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Abstract.

New deferred correction methods for the numerical solution of initial value problems

in ordinary differential equations have recently been introduced by Dutt, Greengard

and Rokhlin. A convergence proof is presented for these methods, based on the ab-

stract Stetter-Lindberg-Skeel framework and Spijker-type norms. It is shown that p

corrections of an order-r one-step solver yield order r(p + 1) accuracy.
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1 Introduction.

Deferred correction methods for the numerical solution of the initial value
problem

(1.1) y′(t) = f(t, y), y(0) = y0 ∈ Rd

have been developed and analyzed for many years [1]. Two interesting new tech-
niques of deferred correction were introduced in [3], where impressive numerical
results were presented. The extensive previous convergence theory of deferred
correction methods does not apply to these new techniques. In this paper, we
extend and apply previous technical tools to prove high-order convergence for
the first (“classical”) deferred correction scheme of [3].

Previous convergence proofs [11, 4, 5] for deferred correction methods often
assume a global asymptotic error expansion, which Runge-Kutta methods usu-
ally possess but multistep methods usually lack. Our proof relies instead on the
smoothness of the global error in discrete Sobolev norms, defined via divided
differences as in [12], and adjusted to fit our situation. Our approach is modeled
on the abstract Stetter-Lindberg-Skeel error analysis [13, 11, 12], which treats
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the initial value problem (IVP) as an operator equation approximated by a dis-
crete operator equation. Lindberg and Skeel used this approach to develop new
methods and show convergence of new and existing methods. Skeel extended
it into a very general framework for the analysis of accuracy and convergence,
which permits the analysis of many deferred correction methods. We extend it
further to prove convergence for the new classical scheme of [3].

2 The classical DGR scheme

The classical DGR scheme of [3] is based on some of the same ideas as
Zadunaisky’s iterated deferred correction (IDeC) [15] and other deferred correc-
tion schemes [1]. One constructs a new IVP for the error, solves it numerically,
and thus obtains an approximation to the global error. The process is repeated
on each subinterval separately, and can be viewed as a technique for generat-
ing high-order Runge-Kutta-Fehlberg schemes, without the laborious algebra
required to solve large nonlinear systems of order conditions.

2.1 Description of the algorithm

Suppose a numerical solution u = (u0, . . . , un) is given at gridpoints (t0, . . . , tn)
on the current subinterval of time integration, with error

y(ti)− ui = O(hp).

We can view u as a continuous approximate solution satisfying the IVP with
error

(2.1) δ̃(t) = y(t)−∇nu(t)

by employing the Lagrange interpolation operator ∇n : Rn+1 → C[a, b] based
on the grid points. Differentiating the error formula (2.1) and using the IVP for
y gives the error equation

δ̃′(t) = f
(
t, δ̃(t) +∇nu(t)

)
− d

dt
∇nu(t)

δ̃(0) = δ̃0 = u0 − y(0).
(2.2)

Solving this equation with an order-p accurate numerical method gives a numer-
ical error

δi = y(ti)− ui + O(h2p).

The procedure can be iterated, using the same order-p method at each iteration,
or more generally we may use one of r different one-step methods of orders
p1, . . . , pr at each correction. We refer to this approach as the classical DGR
algorithm:

Algorithm 2.1.

do j = 1,...,r
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• Interpolate u[j−1] → ∇nu[j−1](t) on the current subinterval

• Solve the following IVP by pj-th order method:

δ̃′(t) = f(t, δ̃(t) +∇nu[j−1](t))− d

dt
∇nu[j−1](t)

to get a numerical approximation δ to the current error δ̃

• Update u[j] = u[j−1] + δ

end do

This method, which is referred to in [3] as “classical deferred correction,” does
not appear to be classical. Instead, it is an improvement on such classical tech-
niques as Zadunaisky’s iterated deferred correction (IDeC): It is simpler to derive
and implement, more general, and appears experimentally to be more robust
and more accurate. (For example, IDeC works only on equidistant grids [6].)
However, classical deferred correction does not resolve the central issues with
deferred correction schemes, which prevent the use of large correction numbers
n in practice (and are overcome by the “spectral deferred correction” method
also introduced in [3] and analyzed in [9]): First, the well-known difficulties with
polynomial interpolation at equispaced nodes (the Runge phenomenon). Sec-
ond, the instability induced by numerical differentiation in the construction of
the new right hand side for each error equation (for related phenomena, see [10]
and [14]).

The difficulty of equidistant polynomial interpolation is eliminated in the spec-
tral deferred correction methods of [3] through the use of a Legendre mesh on
each subinterval. Indeed, numerical examples for spectral deferred correction
methods based on Legendre meshes compare favorably with standard pack-
ages. These experiments used low order solvers such as explicit, implicit and
linearly implicit Euler methods. The efficiency can be improved by correcting
with higher-order solvers. As mentioned in [3], unpublished results with Adams
solvers of orders up to six exhibit dramatically reduced operation counts. The
instability of numerical differentiation is eliminated by solving the equivalent
Picard integral equation rather than the ODE.

3 Theoretical framework

We employ Stetter’s abstract formalism for analyzing numerical solutions of
the IVP [13], as do most previous analyses of deferred correction [12, 11]. We
assume for simplicity of notation that the ODE state space has dimension d = 1.
Thus we write the IVP (1.1) as an operator equation

(3.1) Fy = 0

where F : Y → Z is an operator between normed linear spaces Y and Z.
A numerical method for the IVP approximates (3.1) by a family of operator
equations

φn(F )u = 0,
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where φn(F ) : Yn → Zn is an operator between finite-dimensional normed lin-
ear spaces Zn and Yn with dimensions proportional to n. Euler’s method, for
example, has Yn = Zn = Rn+1 and

φn(F )(u)ν =

{
−u0 + y0 ν = 0
−u(tν)−u(tν−1)

h + f(tν−1, u(tν−1)) ν = 1, . . . , n.

Remark 3.1. Stetter requires Y and Z to be Banach spaces. It turns out
that completeness is not usually necessary for analyzing the convergence of most
numerical methods φn(F ), so normed linear spaces suffice. (Since Example 1.1
of [13] is not a Banach space, it is fortunate that normed linear spaces suffice.)

Following Skeel, we convert the IVP to an operator equation with the norm

(3.2) ‖z‖Y m = max{‖z‖∞,
1
2!
‖z′‖∞, . . . ,

1
m!

‖z[m]‖∞}

on the normed linear space Y m := Cm[a, b]. Here we use the standard maximum
norm

‖z‖∞ = max
t∈[a,b]

|z(t)| for z ∈ C[a, b].

The operator F is defined so that Fy = 0 is equivalent to the IVP:

(3.3) Fz := (−z(0) + y0,−z′(t) + f(t, z(t)))

where f : [a, b] × Rd → Rd is assumed smooth with bounded derivatives. Then
the initial value y0 in F guarantees that y is the unique solution of the IVP.

The range of F is then naturally defined to be Zm := R×Cm−1[a, b], and for
g = (g0, g(t)) ∈ Zm we define the norm by

(3.4) ‖g‖Zm = ‖Lg‖Y m ,

where

Lg(t) = g0 +
∫ t

0

g(s) ds.

3.1 The discrete problem

Finite-dimensional spaces for the numerical method are built on a fixed grid
Gn = {a = t0 < · · · < tν−1 < tν < tn = b} with stepsizes hν := tν − tν−1 > 0
for ν = 1, . . . , n and mesh size h := maxν hν . Given a grid Gn, we define
finite-dimensional spaces Y m

n = Zm
n := Rn+1 and point evaluation operators

∆n : Y m → Y m
n and Λn : Zm → Zm

n by

(3.5) ∆nzν = z(tν), z ∈ Y

(3.6) Λngν =

{
g0 ν = 0
g(tν−1) 1 ≤ ν ≤ n

where g = (g0, g(t)) ∈ Z,
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where tν ∈ Gn.
The norms on Y m and Zm suggest natural norms on Y m

n and Zm
n , with back-

ward divided differences replacing derivatives. For u ∈ Y m
n let

(3.7) ‖u‖Y m
n

:= max ‖u‖∞, ‖D̃u‖∞, . . . , ‖D̃mu‖∞,

where
‖u‖∞ = max

0≤ν≤n
|uν |

and
D̃mu = (u0, Du1, D

2u2, . . . , D
mum, . . . , Dmun)

is a vector of divided differences and initial values from which u can be recon-
structed. Here Dm denotes the backward divided difference defined by

D0uν = uν ,

Dmuν =
Dm−1uν −Dm−1uν−1

tν − tν−m
, m = 1, 2, . . . .

For z ∈ Zm
n we define

(3.8) ‖z‖Zm
n

:= ‖Lhz‖Y m
n

,

where

Lh :=


1
1 h
1 h h
...

...
...

1 h h . . . h


is a discrete indefinite integral. In particular,

‖z‖Z0
n

= max
0≤j≤n

|z0 +
j∑

i=1

hzj |}

is often called the Spijker norm, while

‖z‖Z1
n

= max{|z0|, |z1|, |z2|, . . . , |zn|}

is the usual maximum norm. These spaces and mappings are related by the
following “asymptotically commutative” diagram:

Y m F−−−−→ Zm

∆n

y yΛn

Y m
n

Fn=φn(F )−−−−−−−→ Zm
n
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In the sequel we will need the following presumably well-known lemma, whose
proof we include for completeness.

Lemma 3.1. For an equidistant grid Gn with n ≥ m mesh points tν , the
Lagrange interpolation operator ∇n : Y m

n → Y m satisfies a norm bound ‖∇n‖ ≤
Cn where Cn depends only on n.

Proof. By Newton’s interpolation formula, we have

∇nζ(t) =
n∑

µ=0

Dµζµ

µ−1∏
l=0

(t− tl)

which gives
‖∇nζ‖Y m ≤ n max

0≤µ≤n
{|Dµζµ| ‖πµ‖Y m

n
},

where πµ(t) =
∏µ−1

l=0 (t− tl). Since Gn is equidistant,

‖πm+k‖Y m ≤ Ĉnhk, k = 1, . . . , n−m where h = tl − tl−1

and Ĉn depends on n. Also, |Dm+kζm+k| ≤ Kn‖ζ‖Y m
n

/hk for some Kn > 0
depending on n. Hence

|Dµζm+k| ‖πm+k‖Y m ≤ C̃n‖ζ‖Y m
n

.

Thus
max

0≤µ≤m
{|Dµζµ| ‖πµ‖Y m

n
} ≤ C̄n‖ζ‖Y m

n

where C̄n bounds ‖πµ‖Y m
n

thus

‖∇nζ‖Y m
n
≤ Cn‖ζ‖Y m

n
.

We plan to prove convergence of deferred correction schemes indirectly, by
using stability and consistency in the usual manner. However, the following
convenient and effective definitions from [13] may differ from the many other
definitions of consistency and stability in the literature.

Definition 3.1. The sequence

λn = φn(F )∆ny ∈ Zm
n , n ∈ N

where y is the solution of the IVP Fy = 0, is called the local discretization error.
Definition 3.2. A discretization method φ is called stable at u if there exist

positive constants S and r, independent of n, such that

(3.9) ‖v − w‖Y m
n
≤ S‖φn(F )v − φn(F )w‖Zm

n

for all v and w such that

(3.10) max(‖φn(F )v − φn(F )u‖Zm
n

, ‖φn(F )w − φn(F )u‖Zm
n

) < r

The constants S and r are called the stability bound and the stability threshold.
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3.2 Properties of one-step methods

One-step Runge-Kutta methods have been widely used in deferred correction
algorithms [4, 5]. While we do not restrict our analysis to Runge-Kutta methods,
our approach appears to require the existence of an asymptotic error expansion:
the local discretization error λ of any solution y to Fy = 0 must satisfy

(3.11) λν = φn(F )(∆ny)ν =
µ∑

k=1

(Λnek)νhk + (Λng)νhµ+1 ν = 1, . . . , n,

where ek ∈ Zµ, g ∈ Z0 and µ will depend on the smoothness of f . For one-step
methods such as Runge-Kutta methods where the local error can be expressed
as a Butcher series, after autonomizing the original equation, there is a tree
expansion

(3.12) φn(F )(∆ny)ν =
∑

τ∈LT

a(τ)F (τ)(yν−1)
hρ(τ)

ρ(τ)!
ν = 1, . . . , n.

Here yν = (∆ny)ν , a(τ) are computable error coefficients, F (τ)(y) are com-
putable elementary differentials of f evaluated at y, and LT is the set of all
labeled trees [7]. In this case the existence of expansion (3.11) is immediate. It
is straightforward to show that if the tree expansion (3.12) holds we have

(3.13) max(‖ek‖Zµ−k , ‖g‖Z0) ≤ Cm max(‖y‖Y µ , ‖y‖µ
Y µ) k = 1, . . . , µ− 1

where

(3.14) Cµ ≤ K sup{|F (τ)(z)| : z ∈ [a, b]× Rd, τ ∈ LTµ},

LTµ is the set of all labeled trees of order ≤ µ, and K is an integer depending
on µ. We assume below that all three bounds (3.11), (3.13) and (3.14) apply.

3.3 Stability of one-step methods

Convergence of a numerical method is usually proven in two steps. First,
one proves consistency λ = O(hp) at each smooth solution y. Then, if the
stability inequality is satisfied, one deduces convergence. Thus we seek a stability
inequality

(3.15) ‖v − w‖Y m
n
≤ S‖φn(F )v − φn(F )w‖Zm

n

Obviously S will depend on the norms on Y m
n and Zm

n , and since our norms
include divided differences, it is not a surprise that S may include derivatives
of f . For Runge-Kutta methods, it can be shown (see Example 4.2 of [12]) that
(3.15) is valid with S = S(θ) where θ is a bound on all the partial derivatives of
f of orders up to and including m and S is a nonnegative increasing function of
θ. We assume below that S has this form.
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4 Abstraction of the DGR scheme

Given a previously calculated solution u ∈ Y m
n , the DGR scheme builds a

continuous approximation g(t) = ∇nu(t) to the exact solution y. The error
equation for δ̃

δ̃′(t) = f(t, δ̃(t) + g(t))− g′(t)

δ̃(0) = δ̃0.
(4.1)

can be put in operator form by defining Fg : Y m → Zm, for any interpolated
numerical solution g, via

(4.2) Fgz := (−z(0) + δ̃0,−z′(t) + f(t, z(t) + g(t))− g′(t)).

The numerical scheme for δ̃ is then

φn(Fg)δ = 0

where g = ∇nu(t).

4.1 Theoretical adjustments

We now adjust the previous theoretical framework so that convergence can
be proven for the classical DGR scheme. The previously defined spaces and
norms interfere with the boundedness of the Lagrange interpolation operator
∇n : Y m

n → Y m. Recall that we are considering the sequence {un}n∈N for
un ∈ Y m

n . Obtaining a polynomial g(t) = ∇nun(t) of arbitrarily high degree
as h → 0 does not make any sense, so computationally we only interpolate a
fixed finite number of points. But piecewise interpolation may ruin smoothness
so boundedness of ∇n is impossible in spaces Y m with m > 0.

Thus we consider each correction interval as a separate IVP. In other words,
split a previously calculated solution un ∈ RNn+1, on a grid of Nn + 1 points,
as N vectors ui ∈ Rn+1, i = 1, . . . , N where the subinterval endpoint values
match. Interpolate these vectors ui separately on each subinterval to get N
correction equations. Abstractly, let

Y m
Nn := RNn+1

and define overlapping restriction to interval number i by Ri : RNn+1 → RN+1

so that Riu = (u(i−1)N , . . . , uiN ) = ui for convenience. Define the norm on Y m
Nn

by
‖u‖Y m

Nn
:= max

1≤i≤N
{‖ui‖Y m

n
}.

Similarly let

Zm
Nn := RNn+1 and ‖z‖Zm

Nn
:= max

1≤i≤N
{‖zi‖Zm

n
}.

These norms do not require smoothness across subgrid boundaries, and are there-
fore convenient for the analysis of deferred correction schemes which work on one
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subinterval at a time. Let {GNn}n∈N be a sequence of N subgrids on [0, 1] such
that GNn =

⋃n
i=1 G̃i

N , where G̃i
N is an equidistant grid on [Ti−1, Ti], where

Ti = tiN ∈ GNn. Also let

(4.3) hi = (Ti − Ti−1)/N and h = max
1≤i≤n

{hi}.

Suppose that there exist two positive constants c1 and c2 such that

(4.4)
c1

n
≤ hi ≤

c2

n
= h.

We split the IVP into N IVPs Fiy = 0, where the subscript i denotes that
Fy(t) = −y′(t) + f(t, y(t)) holds on t ∈ [Ti−1, Ti]. Suppose u ∈ Y m

Nn is an
approximation to the grid values ∆Nny of the exact solution y to the IVP Fy = 0.
Let gi = ∇nui be the local Lagrange interpolant to the grid values on the ith
subgrid. The correction equations require δ ∈ Y m

Nn to satisfy

φN (Fgi)(δ
i)ν =

{
−δi

0 + δi−1
n i = 1, . . . , N

− δi
ν−δi

ν−1
h + Ψ(h, δi

ν−1, f̃gi
) ν = 1, . . . , n i = 1, . . . , N

= 0

(4.5)

where Ψ is the increment function of the method, f̃gi
(t, δ) = f(t, δ+gi(t))+g′i(t)

and δ1
0 = 0, assuming exact starting value. With this framework, we can state

the main lemma of the convergence proof:
Lemma 4.1. Let y be the unique solution of Fy = 0. Suppose the numerical

method φ is stable and consistent of order p. Suppose also that on each n-point
subgrid with n ≥ m + p + r, the numerical solution u satisfies the smooth error
bound ‖u−∆ny‖Y m+p

n
≤ Chr. Then the correction δ satisfies the order-(r + p)

smooth error bound

‖δ + u−∆ny‖Y m
n
≤ Cn max{|δ0 + u0 − (∆ny)0|, hr+p}

for some Cn depending on n and f . Here δ is the correction satisfying φn(F∇nu)δ =
0 with initial value δ0.

Proof. Let g(t) = ∇nu(t). By the stability assumption and the definition of
δ we have

‖δ + u−∆ny‖Y m
n
≤ S(θ)‖φn(Fg)δn − φn(Fg)(∆ny − u)‖Zm

n

= S(θ)‖φn(Fg)(∆ny − u)‖Zm
n

Since the exact solution of the correction equation is δ̃ = y − ∇nu and ∆n∇n

is the identity, it follows that φn(Fg)(∆nδ̃) = φn(Fg)(∆ny − u) is the local
discretization error of the correction IVP.

Since φ is a scheme of order-p accuracy with an asymptotic error expansion,
we have
(4.6)

φn(F )(∆ny − u)ν =

{
δ0 + u0 − (∆ny)0 ν = 0∑m

j=0 hp+j(Λnep+j)ν + hm+p+1(Λng)ν ν = 1, . . . , n.
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Thus the local discretization error of the corrected solution satisfies

‖φn(F )(∆ny − u)‖Zm
n

≤ max(|δ0 + u0 − (∆ny)0|,
m∑

j=0

hp+j‖Λnep+j‖Zm
n

+ hm+p+1‖Λng‖Zm
n

).

By the extended mean value theorem, the operator norm of the point evaluation
Λn satisfies ‖Λn‖Zk→Zk+l

n
≤ Mh−l for any positive integers k, l and a constant

M > 0 depending on l and n. Thus

m∑
j=0

hp+j‖Λnep+j‖Zm
n

+ hm+p+1‖Λng‖Zm
n

≤ hp
m∑

j=0

Mj‖ep+j‖Zm−j + hp+1Mm‖g‖Z0

By the asymptotic error expansion assumptions (3.13) and (3.14), ‖ep+j‖Zm−j

and ‖g‖Z0 are bounded by

C max(‖∇nu− y‖Y m+p , ‖∇nu− y‖m+p
Y m+p)

where
C ≤ K sup{|F (τ)(z)| : z ∈ [a, b]× RN , τ ∈ LTm}

with F (τ)(z) an elementary differential of the autonomized correction equation
δ′(t) = f(t, δ +∇nu(t))−∇nu′(t). By the definition of elementary differentials,
C will depend only on f and n if ‖∇nu‖Y k is bounded for k = p + m + 1. For
q ≥ m + p, the triangle inequality gives

‖∇nu− y‖Y q ≤ C‖u−∆ny‖Y q
n

+ ‖∇n∆ny − y‖Y q .

where C is a bound on the operator norm of Lagrange interpolation ‖∇n‖.
Interpolation and restriction are related by ‖∇n∆ny − y‖Y q ≤ Chn−q. Thus,
by assumption and the choice of n, it follows that ‖∇nu − y‖Y m+p ≤ Chr. To
bound ‖∇nu‖Y k we observe that, for any positive integer l the identity operator
I = ∆n∇n is bounded by Mlh

−l from Y m
n to Y m+l

n . Thus

‖u−∆ny‖Y q
n
≤ Ch−l‖u−∆ny‖Y m+p

n

for l = q − (m + p). Thus we have

(4.7) ‖∇nu‖Y k ≤ ‖∇nu− y‖Y k + ‖y‖Y k ≤ K

Consequently,

‖φn(Fg)(∆ny − un)‖Zm
n
≤ max(|δ0 + u0 − (∆ny)0|, Chp+r).

Since S(θ) is an increasing function, a bound on the partial derivatives of f(t, z+
∇nu(t))−∇nu′(t) of order up to and including m will complete the proof. Since
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all partial derivatives of f are bounded, it suffices to bound ‖∇nu‖Y m+1 which
follows from (4.7).

Our main theorem follows immediately from the main lemma:
Theorem 4.2. Let y be the unique solution of Fy = 0 and suppose φ is

stable and consistent of order p. Suppose that the numerical solution u satisfies
‖u−∆Nny‖Y m+p

Nn
≤ Chr then the corrected solution u + δ satisfies

‖δ + u−∆Nny‖Y m
Nn

≤ Chp+r

whenever δ is determined by (4.5).
Proof. Apply Lemma 4.1 to the subproblem Fiy = 0 and the subgrid cor-

rection δi to get for i > 1 that

‖δi
n + ui

n −∆nyi‖Y m
n
≤ Cn max

(
|(δi−1 + ui−1 −∆nyi−1)|, hp+r

i

)
.

For i = 1, we have
‖δi + ui −∆ny‖Y m

n
≤ Cnhp+r

i

where yi satisfies Fiy
i = 0. The theorem follows by the definition of the global

norm ‖v‖Y m
Nn

, the quasiuniform mesh assumption (4.4), and induction on i.

REFERENCES

1. K Bohmer and H J Stetter, eds., Defect Correction Methods, Theory and Applica-
tions, Springer-Verlag, Wien-New York, 1984.

2. P Deuflhard, Recent Progress in Extrapolation Methods for Ordinary Differential
Equations, SIAM Rev. 27 (1985), 505–535.

3. A Dutt, L Greengard and V Rokhlin, Spectral deferred correction methods for or-
dinary differential equations BIT 40 (2000), 241-266.

4. R Frank, C Ueberhuber, Iterated Defect Correction for Runge-Kutta Methods, Tech-
nical Report No. 14, Department of Applied Mathematics and Numerical Analysis,
Vienna University of Technology, Vienna, Austria 1975.

5. R Frank and C Ueberhuber, Iterated Deferrred Correction for the Efficient Solution
of Stiff Systems of Ordinary Differential Equations, BIT 17 (1977), 146–159.

6. E Hairer, On the order of iterated defect correction—An algebraic proof, Num.
Math. 29 (1978) 409–424.

7. E Hairer, S P Nørsett and G Wanner, Solving Ordinary Differential Equations I.
Non-Stiff Problems, 2nd ed., Springer-Verlag, Berlin, 1993.

8. E Hairer and G Wanner, Solving Ordinary Differential Equations II. Stiff and
Differential-Algebraic Problems, 2nd ed., Springer-Verlag, Berlin, 1996.

9. A C Hansen and J Strain, Convergence Theory for Spectral Deferred Correction,
preprint, University of California at Berkeley, February 2005.

10. D J Higham and L N Trefethen, Stiffness of ODEs, BIT 33 (1993) 285–303.

11. B Lindberg, Error Estimation and Iterative Improvement for Discretization Algo-
rithms, BIT 20 (1980) 486–500.

12. R D Skeel. A theoretical framework for proving accuracy results for deferred correc-
tions. SIAM J. Numer. Anal., 19 (1981), 171196a.



12

13. H J Stetter, Analysis of Discretization Methods for ODEs, Springer Verlag, Berlin,
1973.

14. L N Trefethen and M R Trummer, An Instability Phenomenon in Spectral Methods,
SIAM J. Numer. Anal. 24 (1987), 1008–1023.

15. P E Zadunaisky, On the estimation of error propagated in the numerical solution
of a system of ordinary differential equations, Num. Math. 27 (1976), 21–39.


