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ABSTRACT. We construct a new class of semigroups of completely positive maps
on B(H) which can be decomposed into an infinite tensor product of such semi-
groups. Under suitable hypotheses, the minimal dilations of these semigroups to
Ep-semigroups are pure, and have no normal invariant states. Concrete examples
are discussed in some detail.

Dedicated to Robert T. Powers on the occasion of his siztieth birthday

1. Introduction.

An Ej-semigroup is a semigroup of normal unital x-endomorphisms o = {ay :
t > 0} acting on the algebra B(H) of all bounded operators on a separable Hilbert
space H, which satisfies the natural continuity condition

lim (o ()€, n) = (x€,n), =€ B(H), &ne H.

t—0+

FEy-semigroups are classified roughly into types I, I, I11, depending on the exis-
tence of “intertwining semigroups”. In general, the von Neumann algebras N; =
ar(B(H)) are type I subfactors of B(H) which decrease with increasing t. An
Ey-semigroup « is called pure if its “tail” algebra is trivial in the sense that

(1.1) 0,00(B(H)) = CL.

Pure Fy-semigroups emerge naturally in noncommutative dynamics. For exam-
ple, Powers [P2] has developed a “standard form” for most Ej-semigroups (more
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precisely, those which are not of type III), which is analogous to the standard form
for von Neumann algebras. A key element is the result that any Fy-semigroup not
of type I1I can be perturbed by a cocycle so as to become a pure Fy-semigroup
which leaves invariant a (necessarily unique) vector state. The perturbed semigroup
is said to be in standard form. This standard form is unique in the sense that if
two Ep-semigroups in standard form are cocycle-conjugate then they must actually
be conjugate.

On the other hand, in the interaction theory developed by one of us [A7], one is
presented with a pair of pure Fy-semigroups, each of which has an invariant normal
state. Significantly, in the context of interactions the invariant states are typically
not vector states. Given any pure Egp-semigroup o with an invariant normal state
w, an arbitrary normal state p of B(H) can be restricted to each of the type I
subfactors a;(B(H)), t > 0, and each of these restrictions has an eigenvalue list.
The basic interaction inequality of [A2] depends upon an asymptotic formula which
relates the limiting behavior of these eigenvalue lists to those of p and w as t — co.

Consideration of such issues has led us to single out pure Ey-semigroups for at-
tention, and many significant problems remain open. For example, Powers’ result
above implies that every FEy-semigroup that is not of type III is a cocycle per-
turbation of a pure Fy-semigroup, but it is not known if every Ejy-semigroup can
be perturbed by a cocycle into a pure one. In this paper we are concerned with
the construction of pure Fy-semigroups which do not have normal invariant states.
The first examples of this phenomenon were given in [A3], and were based on the
canonical commutation relations. In this paper we give a new and more flexible
construction of such examples. As in [A3], we actually construct examples of semi-
groups of completely positive linear maps of B(H) having appropriate properties,
and then obtain the examples of Fy-semigroups by a dilation procedure. However,
the examples constructed here differ from from those of [A3] in that they decompose
into infinite tensor products of simpler flows acting on matrix algebras.

We now describe the setting of this paper in more detail. By a CP semigroup we
mean a one-parameter semigroup ¢ = {¢; : ¢ > 0} of normal completely positive
linear maps of B(H) which is unital in the sense that ¢¢(1) = 1 for every ¢, and
is continuous in t as described above for Ey-semigroups. The definition of pure
Ep-semigroup (1.1) must be modified appropriately for the broader category of CP
semigroups. A CP semigroup ¢ is said to be pure if for every pair of normal states
p, o of B(H) we have

(1.2) Jim [poép—o o] =0.

It is known that (1.1) and (1.2) are equivalent in case ¢ = « is an Ej-semigroup
[A2]. Notice that if ¢ is a pure CP semigroup and if there is a normal state w of
B(H) that is ¢-invariant in the sense that w o ¢, = w for every ¢ > 0, then because
of (1.2) w must be an absorbing state in the sense that for every normal state p we
have

(1.3) Jim [[po ¢p —wl =0.

When an absorbing state exists, it is obviously the unique normal ¢-invariant state.
Conversely, if for an arbitrary CP semigroup ¢ there is a state w of B(H) satisfying
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(1.3) for every normal state p, then w is a (normal) absorbing state and ¢ must be
a pure CP semigroup.

In the physics literature the asymptotic behavior (1.3) is called return to equi-
librium, whereas in ergodic theory it is called mizing. Indeed, (1.3) implies that for
every pair of operators A, B € B(H) and every normal state o on B(H) one has

Jim o (6,(4)B) = w(4)o(B),

and in particular w is a mixing state: w(¢:(A4)B) — w(A)w(B) as t — oo.

In general, a pure CP semigroup need not have an absorbing state (equivalently,
there may not exist a normal state that is ¢-invariant). But in the context of CP
semigroups acting on matrix algebras, (1.2) and (1.3) are equivalent. Indeed, if H
is finite dimensional and ¢ is a pure CP semigroup acting on B(H), then a simple
application of the Markov-Kakutani fixed point theorem shows that there must be
a state w of B(H) satisfying w o ¢ = w for every ¢ > 0. Since in this case w must
be normal, the preceding observations imply that (1.3) is satisfied.

In section 2, we show how to construct examples of pure CP semigroups which
decompose into an infinite tensor product of CP semigroups acting on matrix al-
gebras (Theorem A). Under appropriate hypotheses, these CP semigroups do not
have normal invariant states. In section 3 we discuss examples and show how to
arrange the general hypotheses of Theorem A. These results are applied to the
theory of Ey-semigroups in section 4.

2. Infinite tensor products of CP Semigroups.

In this section we discuss general problems associated with the construction
of infinite tensor products of CP semigroups. We give an effective criterion for
their existence, and we determine when such infinite tensor products are pure.
Applications are taken up in the following section.

Starting with a sequence of CP semigroups ¢* acting on B(Hy), k =1,2,..., one
can choose an arbitrary sequence of normal pure states wy of B(Hy), k =1,2,...,
and with that data attempt to construct an infinite spatial tensor product @ ¢* of
CP semigroups. One finds, however, that the existence of such a product semigroup
depends strongly on the choice of the sequence wy,ws,.... In order to discuss this,
we begin by introducing an intermediate C*-algebra 4 which is in some sense an
infinite tensor product of type I factors, and which carries “locally” the structure
of a von Neumann algebra. On A there is a natural way of defining the infinite
tensor product of CP semigroups, but there is no Hilbert space. We show that for
appropriate sequences (wy), the GNS construction applied to @ wy, gives rise to a
representation of A on a Hilbert space H so that the tensor product of semigroups
can be extended uniquely to a CP semigroup on B(H).

Given a pair of normal completely positive linear maps ¢, ¢ on B(H), B(K)
respectively, there is a unique normal completely positive linear map ¢ ® 1 on
B(H ® K), defined uniquely by its action on operators A ® B,

¢QY(A® B)=¢(A)@¢(B),  AcB(H),B e B(K).
Similarly, there is a natural notion of finite tensor product of normal completely

positive linear maps; when ¢* acts on B(Hy), k=1,...,n, $' ®---®¢" is a normal
completely positive linear map on B(H; ® --- @ Hy,).
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Suppose now that we have a sequence of CP semigroups ¢* = {¢F : t > 0} acting
on B(Hy), k=1,2,.... For each n =1,2,... consider the type I factor

A, =B(H, ®---® H,),
and the semigroup of completely positive maps ¢! @ --- ® ¢™ defined on it by
(0'® @) =¢; @ @, t>0.
One verifies easily that ¢! ® - --® ¢™ is a CP semigroup. The natural embedding of

A, into A, 1 is given by the unital *-monomorphism A € A,, — A®1y, ., € A,i1,

and since ¢! (1y,,,) = 1p,,, we have the following coherence

n+1

(2.1) ('@ @¢" ) (A 1y, )= (' ©® - ©¢")(A) @ 1x,,,,

for every t > 0, every A € A,, and every n =1,2,....
Finally, we form the inductive limit of C*-algebras

A=1lim A,,.

There is a natural way of identifying A,, with a subalgebra of 4, and after making
this identification one has A, C A,+1 C A, and A is the norm closure of the
unital x-subalgebra U,.A4,,. Because of (2.1) there is a unique semigroup of unital
completely positive maps ¢ = {¢; : t > 0} which acts as follows on A,

(2.2) b la, =@ @ @¢"), t>0, n=12,....

In order to discuss continuity in the time parameter of this semigroup, we require
the notion of locally normal linear functionals on the C*-algebra A. A bounded lin-
ear functional p on A is said to be locally normal if its restriction to each subalgebra
A,, is a normal linear functional on that type I factor. The set of all locally normal
functionals is a norm-closed linear subspace of the dual space of A. Since every
CP semigroup acting on a type I factor M is the adjoint of a strongly continuous
semigroup acting on its predual M,, it follows that for every locally normal linear
functional p on A, we have

(2.3) tlln;)||po¢t fA, —pody, [a, || =0, n=12....

We emphasize that one cannot expect t — p o ¢; to move continuously in the norm
of the dual space of A, except in rather special circumstances. In any case, from
(2.3) it follows that for every A € A and every locally normal p, the function
t € [0,00) — p(¢p:(A)) is continuous.

Suppose now that we choose a sequence wy of pure normal states wy, of B(Hy),
k = 1,2,..., subject to the following hypothesis: there are positive constants
Ay, Ay, ... satisfying ), Ap < co and

(H) |wi — wi 0 OF|| < Ay, 0<t<1, k=12,....

For example, (H) will be satisfied when each space Hy, is finite dimensional and
the generators Lj of the semigroups ¢*, defined by ¢Ff = exptLy, t > 0, satisfy
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> i lwk o Li|| < oo (see Corollary 1 below). Explicit examples will be discussed in
section 3.

Since w1 ® - -+ ® wy, is a normal pure state of A, for every n, the product state
W = w1 ®wao®. .. is a locally normal pure state of A. Applying the GNS construction
to w we obtain a separable Hilbert space K, a faithful irreducible representation of
Aon K, and a distinguished unit vector Q2 € K. We identify A with its image in this
representation, so that it becomes a unital strongly dense #-subalgebra A C B(K),
and once this is done we have w(A) = (AQ, Q) for A € A. Following is the main
result of this section.

Theorem A. Assume that hypothesis (H) is satisfied. Then for each t > 0 the
CP map ¢, defined on A by (2.2) extends uniquely to a normal completely positive
linear map ¢, on B(K), and ¢ = {¢;, : t > 0} is a CP semigroup on B(K).

gz; is a pure CP semigroup on B(K) iff every ¢y is a pure CP semigroup on

B(Hy), k=1,2,....
Assuming that Hy, is finite dimensional and ¢* has the normalized trace on
B(Hy) as an absorbing state for every k = 1,2,..., then ¢ is pure and has no

normal invariant state.

Before giving the proof, we require a more concrete realization of K as the infinite
tensor product of the Hilbert spaces Hi, Hs, . ... Our construction is similar to that
in [vN] (see also [G]). For n = 1,2,... let K,, be the n-fold tensor product of Hilbert
spaces

K,=H®H,®---®H,.

Choosing a unit vector f € Hj such that wi(A) = (Afk, fx) for A € B(Hy), we
can map K, isometrically into K, as follows

56 Kn Hg@fn—l—l EKn—H’

and this gives rise to an inductive system of Hilbert spaces. K is defined as the
completion of the inductive limit of Hilbert spaces

K =limkK,,.

Thus each space K, is isometrically embedded in K and their union is dense. For
a vector £ € K,, we denote its image in K with the suggestive notation

R fop1 @ fay2 @ - =@ 1 S

Note that parentheses come and go with impunity; for example, the equality

f®fn+1®fn+2®"':(f®fn+1)®fn+2®...

simply asserts that the image of £ € K,, in the limit space K is the same as the
image of £ ® fr4+1 € K41 in the limit space K.

The C*-algebra A acts on K as follows. To define a representation of A it suffices
to specify how an operator in A4,, acts on K,, when m > n, and for an operator
A € A, and a vector in K,,, C K of the form 1 = £ ® fi41 @ finy2 ® ... Anis
given by

A?]: [(A®1Hn+1 ®"'®1Hm)§]®fm+1®fm+2®....
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It is easily checked that this defines a representation of A on K, and that for the
vector € K given by Q= f1® fo ®..., AQ is dense in K and

(W1 Quwa®...)(A) = (AQ,Q), Ae A

Thus, we settle on this Hilbert space K, this “product vector” €2 € K, and the
realization of A C B(K) described in the preceding paragraphs.

This has the following consequence for the description of normal linear function-
als on B(K). For any vector h € K, = Hy ® Hy ® --- ® H,, we may consider its
image £ = h® fr11® fri2®... in K | and the corresponding vector state on B(K)

wﬁzwh®wn+l®wn+2®-u~

Since any normal linear functional p on A, can be expressed as a series
oo
p(A) = Ok (Aug, vi)
k=1

where uy, vy are unit vectors in H; ® - -- ® H,, and () is a summable sequence of
nonnegative reals, a similar argument shows that there is a unique normal state on

B(K) of the form

oo
(2.4) ﬁ:p®wn+1®wn+2®---=p®k®1wk,
=n-+

The tensor product notation is intended merely to suggest the form this linear
functional takes on when it is restricted to the dense C*-algebra A C B(K).

Lemma 2.1. For every normal linear functional (resp. state) o of B(K) and every
e > 0, there is an n € N and a normal linear functional (resp. state) p on A, such
that

lo—p® & will<e.
k=n—+1

Proof. Let o be a normal linear functional on B(K). We can approximate o
as closely as we wish with a finite linear combination of functionals of the form
we n(T) = (T€,n) with {,n € H. Thus it suffices to show that each we , can be so
approximated. Fixing £ and n in H, we can find an n € N and vectors &,,n, € H,
such that both norms

||£_£n®fn+l®fn+2®"'”a ||77_nn®fn+1®fn+2®"'”
are less than €/2. It follows that
lwe,n — we,m, @ k:%lwc\l <e,
as asserted.

The argument for normal states is similar, after one notes that every normal
state o of B(K') can be expressed as a convex combination of vector states

o= 91&)51751 + 920)52752 + ...
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where 0, > 0and ), 0, =1. O

Since A C B(K) it makes sense to speak of normal states and normal linear
functionals on A; for example, a normal state of A is the restriction to A of a
normal state of B(K). We remark that a straightforward application of Kaplansky’s
density theorem shows that the restriction map p — p [4 is an order-preserving
isometric isomorphism of the Banach space of all normal linear functionals of B(K)
onto the normal subspace of the dual of A. In particular the normal subspace of
A’ is closed in the norm of A’.

Lemma 2.2. Let 0 : A — A be a unital completely positive map with the property
that po @ on A extends to a normal state on B(K) ]ﬁor every normal state p on
B(K). Then 6 extends uniquely to a normal CP map 6 on B(K).

proof. The uniqueness of the extension is clear from the fact that A is weak*-dense
in B(K). Morever, if there is a normal linear map # which extends 6 then  must be
completely positive. Thus we need only show that € can be extended to a normal
map on B(K).

Let £L1(K) denote the Banach space of all trace class operators on B(K) and
choose T € LY(K). Then p(B) = trace(T'B) defines a normal linear functional
on B(K). By hypothesis A € A +— p(A(A)) can be extended to a normal linear
functional on B(K), hence there is a unique trace class operator ¥(T) € L1(K)
such that

trace(1(T)A) = trace(TO(A)), Ae A

1 is obviously a linear map of £!(K) into itself. Since the unit ball of A is strongly
dense in the unit ball of B(K) and ||#|| < 1, the formula itself implies that

trace |¢(T)| = sup [trace(y(T)A)| = sup [trace(TO(A))| < trace|T|
A<t lAll<1

for every T € L'(K), hence [[1| < 1. The adjoint ¢’ : B(K) — B(K) defines
a normal linear map on B(K) which satisfies trace(Ty'(A)) = trace(T0(A)) for
A€ Aand all T € L1(K), thus ¥/ extends . O

proof of Theorem A. Fix t > 0. We show first that ¢; : A — A can be extended
(necessarily uniquely) to a normal completely positive map on B(K). Note that it
suffices to prove this for 0 < t < 1, because the semigroup property implies that
¢Ont = (¢¢)™ for every n = 1,2,... and a composition of normal maps on B(K) is a
normal map. Thus we assume that ¢ € [0, 1].

By Lemma 2.2, it is enough to show that for every normal linear functional p
on B(K), po 6, is a normal functional on A. Lemma 2.1 implies that p can be
approximated in norm with a decomposable linear functional of the form

oo
PO=1VR @ wg
k=n-+1

for some n € N, where 1 is a normal linear functional on A, satifying ||| = ||po]|-
Notice that by adjusting ¥ appropriately, we may also choose n as large as we wish
in this representation for py. Since the normal part of the dual of A is norm-closed,
it suffices to show that pg o ¢; belongs to the normal part of A’.
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For such a decomposable py, we have
poode=Wo (@ ® e © wod.
Considering the normal linear functional on B(K)
1 n x
v=[o(¢® - ®@)® & w
k=n+1

and the fact that [[¢) o (¢} ® -+~ @ )| < [|¥|| = ||poll, we have

[SS) k S
lpoode — vl < lpoll - I( ® wrody— & wg)lall
k=n+1 k=n-+1

Since
o0
x k Pae k
I @ wiogdf— @ we)lall< D llwnodf —wkl
k=n+1 k=n+1
k=n-+1

and since for 0 < t < 1 the series on the right is the tail of a convergent series by
(H), it follows that ||pg —v|| can be made arbitrarily small by choosing n sufficiently
large. Since v is normal, pg o ¢; must be normal, as required.

Thus we may extend each ¢; uniquely to a normal completely positive map ¢,
of B(K). We prove next that the extended semigroup is continuous in the time
parameter in the sense that for every normal linear functional p on B(K)

lim [|p o ¢ — pl| = 0.

Since we can approximate p arbitrarily closely in norm with decomposable func-

tionals of the form
oo
POo=1YR @ wg
k=n+1

where n € N and ¢ € A/, and since |¢;]| < 1 for every t, it suffices to show that
po © ¢ — pol| — 0 as t — 0, for po of this form.

As in the preceding argument, we may suppose that n is as large as we please;
moreover the norm of any normal linear functional on B(K') agrees with the norm
of its restriction to A. Writing

poodi—po=(pood—¥® @ wpodf)+W® @ wyodf—po),
k=n+1 k=n-+1
we estimate the norm of (pg o g?)t — po) |4 as follows
looodi—poll shpo @l @@ o)~ vl | & wiodf
o) k o0
Y-l ® wrody — @ will
k=n+1 k=n+1

1 n Pay k Pae
<[po(gy @ ®@¢7) =+ ® wpodf— & will
k=n+1 k=n+1
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The second term on the right can be estimated as in the preceding argument,

00 0o o) (o.0]
| ® wiodf— ® will< Y Jlwkodf—wrl < D Ay
k=n+1 k=n+1 R—} [R—

because of (H). Since ¢' @ --- ® ¢" is a CP semigroup acting on B(H; ® - --® H,,),
we have

limsup [|po © ¢; — pol| < limsup o (¢} @+ @7) = v+ Y Ap= D Ay,
=0 =0 k=n+1 k=n+1

and since we are free to choose n as large as we please, the right side can be made
as small as we please because ), Aj converges. Thus (Z) is a CP semigroup.

Assuming now that each ¢* is a pure CP semigroup, we prove next that q~$ is
pure. That result requires that we first discuss the behavior of pure CP semigroups
under finite tensor products. For a Hilbert space H, we write £}(H) for the space
of all trace class operators T € L!(H) satisfying trace T = 0.

Remark. The significance of the space L(H) for pure CP semigroups acting on
B(H) is as follows. Notice first that a trace class operator T' on H belongs to
Ly(H) iff its associated linear functional o(A) = trace(TA), A € B(H), satisfies
o(1) = 0. On the other hand, a normal linear functional o satisfies o(1) = 0 iff it
admits a decomposition

c=X(pr—p2)+p-V=1-(ps— pa),

where A,y are real scalars and each pp is a normal state. We conclude: a CP
semigroup ¢ = {¢¢ : t > 0} acting on B(H) is pure iff for every normal linear
functional o satisfying o(1) = 0, we have

(2.5) lim ||o o ¢¢|| = 0.
t—o00
Lemma 2.3. For Hilbert spaces Hy and Hs,

LE(Hy ® Hy) =3pan{Ty ® So + S1 @ Ty : Ty, € LY(Hy), Sk € Lo(Hy)}

proof. The inclusion D is obvious. For the opposite inclusion, let A € B(H; ® Hy)

be a bounded operator satisfying trace(RA) = 0 for every trace class operator R

of the form R =Ty ® Sy or R = S; ® Ty where Sy, € L{(Hy) and T}, € L(Hy),

k = 1,2. Considering the natural duality between bounded operators and trace

class operators, it is enough to show that A is a scalar multiple of the identity.
Indeed, we claim that from the hypothesis

trace(A(S; ® T)) = 0, for all Sy € L3(Hy), T € L'(Hs)

it follows that A € (B(H1) ® 1g,)". To see that, choose X € B(H;) and consider
the commutator [X ® 1p,,A] = (X ® 1y,)A — A(X ® 1,). Then for any pair of
trace class operators T}, € L!(H}), k = 1,2 we have

trace([X ® 1p,, A]Th ® Ty) = trace(A(T1 X — XT1) @ Ty) =0,
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because the commutator T3 X — X Ty belongs to £}(H1). Since £'(H; ® Hy) is the
closed linear span of {Th @ Ty : Ty, € LY(Hy)}, [X ® 1, A] = 0 follows.
Similarly, the hypothesis

trace(A(Ty ® Sa)) = 0, for all Ty € L' (H,), Sy € L§(H>)
implies that A € (1, ® B(H2))". Hence
A€ (B(Hi)®1p,) N1y, ® B(H2)) = (B(H1) ® B(Hz))' =C - 1p,0m,,

as required. [

Lemma 2.4. Let ¢' and ¢? be pure CP semigroups acting on B(Hy) and B(Hs)
respectively. Then the tensor product ¢* ® ¢? is a pure CP semigroup acting on

B(H, ® Hs).

proof. We deduce this from Lemma 2.3 as follows. According to the characterization
(2.5), it is enough to show that for every normal linear functional o on B(H; ® Ho)
satisfying o(1) = 0, we have ||o o (¢} ® ¢7)|| — 0 as t — oo. Because of Lemma
2.3, o can be closely approximated in norm with a finite linear combination of
functionals of the form p; ® py where py, is a normal linear functional on B(H}) and
where either p; or ps annihilates the identity operator on its respective space.

But for a functional of the form o = p; ® po we have

1(p1 @ p2) o (61 @ )| = llpr o 21l - lp2 0 62,

so that if either p;(1g,) = 0 or p2(1y,) = 0, then because both ¢! and ¢? are pure
we conclude from (2.5) that

Jim oy o ¢yl - [lp2 0 67| = 0.
— 00

After taking finite linear combinations of such functionals p; ® ps and then passing
to norm limits, it follows that [0 o (¢} ® ¢2)|| — 0 as t — oo for every normal linear
functional o satisfying o(1) =0. O

Returning now to the proof of Theorem A, suppose that each of the given se-
quence of CP semigroups ¢* is pure. ;From Lemma 2.4 it follows that every finite
tensor product ¢! ®---®¢" is a pure CP semigroup acting on A,, n =1,2,.... We
now show that the infinite tensor product ¢ is pure. For that, fix a pair of normal
states p, o on B(K). We have to show that

Jim [lpo ¢ — o 0 ¢yl = 0.

Again, we approximate p and o closely in norm with normal product states pg and
o¢ respectively

n x n x
po=p & & wg, 00og=0 & & wg
k=n+1 k=n+1

where p™ and ¢™ are states of A,, and n is a positive integer, as large as we wish.
Estimating as above, we have

1(po —0) 0 @ a | < [I(p" —0™) 0 (¢ @+ @ ¢}) la,

<|(p" =™ o (dpf @ @¢)) T, |

x k
I ® w0l
k=n+1
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and the right side tends to zero as ¢t — 0o because ¢! ® --- ® ¢" is a pure CP
semigroup on A,,.

The converse assertion, namely that purity of quS on B(K) implies that each ¢* is
a pure CP semigroup on B(Hy) is straightforward, and we omit the proof. [

When the Hilbert spaces Hj are all finite dimensional, there is a more concrete
criterion in terms of the generators of the individual semigroups ¢* on B(Hy).

Corollary 1. For every k = 1,2,... let ¢* be a CP semigroup acting on a full
matriz algebra My which has the normalized trace on My as an absorbing state,
and let wg be a pure state of My. Let o = w1 @ wo @ ... be the asociated product
state on the UHF algebra A = M1 @ Mo ® ... and let ¢ = {¢¢ : t > 0} be the
product semigroup, acting on A by ¢y = ¢t @ p2 @ ..., t > 0.

Let Ly, : My — My, be the generator of ¢, ¢¥ = exptLy, t > 0, and assume
that

o
(2.6) > llwk o Li| < o
k=1

The GNS construction applied to @ realizes A as an irreducible C*-algebra acting
on a Hilbert space K with the property that ¢ extends uniquely to a normal CP
semigroup ¢ acting on B(K) which is pure and has no normal invariant states.

Remarks. Regarding the summability hypothesis (2.6), consider any CP semigroup
¢ = {¢¢ : t > 0} acting on a matrix algebra M and let L be the generator of ¢,
¢r = exptL, t > 0. A state w is invariant in the sense that w o ¢; = w for all
t > 0iff wo L = 0. Thus one may regard w as being “approximately” invariant
when |lw o L|| is small. In the setting of Corollary 1, the tracial state of My, is the
unique ¢F-invariant state of My, thus no pure state can be invariant. However,
the hypothesis (2.6) means that the sequence of pure states wy should be chosen so
that they are “approximately” invariant in the sense that the sum (2.6) converges.
Notice however that (2.6) will be satisfied with an arbitrary sequence of pure states
w1, ws, ... whenever ||L|| tends to zero fast enough that ), ||Lx|| converges.

proof of Corollary 1. We show first that qg extends uniquely to a pure CP semigroup
on B(K). In view of Theorem A it suffices to show that the hypothesis (2.6) implies
that (H) is satisfied. For that, we claim that for any CP semigroup acting on a
matrix algebra M with generator L, one has

(2.7) sup [l o ¢ —wll < |lwo L,
0<t<1

for every state w of M. Indeed, for fixed A € M satisfying ||A|| < 1,

ds

woqﬁt(A)—w(A)—/U iu)ogbs(A) 7cls—woL(/0 os(A)ds).

Since

\/Ot bu(4) ds| < / l6a(A) ds <t - || A] < t,

we have |wo ¢ (A) — w(A)| < ||wo L|| for every t € [0,1], and (2.7) follows.
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It remains only to show that QE has no normal invariant state, and for that we
claim that the normalized trace 7 on the UHF algebra A = M; @ My ® ... is
the unique state of A which is invariant under the action of the product semigroup
o' ® ¢? ... acting on A. Indeed, Lemma 2.3 implies that for every n = 1,2,...,
the restriction of ¢' ® * ® ... to A, = B(H; ® --- ® H,,) is pure, and since by
hypothesis each ¢* leaves the trace of B(H}) invariant, it follows that the trace
of B(H; ® --- ® H,,) is invariant under the action of this restricted CP semigroup,
hence the trace on B(H; ® --- ® H,,) is an absorbing state. In particular it is the
unique invariant state. It follows that 7 is the unique invariant state of A.

Now if p is a ¢-invariant normal state of B(K) then the restriction of p to A is
an invariant state of A which, by the preceding paragraph, must be the normalized
trace 7 of A. But 7 cannot belong to the normal part of the dual of A in any
irreducible representation of A, contradicting the existence of p. [

Corollary 2. Let M = My(C) be a matriz algebra and let 6 = {0; : t > 0} be
a CP semigroup on M which has the normalized trace as an absorbing state. Let
A1, A2, ... be a sequence of positive numbers satisfying Y, A, < co. Consider the
UHF algebra A= MR M Q... and the CP semigroup acting on it as follows

¢t:0)\1t®0)\2t®--'-

Then for every sequence of pure state wy of M the product state w1 Qua ® ... gives
rise to an irreducible representation of A on a Hilbert space H with the property
that ¢ extends uniquely to a CP semigroup acting on B(H) which has no normal
mvariant states.

proof. Letting Lj be the generator of qﬁ,’f = 0),t, one sees that Ly is related to the
generator M of 8 by L, = A\ M, and hence

o0 o o0
D llwro Ligll < Y ILell = 1M1 Y- Aw < oo,
k=1 k=1 k=1

and the conclusion is immediate from Corollary 1. [J

3. Examples.

In order to apply the results of the preceding section one must start with a
sequence of CP semigroups acting on matrix algebras, each of which is pure and
has the normalized trace as an absorbing state. In this section we give concrete
examples of the latter and discuss how such examples can be constructed in general.

Remarks. We have already pointed out that if a CP semigroup ¢ = {¢; : t > 0}
acting on B(H) has an absorbing state, then it must be pure. Significantly, in the
simplest cases in which H is finite dimensional, the converse is true as well. Indeed,
any pure CP semigroup acting on a matrix algebra M must have an invariant state
w, by the Markov-Kakutani fixed point theorem. It follows that for any state p on
M we have

}EEOHPO@ —w|| :tliglOHPO(ﬁt —wog =0,

because ¢ is pure. Hence w must be an absorbing state.
We begin with a concrete example and then put that into a more general context.
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Example 3.1. In [Bi] P. Biane defines a CP semigroup B = {B; : t > 0}, called
an Ornstein-Uhlenbeck semigroup, on finite-dimensional C*-algebras A generated
by finitely many hermitian unitary elements wq,uso,...,u,, n € N, which pairwise
either commute or anticommute. The action of the semigroup on ordered words
W = U Uk, - Uk, k1 < k2 < --- < kj in A is as follows, Bi(w) = exp(—tj)w.
Assuming that n = 2N is even and the u; anticommute, their generated C*-algebra
A is isomorphic to the matrix algebra My~ (C); and since for every nontrivial word
w we have
lim B;(w) =0,

t—o0

it follows that for every A € A we have
tlim Bi(A) = 17(A)1.

Thus, B is a pure CP semigroup acting on A which has the normalized trace as an
absorbing state.

The following results show how to construct many such examples.

Proposition 3.1. Let M be a matriz algebra and let QQ be a unit-preserving com-
pletely positive map of M into itself which preserves the trace in the sense that
ToQ =T and is ergodic in the sense that

(3.1) QUA)=A = AeC-1.

Then L(A) = Q(A) — A is the generator of a pure CP semigroup which has the
normalized trace as an absorbing state.

Proof. Let ¢y = exptL where L(A) = Q(A) — A. Since ¢; = e texptQ, it is clear
that ¢ is a CP semigroup, and it leaves the trace invariant because 7o L = 0.
Condition (3.1) implies that the only operators A satisfying ¢:(A) = A for all t are
scalars, i.e., ¢ acts ergodically on M. By Theorem 4.4 of [A2] ¢ is pure, and thus
7 must be an absorbing state. [

Remark. 1t is well-known [EL] that the most general unit-preserving completely
positive linear map on a matrix algebra M may be constructed as follows

Q(A) = V1AV + -+ VLAV,

where V7, ..., V, is an arbitrary sequence of elements of M satisfying V1 V* 4 - - +
V. V¥ = 1. For such a map @ the ergodicity requirement (3.1) is satisfied iff the set
{Vi} is irreducible in the sense that

W, Vi .. V., VY =C1.
This follows, for example, from Theorem 4.4 of [A2].

Remark. As the simplest nontrivial example of the semigroups of Example 3.1
above, consider the semigroup B = {B; : t > 0} acting on the C*-algebra generated
by a pair of anticommuting self-adjoint unitaries w1, us. Up to conjugacy one may
take the C*-algebra to be M»(C), and for the generator of the semigroup {B; : t >
0} one can take the map L(A) = Q(A) — A where @ is the composition 6 o E of the
natural conditional expectation E of M3(C) onto the diagonal subalgebra and 6 is
the order 2 automorphism #(A) = RAR ,

_ (01
R=(91).
We omit these computations, but one can check quite easily that the map ) = 0o F
satisfies the hypotheses of Proposition 3.1.
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4. Applications to Ey-semigroups.

In this section we show how the CP semigroups constructed in section 2 can
be dilated so as to give examples of pure Ey-semigroups which have no normal
invariant states.

It is important to distinguish between the dilation theory that is associated
with CP semigroups and the simpler dilation theory associated with Stinespring’s
theorem. In order to discuss the issue, we take the simplest case in which ¢ is a
normal completely positive map acting on B(H) satisfying ¢(1) = 1. Stinespring’s
theorem implies that there is a Hilbert space H containing H and a representation
7 : B(H) — B(H) satisfying 7(15) = 1, such that for P = Py we have

&(A) = Pr(A) 1n, A B(H).

Since ¢ is normal, one can arrange that 7 is a normal representation. We abuse
notation slightly by writing ¢(A) = Pw(A)P, after identifying B(H ) with the corner
PB(H)P of B(H).

Useful as the Stinespring representation is, it is inadequate for our purposes.
Instead, we require a Hilbert space H D H and a normal s-endomorphism « of

B(H) into itself, such that (1) = 1, a(P) > P for P = Py and
(4.1) #(A) = Pa(A)P,  AcB(H)= PB(H)P.

One verifies readily that the condition a(P) > P implies that (4.1) is valid for all
powers in the sense that

(4.2) ¢"(A) = Pa"(A)P, n=0,1,2,....
Such a representation of ¢ cannot be deduced from Stinespring’s theorem. It can be

deduced from a general dilation theorem for (finite or infinite) sequences of (perhaps
noncommuting) operators Vi, Va, -+ € B(H) which satisfy

WV + Wy +-.- =1p.
That dilation theorem implies that there is a sequence of isometries Uy, Us, ... on a
larger Hilbert space H O H satisfying U,Uy + UxU; + - - - = 15, with the property

that U;H C H and Vj, is the compression of U, to H, for every k. The relation
between all of these operators, ¢, and « is

P(A) = VLAV + Vo AVS +..., A€ B(H),
o(B) = U, BU; + U,BU; +... B e B(H).

We remark that the existence of operator dilations of this type originated in papers
of Frazho [Fr| and Bunce [Bu], and have been extensively studied.

In [B1] (also see [B2], [B3], [BF]) B. V. R. Bhat proved a general result which
implies that every CP semigroup acting on B(H) can be dilated to an Ey-semigroup
acting on B(H) in a sense parallel to (4.2) above. There is a notion of “minimal”
dilation, and a minimal dilation of a CP semigroup is unique up to conjugacy. The
details are as follows.
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We follow the approach of [A5]. Let H be a Hilbert space, and let o = {ay
t > 0} be an Ey-semigroup acting on B(H). A projection P € B(H) is said to be
increasing if P < ay(P) for all t > 0. Assuming that P is increasing, it is not hard
to show that the family of completely positive maps ¢ = {¢; : ¢ > 0} defined on
PB(H)P = B(PH) by
oi(z) = Pag(a)P, t>0

satisfies the semigroup property, thus it defines a CP semigroup on B(P}EI ). ¢ is
called a compression of o and « is called a dilation of ¢. « is said to be a minimal
dilation of ¢ if the identity is the only increasing projection Q € B(H), Q > P,
for which the compression of a to QB(}NI )@ is an Ep-semigroup. In this context,
Bhat’s theorem has the following consequence (see [A5] for this formulation).

Theorem 4.1. Let ¢ be a CP semigroup on B(H). There exists a dilation « of ¢
on B(H), for some Hilbert space H containing H, such that o is a minimal dilation
of ¢. Any two minimal dilations of ¢ are conjugate.

Thus we may speak of the minimal dilation of a CP semigroup. As shown in
Proposition 3.5 of [A2], a minimal dilation «a of a pure CP semigroup ¢ inherits
from ¢ the property of being pure. If ¢, in addition to being pure, has no invariant
normal states, then a has no invariant normal states. Combining these results with
Theorem A of Section 2 yields the following.

Theorem 4.2. Let « be the minimal dilation of a CP semigroup ¢ = {¢y : t > 0}
on B(H) which arises from an infinite tensor product construction satisfying the
hypotheses of Theorem A. Then « is pure and has no invariant normal states.

We conclude this section by showing that the minimal dilation a of ¢ has a
realization as an infinite tensor product of Ey-semigroups (hence of CP semigroups)
in the sense of section 2. We show also that in certain situations « is completely
spatial. This result depends upon the fact, [A6], [P1] that the minimal dilation of
a CP semigroup on a matrix algebra is completely spatial.

Let (¢*) be a sequence of CP semigroups on matrix algebras M}, satisfying (H).
We view M}, as B(H},) for a finite dimensional Hilbert space Hy. For each k € N
let o, acting on the algebra B(Hj},), be a minimal dilation of ¢*.

First we observe that the pure state wy = (- fx, fx) on B(Hj) extends in an
obvious way to a pure state (which we’ll also call wy,) on B(Hy) because Hy, D Hy,
and if the ¢* satisfy (H) then so do the o®. For fixed k, let p be the projection of
ﬁk onto Hi. We have

lwk —wroaf]| = sup |wi(z) = (af (2) fr, fr)].
z€B(H)1

Since p is increasing for o it follows that ¢f (pzp) = pal(prp)p = pal(x)p, and
since fr = pfi, the right side of the preceding formula is

sup  [wi (@) — (6" (pp) fe, fi)] < [l — wi 0 6™ Tag, NIz < Aw,
IEB(Hk)l

where Ay, is the constant in (H) which dominates ||(wy —wr0¢¥) [ar, || for 0 <t < 1.
Continuing the argument along the lines of section 2, we conclude that the infinite
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tensor product %3 ay exists as a CP semigroup. It is obviously an Ejy-semigroup
k=1

which serves as a dilation of the CP semigroup ¢ = ES ¢r. In fact, we have the
k=1

following.
Theorem 4.3. The dilation o on B(H) is a minimal dilation of ¢.

Remark. 1t is straightforward to show, by using the criteria for minimality obtained
in Theorem B of [A5], that the finite tensor product of minimal dilations of CP
semigroups is itself a minimal dilation. The proof below relies on this result to
establish the case for infinite tensor products.

proof. Let P € B(JEI ) be the projection onto the subspace H on which ¢ acts. Then
P compresses a down to ¢. Let P, be the orthogonal projection in H onto the
closed linear span H of the vectors of the form

(4.3) auy (a1) o, (az) -+ - ay, (an)E,

where £ runs over H and the a;’s lie in B(H). By [A5] P} compresses « to a minimal
dilation of ¢. To show that « is minimal, then, it suffices to show that P, is the
identity in B(H), and to establish this it suffices to show that all product vectors of
the form £ ®&E®@ - @&, @ fint1 @ fmr2®- - - are in the range of P, for all vectors

& € ﬁk. Set £ = % fr. For fixed m € N consider the linear span of all terms of
k=1

the form (4.3) where a; € ( ® Mp)®@ (I ®I®---) for all j. By the remark above
k=1

® a® on ® B(H}) is a minimal dilation of ® #*) on ® B(Hy), and therefore
k=1 k=1 k=1 k=1
EREVD-Q&n ® fma+1 ® finyo ® --- is in the range of P,. But then, since m

is arbitrary, all of H is in range of P;, so p = 1 and « is a minimal dilation of

¢. O

We conjecture that the minimal dilations of CP semigroups constructed as in
section 2 are all are all conjugate to a cocycle perturbation of a CAR/CCR flow.
The following confirms the conjecture for a large family of CP semigroups satisfying
the hypotheses of Corollary 2.

Theorem 4.4. Giwen a sequence of positive numbers i, Az, ..., let ¢ be a CP
semigroup acting on a matriz algebra M. Let ¢ be the infinite tensor product

Q;t:¢A1t®¢A2t®---

acting on the UHF algebra A= MM ®.... Let w =w; Quwz ® -+ be a pure
product state on A which induces an irreducible representation of A on B(H). If
>om A2 < 00, then the minimal dilation & of the unique extension of ¢ to B(H) is
a cocycle perturbation of a CCR/CAR flow.

Remark. In [Al] one of us characterized the CAR/CCR flows as being those E-
semigroups which are completely spatial (see the following definition). Our proof of
the theorem rests on the verification that Ey-semigroups satisfying the hypotheses of

the theorem are completely spatial. First we recall the following relevant definitions
from [A1].
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Definition 4.1. A strongly continuous one-parameter semigroup U = {U; : t > 0}
of operators in B(H) is called a unit of an Ep-semigroup a on B(H) if for all
A€ B(H) and all t > 0,

Ui A = ay(A)Us.

Remark. We shall denote by U, the family of units of a. It is not difficult to
show that any U € U, is, up to perturbation by a semigroup of scalar operators, a
one-parameter semigroup of isometries.

Definition 4.2. An Ep-semigroup a on B(H) is said to be completely spatial if for
all ¢ > 0 the Hilbert space H coincides with the closed linear span of all vectors in
H of the form

(4.4) Ulu.--Ulne,

with U7 € U,,j = 1,2,...,n, with £ € B(H), and with >."_, s, = t.

proof of theorem. Let o be a minimal dilation of ¢. Since ¢ is a CP semigroup on
a matrix algebra its minimal dilation is completely spatial, by [A6] or [P1]. For
each k € N let o* be the Ey-semigroup defined by af = ay, . o is clearly a
minimal dilation of the CP semigroup ¢* related to ¢ by ¢F = ¢;»,. Hence each
a¥ is completely spatial.

Using the notation of section 2, for some m € N, let h = £ R&E Q- ®ERQ frni1 ®
fmto®- -+, where &, € Hj, is arbitrary and fiz, k = 1,2, ... are the distinguished unit
vectors used in the construction of the tensor product Hilbert space H. Since linear
combinations of such vectors are dense in H we will be done if we can show that
such vectors are in the closed linear span of vectors of the form (4.4). First note that
the finite tensor product of completely spatial Fy-semigroups is completely spatial.
One sees this by recalling that the finite tensor product of CAR flows is a CAR flow
[P3] and then using the equivalence, up to cocycle conjugacy, between CAR flows
and completely spatial semigroups, [A1]. ;From this observation it follows that the
product vector &1 & ® -+ - ® &,y lies in the closed linear span of vectors of the form

UlrUsz ..U, where each U’¢ is a unit of o' ® -+ @ @™ and £ € ® Hy,.
k=1

Now let W be any fixed isometric unit of a. Note then that the semigroup W*
of isometries given by Wtk = Wia,,t > 0 is a unit of a¥. We wish to make sense
of the infinite tensor product W™+t @ W™*2 @ ... and to show it is a unit of the

Ey-semigroup % o¥. To see this, let P be the orthogonal projection in B(H),
k=m+1

with range H, which compresses & to ¢. Then by [A4] C = {C; = PW,P : t > 0}
is a contraction semigroup on H. For any unit vector f in H,

IWsf = fI? = 201117 = RAWS £, £)) = 2R(IfIIP = (Csf. £)) S 211 = (Csf, ) |-
Using the fact that Cy = %4 for a bounded operator A we have
S d S
1= (G =1 [ SiCutpy sl =1 [ (Caas sl <] -

Taking square roots we arrive at the estimate

(E) IWsf = fll < e Vs,



18 WILLIAM ARVESON AND GEOFFREY PRICE

where ¢ is a constant. It will follow from this calculation that for fixed s > 0 the
sequence of operators Vq(s) =I®I® - QIQWleWr2g...o Wi l®
I®--,q=m+1,m+2,..., converges strongly in B(H). To verify this it suffices
to show, since the sequence of operators is bounded in norm, that the sequence
{V4(s s)g:q=m+ 1} is Cauchy for each g in some dense subset Hy of H. We may
take Hy to be the set of finite linear combinations of tensor products of unit vectors
oftheformg=9g1 ¢ - ¢ @ fry1 Q@ frea® ---,r €N, g € Hy,k=1,2,...r
It follows that it suffices to show that {V,(s)g : ¢ > m + 1} is Cauchy for tensor
product vectors of this form. Using (E) we have, for r < ¢; < g2,

q2

Ve ()9 = Var (9)gll < D [IVi(s)g = Vioa(s)g]
k=q1+1

q2
< S IWER - £l

kqu+1

<> evivh

k':qlJrl

This establishes our claim about the existence of the tensor product I I ®--- I ®

& Wkin B(H, ® Hy® --- Hy,) N B(H) of the isometric units W*. A similar
k=m+1
calculation to the one above shows that this semigroup is strongly continuous in the

real variable s. Moreover, following the construction in section 2 it is not difficult

to show that for fixed m € N, W = W™t @ W™*+2 ® ... is a unit of & a”.
k=m+1

Hence if U* is a unit of ® ak then U! @ W is a unit of ® ok
=1 k=

Finally let h be the product vector glven above, 1et t > 0 be fixed, and for
€ > 0 let m sufficiently large that ||[W;( ® fr) — ® frll < €/2. Since ® aF
k=m+1 k=m+1 k=1
completely spatial there are units U’ in B (ﬁ 1 QH, @ - ﬁm) of this Ep-semigroup
such that some linear combination F' of vectors of the form U, gll U g; U Sjgf satisfies
||F §1R&E® - ®En| < €/2. Noting that Uf ® W is a unit of & for all units U*

of ® o”, and noting that ||(F @ Wi(fm+1 @ fimte ®--+)) — h|| < € we have verified
that a is completely spatial.

REFERENCES
[Al] W. B. Arveson, Continuous analogues of Fock space, Mem. Amer. Math. Soc. 80 (1989).
[A2] | Ep-semigroups and absorbing states, Comm. Math. Phys. 187 (1997), 19-43.
[A3] | The heat flow of the CCR algebra, 2000 preprint.
[A4] | The indez of a quantum dynamical semigroup, J. Funct. Anal. 146 (1997), 557-588.
[A5] , Minimal Eg-semigroups, Operator algebras and their applications, Fields Inst.

Commun., vol. 13, Amer. Math. Soc., 1997, pp. 1-12.

, On the index and dilations of completely positive semigroups, Internat. J. Math.
10 (1999), 791-823.

[A7] W. B. Arveson, Interactions in Noncommutative Dynamics, Comm. Math. Phys. 211
(2000), 63-83.

[B1] B. V. R. Bhat, An index theory for quantum dynamical semigroups, Trans. Amer. Math.
Soc. 348 (1996), 561-583.




(B2]

COMPLETELY POSITIVE SEMIGROUPS 19

B. V. R. Bhat, Minimal dilations of quantum dynamical semigroups to semigroups of en-
domorphisms of C*-algebras, J. Ramanujan Math. Soc. 14, no. 2 (1999), 109-124.

, Cocycles of CCR flows, to appear, Memoirs, AMS.

B. V. R. Bhat and F. Fagnola, On minimality of Evans-Hudson flows, Bull. dell’ Unione
Mat. Ital. IX-A-3p., Serie VII (1997), 671-683.

P. Biane, Free hypercontractivity, Commun. Math. Phys. 184 (1997), 457-474.

Bunce, John W., Models for n-tuples of noncommauting operators, J. Funct. Anal. 57 (1984),
21-30.

D. E. Evans and J. T. Lewis, Dilations of irreversible evolutions in algebraic quantum theory,
Comm. Dublin Inst. Adv. Studies Ser. A (1977), 1-104.

Frazho, Arthur E., Models for noncommuting operators, J. Funct. Anal. 48 (1982), 1-11.
A. Guichardet, Produits tensoriels et représentations des relations d’anticommutation, Ann.
Sci. Ecole Norm. Sup. 83 (1966), 1-52.

J. von Neumann, On infinite direct products, Comp. Math. 6 (1936), 1-77.

R. T. Powers, Induction of semigroups of endomorphisms of B(H) from completely positive
semigroups of n by n matriz algebras, Intl. J. Math..

, New examples of continuous spatial semigroups of x-endomorphisms of B($), Int.
J. Math. 10, no. 2 (1999), 215-288.

, An index theory for semigroups of x-endomorphisms of B(H) and type I1; factors,
Canad. J. Math. 40, 86-114.



