(>\2a)9(u>\va)”DS)2
9

a6 aA
S D00 IMQpeas(urva) hs) 2}

0 akA
N {Z(Z92SHU>\||§(1[1A}||Ua||_2><1[1a])1/2}2

a A

0
1
< O )3 [l vl
0

In second inequality, since the modulation is different, we do have the [? summation.
15



Case 1.2: High-High frequency interaction with low frequency output, A < . Here we
need to cut the interval I, into finer scale so that u, is measured on smaller intervals I,,.

Uy, = Zuz, UL € Xl[li], U[; =I,.
i
Then the output has the expression

AUV, = Z Z AQq [QzUZQ:aUZ]-

i Qie{Q5,,2:Qc 2}

Case 1.2(a): When Q1 = @Q>),2, we place the output in DZ[I,], by using (33)

; ; 1 _1 _
Q2w Qs 2, S A Zp"2p Nl xrzig vl x o,

and the almost orthogonality of the product AQ, (uf,v},) with AQy(u/v),), we get
1) AQozr2 Qo) Qsv) ]| x-s-ss2es1ry) S N 48(UZAN2)28+1|[_J 2|up,op e
:

< sup w3 vl
IﬁCI)\

The DZ norm also has the L” component. Here because the modulation is high, we can
interchange interval and modulation cutoff and have [P summation of the intervals. Using
Strichartz estimates (16) and Bernstein inequality on the product, we get

1)~ AQu22[Q2ur, Q3! lpy— 3 11piLss. 1)
7

S sup ||)\Qaz,\u2 [Q2UZQ3UZ] 1 |Dy— D3| D|LgS, [T7,]
I

< sup )\—MZ||UH||L;>°L§[IM Vil e 2

I
2D sup [l x| ol
1,CIy

NL

We need to be careful with the summation on A, since the bound is 1. There is a chance
we might only get s > —1 because of this.
Case 1.2(b): When input has high modulation, we use the local energy space to get
good control of the interval summation.

Before that, let us state a useful lemma:

Lemma 4.3. Suppose —1 < 5 < —%, 0<k< %, then we have

HQazvf/\HDZ[IA} S 5;1?3 )‘23+3k0_kHQUf)\HL%,x[I)\]v
o

3 _
1 Axlvatng S sup X230 5 Q, full 2 iry)-
o

Proof. From the definition of Y,[I,], we just need to bound different modulation in suit-
able spaces, and compare the bounds with the ones in our lemma. The DZ norm also
has LP component, we use Bernstein to turn L into L? norm. U

Remark 4.4. These estimates are very crude. When applying on the nonlinearity, we
might need to do modulation analysis, or use better interval summation in some cases,
e.g. case 1.2(a). But when one of the inputs has high modulation, a simple L? estimate

saves us from tedious case by case calculation.
16



Let us first bound the spatial localized output in L?.
XA () Qo D (@il (Qsv), MZz in)

%

o [[Amx; (@ )[Z(szuu)(st Mz
UZHXJ Q>)\u2uu”L2 [IZ]ZHXJ st ||LooL2[n]

AN

N

)\
S Nol=[sup X (@)Qene e, [p]SHPE X5 (@) Qv T 1211
)z 1

R S S}lp HXk(j) (x)uuuxl[m HUNHXZSE'
i

To get same estimate without the spatial localization, we need to sum up j

ZIIMAX? 2)Qo[Y_(Q2new)( Q307 1y

%

S >\20 ||Xj Q>)\M2u,u,||L2 [' Sup ||Xj Q3U ||L"OL2 It
(7] (7]

< )\20|—|Sup||Q>>\#2u”||L2 [IZ]SUPZHX] )Qsv, HLOOLz[I’]

4543, —12s—12
S oA

S}lp ||u,u||X1[IM] lvall3 X5

w

By Lemma 4.3/ k = =, we have the following estimate with or without spatial localization.

H>‘77>\[ZQZ/\;LQULQ?»UL]HYA[IA] S N O e o,

»Moo

We can sum up frequency A and g when —1 < s < —

Remark 4.5. The estimates above demonstrate how we can use local energy norm to get
good interval summations, especially in the case when time truncation blur the output
modulation too much.

Case 1.3: High-High frequency interaction giving out the output of the same size. Now
high modulation (48) means A\3.

AIUNON = > AQ1[QaurQsvy].
Qie{QZ)ﬁ 7Q<<)\3}

Case 1.3(a): When high modulation comes from input, we estimate the output in
|[DI7#|1| 2 L2
1
A Q1[Qozrstir@avalll oy -b e S ANFIL2([Qozas (maun) [ 22 [lmaoalleg
_3_
S A uallxoplloallxe-
Case 1.3(b): When inputs have low modulation, this forces the output to have modu-

lation approximately A\3. In fact, the output has Fourier support lying closer to another
curve 7 = %153. To give a good bound in this case, we want to prove

(49) ||)‘PA(U>\U/\)|| 03|~1| D] 25— axiod S lluallxapyglloallx-
T= }153

17



To do this, let us use another space [22]

2

||u||X521—Z(/ o <T,5>|2§28|T—53|d5d7) ,

and claim the embedding inequality
(50)

aia S luallxng,

which is proved by looking at the extension wy g, and definitions of both norms.

Now for functions in X 57%71, we use foliation. The idea is same as in Chapter 2.6 Lemma
2.9 in Tao [30]. From Fourier inversion, we have

un(t, z) = # / / iia (7, €)™ g7 e

Then if we write 79 = 7 — &3, we will have the foliation

1 )
u)\(t,x) = %/eltmetagfm dT(],
where .
O f = o [Tl € g

and f,, has frequency about size A, modulation about size 7.
Similarly we write down vy = uy(t,z) = % [ et etz ry AT
Now using (23) and Minkowski inequality

)\28+3 dS 83
||)\P)\(U/\U/\>H\(8t+83)| 1| p|-2s- 2X71xr21I ’S / Het “ fro e’ ’“QTOH zl,le; dTodTé
= ‘11&3 TO’TO 7——%53
S AT Z // | frollzz g7 [ 2 d7o dr}
7'0,7'0

S luall 4.

~Y

XS %,1'

With the time cutoff we can pass to nonhomogeneous space, as in Proposition [3.7. Com-
bining with the embedding (50), we proved (49).

4.2. Estimate for S x S. When u,v € S, we still need to consider different frequency
interaction. Notice that because of Remark 2.2(4), we only consider pieces that have
relatively high modulation: |7 — &3] > |¢[*t2

Case 2.1: High low frequency interaction. The nonlinearity look like Anyuyve, A > a.
As discussed in Remark 3.10, we don’t have a good bilinear estimate, but (40) breaks
down only for one case.

Case 2.1.1: If uy,v, € X 55 or uy € Z,v, € X 515 or uy,v, € Z, we can still use
the L? estimate (40) and Lemma 4.3 with k£ = 0 to get

IMpusvallvan S APFEATSEED 5036045 g | el 2

< ATEH DO EEH D5y || o Vel 212

Notice that the exponents add up to —g — s < 0, we can still sum up frequencies.
Case 2.1.2: Now if uy € X% v, € Z, where (40) failed. We use L? on uy and L}L°
on v,, still by Bernstein,

1 1. 9 _4 _1
||)\Qa(77wwa)||ng SAasos A 3l 8 ||un || x sty l|vall ziza),
18



so we from Lemma 4.3, we get
IMstsvallvs g S A% 20”5 Jun | gy [[vallx-orsepra)-

And we can still sum up the frequencies.
Case 2.2: High-high frequency interaction giving out equal or lower frequency, A < pu.
When A < 1, we cut up intervals as in case (1.2). When A & p, this procedure degenerate.

AUV, = Z)\uu Uy u,, v}, € X,[I)]

Here we don’t have a good L? bound on the product, so we need to do modulation analysis
again to get better control. Also, all the estimates here have the corresponding version
with spatial localization, the proofs are exactly the same.

Case 2.2.1: X~>'** x X~%'** both uj,vj, have modulation e <o < Bl we use
Berstein inequality for frequency on product, for modulation on any one of input. And
we have [? summation of the small intervals.

IIZ:A Qoul)uillvainy S AL | |2SUPII(QU Wz, )

1

< ! sup [l 1017,

st? 55
S N sup [ i vl lxe
I
Case 2.2.2: X %! x Z suppose v, has modulation o,, > p*. By modulation analysis
(48), this forces another high modulation on the output.

)\nAuuvu Z )\Q~Um Qam M)]

We comment that when o, & p?, there is chance high modulation can also fall on wu,,.
But in that case, from Prop 2.2(4), the norm Z and X %! match with each other. So
it is essentially the same as in the following case 2.2.3.

We use L? (25) on u,, , and LP for v,, together with Bernstein.

||ZAQ% (Qon V| x—a-s5255111y)

5 A 2—4s 25+1|I |2 Sup”u (Qa'm H)HLtz[IH}
u

_9_ )\ 1 1 :
S A7 45055“\3!?@%)?Sl;}pHuLHLgM

1,1 1, 4s43
5 A 2s—141 /’L3 T2t SupHU#”S[I,,,}”UMHXS'

Iy

Qo v )lle 1)

We also need to bound the LP component, here we exchange the interval cutoff with
modulation factor and have [P summation.

1D~ AQuo (4}, Qo) b 31135 13

AN

o sup 155 1Qu v} 1,
2

AN

oty usupHu Il x- s+sri)] V! H|D‘L o (11]
< opd S?pHuM”S[IM]HUMHXS'
o
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In both case, we can sum up frequency when —1 < s < —%.
Case 2.2.3: Z x Z. When u,,, v, both have high modulation, we put them in L* (30).
We begin with the L? estimate

13200z g S A Qo g,

AN

H i
A(A )6!—\3sup\|u g, llwlles )

,u,
1.19,85 _ 16
S oo AT sup uy| 21 lloalx-
n

Here notice we used /2 summation of the intervals.
From Lemma 4.3, we get

. 17(S+1) _16
1Y Ml S A5 p $ T suplu 21
i

I

To see we can sum up frequency, notice exponent for u is negative and all the exponents
add up to —3 + 3(s + 1) <0.

4.3. Estimate for X! xS. Supposeu € X', v € S. This includes the most dedicate case,
i.e. low frequency high modulation piece interact with high frequency low modulation,
where we can not prove the bilinear estimate (42). Instead we have to reiterate the
equation and turn the bilinear estimate to trilinear. Let us work on high-high frequency
interaction first.

Case 3.1: High-high frequency interaction giving out equal or lower frequency, A < pu.
Same as before, we need to cut into smaller intervals if A < p, and this procedure
degenerate if A ~ pu.

Case 3.1.1: X! x X=*! by (48) we must have modulation ¢ 2> A\u? in some term.

AUV, = Z Z )\Ql[(QZU )(Q:%U )]-

i Qie{Q5,,2:Qcnp2}

Case 3.1.1(a): When high modulation is on output, i.e. Q1 = Q,>.2. Using L°L? on
u,, L, on v}, together with Bernstein on the product, we get,

llzz, )

i i s Iy1 i
HAZQU[(QWH)(Q:&%)]”H IN S /\2‘]—|251}P||%||L;>°Lg[1;]

m

_4sI
< 2B s 2s}lpHuuH)(l[Iu}HUNHXS‘
m

Using the fact that output has high modulation and Lemma 4.3 with k& = %, we get

452
|IAZQJ>M Gz S N8 sup fualxip,

un

20



Case 3.1.1(b): High modulation on u,, Q2 = @>,,2. We put them both in L}
| Z AQo [(szzuL)nguL] HL@[M

w.

S A0 Qol(@ane) Qv iny

A

7 Qavllzz, 13

I
1 7 17
5 \4s+35 ,,—85—5
S oo2ATTzy

1 1y ;
A(Ao)z| = sup ||Q,>VAM2U,A||L§’I[1;]

©

hence we have

; ; 13 _ge 17
1> M@anetl)Qsvillvyy S A2

I

Case 3.1.1(c): High modulation comes from input Q3 = @>,,2. We use local smoothing
(I7) on u,, and L7, on v,.

[ ZAQU[QQUL(QRWUZ)]HL?,x[m

< A QolQuu(Qanevi) 2 iny
7
1.4y ; -
< Ao? |[_u| sup 1Qauy, || Lo 2110 1Q 2207 M 22 112
5 g%)\3s+3,u—65—6 Sup ||Uu||X1[I,J
IH

Hence we have

1) - AQaul (Qanevi) iy S A% wllxr g, vl sz, -

Case 3.1.2: X! x Z. This forces high modulation o, 2> p?® also on the output.
AnAuuUu Z AQNo—m QUm u)]

We still bound the output in L? by using L® on u,, L3 (30) on v,.
I Z/\Qa (Qon vy )22, 11

< A|E\5Sup||u2||w,zum Qonviullzg iz
< )\23+ e 25— %M—é M —3(s+1)— dsupHu ||X1[IZ v, ||S[I1
< NS gup o sl

I

From Lemma 4.3/ with £ = 3, we get

]

_5s_ Ll 2
HZAQM (Qon Vil pzity) S N335 456+

I

Case 3.2: High low frequency interaction. u, € X',vy € S, A\ > a. The bilinear

estimate (34)) is not good enough, so we have to break into more cases.
21



Case 3.2.1: u, € X', vy, € X %175, Because of high modulation relation (48), we have
ATAUQUN = > AQ1[(Q2ua) (Qsvr)]-
Qie{QZ)\Za’Q(AQa}
Case 3.2.1(a): High modulation on u,. Q2 = Q,>x2¢. Put u, in L?, vy in L™ (26).

ds— T s
AL [(Qozx2ata) (Qzvn)]llz2 1) S A 7207 8 g | x g loallxc-s sy
so from Lemma 4.3, we get
H)‘n)\[(Qaz)\Qaua)(QBU)\)] HY/\[IA] ,S )\—s—2a—1—s”uaHX1[Ia] H’UAHX—S,l“’S[IA].

Case 3.2.1(b): High modulation on vy. Q3 = Qy>x2q. Put ug in L®, vy in L.

s _1_o9g
IAm@Q1[(Q21a)(Qozazav:)l|z i1y S AT ™27 uallxapza loallx—sa+s11y

so we get

11
IMIA[(Q2110) (QozrzaM)]Iya () S A2 F 207272 Juall xrpzal[oall x—s1tsp1y-

Case 3.2.1(c): When none of u,, vy have high modulation, this forces the output to be
approximately Aa. Q1 = Quan2a, put U, in L, vy in L2
When 20 < M2 ie. oo < A2F3s we have

H)‘U)\QU%/\QO&[(QQI’LOZ) (Q3U)\)] || |D‘7S|[‘_%L2

< NN 2T A2 g x g [l x st gy
<
aY)

1 1
O{E SA25+2 ||ua”X1[Ia] ||/U)\”X7‘S’1+S[[A}7

: 1 1 3 o :
notice we have a2 7*\?*72 < \is, which is good for summation.
3
When A\2a 2> M35 we have

H AnAQaz)ﬁoz [(QQUQ) (ng)\)] ||X—s,s

< M0 A2 g || g [0l x sty
<
~Y

1, _
@z 1Hua\|xl[la}HUA\|X—S’1+S[IA]~

Case 3.2.2: u, € X' vy € Z. Here the bilinear estimate (35) is good enough.

1
RN Ak ”UAUaU/\HLf,z[IA]

1
IDI=*[I|"2L2[I\] ™

< ONTLEAT 2208 g vl
<
Y

1ig _1_
AST2 a8 ua [l 2y ol x 1)

Case 3.3: High low frequency interaction. uy € X% v, € S, A > a.

Case 3.3.1: uy € X!, v, € X %' Without going into modulation analysis, we use
L®L? on uy, and L2L° on v,, together with Bernstein and notice the modulation on v,
is small.

1
S /\1+S|I/\|2||UAHL;;<>L§[1A]HUaHLJ%L;X’[Ia]

HAnAuAUQHID‘—SII‘_%LQ ~

1.1 g _3_
S ATILEATT T T ua | xapy [vallx-sase )
ER-
5 )\25+204 2 2SHUAHX1[IA]HUQ’lX—S,l-‘y-S[Ia].
Case 3.3.2: uy, € X', v, € Z. Here we can not prove any bilinear estimate if high

modulation fall on v,, so we need the following lemma to reiterate the equation.
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Lemma 4.6. (Reiterate the equation) Let w be a solution to KdV equation (1). Then
we can write its high modulation part as

QUZoﬁwa = Ml + M2 + Ra

where My, My, R are as follows:

o M, is the output of two higher frequency-low modulation interaction,

My= ) (0 + 8 aPaQo(ws,wg,), ws,,ws, € X'
aSpixBe

where wg, , wa, all have very low modulation |7 — &3] < |€|* 2.
o My is the output of the high frequency-low modulation piece interact with low
frequency-high modulation piece.

My= > (0+ )" aPuQo(wpw,), ws € X', wy € Z.
oc2ad <L Pra

wg has modulation | — €3| < €| 25, w,, has high modulation |r — €3] > |¢]3.
e R is the remainder, which comes from interaction of all other cases

R = Z (0 + 82)’1(113&@0(@05107).
o203,8,y
For R, we have the estimate
61) a0l oy S Il
The decomposition above is true modulo & sign on each term.
Proof. : 1f we apply frequency and modulation projection on the equation, we get
(0 + ) PaQow = — PyQu0,(w?).
Hence modulo + sign we have
PoQow = (0; + 02) taP,Qq(w?).

Here we decompose w into dyadic pieces, P,Q,w = (J; + 92) 'aP,Q,(wsw,). Now we
first break each wy into sum of functions supported on time scale |A\[***3. Next, for each
wy € XN X[, let us decompose it as wy = wy1 + wya, wr1 € X', wyo € S. Then
we can just take ug, v, to represent wg;, w,;, 4,5 € {1,2}.

We will prove that except for the two cases in M; and M,, we have the estimate (51).
We list the estimates of all cases below, which are similar to what we have done before.
Notice the modulation is always larger than a® in the summation.

Case 1: f~a> 1.
(1) ua,v, € X', use Bernstein and bilinear estimate (32)

25—}—§
(0% 2 -

o Iy ual x ) oy | x )

||77a Z(@t + 83)7105PQQ0(UQU7) ||a2s+%L£L§° SJ

[

D=

g

S a7y lual x gl L xo ) -
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(2) uq € X' v, € S we only deal with v, € X 5. And leave v, € Z term into Ms.
Notice here u, must have high modulation ¢ (48). Put L? on u,, L™ on v,

[0 D2 B+ 030 Pa Qo (Qutia) o)l s 1

g
5 1 -1 s —2s5—
< a*tigTeo L Ra Sy 1||ua”X1[1a]“%HX_S’HSUV}
< qss
Y

o2y o g [[0y | x4

(3) uq € S,v, € X', use the bilinear estimate (34)

170 Z(at + a:i>7105PaQU(uaU'y>||a2s+%L%L§>o

g

< a3 max {52y 80, @ 20y fual s o | x
< max {oz_%v_%_s, as‘lv%‘s}lluallsw [oyllx11r,)-

(4) uq, vy € S, we consider several cases:
If ug,v, € X 5 or u, € Z,v, € X 55 or u,,v, € Z, then we have the bilinear
estimate (40). So we have

10 D (0 + 0) 0 PaQo (Qotta)v:)| 2o o o

(e

2542
o Qa—g(sﬂ)—l —2(s541

3’}/3

=

A

1
T 5 g [l x-sittsgrg g L x-savspry
o2

_4.2 _2 1
< a3 TR TEEEIEE y || mener J0s | x—sass(ry-

Notice the exponents add up to —1.
If uy € X5 v, € Z, use L? on u,, L* on v,

||T]04 Z(gt + a£>_1aPaQo(uav’y>||a23+%L%Ltoo

o

2s+

S a %U_IU%Q_2_571||Ua||X*571+5[1a] vy || 21z,
<
Y

a* ||| x st 10y | x o2

The exponents add up to s < 0.

Case 2: # ~ v 2 a. This part is every similar to the estimates in Case 1.2, 2.2 and 3.1.
We still need to decompose ug into sums of functions that are supported on the p*3
time scale. ug = Y, uj, uj € Xp[I}]

(1) up,vs € X', when one of input e.g. ug has high modulation (Q>qp2, estimate ug in
L? and vg in LL?. Here because we want to use Bernstein, but also want to have better

summation of time intervals. So we need to use local energy space X, similarly as in
24



case 1.2(b).
215 @a 2_(0+ 00 aPaQel( Qa0
< Za48+5||xj T ZPan((Qomuﬁ)Uﬁ)H%%L%[la]
< Zo/‘s”llxj QamUﬁHLz XS @)vsllige 217,

< MZHXJ 2) Q3 1150 D NG @05
A

S @ Qr a0 3 NG
I
< a83+65*125*12HugHXﬁ[[ﬂ]HUﬂHXfe-

Remark 4.7. In these estimates, we need to sum up all the modulations larger than o?.
It is fine as long as there is a negative factor of ¢ through the estimate. But in the one
above, we need be more careful. Split the problem into o ~ o2, and ¢ > a.

When o ~ o?, we can sum up modulation easily.

When o > o?, we prove (0;+92)~' : L2L} — L2L° is bounded operator which is done
by looking at the symbol T—_153» =14 T(f—_ggg,) ~ L1 And 9;': L2L} — L2L{° is bounded if
it acts on functions which vanish at co.

(2) ug € X', v3 € S, we also split it into two cases:

(a) When ug € X', vg € X! Now if the output modulation ¢ 2 a5, use L™ on ug,
and L? on vg,

||7704 Z (at + ag)_la Z PaQo'(u’Lﬂvzﬂ)HaZrF%L%Ltoo

o232
a?5t3 1,
S |—| YRRt SSUPH%HXl [I5]¢ (73]
02
< a3 8 g e fug] s

And if 0 < af8?, we use LL? on ug, L? on vg. We still play the trick: using local energy
space to get [? summation of the intervals.

1776 Z 0 +37) e Z PaQU(U%U%)HQZH%L%th

a<<ozﬂ2
S a?+3 | | 367102 SSUPH%HXl 1]
N 044”45 43 g | x

The point here is we can sum up the modulation o < o < /3%, which give us at most
log 3 loss. But we are fine because of the negative power on 3. We will do a similar thing
whenever we want to be careful with modulation summation, hence we will ignore it.

(b) When ug € X', v € Z. This force high modulation o, 2 5° on ug, or on output.
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When o,, is on ug, use L? on ug, L> on vgs.
B B B

(e

a25+%

AN

1 da 1 o 1 4 .
O'2|—a|2<7ml|fﬁ| 2 S/BSHPH%HXl[JZ‘,] U%qu},]
K]

S attigTes 5HU6||X$HU,8HXS

When o,, is on output, simply put L on ug, and L* on vg.

(17 Z(8t+63 QZP Qo UﬁQamU/j)H a?+3 12100

g

5
a28+§

A

0m|—| ﬁ_ﬂsﬁ 3lsF1)- SsupHu,@HXlI‘]HUBHZ[

48+Qﬁ_58 5—— (s+1) ||uﬁ|

S o« Xs

(3) ug, vz € S. We still break into cases.
(a) ug,vg € X5 use L? on both, and ' summation of interval is good enough.

Hna Z(@t—l—(? Oézp QO’ UBU,B)” 2$+§L2Loo

[ea

< 2s+3|
~Y

’L

[sup lupllez,
I B

S a65+66 6s— 7||u,8|

Xs

(b) ug € X5 w5 € Z, L* on ug, L* on vg, with a [' summation of interval.

HmZ(at +02)” aZP Qo (vl 20v3 1

[

6s+18 ﬁ—?s 7—7+ (S+1)Huﬁ|Xs

< o«
(c) ug,vs € Z, Here we are a bit careful about interval cut off, using the I3 summation.

Hna Z(at + aﬁi)_l& Z PO‘QU(U%UZB) ”0428+%L%Lt00

ez

N

Q25573 ZP Qo (ulvh)| e
t

235578 ’—’3 SUP HuﬂHL A1)

AN

a Valleg, i)

«

N

2s+1+89;85 L 5+1)||uﬁ|

XS

Now we use this lemma to finish our estimate of Case 3.3, uy € X', v, € Z.

AMupUo = Ay (Mo + Moo + Ry).
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Step 1: Let us do R, first, using the estimate for R, in the lemma.

5
[AmurRall -ty S N2 myunl| e 2 1ma Rl 2 e
5, _1— _95_3
D D lmvuallxcllmBall 2o e
o g3
S ) 272 lua a0l -

Step 2: Feed M; into the bilinear term, we divide it into two terms.

/\U)\ Z (8t + 85)_104PQQ0%Q52 (’Uﬁl}g) + )\UA Z (8t + 05)_1aPaQazaﬁz (Uﬁvg)

omaf?,a<BKA oraf2,a<A<B

The first term, we will bilinear estimate for ugvy, also here for fixed 3, P,Qap2(vgvg) is
almost althogonal to each other, so we can sum up «

H)\WAUA Z (at + ai)ilaPaQaza,BQ (Uﬂvﬁ) H|D\*S|I\7%L2

orafB?,a<BKA

5 1
< Aty 3l PoQase (v5vs) 2,
a<BKA
s 1
< Y EumuwglhgﬂHmvﬁHLffx
aSBA
5 | T
S NS S at s gy sl sl
aSpKA
< A\osys
S (G luallxellvsllxermlvsllxep,)

Here we actually used the fact that, when fix «, the two vg’s can be decomposed to
functions with g supported on size a interval, so we used bernstein to get

1
lvsllre, < a2llvgllpeers.

So for s < —%, we can sum up /.
For the second term, we will use at least [* interval summation (or better if we use
local energy space). The good thing is that for § fixed, then P,Q.g2(vgvs) are almost

orthogonal to each other in both space and time, so we can sum up « and then ignore it.
27



Also because ug is measured on the smallest time scale, we still need to cut the interval.

H)\U/\U/\ Z (875 + 85)_1041304620%0&2 (Uﬁvﬂ) H|D‘7s|]|*%L2

o~af? oA

< N3 nvun e [l > HQP 0 Qap2(V5vs)|| LaL2
aA<s
< N Ipauallxn D I Y PaQage (vsvs) arz
A8 ash
S Z| | 1m5(vsvs)llLarz
A<B
S Z| |||77ﬂvﬁ||L8L4||nﬁvB“L8L4
A<B
)\ 3s+3 2
S (B) [unllx[lvgll X

So we combine the two cases together and get

||)\UAZM10C||‘D| II‘ 7L2 ~ ||U’>\|
a A
Step 3: Now we feed in the term Ms, We want to use local energy norm, so let us cut
up the space using x§(r).

P s S @t 0 aPaQolwars)l e

y<al\oZad

| 2

X+

XS

5 «
S AFT Y ;HTIAUAHL;OL,%||77AX?<1'>P“Q"(UQU“')HL%L?O
r<aA 020
5. 4 (0%
S WA e 30 G @) FaQe (vavy) ez
y<al\oZad
S 2 NVl Ing @val e Inx® @,

y<al\oZad
S > Mt fw|
y<alhoZad

< )\28+2OZ8+2||U,\|

~

Xs XJ( )Ua||X1[Ia}

XS

X5 (2)vallx 1 ol x
We can also square sum up the spatial cutoff in the estimate above, and get

[AnAurMa| llxsnx

S [Juallxs

|D|=s|1] 3 L2
In the proof we used the estimate
3
ImXG (@)vallzree S IXG @) eallmxG (@)vallarge S @2 Juallxry-

Actually we also have L2L° maximal function estimate [20] on small time interval.
We end this section with two bilinear estimates, as a companion to Proposition 13.9.
The proof is essentially repeating what we did preivously.

Proposition 4.8. For A > « we have the following estimates

_3_3
(52) I73ur(Qozarva) lzz, S A 2 luallxony v konxg,
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_1_ _ _9¢_5
(53) musvallrz, S max (A7 a7, A7572) ua [ xsnx (0]l xonxy, + [0l 3enx;, )

(54) I (Qozasun)vsllz, S A5 Juy| o

Proof. For (52)), we reiterate the equation, and notice in all the proofs we did, we are

proving a L? estimate of the product, with weight A35+3.
For (53)), we compare the estimate in the following cases
If uy, vo € X1, we have (32); If uy € S,v, € X, we have (34).
If uy € X' v, € S, we have (52) and

XsNX}, XsNXE, -

s 943
Imusvallzz . S lmvuallie 2 llmvallzre S AT 7272 lun]|xu ) [|vall x-sats1y)-
If uy,v, € S, we have (40) except for uy € X % v, € Z. But notice that the
estimate (41)) is larger than A\~ %o 5.
Hence we can sum up the estimates to get (53).

The proof of (54) is carried out in the same way as all the detailed analysis before. We
discuss cases of uy € X' or X~ or Z, and be a bit careful when Qo>ysun € X slts

11
or |D‘_28_2X4’4 0

‘I':if?"
5. ENERGY CONSERVATION

In this section, we aim to study the conservation of H® energy, this part of calculation
follows similar as in [7] and [22].
Given a positive multiplier a, we set

Es(u) =< a(D)u,u > .
We want to take the symbol a(¢) = (1 + £%)%, but as in [22], [23],we will allow a slightly

larger class of symbols.

Definition 5.1. a) Let s € R,e > 0. Then S? is the class of spherically symmetric
symbols with the following properties:
(i) symbol regularity,

0%a()] S a(§)(1+€%) 7%,
(i) decay at infinity,

Ina(¢ Ina(§
s_ln(nlg—if)z)gs%—e, S—€<L()<S—|—€.

ST+ey =
b) If a satisfies (i) and (ii) then we say that d is dominated by a, written as d € S(a), if
0%d] S a()(1+€%)72,

with constant depending only on a.

Definition 5.2. (a) A k-multiplier generates a k-linear functional or k-form acting on k
functions uq, - - -, ug

Melmn, ) = [ e G0 )

We will write Ag(m) for Ag(m;u, -, u).
(b) The symmetrization of a k-multiplier m is the multiplier

mligm(©) =~ 3 m(o(€))
" oEeSy
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We have the following computation [7].

Proposition 5.3. Suppose u satisfies the KdV equation (1) and m is a symmetric k-
multiplier. Then

& Axm) = Au(mie) = i3 (€, Bt G+ G (6 + Exa),

where
Ap=i(E 4+ &)

5.1. Symbol calculation of modified energy. Here we construct modified energy,
following the calculation in [7].
We first compute the derivative of E5 along the flow

d
—F A3 (M3).
dt 2( ) 3( 3)
Easy to see that M3 = ¢ Zf’:l(a(fi)fi), we will ignore the constant.
Now we form modified energy
Eg(u) = EQ(U) + A3(0'3)7

and we aim to choose the symmetric 3-multiplier o3 to achieve a cancellation.

d 3
%EL%( w) = N3(Ms) + A3(03A3) + A4(—Z§U3(517 §2,83 + &4)(§3 + &4)).
So if we take
_ M
03 A3 )
we get
d 3
EE?)( u) = Ay(My), My = —Z§[0’3(§1, 2,83+ £4) (&3 + &4)]sym-
Similarly, we can define Ey(u) = E3(u) + Ay(04), 04 = —%—;‘,

d
%sz( u) = A5 (Ms),

then we have

M5 = —2i[04(&1, 82, €3, 60 + &5) (€4 + &5)|sym-
This process can be continued to have further corrections, but we will stop here, since
higher corrections are harder to estimate.

5.2. Bounds for multipliers. In order to estimate the derivative of modified energy,
we need to have good bounds for M; and ;. Also now M, is defined only on the diagonal
&+ -2 & =0, but in order to separate variables, we want to extend it off diagonal, this
is useful when we prove local energy decay later on.

Proposition 5.4. Assume that a € S° and d € S(a), then there exist functions b and ¢
such that

Za &)& = b(&1, &0, &) (&) + & +63) + (1,60, €3) (&1 + &2 + &),

And on each dyadzc region {&1 ~ o, & ~ X, &3 ~ p, a« < X < p}, we have the regularity
conditions
8f18528§3b(§1, 52753) < G(Oé))\ 1 —1,781 \—s2 [,
D71 052052 (€1, €2, &) S al@) A pa T TATI T,
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Proof. Since
G4+E+E =306+ (G +6L+86)E+E+E6 — & — 6E — 68).

Let’s construct ,
b— Doim M&)é
3618283
c=—b(+ &+ & — &1& — && — 68).

Notice that a(z)z is a decreasing function for z, then the estimates are straightforward.
O

5.2.1. Bound for M3 and 3. We have Mz = 2?:1 a(&;)&;, o3 = %—g modulo a constant.

Proposition 5.5. On the set
Q={GH+L+G=0N{&~a, &L~ G~ A>a)
we have
|M3(€17€27€3)| 5 CL(OZ)O[,
a(o
a6, .60 5 4.

Proof. If & = A, no need to do any proof. In case o < A, using the fact a is spherical
symmetric,

3

Y a(€)6 = al&)é — a(&)ér — al&)é + al€s)és

i=1
and we have |a(&3)&s — a(&2)&3| S la/(€3)6185] S |a(€s)E1]. So the estimate for Mj become
obvious. Using the fact that As = 3£1&&3 on set 2, we get bounds for o;. Il

From this we can prove that E3(u) is bounded by Es(u).
Proposition 5.6. We have the fact that
(55) [As(03)] < [ Ealw)]>.
Proof. We can expand the trilinear expression in dyadic frequency band {A\, A, a < A}.
Then using the estimate for o3, we can bound |Az(c3)| by

_ o 1
a(a)A 2/u,\uAuadx < ala)A 2a2Hu,\HLzHu,\HLzHuaHLQ

S (a(0)a) 2 (a(MN)X) 7 Ba(y) Ba(a) -
We can sum up the frequencies and get (55). U

5.2.2. Bound for My and o4. Recall that
3
M, = —25[03(51, €2, 83+ €4)(§3 + €4)sym

We adopt the calculation done in 7] (Notice, our a(£) corresponds to m?(§) , Ay corre-
sponds to «ay in their paper), we have the following formula for M,

1 Ay

(56) My(&1,82,83,84) = 1_@&525354 [a(§1) + -+ alés) — a(&2) — a(&is) — a(&14)]
1 a(&) a(és)
gl
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Here we used the notation &, = &; + &, and

(57) Ay =& +& +& + & = 3(E16as + E168 + L1638 + E265E4) = 3E12brsbua.
Proposition 5.7. We have the estimate for M,

Aga(min(|&], |€x1))

58 My| <

%) IS = leaal

Proof. The proof repeats the argument of Lemma 4.4 in [7]. We can also deduce it from
our next proposition. O

We have bounds on o4 immediately from Proposition5.7. But in order to do correction,
we need improve it slightly.

Proposition 5.8.

a(min(|&], 1€x1)) 2
59 (o) 5 s A4 (o) 5 EQ u.
(59) |04 TN [As(04)| S [Ea(u)|
Proof. We look at Ay(04), expand it into dyadic frequency components, since &; are sym-
metric, we can assume & > &y > 3 > &y

(1) {51752753754} - {Mnua >‘7 )‘}7/1“ > A. Then we have mln(&wgz]) = 512 5 A and

los| < a/\(f—;;) In this case, we can bound A4(o4) by

CL(£12))\2M2/UMUMU)\U)\d£L‘

a(12) €3I A2 2 e | 2 [l 22 [lua || 2 a2
a(&12) €2l (a(p)1®) " (a(MNA®) " By () Ea(uy).

Here notice that a(x)z is bounded and we can sum up the frequencies.

(2) {&1,8&2,8&, 8 = {p, Ao, 0 > X > «. In this case, we have min(&;, §;;) = &,
but we need attention with the estimate here. In fact, with the expression for M4(56),
we can separate the expression of o4 into two parts.

One term looks like

L L foe) + a(6) — al€s) — a6r)] + (18] | 218

S
S

]

108 £1685¢s 36A4° & 3
and it is bounded by 2.
And the other term looks like(if we ignore the constant —5= ),
a(§) +a(é) —al&2) 1 [a(§3) n a(§4)]
§1628384 §12613614 &3 €4
_ al83)€s8a&12 + a(€3)616283 + a(84)€38a812 + a(8a)61628s — a(§12)812813814

§1£28384812813814

So it is bounded by ;gjg Now we can bound A4(oy4) by

a(a))\2u2/uﬂuuu,\uadx
L9 g\l 1
() A2 A o [fuy || 2l 2 [Jual 22 | ua | 2

<a<a>a>%<a<A>A3>-é<a<ggu2>-1EQ<uu>EQ<uA>%Ezwa)%.



(3) {&1, &2, &3, &} = {pe, o, 1, A}, ,u > A\. Here min(§;,&;;) = A, we can do same estimate

as in previous case and get |oy4| < © ) , we need bound the expression

a(A\)pu~* / Uy Uy U, uNdT
a(N) N2 0 |y | g | 2 2 | a2
(a(N)N)2 (a() i)~ (a(p)®) 2 Ea(u,)? Ba(uy)?.

(4) {51752753754} - {:u My [y ﬂ’} min(ﬁufzy) - fzy For convenience, suppose 1t 1s 5127
then we have |oy| < a(512 . And we can bound A4(o4) by

IZANRYAN

Mmmﬁ/%%wwmsa@M&mwmﬁﬂ&WJ%

In all the cases above, we can sum up the frequency and get (59). O

Remark 5.9. From the estimate in the proof, we see that actually we have slightly better
bound for M, than Proposition 5.7 in the following two cases

(1) {61,608, &) = (Ao}, a < A< p, [My| < 4

(2) {&1,&, 83, &) = {p i, A, A <, [ My] S %

Proposition 5.10. We have the error estimate when s > —2

ot

Mmmwﬂw

XsnX;, (14 [Jul xsnxg + HU| XsnX;, )

Proof. As before, we expand the error term A4(My) in the dyadic frequency component
and discuss in each cases. Since u € X° N X}, we still decompose each piece as uy =
Un1+Uxn2, Uxni € X', uy2 € S[I,]. We abuse the notation and still use u, to represent
any of them. We assume & > & > &5 > &4.

One thing to notice the the high modulation relation. Since

1
/ A4(M4)dt = / M4ﬂlﬁgﬂ3ﬁ4 dg dr.
)

0

Y={&a+&+88+64 =011 +7+ 73+ 7 =0}.
We have
(60) (1= &) + (2 = &) + (13— &) + (. — &) = —Ay = —3&2&1360
Hence we get the high modulation
(61) on =max {|n — &, [ — &l 17 — Gl 17— &1} 2 [€r2€isaal-

(1) {§1a§27§37§4} - {#7M7A7A}au > A. Then we have mln(£@v§2]> = §12 S A and

|My| < |a(£1/\2$|, also notice function a(z)z is bounded. Let us use the crude bilinear
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estimate (53)), and also we need cut the time interval [0, 1] into smaller scale of size p***3.

/0 (M)t

0(512)512 Cl_sy\—s5 —35_5 _
< |T|(max{u RPN })2 1 3||UM|XSOXS(|U|XSﬁXfe+||u|§(5ﬁXfe)2
4
S max {0 AT 0TI  u Renxg Dl -
k=2

It is summable when s > —2.

(2) {&1,82,8, &) ={p, N\ al,u > A > a. |My| < a(o‘) We estimate it in exactly the
same way as (1).

/0 LML)t

01

ala)

5 X max {lu—l—S)\—s, H[—Ss—%} max {lu—l—sa—s7 ”—38—%}M—48—3
X lu %(szfE( |ull xonxg, + [[ul %(SOX;‘Q)Q'

By computing the exponents, we can sum up the frequencies when when s > —2.

(3) {5175% 53)54} = {H'wuv 2 )\}7H > )‘7 here mln(&a&l]) = )‘a Om 2 [1’3'
Case 1 When at least one of u, have high modulation, here we cut the interval to size

p***3 and use bilinear on (Q,,,u,)u, (54) and u,u,, we see that we get the bound

//

TM_ 2max( Tl )\ _2)#_48_3||Uu|§(smxlse(

< 11[10379Hu#Hg(sﬁxlse(||u||XszlSE + HUH%(szfe).

ot

wy ) uuxdrdt

A

|ul

xenxp, + |yl g(szfe)

So it is summable for s > —1%
Case 2 When the high modulation fall on uy, this is the hard case, we use the L? on
Qo iy, and L? on the product w,u,u,,.

_35_3 _
(62> ||77AQJZM3U>\||L§I 5 A 5 21 3||U)\||X>\[IA]>
(63) ImQozpsunllz, S N ™70 lun| x-s-ss2sv21,),
_1_
(64) HnuuuuuuuHLE@ Suoe 35”“#‘ %o

The third one is proved by discussing u, € X' or S, and notice that none of them has
high modulation. Then we get

/ / uﬂu#u#QJ>M3uAdtdx

1
T max { A% 3, )\3+4su76376}u75735u74s*3”u#|’§(szlse||U)\HXszlse

N

And we can sum up frequencies when s > —=:.
(4) {&,62.83, & = {m, p, pt, 1} here we need to discuss the size of ;.

§12 + &3+ §1a = 28
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so at least one of them is of size u
Case 1: When &; 2 pu, then we have |V,

factor o, 2 3, so we use bilinear on (Q,,,u,)u,, and L? for each of wu,u,,.
Notice the (8,4) is Strichartz pair and using the size of interval we get

%, and we have the high modulation

| ~y

L
(65) iz, < w2l s,

From (34) we have

3o,
(66) Iz, S 072wl xgima lwulls,
From (40) and (41) we get

(67) Iz, S 07 Nullsia llwall i,

/ / (Qo, ) upuy,uy dedt

< p ‘35‘%5‘%‘“ gl ks
< a() ¥ 0k

so it is summable when s > —1.
Case 2: When two of &;; is big, one is small, let’s assume &3 < g, 12, €14 2 11, We have

|My| < |° 51:2)513 |. Then we can easily calculate that

(61— &)+ (&1 — &) — (& + &) =26

since &13 < pu, we must have at least one of £ — & or & — &4 be of size p, with out loss
of generality, we assume |£; — &| 2 p, so we have separation of frequency, i.e

&1 — &a| m 1, |& + &o| =

and we can also prove that

€3+ 8| = 61+ &l = p, |63 — &l = &+ &1 — (& +84)| = p
Now we have the bilinear estimate of two w,’s which have frequency separation.
(68) ||77uuuuu||L§7m S M_1_28HuuHX1[IM]‘

Together with (66) and (67), we get

1
/ /\—a(glé)gm]uuuuuﬂuudxdt
0o JR 1%

|a(512)fl2
112
S T gl

N

22

so we can sum up for s > —%.

Case 3: When one of &;; is big, the other two small. We can assume &5 < &3 < p,

€14 2 p. In this case, we don’t have frequency separation. |My| < |a(§12;&|
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But we still have (33)), so together with (66) and (67), we get

1
/ /R|—a(§12/1§12£13|uuuuuuuud$dt
0

< |a(§12)§12§13
S Pyl

1

1 1o _4s _4e
|(J&1s]| 2 2)2M 48# i 3||“u|31(s

4
Xs
. U

|~

so it is summable when s > —

6. LOCAL ENERGY DECAY

Let x(x) be a positive, rapidly decaying function, with Fourier transform supported in
[-1, 1]. Let a be as in the previous section. We define the indefinite quadratic form

(69) Byw) =Y % / (6xa(D) + a(D)dx)urunda.

Here ¢, is an odd smooth function whose derivative has the form ¢} (z) = ¥ ()2, ¥\ (z) =
A_Qs_gx(x,jfﬁ). We will abuse the notation a bit, and (69)

~ 1
(70) Buu) = ; [ (¢a(D) + a(D)o)uuds,
with the understanding that it is really defined on each dyadic pieces, and ¢ = ¢, on
each piece.
Then we have the calculation
d ~ . .
where

Ry(u) = ((a(D) ¢ + ¢20(D))ta, uz) + ((¢(D)baze + Puaa(D))u, u),
Rs(u) = cRe((a(D) + ¢a(D))u, (u).).
We will see in the following propositions that Ry can be used to measure local energy.
Proposition 6.1. Let a € S?, ¢ defined as above, then we have the fizved time bound
|Ex(u)| S Ealu),
[((a(D)@asz + Pazaa(D))u, u)| S Ea(u).
Proof. Since ¢ and ¢, are bounded and its fourier transform has compact support,
[(a(D)gu, u)| = [{(a(D)¢a(D)~*)a(D)*u, a(D)?u)| < Ea(u).
Other terms are proved similarly. O
Proposition 6.2. We can use Ry to bound the local energy
(72) l4a(D)2Dulity < Rao(u) + cEa(u).
Proof.
((a(D)y + ¢oa(D))iz, ) = 2| (a(D)2 D)ul7; + (r(z, D)u, u).
Here

r(z, D) = [a(D)"?, [a(D)"?, 7],
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so its symbol r satisfy the estimate

Q2r(2,€) S ()N (1 +€) "2 a(6).
Hence
| (&, DYu, u)| < Ea(u).

Combine with previous proposition and the formula for R,, we get estimate (72). U

Integrating (71) and (72) on time interval [0, 1], together with Proposition [6.1 we get

1 i 1 _
(73) | 1Dy Dulizdt < ke +1 [ Ratwyie

Next, we can rewrite Rs in the Fourier space. Notice that original definition of (69) is
on dyadic pieces, so R3 takes the following form

u) =2 / ola)es /P (al€ — €) + alé))x(E) ()6 i(E)a(Es) desdeda,

Pe={&+&+ 86 =¢E)
Here ¢ is actually ¢y, x(§) is the multiplier used to define projection Pj.
Now we can symmetrize it, using the notation A(&;) = (a(&§ — &) + a(&))x(&)

[ ote [ (3" Ale)éate)ale il dedsda

& =1

- /Rgb Jes ZA@ &i)u(&)u(S2)u(E3)dEdEd.

Pe =1

To better estimate it, we use proposition 5.4, and rewrite

3
(74) Z A(8)6 = B(£1,62, &) (&) + & + &) + C(61,&2,63) (61 + &2 + &3).
=1

So we split Rz into
RB(U') = Rgood,S + Rbad,?n

where Rgood,g and Rbadg, take the following form,

Rywa = [ oty [ (5" Alg) — O (6 )alEx)ilEa)deudeda,

€ =1
Ryaas = —/R¢($)€”’§/P (B(&1,62,8) (&1 + & +&5))il(€1) (&) (&) didE da.
3

Proposition 6.3. Let a, ¢ as before, then we have the estimate
[ Rrastidt| S 3l
k=3,4

Proof. As in proposition 5.4, we have

A 1)S1
oo _%@f 4 g;; &~ 66 — 66 — &),



Let’s look at one term of > A(§) — C,

A
A(&) + 3§<f§12)§; (E§+ &+ 65 — 66 — 663 — 683)
_ A& (&G + &+ &) — 384 (6 + & + &) + 3]
36283

So on P, we have

YA -C
DA(G)EE? =30 A(E)ERE + 300 AG)E)
3818283 '

When we feed it to the integral, we can do integration by parts to trade £ for derivative

of ¢

> 2 iz ZA(&)@A A N A
Frois = i [ duntrre® | SEES @ iEE G
N\ £2
; / bun(a)e [ %a@l)a(@)a(&)d&dwx
; ixé ZA(él) ?A ~ ~ 4
b / e R e LI

Let’s decompose the region into dyadic region {a, A\, A}, @ < X\ and we can estimate the
symbols, using the fact a € S?, the the proof is similar to proposition 5.5

3515253 ~oN? 7 3515253 ~ o« 7 3§1§2§3 ~ (% '

The three terms in Rgood,g are similar, so we only do the third term, since that has the
worst bound. Denote it as 111

1 1
|/ 111 < a()\))\/ /gbx(a:)u/\u,\uadxdt.
0 @ Jo JR

Case 1. a < A, put L? on one of uy, and bilinear estimate on uyu, (53) , also notice ¢,
is fast decaying on spatial scale A***5, so we can use local energy norm to avoid interval
summation. ( Based on our computation below, we can even perform interval summation
with no difficulty.)

! A)A
|/ 111 < MZ/ /gbx(x)uAuAuadxdt
0 « ., /IR

a(MA |4
ZT)‘ B @)unllzz o (@) usual |z,
I

a()\)/\74574

(07

AN

AN

34s —3s—3 y—1-5_—s
A2 max{ A7 72 AT 00 1 o (@) uallk, (lullxs + el
Iy

N xo A+ [Jullks)-

AN

—1 y2s+2
;AT

max{a o Huallx; ([lul
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Case 2. a ~ \, notice we have high modulation o,, > A3. Then bound (Q,,, uy)uy in L?
(54), and the other one in L.

| /0 111 < a()\); /I /R G2 (1) (Qq,, ux)ururdadt

a()\))\,gs,g)\g+s)\,4s,5 Hu}\’

)\—45—6 ||U)\|

3
S X*NX},
<
~Y

3
Xsnx;,
4

For the part ]:Ebad73 we can not estimate it directly, so we will add some correction as
we did before. Take

Ea(u) = By(u) + Ap(u),
Ap(u) = —i / olx)e"s /P B(&1, &, £)i(€)aE2)i(€)dE dEd.

Notice (74)), then we have

d - - N -
EEg(’U/) = RQ(U) + Rgood,?) + R4(U)

Here

Ry(u) = —/R¢($)€”5/P [B(&1, €2, £34)Eaa] sym (€1 0(E2) U(Es) 0(€a) dEdE duv

Here we need to do two things, show |Fs(u)| < Ezg(u), which is same as proposition 6.1
and /5.6 and 6.2/ . And estimate the error, which repeats the proof of proposition 5.10
using the fact that ¢ is bounded, ngS has compact support, so they does no change to the
proof, in fact, since we have the spatial localization, we have the privilege of omitting the
interval summation by control them in local energy space.

Proposition 6.4. With a, ¢ as before, when s > —2, we have the error estimate

57
1
| / Ra(u)dt] < |lul
0

Combining all the propositions in this section, we get the local energy bound.

%(szfe(l + [Jul

xenxg + vl %{Smee)'

Lemma 6.5. The solution to the KdV equation (1) satisfy the following bound
D A sup g derall32
) I ’

S sup [u(t) i (1 + [u(t)

ms) + ul

%(Smee + [Jul %(Smee(l + [ullxenxg, + [lul g(szfe)'

~Y

7. FINISHING THE PROOF

To finish the whole argument, we need to pick suitable symbol a(€) in the previous two
sections. As in [22], we pick slow varying sequence.

60 _ )‘ZSHUOAH%Q
P [luoll%s

_ —5|log A—log 1| 30
b= ZQ ’ ﬁu'
o

)

These () satisfy the following property
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(1) A% lluorllz2 S BalluollFs,
(i) 226 S 1,

(iii) By is slow varying in the sense that

(75)

€
|1Og2 B — log, 5u| N §| logy A — log, M’~

Now if we take ay = A* max(1, 85 '27¢'e82 21082 0l) “and correspondingly we take

a(§) max, &= A

Then from the slow varying property (75), we get

Y alluollis S D A lluoallzs + 27T AT0B 00 Gl luga 17, S Jluolli--
A A

Assume that [|ul|;z ey < 1, which implies sup, E»(u(t)) < 1. Recall that

d
E(Eg(u) + A3(03)) = Au(My),

so from Proposition 5.6 and 5.10, we get

1
(3 alur®32)2 S uollrs + i (1+ Tullen, + o)
A

At fixed frequency A = \g, we get

1
sup Ag [, ()llzz S B3, (ol s + lullisnxg, (1 + ullxenxg, + lullinx; )

From the property of 3y, we can sum up Ao, and get (9).
Together with the previous section, we can prove the local energy bound in exactly the
same way, so we conclude the proof of proposition [1.6.
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