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Abstract.  We introduce a geometric completion of the stack of maps from
stable marked curves to the quotient stack pt=C , and use it to construct some
gauge-theoretic analogues of the Gromov-Witten invariants. We also indicag
the generalization of these invariants toX=C , where X is a smooth proper
complex algebraic variety.
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Introduction

In this paper, we construct algebraic Gromov-Witten invariants for the quotient
stack pt=C . These invariants are the indices of certain “admissible” K-theory

classes on a moduli stack M 4, (pt=C ) of marked curves carrying principal C -
bundles. This stack is very far from proper, so the existence of these invariants
is non-trivial; we show that they are well-defined using techniques adapted from
[Tel04] and [TWO03]. Though we define these invariants algebro-geometrically,
they may be viewed as gauge theoretic in nature. The stack of algebraic principal
C -bundles on a smooth curve > is homotopy equivalent [AB83] to the stack of
U(1)-connections on X, and so one can view our invariants as defined by an
appropriate integration over spaces of U(1)-connections.

This construction is the first step in a larger project, the goal of which is to
define Gromov-Witten invariants for the Artin stacks [X=G], where X is a smooth
complex projective variety and G is a complex reductive algebraic group. These
invariants will be defined in terms of the indices of K-theory classes on certain
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completions of the moduli stacks of stable marked curves carrying holomorphic
principal bundles and holomorphic sections of the associated bundle Xp =P gX
with fiber X . We expect that these invariants may be interpreted as correlation
functions of a topological quantum field theory, which is a gauged sigma-model,
i.e., a QFT built by coupling the topological sigma model with target space X to a
topological gauge theory. Topologically non-trivial bundles give rise to “twisted”
sectors. In this paper we make the first steps towards defining the invariants for
the stacks [X=C ].

Invariants with a similar flavor can be found in the literature. Gromov-Witten
invariants have already been defined for orbifolds — including quotient stacks
[X=G] where G is a finite group — by Chen & Ruan [CR], and for more general
Deligne-Mumford stacks by Abramovich, Graber, & Vistoli [AGV08]. On the
gauge theory side, the idea of studying topological invariants of moduli spaces
of curves carrying connections A and @ -holomorphic sections of a bundle with
fiber X appears in Witten’s original paper on topological field theory [Wit88].
More recently, gauged sigma models in the so-called infinite radius limit have
been studied in [FLNO8]. In the mathematical literature, Hamiltonian or gauged
Gromov-Witten invariants have been defined by Cieliebak, Gaio, Mundet i Riera,
and Salamon [MiR03] [CGS00] [CGMIiRS02] and for more general G by Gonza-
lez and Woodward [GWO08]. These invariants are defined, for a fixed curve =
equipped with a fixed symplectic form ! , by integrating cohomology classes on
a moduli space of equivalence classes of pairs (A; ), where A is a connection on
2 satisfying a certain stability condition (the symplectic vortex equation) and

2 I'g (Z;Xp). Mundet i Riera & Tian have also studied [MiRT04] invariants
associated to moduli spaces of pairs (A; ) having finite Yang-Mills-Higgs energy.

Before we explain the construction of our invariants in greater detail, we want
to explain a choice we have made. In defining integration over moduli of maps
to an Artin stack, one has a choice: One can either impose a stability condition
and hope for a coarse moduli space which is both proper and “good” in the
sense of Alper [Alp], or one can skip the stability conditions and “allow stacks to
be stacks”. We have chosen the latter option. Imposing stability conditions on
stacks of C -bundles often leads to coarse moduli spaces which lack the universal
structures needed to define our invariants. Moreover, we do not know of any
stability conditions which, for general reductive G, guarantee the existence of
(virtually) non-singular moduli spaces; the moduli space of semi-stable G-bundles
is usually singular o [the stable locus. Finally, stability conditions often require
auxiliary data, such as a symplectic form, which makes it di Ccullt to vary the
curve X algebraically.

0.1. Sketch of the Construction. We now explain our construction in some-
what greater detail. We begin by recalling the definition of ordinary Gromov-
Witten invariants.
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Let X be a smooth projective variety. Kontsevich has introduced a moduli
stack Mg, (X) of stable maps from genus g I-marked curves to X with the fol-
lowing useful features: For each connected component Mg,. , we have

(1) evaluation maps ev; : Mg, (X)! X, and
(2) aforgetful morphismF : Mg, (X)! Mg, which is proper, and Deligne-
Mumford, and carries a perfect relative obstruction theory.

These structures are used to construct Gromov-Witten invariants. More precisely,
the Gromov-Witten invariant associated to a collection of cohomology classes
i 2 H (X) is the formal sum

X Z
a  FE)@iziey!)

2Ha(x)  Mai]

obtained by cupping together the evaluation classe=yv, ! and the (virtually)
pushing forward from Vg;.; (X) to Vg;. , and then pairing with the fundamental
class of Mg, . Here g is an element of the Novikov ring Q[H,(X)]; convergence
of the formal sums is by no means obvious.

We construct analogous invariants using a moduli stack 8 g, (pt =C ) of curves
with maps to pt=C , i.e., of curves carrying principal C -bundles.

This moduli stack ¥4, (pt=C ) is a completion of the stack Bunc~(g;!) of
principal C -bundles on stable genus g I-marked marked curves. Defining a
C -bundle on a nodal curve Z is the same as defining a C -bundle on the
normalization of X together with the data of identifications of the fibers at
the preimages of the nodal points. The space of identifications over a given
node is isomorphic to C , so Bunc=(g;1) is not complete. We complete it us-
ing ideas of Gieseker [Gie84], adding new strata to represent the limits where
an identification goes to zero or infinity. These strata are obtained by allow-
ing “Gieseker bubbles” to appear at the nodes; these are projective lines car-
rying the line bundle Op:(1). (See Section 2 for more details.) This com-
pletion has been studied in the literature from several dilerknt points of view
[Gie84, Cap94, NS99, Ses00, Kau05, Kau06, Mel].

Like the stack of stable maps, ¥4, (pt=C ) has evaluation maps
evi : Bg (pt=C )! pt=C
and a forgetful map
Fp:Mg (pt=C )! My,

The evaluation maps may be thought of as the compositions ev; = i of the
universal marked point maps  : Mg, (pt=C ) ! X4, (pt=C ) with the map



4 EDWARD FRENKEL, CONSTANTIN TELEMAN, AND A.J. TOLLAND

i Zgi(pt=C )! pt=C associated to the univeral bundle Py, (pt=C ).

2 (F?]TJ:C ) — 1 =C

{1 gt

7 g1 (Pt=C )

As in ordinary Gromov-Witten theory, the GW-invariants of pt=C are con-
structed by pullback and pushforward. However, the setup dilers from the stan-
dard one in two ways.

(1) Our invariants are constructed in K-theory, rather than cohomology?.
(2) Our invariants are always twisted, in the sense of [CG07]

To elaborate:

Denote by [V ] 2 K%pt=C ) = K2.(pt) the K-theory class represented by
an irreducible C -representation V . Any such representation gives rise to a line
bundle V. =V on the universal curve %4, (pt=C ), via pullback along the
universal map . We will call a line bundle L on Mg, (pt=C ) admissibleif L is
topologically isomorphic to a positive (possibly fractional) power of the inverse
determinant of cohomology

L =det 'R Vv

The L -twisted Gromov-Witten invariant associated to (an admissible line bun-
dle L and) a collection of classes [V ;] 2 K°(pt=C ) is the Euler characteristic

(on Vg;|) of the complex of sheaves
O
R(Fp) L iev, vV,

One can also consider higher twistings obtained by tensoring admissible L with
powers of the index classe®R V . An admissible complexs a sum of products
of having the following fogm.

o)
L ARV ) v, V.

1it is apparently necessary to useK -theory. The problem with cohomology is that the for-
getful morphism Fp is always Artin, never Deligne-Mumford. Cohomology is not well adapted
to integration along such morphisms. Even the most basic example failsAn integration map
along pt=C ! pt would necessarily have cohomological degree dim(ptC ) = 2, hence
would map H"(pt =C ) = H"(CP! ) to H"*? (pt). But the only such map is zero. Roughly
speaking, cohomology only sees the geometric realizatigrpt =C j = CP?! ; it does not detect
the fact that pt =C is nite-dimensional.

In K-theory, however, the Bott periodicty K"*2 (pt) ' K" (pt) might lead one to suspect
that an \integration" (or rather index) map along pt =C ! pt exists. This is indeed the case.
The K-theory K %(pt =C ) is precisely the representation ring ofC , and we obtain an element
of K °(pt) by sending C -modulesV to their invariant subspacesV°® .
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The subring of K (4, (pt=C ) generated by such products is called the ring of
admissible classesdlt is a subring without unit.

It is not obvious that these invariants are well-defined. The morphism Fp is
always unobstructed and of the expected dimension?, but it is never propers.
One can see this simply by looking at the fiber of Fp at a smooth curve (Z; ;) 2
M g, (pt); this is the moduli stack Bunc=<(Z) ' pt=C t g2z Jac(Z), which has
infinitely many connected components (one for each degree d), and hence is not of
finite type. Over nodal curves, the situation is even worse, as even the connected
components of the fibers of Fp are of infinite type whenever the curve has multiple
components. Even in K-theory, one can not necessarily push classes forward along
such morphisms. For example, the pushforward of the identity [Oa:] 2 K 9(A1)
to K 9(pt) would by definition be the Euler characteristic dimc C[z] =1 .

The main theorem of this paper implies that the K-theory pushforward (Fp) [ ] =
[R(Fp) 1is well-defined, and (since M, is proper), that the index of an admis-
sible class is well-defined.

Main Theorem. If is an admissible complex, then the right-derived pushfor-
ward R(Fp) is a coherent complex.

This theorem is a relative version (allowing the curve to vary) of the finiteness
theorem proved on Bung(Z) in [TWO03]. In rough outline, the proof is as follows:

(1) Coherence is a local property, so we work on an a [neletale neighborhood
B in Mg” .

(2) For small enough B, the restriction of 4, (pt=C ) to B can be presented
as a quotient stack [A=(C )V], for some integer V. So, since B is a [ne]
it is enough to prove that the (C )V-invariants in the global sections
RIC(A; ) are finitely-generated over B.

(3) The (C )V-invariants in the global sectionf. get contributions only from a

finite type subscheme A ..\ - A. (Here, N are collections of integers
used to bound the multi-degrees of the bundles.) This is a consequence of
a local cohomology vanishing theorem, which we prove in Section 4. The
same local cohomology vanishing theorem allows us reduce the question

of finite-generation on A ! — to the question of finite-generation of an

even smaller subscheme A, A .. -
(4) The action of (C )V on A, s free, and the quotient is compact. Finite

generation follows.

2Thus, one of the more prominent features of Gromov-Witten theory { the virtual intersection
machinery { is absent in this case.
3This is why we denote the completion with a tilde rather than an overline
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The admissible bundle L plays a crucial role in this story. (In particular, the
trivial bundle OMg-. (bt =C) is not admissible.) Without it, the local cohomology

vanishing does not hold.

0.2. Invariants for X=C . The ideas explained above can be extended to pro-
vide a definition of Gromov-Witten invariants for the quotient stackX=C . Recall
that X=C is defined so that maps from a curve > to X=C correspond to pairs
(P; s) consisting of a principal C -bundle and a section s 2 T'(Z;P ¢~ X) of
the associated bundle with fiber X . To define such invariants, we need a moduli
stack K 4.. (X=C ) of curves and degree  maps to X=C on which we can de-
fine tautological classes, and we need a way of defining the pushforward of these
classes from B4, (X=C ) to My, .

In this paper, we define an appropriate moduli stack 4,. (X=C ). This stack
has a natural section-forgetting morphism.

Fs: Mg, X=C )! Mg (pt=C )

The fibers of this morphism are stacks of sections of bundles with fiber X as-
sociated to Gieseker bundles. Such sections are locally maps to X, so they can
develop singularities in the same way. Following Kontsevich, we ensure that Fq
is proper by allowing bubbling at points where such singularities occur. Thus,
the morphism Fs is very much like the morphism F : Mg, (X)! My, used in
ordinary Gromov-Witten theory.

We prove, in fact, that the morphism Fs is proper, Deligne-Mumford, and car-
ries a perfect obstruction theory, relative to I 4, (pt=C ), which is smooth. (The
proofs are straightforward generalizations of the usual ones in Gromov-Witten
theory.) These facts imply the existence of a virtual K-theoretic pushforward
along Fs. We conjecture that the virtual pushforward of an admissible class
along Fs is an admissible class on M4, (pt=C ). If this conjecture holds, then
we can safely define the Gromov-Witten invariants of X=C to be the K-theory
classes on My, obtained by applying FY" and Fp to an admissible class on

Mg, (X=C).

0.3. Plan of the Paper. In Section 1, we set up our notation for marked curves
and modular graphs. Two of the concepts in this section — modification of a curve,
and defomration of a modular graph — are crucial for us, and may be unfamiliar
to the reader.

In Section 2, we define the stack I 4, (pt=C ) and show that (locally on M g,
M 4. (pt=C ) can be presented as a quotient stack, of an non-separated infinite
type scheme A by the action of a torus (C )¥. We use this atlas to establish some
basic properties (completeness, stratification by multidegree labelled modular
graphs, not finite type, etc).
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In Section 3, we continue our study of the forgetful morphism Fp : 84, (pt=C )!
Mg, using the local atlas A. We characterize the stabilizers of the points of A,
and then prove a crucial theorem, showing that there exist subschemes A of
A for which the quotient A =(C )V is proper, i.e., is of finite type and satisfies
valuative criteria for completeness and separation.

In Section 4, we use the tautological structures on 4, (pt=C ) to define our
invariants, and we prove that these invariants are in fact finite. This is accom-
plished in two steps. First, we prove the finiteness theorem for line bundles having
a certain property, and then we reduce the general case to such line bundles.

In Section 5, we explain, modulo a conjecture, how to generalize our construc-
tion to define Gromov-Witten invariants for Xx=C .
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useful discussions. A.T. wishes to acknowledge Jarod Alper, Tom Coates, Kevin
Costello, Dan Edidin, Ezra Getzler, Eduardo Gonzalez, Reimundo Heluani, Mar-
garida Melo, Martin Olsson, Ben Webster, Chris Woodward, and Xinwen Zhu for
helpful discussions.
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grant FA9550-07-1-0543. In addition, E.F. and A.T. were supported by the NSF
grant DMS-0303529, and C.T. was supported by the NSF grant DMS-0709448.

1. Curves and Stacks

Here we set up notation and recall some facts about curves and their mod-
uli. Two of the concepts here — modification of a curve (Definition 1.1), and
deformation of a modular graph (Definition 1.5) — are crucial for us and may be
unfamiliar to the reader.

1.1. Marked Curves. Z denotes a complex projective curve of genus g with at
worst nodal singularities. = may have marked points ; indexed by a set 1. A
point of Z is specialif it is a node or a marked point. We denote the normalization
of > by B, and frequently casually identify the marked points of X with those of
2.

De nition 1.1. A contraction morphism m : 2™ | 3 of marked curves is a
semistable modi cation if the preimage of every special point in X is either a
special point or a P* with two special points. A (ordinary or nodal) modi cation
is a semistable modification m : =™ ! X which is non-trivial only at nodes.

Note that, given a modification, we can identify the marked points of ~ with
the marked points of ™.
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Figure 1. A curve with one node, and its unique non-trivial modification

Figure 2. A marked nodal curve and its associated modular
graph, which has two splitting edges, one self-edge and one tail.

1.2. Modular Graphs. It is convenient to discuss topological properties of
curves and their moduli stacks in terms of modular graphs. The degeneration
type or modular graph of a curve (Z; ;) consists of:

(1) a vertex set V (one vertex v for each component of %)

(2) a half-edge set H (one half-edge for each special point of ),

(3) agluingmap @:H ! V (attaching half-edges to vertices),

(4) an involutionj :H ! H ,and

(5) afunctiong:V ! N (assigning to v the genus g, of the normalization of

).
(This presentation is taken from [BM96], although our notation di [erk slightly.)
The involution j generates an action of Z=(2) on H , and the orbit set is a
disjoint union of the set of tails T (singlets, corresponding to marked points on
2) and the set of edges E (doublets, corresponding to nodes of ).
The set of edges E may be further decomposed into the union

E = Esplit t Eself

of the set of splitting edges (which connect di Lerent vertices) and the set of self-
edges (which start and end at the same vertex).

Notation 1.2. Note that one can also say when one modular graph is a modifi-
cation of another. We use the notation ™ to denote a modular graph which is a
modification of a graph

Remark 1.3. We will need to consider two kinds of marked points on Z: ordinary
marked points, which can carry evaluation classes, and trivialization points at
which we will trivialize the fibers of a C -bundles. We will denote both sorts
of points by , distinguishing them by the subscript. Ordinary marked points
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are denoted ;, with i 2 I. Trivialization points are denoted , with v 2 V.
(Usually, V =V is the vertex of some modular graph.)

On the normalization €, we have one more flavor of marked point: the preim-
ages of nodes of . We will denote these points by =, splitting the edge e which
labels the node into half-edges h{ and h, .

A vertex v2 V is stable if 2g, +j@*(v)] 3. A graph is stable if all of its
vertices are. A marked curve (%; ;) is stable precisely when its modular graph
is stable.

1.3. Stacks. Double brackets ff agg indicate groupoids with objects a. We’ll
sometimes use this notation for stacks, when it’s obvious what the morphisms
are (e.g., when discussing substacks).

The stack of smooth genus g curves with marked point set | is Mg, Likewise,
the stack of stable marked curves of type (g;1) is Mg,. If 2g+jlj 3, these are
both Deligne-Mumford stacks, and M, is proper.

The moduli stack M, has a strati cation by modular graphs meaning that

G

where M Vw is the substack which classifies curves of type and the union
is taken over all modular graphs having | tails and genus g.

Notation 1.4. We will use the *“square cup” symbol to write a space as the
disjoint union of its strata. This should not be read as a decomposition into
connected components, as these strata may lie in one another’s closures. When

we want to write a space A as a union of connected components, we will write
G
A= Ay o(A) =S

dz2s

An etale neighborhood ofZ,; ;) is scheme B containing a distinguished point
02 B, together with a family of stable marked curves (! B; ;:B ! X)which
specializes to (Z,; o) at o. We will usually assume that B is a [ne] and that all
other fibers of =B are deformations of >,. (We want to ensure that =, is the
most degenerate curve in the family; this can always be achieved by deleting a
Zariski closed subscheme of B.)

The base B of a family of curves inherits a stratification by modular graphs
G
B= B

from My, . However, if B is a su [ciehtly small etale neighborhood of (Zo; o),
we can often refine this stratification by tracking which nodes of >, are smoothed
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by a given deformation. We introduce the following definitions to make this idea
precise.

De nition 1.5. A deformation of the modular graph , consists of the following
data:

(1) a subset E E ., and

(2) a partitionV of V=1t 5y VY.
These data determine a modular graph (also called ), whose vertices are the
blocks of the partition V , with edge set E and tail set T .. The gluing maps
come from .

The set of splitting edges EP* of a deformation of a modular graph is the set
of edges in E which connect dilerknt blocks of the partition, i.e., the splitting
edges of the modular graph

A modi cation ™ of a deformation is just a modification of the modular
graph

With this notation, possibly after deleting a Zariski closed subset, we can refine
B’s modular graph stratification to

B = B wv)
(E V)
where the union is taken over deformations of . Dilerent deformations which

result in isomorphic modular graphs label connected components of the modular
graph stratum B .

Notation 1.6. This notation is awkward, so we will surpress everything but the
if it is clear from context that we are thinking of as a deformation of another
modular graph.

2. The Stack of Gieseker Bundles

Here, we introduce the moduli stack which we use to define our invariants.
This moduli stack
'ﬂg;l (pt=C )

is a completion of the universal stack of C -bundles on Mg, . It classifies pairs
(E™; );P)
consisting of a semi-stable marked curve (ZX™; ;) and a principal C -bundle p:
P! Z™. The bundles are required to satisfy a certain condition, explained in
Section 2.3, restraining their degrees on unstable components of ™.
After defining M4, (pt=C ), we study its geometry. We sketch a proof of its
completeness, show that its connected components are labelled by the total degree

d of the bundles, and introduce a stratification by multidegree labelled modular
graphs. We also study a few simple examples.
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2.1. Bundles on a Fixed Nodal Curve. We fix our notation by discussing
some important background material.

Let (Z; ;) be a fixed nodal curve, with modular graph . We will denote
principal C -bundles (or just C -bundles) on Z by p: P! 3. A family of
C -bundles on a curve Z=B issimply a C -bundlep:P! Z.

The quotient stack pt=C is, by definition, the classifying stack for prmupal

C -bundles. Any C -bundle determines and is determined by a map = »p:
2! pt=C such that the following diagram commutes.
p——ht
p
s —ht=C

The degreed of P is the degree [Z] 2 Hy(pt=C ) ' HS (pt) ' Z of the
associated map : X ! pt=C , equivalently the 1st Chern class of P. The
multidegreeor type of P isthe map d: V ! Z assigning to each vertex v 2 V
the degree d, = d(v) of the bundle Pj . One has

X

d= dy

v2V
We have a distinguished multidegree 0, given by 0(v) = 0.

Notation 2.1. Given a partition R of the vertex setV =1t ,gV" of a modular

graph, we will frequently make use of the partial sums
X
d = dy

ZAYAL

In particular, when the parition R has two blocks + and , we will use the
notation X X

d. = dy d = dy
v2v* ZAVAn
Bunc<(2) = Hom(Z; pt=C ) is the moduli stack of C -bundles on X. This
stack is smooth and of dimension g 1. The connected components of Buncx(X)
are classified by the multldegree of the bundles
Buncx<(%) ' Buni.(2) o(Bunc=(x)) =2V
d2zVv

where Bun%x (Z) is the substack classifying bundles of multidegree d.
Bunc=(Z) can be written non-canonicallyas a product

Bunc=(¥) ' Pic(¥X) pt=C
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where Pic(X) is the Picard variety of Z. Indeed, the automorphism group of any
C -bundle on X is a copy of C , which acts by rescaling the fibers of the bundle.
One can eliminate these automorphisms by introducing a trivialization t : P '
C of the fiber of P at . Thus, we have an isomorphism Pic(Z) ' ff (P;t :
P ' C )gg forany 2 3. The group C acts freely on the trivializations and
trivially up to isomorphism on the pairs (P;t), so the map Pic(X) ! Buncx(X)
is equivalent to the quotient by the trivial C action.

Similarly, each connected component Bund(Z) of Bun(X) is non-canonically
isomorphic to the connected component Bun%x (Z), which classifies bundles hav-
ing multidegree d = 0.

(1) Buni.(Z)' Bunl.(%)

We get such isomorphisms ky choosing collections of points 2 %, forv2 V,
and twisting by the divisor d, .

\'

The following observations are important for understanding the geometry of
the stack M 4, (pt=C ).

Remark 2.2. (1) Bunc=(Z) is of finite type and the multidegree d lies in the
integer lattice ZV , so Buncx<(X) is of finite type if and only if jV j = 1.
In particular, if = has splitting nodes, then jV j 2 and Buncx<(X) is of
infinite type.
(2) Each connected component Bun%x(Z) is separated.
(3) If Z is smooth, then Bun%x (2)" Jac(ZX) pt=C iscomplete. However, if
2 has nodes, then Bun%x(Z) is not complete. Indeed, a principal bundle P
on X is equivalent to a principal bundle P on the normalization £ (which is
smooth), together with a collection of gluing isomorphismsy. : P . P -

which identify the fibers of P over the inverse images of a node n 2 .
(These gluing isomorphism ge may be thought of as “transition functions”
for two open sets whose intersection is the node n..) The space of such
isomorphisms at a given node ne is a copy of C , which is not complete.
We will often find this representation useful for counting, e.g., the infini-
tesimal deformations of a bundle minus the dimension of its automorphism
group. We get a C ’s worth of bundle automorphisms for each component
of the normalization, coming from global rescaling. (Later, we will allow
additional automorphisms on unstable components, lifted from curve to
bundle.) These automorphisms fix the bundle PBj , but act non-trivially
on any gluing maps.
(4) In light of the previous discussion and the fact that the isomorphism
1 above depends on collection of points, it is often useful to think of
Bunc=(Z) as the quotient by (C )V of a stack which classifies bundles on
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Figure 3. Realizing P as P together with a gluing isomorphism g

2 which come equipped with multiple trivializations
t,:P," C

v

one on each component X, 2. Here, the v-th copy of C acts by
rescaling the trivialization t,.

2.2. The Stack of C -Bundles on Stable Curves.  We denote by Buncx(g; 1)
the universal stack of C -bundles on Vw . This is the stack which classifies pairs
((Z; );P) consisting of a stable marked curve (Z; ;) of type (g; 1) and a principal
C -bundlep: P! . (Note: This is not the relative Picard stack of the universal
curve 34, ! Myy; rather, Bunc=(g;1) is obtained by allowing isomorphisms of
curves to lift to isomorphisms of bundles *.)

The stack Bunc=(g; 1) comes with a natural forgetful morphism
Fp :Bunc<(g;1)! My,

which is obtained by forgetting the principal bundle P. The fiber of this mor-
phism over a fixed marked curve (Z; ;) 2 Mg, (pt) is precisely the moduli stack
Buncx ().

It follows from Remark 2.2 that Bunc=<(g; 1) is not proper. It is always of infi-
nite type; even the fibers over smooth curves have countably many components.
Moreovers, its fibers over nodal curves are never complete.

Finally, Bunc=(g; 1) fails to be separated, even though the fibers of Fp are
separated. The problem is that, when a curve developsgplitting nodes, the total
degre d can split into any multidegree d for whichd =, d,.

We make this story more precise by introducing some definitions. (This mate-
rial is taken from Caporaso’s paper [Cap08].)

4In our setup, we will be mainly concerned with situation where we have a smoothational
component with two special points carrying (the principal C -bundle P associated to) a bundle
of the form Opz(d). Any bundle on P! has an equivariant structure, so we can always lift the
C which acts onP* xing 0 and 1 to a C which acts on P compatibly with the morphism
p:P! P
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De nition 2.3.  Let D = Spec C[[z]] be an “infinitesimal disc”. Let Z! D bea
regular family of stable curves, whose generic fiber is smooth and whose special
fiber Z° has modular graph °. (In particular, the components =9 of the special
fiber are labelled by the vertices v 2 V o.)

We will say that two principal C -bundles P and P° are twists of one an-
other if P' PY T, where T is (a principal bundle isomorphic to) the restric-
tiongo >0 of the family of principal bundles associated to the locally-free sheaf

O ( v, ny=9).

Bunc=(g; 1) fails to satisfy the valuative criterion for separation. Suppose we
are given a family of curves =D on the disc, with smooth generic fiber, and
a family of C -bundles P=(Zjp =) over the punctured disc D . If the family P
extends to D, with special fiber P, then it can also be extended to D with special
fiber P any twist of P°. (Of course, since the stack of bundles on a nodal curve is
not complete, it can happen that no such extensions exist. This does not improve
matters.) When the generic fiber is nodal, one can repeat this story by focusing
attention on each smooth component.

The set of multi-degrees of twists of the trivial bundle may be identified as
follows: Consider the intersection matrix k = (ko) of Z,. If v & Vv° then
kwo= #(Z2\ =%), the number of nodes common to both curves. If v = v©
ke = #(22\ 30n30).

Proposition 2.4 ([Cap08]). The set of multidegrees of twists of the trivial bundle
is the lattice A o ZY ° generated by the columns of the intersection matrk«

Proof. This follows from the fact that the degree deg , O (=%) is equal to kyyo
1

The above proposition plays a crucial role in the proof of our main theorem.

2.3. The Gieseker Completion.  Itis well-known [Gie84] [Cap94] [NS99] [Ses00]
[Kau05] [Kau06] that one obtains a completion of Bunc=(g; 1) by enlarging the
classification problem slightly: One allows copies of P! to appear at the nodes of
stable curves, and insists that these P! carry degree 1 bundles.

We find the following definitions convenient. (The reader wanting more intu-
ition should look at Remark 2.11 below.)

De nition 2.5. A contraction morphism m : =™ | ¥ of marked curves is a
semistable modi cation if the preimage of every special point in X is either a
special point or a P* with two special points. A (ordinary or nodal) modi cation
is a semistable modification m : =™ ! X which is non-trivial only at nodes.

Note that, given a modification, we can identify the marked points of = with
the marked points of =™, and that one can also say when one modular graph is
a modification of another. We use the notation ™ to denote a modular graph
which is a modification of a graph
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Figure 4. A curve with one node, and its unique non-trivial modification

Notation 2.6. From now on, we will reserve the notation (Z; ;) for stable
marked curves.

De nition 2.7. A Gieseker principalC -bundleon Z is a pair (™! ;P!
2™) consisting of a modification =™ of Z and a principal bundle P on =™ which
has degree 1 on every rational curve in =™ which is the preimage of a node of
>. (We will frequently use the term “Gieseker bubble” for unstable P*’s carrying
degree 1 bundles.)

The degeneration typeof a Gieseker bundle (Z™ ! Z;P) is the modular graph
of the marked curve Z™ together with the multi-degree of P.

Example 2.8. The Gieseker bundles on a smooth curve X are just the C -
bundles on X, as there are no non-trivial modifications of a smooth curve

Example 2.9 (Important). Let > = Pi[ ,P; be a curve consisting of two rational
components joined at a common splitting node. Gieseker bundles of total degree
d on X come in two flavors:
(1) Ordinary C -bundles on >. These are classified (up to isomorphism) by
their multi-degree, which measures how the total degree d is split between
Pland P}, e.g.,d=(n;d n).
(2) Gieseker bundles on the modification =™ of 2, obtained by inserting a
P! at the node x. These are also classified by their multidegrees d =

(n 1;1;d n).
P} P} P P

Figure 5. Gieseker bundles on P![ , P'. Components are labelled
with their degrees.

The automorphism group of a C -bundle on X is one-dimensional, isomorphic
to C ; it consists of constant rescalings of the fibers of P. Gieseker bundles for
which the modification is non-trivial, however, have two-dimensional automor-
phism groups. One can rescale the bundle fibers, as when the modification is
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trivial. But one can also also lift the automorphisms of the Gieseker “bubble”
P! to automorphisms of the bundle; this gives a second C ’s worth of automor-
phisms.

Remark 2.10. It is illuminating to think of the Gieseker completion in terms of
gluing isomorphisms, as in Remark 2.2, Part 3. For each node, we have a C ’s
worth of gluing isomorphisms. When a Gieseker bubbling occurs at a node ne,
we replace the single gluing isomorphism ge with two gluing isomorphisms, g,:
and g,-, one for each of the nodes n,. and h, where the Gieseker bubble meets
the curve. However, these new gluing isomorphisms can be set to fixed values, by
using the two C ’s of automorphisms on the new P! (one from bundle rescaling,
one lifted from the curve). Thus, Gieseker bubbling lowers the count of degrees
of freedom minus automorphisms by 1.

Remark 2.11. The following story, though not rigorous, can help to understand
the intuition behind the Gieseker completion.

As we have observed, a bundle P on X is equivalent to a bundle P on the
normalization &, together with a collection of gluing isomorphismsy. : P . P -

which identify the fibers of P over the reimages of a node. These gluing maps are
the reason Buncx(Z) is not complete. Iso(P ;P -)' C , so in families these
maps can approach 0 or 1 . When this happens, we would like to replace this
singular limit with a bundle defined on some other curve =°

One can guess how to do this by looking at a section s of an associated fiber
bundle V = P = C. If we lift s to a section S on the normalization, it must
obey

SC )=05(")
We may assume with no loss of generality that g! 0; the other limitg!1 is
equivalenttog ! 0. In this limit, we must have §( )! 0. By continuity, the
section s on X must have a zero which approaches the node as g! 0. (When
g!1 , the zero approaches the node from the other side.)

To keep track of how a single zero z approaches the node, we should replace
the singular limit with a new bundle which lives on the curve Z™ obtained by
creating a P! at the node. (This P! records the way the zero approached the
node.) The section on this new component must have one zero and no poles, so
the degree of the new bundle on this component must be 1. The total degree of
the bundle is a topological invariant, so the degree of the bundle on the original
component will drop by 1.

One can perform a similar construction for GL,, by choosing a basis for the
space of sections of the vector bundle associated to the standard representation,
and keeping track of the rates at which zeroes of the component functions ap-
proach the nodes. This results in the appearance at nodes of chains of rational
curves of length at most r. See the work of Kausz [Kau05].
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Figure 6. A zero approaches at node, leading to a Gieseker bubble

De nition 2.12.  The Gieseker completiorf Bunc~(g; 1) is the stack 4, (pt=C )
which classifies stable | -marked genus g curves carrying Gieseker bundles. This
is a fibered category. Its objects are structures (B; =; i;Z™; P) consisting of

a test scheme B,

aflat family ( : X! B; ;:B ! ) of stable | -marked genus g curves
a modification (over B) =™ I >,

a principal C -bundle p: P! =™ which restricts on any geometric fiber
> to a Gieseker bundle.

Its morphisms are Cartesian diagrams
po_" Jp
pt p

ZOf;/

D
BO—/B

where f is C -equivariantand ; =f 0

We denote by ¥ ( .4y the substack of I 4, (pt=C ) classifying Gieseker bundles
with fixed multidegree.

4. (pt=C ) is a moduli stack, so it carries tautological families: a universal
curve, universal marked points indexed by |, and a universal bundle, as in the
diagram below.

241 (PL=C ) Pg. (pt=C )

i ( p
9 41 (Pt=C ) Zg1(pt=C )

The universal C -bundle determines a homomorphism : >y, (pt=C )! pt=C .
Composing this morphism with the i-th universal marked point, we obtain eval-
uation maps

evi : Mg, (pt=C )! pt=C
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Note also, that there is a natural forgetful morphism
Fp: Mg (pt=C )
obtained by forgetting the modification ™ and the bundle P.

2.4. The Local Atlas. In this section, we study the forgetful morphism
Fp : Iﬂg;| (pt:C ) ! Mg”

We show that, locally on a [nelktale neighborhoods in M, Fp can be presented
as a quotient stack of the form [A=(C )V where A is a scheme of infinite type and
V =V is the vertex set of a modular graph. Then we deduce some geometric
consequences of this fact.

Let B ! My, be an a[neletale neighborhood centered at a stable marked
curve (Zo; o) of type o and represented by a family (! B; ; :B ! X) of
stable marked curves. We denote the fiber of Fp over B by F : & . ,! B.

'ﬂ( i) /mg;l(pt:C )
F Fp

B—— My,

¥ ., classifies Gieseker bundles on the family ~! B.
R .,=ff(E"! P! =M)gg

We shall exhibit (. ) as a quotient stack, of an infinite-type scheme A by a
torus (C )N.

In the moduli theory of bundles, one often obtains atlases by fixing one or more
marked points and then parametrizing bundles equipped with trivializations at
these marked points. We would like to do this in families.

De nition 2.13. Let(m:Z™! Z;p: P! Z™M) be a Gieseker bundle on the
curve 2=B, and suppose that Z comes equipped with a marked point x : B !
2. A family of trivializations based atx is a morphism t : B ! P such that
m p t=x.

Such families of marked points induce isomorphisms ty, : Py C  for every
geometric point b2 B.

Proposition 2.14. (1) After deleting a Zariski-closed subset frorB, we may
choose collections of marked points, : B ! X (with v 2 V , the set of
components ofZ,) such that every component of every geometric ber of
> carries at least one marked point.
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(2) Fix such a collectionx, : B ! Z, and consider the associated stack
A =A(. (fx,0) of triplets

A=ffE"! Zp:P! ™ fty:B! Pogwav,)9g

obtained by adding trivialiations based at the designatedarked points. A
is acted on naturally by(C )V o with the v-th copy C, rescaling thev-th

trivialization, and M . , is the quotient stack
B ) =[A=(C )"
Thus, A is an atlas for® . .

Proof. To see the existence of these marked points, we choose one marked point on
each component of Z,. This gives us a new curve in Mgy _(pt). Deformations
of such curves exist, and the subscheme in B for which the new marked points
meet or collide with a node is Zariski-closed and disjoint from the center point
02B.

To see that A is an atlas, we observe that the trivializations kill o[dll the
automorphisms of the Gieseker bundles. (This can be checked by lifting to the
normalization of Z™’s components.) Thus, the stack A is equivalent to a scheme.
Moreover, the action of (C )V < is freely transitive on the trivializations, so quo-
tienting by this action is equivalent to forgetting the trivialiations. 1

Notation 2.15. We’ll usually abbreviate V =V .

Corollary 2.16. (1) The forgetful morphismFp : B4 (pt=C )! Mg, sat-
is es the valuative criterion for completeness. Thus, becaamg;l is com-
plete, the stack 4, (pt=C ) is complete.

(2) The ber of Fp at any nodal curve(Z; ;) in Mg, (pt) is separated.

Sketch of proof.The essential point here is that the new strata in the fibers of
the Gieseker completion interpolate between the old ones. (See Example 2.24 for
a concrete example.) 1

Corollary 2.17. Mg, (pt=C ) breaks up into connected componen'@g';I (pt=C )
which are labelled by total degrestof the Gieseker bundles, which is a topological
invariant.

G
mg;l (pt=C ) = 'ﬂgn (pt=C ) (9 g1 (pt=C )) =2

d2z
Thus, B4, (pt=C ) is of in nite type.

We can further decompose M 4, (pt=C ) by keeping track of the multi-degrees.
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Corollary 2.18. Mg, (pt=C ) has a strati cation by multidegree-labelled modu-
I h
ar graphs G
g (pt=C )= M( m.a)
(™:d)
whereM =) is the substack of bundles having degeneracy typ€;d) and the
disjoint union ranges over all modular graphs of type (g; 1) and all multidegrees
d:Vm! Z.
The closureM ( m.q) of M( m.q) in Mg, (pt=C ) is obtained as a union
G
M () = M ( gy
( m5dy

where the union is over alH,(pt=C )-labelled modular graph§ ™" d° obtained
from ( ™;d) by sequences of the following elementary operations:

(1) Self node: Lower the genus of a vertex by 1, and add a self-edge

(2) Splitting node: Split a vertexv into two verticesv,; and v,, connected by
an edge, withg,, +g,, =g, andd,, +d,, = d,.

(3) Gieseker bubbling: Replace an edge connecting a stable xert® a stable
vertex v0 with two edges connected to a common vertexhavingg, = 0
and d, = 1, while subtractingl from the degreed, or d,z Note thatv may
equalv®

Remark 2.19. The modular graph stratification makes it clear that the con-
nected components lﬂg;l (pt=C ) can be of infinite type. Any modular graph ™
with apleast two vertices carries countably many multi-degrees d: V m ! Z for
which  ,,, ,, d, =d.

Notation 2.20. The atlas A, like Mg, (pt=C ), has infinitely many connected
components G
A= A o(A)=2Z

d2z
Likewise, A has a stratification by multidegree-labelled modifications of the mod-
ular graphs which label the strata of B. If we choose B small enough, this strati-
fication can be refined to a stratification by multidegree-labelled deformations of
the modular graph . (See Definition 1.5.)

G
Ad - A( m .d)
(md

P
where the union is taken over multidegrees d for which ., = d. We will
usually be interested in this this stratification. Sometimes, we will forget about
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the multidegrees and modifications and use a stratification by unlabelled defor-
mations of . G

Al= A

Here AY is the union of all A( m.g for which ™ is a modification of

Another useful consequence of Proposition 2.14 is the following proposition.

Proposition 2.21. lﬂg;, (pt=C ) is a smooth Artin stack, locally of nite type,
equidimensional and of the expected dimensi¢gdim(C ) +3)(g 1) +jlj.

Proof. We get smoothness and Artin-ness by allowing the family Z=B to be an
etale atlas for M, and using the atlas from Proposition 2.14.

To see that the stack is locally of finite type, we observe that the strata M. g)
are of finite type, and that any stratum M . 4, lies in the closure of only finitely
many other strata. Indeed, the closure is the union

R ma = B mogy
( mSdy

P
over all strata B 4 for which is a deformation of ™ and d{(v9 = vayv d(v).

The dimensionality claims follow from the fact that the moduli space is un-
obstructed. The obstructions to deforming a bundle P on a fixed curve > are
captured by Ext?((p Lp)¢™; O ) from the C -invariants of the pushdown of the
cotantent complex of P to the structure sheaf of Z. This vanishes because Z is
one-dimensional. The vanishing of obstructions to deforming the curve and the
bundle together follows from the tangent-obstruction sequence derived from the
exact triangle associated to the cotangent complex Lp- . 1

2.5. Examples. We now review three examples. The first example is trivial.
The second shows the Gieseker completion at work, for a curve with a single self-
node. The third example illustrates an important phenomenon - the splitting
of the total degree d on curves with multiple components — and shows how the
strata introduced by the Gieseker completion interpolate between the strata.

Example 2.22. The stack KA 8;3(pt:C ) can be identified with the quotient stack
pt=C . It has only one stratum, corresponding to the modular graph with one
vertex v, 3 edges, and g, = 0 and d, = d. There is only one smooth genus zero
curve with three marked points, and (up to equivalence) this curve carries only
one degree d bundle, namely Op:(d). The automorphism group of Op:(d) is a copy
of C , whence the claim. Note that in this case, the forgetful map to Mgs ' pt
is the natural morphism pt=C ! pt.
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Example 2.23. The stack l@l‘l’;l(pt=C ) of degree d Giesker bundles on genus
1 curves with one marked point is a trivial C -quotient of total space of the
univeral curve ;! My;.

R, (pt=C )' Z;4 pt=C

This is clear on the locus of smooth curves, if we identify the Jacobian with
the original curve. On the boundary, we have Gieseker bundles on the nodal
curve. These come in two flavors: bundles on the nodal curve, which are in
correspondence with C pt=C , and bundles on the modification of the nodal
curve, which are in correspondence with pt=C . Gieseker degeneration identifies
the latter pt with the limits 0 and 1 in the former C .

Figure 7. Pictures of the relevant curves (drawn as 2d real surfaces).

Now, we examine the geometry of these connected components A¢ in an impor-
tant special case, when B parametrizes deformations of a stable nodal rational
curve with 4-marked points. This example, the first for which A9 has infinite
type, is paradigmatic.

Example 2.24. Recall that M o4 is isomorphic to P!, with Pnf0;1;1g the open
locus of smooth curves, and the exceptional points 0, 1 and 1 corresponding to
the two component nodal curves obtained when two of the points collide.

Let B = P*nfl;1g = Al n1 and consider the family (Z; ;) : B ] Mqy4
of marked genus zero curves obtained by restricting the universal marked curve
204 to B. (Here we have drawn the curves as (complex) lines, rather than real

1
1
>
b
0
B | |
b 0

surfaces.) This family is a deformation of a curve (Z,; o) whose modular graph
o has a single edge e. This edge e is the union of a pair of half-edges h™ and h .
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(O—(0

We want to describe the atlas A° obtained by putting trivializations at 0 and
1 . We already classified Gieseker bundles on the two-component rational curve
in Example 2.9. Now we will assemble this information to give an explicit Cech
cover of A. Let

Un = SpecClb; 7+ ;-1 7+ Z-i

We obtain (a scheme equivalent to the stack) A¢ from t ,AY by identifying the
open sets UZh+ U, and Uzh_ U,+1 Via Zps 1:Zhn_+1' Thus, the generic

n+1

fiber of f : A1 B is a copy of C and the special fiber is an endless chain of
PY’s, joined “north pole to south pole”. (For reasons of space, we have drawn
only finitely many of the P’s in the figure below.) (C )V = (C )? acts on A,

Ad ptn a Cn
f Cn 1
B } 1

b 0

with weight (1; 1) on z,. and weight ( 1;1) on z-. Thus, the diagonal acts
trivially, and the fixed points are picked out by z,. =z,- =0.

The fiber Al is a (C )?-cover of the stack of Gieseker bundles on =, For
generic b, the relevant stack is pt=C ; the fiber C, simply measures the ratio of
the two trivializations t,, and t,,. In the special fiber, the story is slightly more
complicated. Two kinds of strata appear. The stratum labelled by the two-vertex
graph with multidegree d = (d +n; n) is C, = SpecC[z, ], the open locus in
the n-th copy of P! in the endless chain. Similarly, the stratum labelled by the 3-
vertex modification with multidegree d = (d+n 1;1; n) is the n-th fixed point
pt,. Note that these extra Gieseker strata fill in the holes in the special fiber,
interpolating between strata classifying ordinary bundles with adjacent splitting
types.

The same story holds on the other two open sets P! nf0;1g and P* nf0;1g .
Pasting together the local presentations [A=(C )?] explained above, we obtain

the moduli stack M o44(pt=C ). Note, however, that the atlases do not glue
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functorially; over each open subset of M4, We must put trivializations on a
di Lerknt subset of the marked points.

3. The Local Structure of the Forgetful Morphism

In this section, we study the action of (C )V on A, characterizing the stabilizer
groups and the fixed point strata. These results are used to identify certain finite
type subschemes of A which play an important role in the proof of our main
theorem. Most importantly, we show that there exist subschemes A A for
which the action of (C )V is free and the quotient stack [A,=(C )V] is proper
over B.

3.1. Stabilizer Groups and Fixed Point Loci. We begin by computing the
stabilizer groups of points in A.

Let (Z'; Py; Tty (b)g) be a geometric point of A, represented by a triplet consist-
ing of a Gieseker bundle on some fiber >, of >=B, together with jVj trivializations.
We say that a group element (g,) 2 (C )V stabilizes(=; Py; f t, (b)g) if the action
of (gy) on (=f'; Py, ft,g) produces an isomorphic object.

De nition 3.1. Let R=fV'gbeapartitionof V =t V' . Let (C V' denote
the subgroup of (C )V corresponding to the block V', and let C .  (C )V%
denote the diagonal subgroup of (C )V'.. We define the group associated tdR to
be the product
Gr =M2rC

We also have the quotient group P Gg = Gr=C of Gg by the diagonal subgroup.
We say that a partition is non-trivial if PGr & 1, i.e.,ifGg ) C . We also denote
the collection of edges which link di [erent blocks of the partition by ESP"

De nition 3.2. Letx, : B! X be a family of marked points (carrying trivial-
izations). For every modification ™ of every deformation of ,, the associated
morphism

am:V o I Vo

associates to the vertex v 2 V the vertex @(x,) 2 V », i.e., the (stable) vertex
to which the tail corresponding to the marked point x, is attached.

De nition 3.3. Let ™ be a modification of a deformation of ,. The partition
R m associated to ™ is the partition determined by the equivalence relation which
identifies v v%if a m(v) and a » (V9 can be connected by a path in ™ which
does not pass through any unstable vertices. (In other words, if t, and t,ocan be
connected by a path in =" which does not path through any exceptional P*’s.)

Proposition 3.4. If (Z'; Py, ft,(b)g) lies in the stratumA ~ labelled by the modi-
cation ™ of the deformation of ,, then the stabilizer grougstab(Z]'; Py; f t, (b)g)
is Gr .
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Proof. The key point is that we have a C of bundle automorphism on each stable
component of the normalization of the modification Z' (rescaling the fibers), and
a (C )2 of bundle automorphisms on each Gieseker P! (rescaling the fibers and
lifting the automorphisms of the PY).

First, note that g, = g,oif the trivializations t, and t,clie on the same compo-
nent of tp, since otherwise one could not use a bundle automorphism to return
the trivializations to their original state.

Similarly, suppose that t, and t,colie on components of %, whose vertices are
connected by at least one splitting edge e. In this situation, we must have g, = g,5
because otherwise the action of (g,) would rotate the gluing map attached to the
edge e. It follows directly that g, = g,cif the trivializations t, and t,-are attached
to vertices in V' which can be connected by a path which does not pass through
any unstable vertices of

Finally, note that, on a subcurve (Z")a  Z]' which is isolated by Gieseker
bubbles, the diagonal subgroup C . stabilizes (Z]'; Py; ft,g). One can return the
trivializations to their initial state using bundle automorphisms on the compo-
nents of the curve. This may change the gluing maps at nodes connecting (={')a
to the rest of 7', but these changes can be compensated by using one of the
automorphisms on the Gieseker bubbles which touch these nodes. 1

Remark 3.5. Every point in A is stabilized by the diagonal subgroup C

(C )V. This is no surprise, as this subgroup is equivalent to the group of global
bundle rescalings. One can always rigidly rotate the fibers of a C -bundle.
Remark 3.6. The dependence of the partition R » (and consequently, the group
Gr » ) On the modular graph ™ is rather coarse. Let {'* and ' be modifica-
tions of deformations of ,. The associated partitions R m and R me are equal
if and only if the modifications m; and m, are non-trivial at the same collection
of edges in E .

We shall make heavy use of the following corrolary.
Corollary 3.7. The xed point locus ER of Gg is the union
Fr = A )
(m;d)
where the disjoint union ranges over all labelled modularagh ( ™; d) for which
R m is a re nement of R.

Thus, the fixed point locus respects the stratification by labelled modifications
of deformations of ,. More prosaically, one can deform curves and bundles which
represent fixed points and obtain new fixed points, as long as one does not smooth
either of nodes which isolate one of the unstable P*’s that partition =" into stable
subcurves.
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It follows that the deformations not leaving the fixed point locus must preserve
the partial sums X
n, = dy r2R

vavr
(Chern class can not migrate across nodes labelled by edges e 2 E;p"t .) Thus, the
connected components of Fg are in correspondence with collections of integers
n=(n)2r 2 ZR. G

FR = F

n

P}

Example 3.8. In the special case of Example 2.24, the only non-trivial partition
is the two-block partition R = ff v, g;fv gg associated to the modular graph of
the special fiber (Z,; o). The quotient group P Gr in this case is a copy of C ,
and its fixed point locus is G
F=pt
n2z

where pt, = A(p;n 114 n) IS the locus of Gieseker bundles whose modular
graph ' is the only non-trivial modification of the modular graph , of the
special fiber of =B and whose multidegree isd=(n 1;1;d n)).

Notation 3.9. When R is a non-trivial two-block partition (with blocks v, and
v ), the fixed point strata F5 are labelled by pairs of integers n = (n,, ;n,_).
One AY, the total degree d is fixed and we must have n,, +n,_ + k = d, where

k = kg = JEZP™"j is the number of nodes common to both blocks of R. In this
situation, so we can label the strata using just the integers n = n,, . So, for
example, we will abbreviate

FS — Fén;d n k)
and so forth.

3.2. Some Finite Type Substacks of 8 . ). In this section, we discuss cer-
tain finite-type subschemes Agitn- A These subschemes, which parametrize
Gieseker bundles whose multidegrees obey certain bounds, will play a crucial role
in the proof of our main theorem. They are obtained by deleting strata which
parametrize certain deformations of the (C )Y -fixed point loci in A.

We begin by defining the deformations we are interested in, and then use them

to construct certain vector bundles over the fixed point loci.

3.2.1. R-deformations. Fix a non-trivial 2-block partition R of V , and consider
Fg, the n-th connected component of the fixed point locus Fg of Gg. The bundles
in the locus F5 have Gieseker bubbles at the nodes labelled by the splitting edges
in E3P™ . We want to consider Gieseker bundles which are obtained from those in
F5 by smoothing one of the two nodes np= which isolate these Gieseker bubbles.
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De nition 3.10. Let (=Z™;P) be a Gieseker bundle whose modular graph ( ™; d)
places it in the fixed point locus F3. We say that another Gieseker bundle
(=™ P9 of type ( ™ d° is an R-deformation of (X™;P) if the modular graph
( ™:d) can be obtained from ( ™7d% by making Gieseker degenerations at a
subset of the edges in EZ".

Note that ( ™;d) is an R-deformation of itself.

De nition 3.11.  We denote by Zg the locus in A9 consisting of R-deformations
of bundles in Fg. G

Zg = SGED
( ™5y
where the union is taken over R-deformations of modular graphs labelling strata
of FX.

Example 3.12. In the special case of Example 2.24, where there is only one
non-trivial two-block partition, the locus of R-deformations of the fixed point
F"=pt, is
Clz,: ;z,-] ]1111
Z" = (Uy)o = Spec ——=- = t
( n)O p I’Zh; Zhn—l p n
This is a pair of a [nellines meeting at a common origin.

The (C )V action on A respects the modular graph stratification, so the action
of P Gg on AY restricts to an action of PGg on Z%. The group P Gg acts nontriv-
ially on all the strata in Zg nF5; we think of these strata as flowing “towards”
or “away” from the fixed oint locus F3.

De nition 3.13.  Z5™ is the locus for which the weights of Gg on the conormal
bundle N+« are all non-negative We say that bundles in Z;™ are obtained

by plus-deformationfrom the fixed point locus Fg; similar terminology applies
to the modular graphs. Likewise, Zz™ is the locus for which the weights of

Gr on the conormal bundle N.»_,-n are all non-positive and we use the term
. . R
minus-deformation

n_
r=Z

Example 3.14. In the special case of Example 2.24, where there is only one
non-trivial two-block partition, the plus- and minus- deformations of pt, are

Z+in — A%h; = SpecClz,: ] = 1pt,

and
Z+n — A%m = SpecClz,:] = pt,

Next, we observe that there exist natural morphisms of stacks  :Z;" ! Fg,
which “undo” plus-/minus-deformations.
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De nition 3.15.  The projection map . : Zg™ ! Fg sends a Gieseker bundle
(Z™; P) to the Gieseker bundle obtained by

(1) creating a Gieseker bubble at every node n, for which e 2 ES™* and the
modification m : =™ ! X is trivial, and

(2) for each such node ne, twisting the bundle on the curve component on
one side of ne by the divisor n.. Which side one twists at is determined
by the requirement that the resulting multidegree land in the n-th fixed
point locus.

The other projection map  :Z5;™! FZX is defined similarly
Example 3.16. In the special case of Example 2.24, the projection maps

Z ™! F"simply project onto the common origin pt, of Z*"" ' Aland Z "
Al

50

Proposition 3.17.  The projection map . : Zg F5 makesZ™ into a vector
bundle with ber AEZ" I over FS. Likewise, :Z;™! Fg is a vector bundle
with ber AJEX" 1,

Proof. The fiber of the degeneration morphism over a given Gieseker bundle in
Fgs consists of all the gluing maps which live at nodes corresponding to edges
e2 EIM, 1

Corollary 3.18. Let be a 2-vertex deformation of, which is compatible with a
non-trivial 2-block partition R. The closureAd of the stratumAY A9 naturally
decomposes into disjoint unions

_ G , G .
Ad= z2"= Z."
n2z n2z
Proof. This is simple combinatorics: Any multidegree d : V» ! Z labelling

a stratum of (A9) can be obtained by R-deformation of some modular graph
labelling a stratum in the fixed point locus Fr; one simply moves a degree 1 from
an edge which has a Gieseker bubble to a vertex. Any such R-deformations either
increases d. opdecreases d., and we are free to choose only deformations which
increase d, = vav; dy (plus-deformations) or only deformations which decrease

d. L1

3.2.2. Finite-Type Subschemesit follows from the discussion in Section 2 that
the connected components A¢ of the atlas A are of infinite type whenever jV _j

2, and finite type otherwise. When jV j = 1, the stack AY is proper, relative
to B; it is the Gieseker compactification of the Jacobian of = [Cap94]. (Indeed,
it is clearly of finite type and complete. And, because 2=B is a family of one-
component curves, there is no degree-splitting, so AY is separated in this case.)
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However, when jV j 2 -i.e., when the curve (Zo; o) in the special fiber has
more than one component — the atlas A9 has infinitely many finite-type strata.
It is useful to think of this proliferation of strata as follows: The fiber of f
over a point b 2 B for which %, has only self-nodes is of finite-type. But if b
moves in such a way that >, splits into two components, then the degree d can
split between these components arbitrarily, as d = (d +n) n. This can, of
course, happen in multiple ways, depending on how X, acquires nodes; moreover,
the corresponding strata can meet in higher codimension, if X, degenerates to a
curve having multiple components.

In this section, we will study certain finite-type subschemes Agty - A.
These stacks are obtained by deleting various combinations of Z;™ and Z,™"
from A, where R ranges over the non-trivial 2-block partitions of V ,. Our goal
is to identify some proper substacks of A.

The subschemes A ... - are defined as follows.

De nition 3.19.  For any integers N* and N and any non-trivial 2-block par-
tion R of V , consider thce; following subschemes of A¢ G
Zi(N*) = zF" and  Zg(N )= Zg"

n>N * n<N —
These loci are the in nite tails of a [neldecompositions of Proposition 3.18; they
parametrize bundles for which the degree d is split between two subcurves as
d=d, +d ,withjd, dj 0. TheschemesZi(N*)andZ (N ) are disjoint
ifN" >N .

Let NP,( o) denote tﬁe set of non-trivial 2-b|ock|partitions of V. Now fix
two collections of integers N* = (N3) 2 ZNP2( o) and N = (Ng) 2 ZNP2( o) 50
that we have integers N5 and N for every non-trivial 2-block partion R of V .
We assume that N5 > N for all R. Consider the union

- L
Z(N";N )= Zr(Ng)t Zg(Ng)
R2NP( o)

| |
The locusA RN of Gieseker bundles with multidegree bounded Ky and N
is the complement | |

A _=AnZ(N";N )

\ -
obtained by deleting the infinite tails.
We note the three following facts:
(1) Ay - is of finite type. Almost all of the multidegreed labelled strata of
' T
AYliein Z(N*;N ).
(2) NS Nj and N,  Ng for all non-trivial two-block paritions R 2

NP2( ), then Andin-  Agsby-o
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(3) AYis an increasing union

[
Ad=" A

|
N

|
N*:N—

Example 3.20. In the special case of Example 2.24, the atlas A is finite-type
except in the special fiber, which is an endless chain of rational curves. In this
situation, Z*(N*) =[ sy P and Z (N ) =[ n«n -P?} are the endless tails of
this chain, and [
Anen- = U,
N* n N—
is the subscheme pictured below. Note that the long tails are absent.

Pty -
Y
Ad
f 11jiiptN
B | ]
b 0

In the next propositior'l, we explain precisely how the multidegrees are bounded
by collections of integers N* and N

Proposition 3.21. A( m.g IS a substratum of Ay - if and only if, for any
non-trivial two-block partition R, the partials sums
X X
d: (R) = dy d (R)= dy
v2v?® V2V~

obeys the following inequalities:
d.(R) Ng +1
d(R) d N kR)+1

Here k(R) = jEép'“j, the number of splitting edges connecting the two blocks of
R.

Proof. Ayl - is the intersection of the unions
\

A 1 — (ZSF: nZE;NE)[ (ZSEnZR;NE)

NN~
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obtained by deleting plus deformations of the fixed point loci FY forallN N7
and minus deformations of FY for all N Ng.

Plus deformations send all Gieseker bubbles to 3., and consequently fix the
sum of degreesd (R)equaltod Ng k(R). Toavoid making a plus deformation,
we must send the Chern class of at least one Gieseker bubble to d . Thus,

d(R) d Nf kR)+1
Similarly, minus deformation fix d. (R) equal to N, so we must have

d: (R) >N
These two inequalities clearly pick out the intersection of unions described above.
1

3.2.3. Proper Substacks.Obviously, the subschemes Ayy- get smaller as we
make! N* and! N closer together. We now consider the special case

! N* :I N 41 1
where! N +I 1 (R) = N + 1. The corresponding subscheme is denoted

AN = AN!;N ! 1

Proposition 3.22. The group(C )V.=C acts freely OnA, .

Proof. A, does not contain any Cy, fixed points for any 2-block partition R. This
means that any two components are connected by a path which does not pass
through any unstable P's. It follows that the stabilizer group of any pointin A
is the diagonal C . —1

Proposition 3.23. The quotient schem&) , = A =(C )V o=C ) is proper over
B.

Proof. Q,, is clearly of finite type.

We show that the valuative criteria for completeness and separability are sat-
isfied: given the restriction of Z to a disc D = Spec(R) B, and a family of
Gieseker bundles with trivializations over the punctured disk D ' Spec(KR),
we can uniquely extend the family of Gieseker bundles and trivializations to
the whole disc, possibly after rescaling the trivializations with an element of
Hom(D ;(C )Ve.=C ).

First, we get rid of the group action, by picking a trivialization point x, and
splitting (C )Ve' C (C )Veo=C ). The latter factor acts freely, so we can
forget the trivializations at points other than x, , as discussed in Section 2.3.

The scheme A9 is complete, so the quotient Xy = AY=((C )V.=C )'ff (=Z™;P;t, )gg
is also complete. Thus, the special fiber of the closure of our given family in Xgjp
is non-empty. In fact, the special fiber of the closure is discrete. It consists of all
twists of a certain bundle P° on the special fiber of ZMjp.
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At least one of these twists must lie in Q, so the quotient is complete. This
is obvious when the special fiber of Zjp has one component. When the special
fiber has multiple components, it is a consequence of Proposition 3.18.

Moreover, only one of these twists can lie in Q,, so Q, is separated. This
follows directly from the characterization of multidegrees of twists of the trivial
bundle in Proposition 2.4: A non-trivial twist will always shift the degree on
some |compo|nent of the special fiber by a multiple of k(R). In the special case

N* =N + 1, this leads to a violation of the inequalities in Proposition 3.21.
Thus, any non-trivial twist of a Gieseker bundle in Q, lies outside of Q. 1

4. Gromov-Witten Invariants for pt=C

In this section, we define the Gromov-Witten invariants of pt=C and prove
that they well-defined.

4.1. Admissible Classes. Recall that My, (pt=C ) carries a universal curve

>4, with universal marked points ; : Mg, (pt=C ) ! Zg, and a universal
bundle Py, ! Z4,. The universal bundle may be thought of equivalently as
a morphism : %4, ! pt=C , and the universal marked points give rise to

evaluation maps ev; : Mg, (pt=C )! pt=C .

De nition 4.1.  For any irreducible representationV of C ,letV = V bethe
vector bundle on %4, associated to C by the universal bundle. The Atiyah-Bott
K-theory classesare the topological K-theory classes associated to the following
complexes of sheaves on B4, (pt=C ).

evaluation bundleskE , :=ev; V = ;V ,, wherei 2 |.

Dolbeault index complexeR V ,

De nition 4.2. A line bundle L on B, (pt=C ) is admissibleif it is topologi-
cally isomorphic to a positive (possibly fractional) power of the inverse determi-
nant of cohomologyline bundle L =det 'R V.

De nition 4.3.  An admissible complex on Mg, (pt=C ) is the tensor product
of a admissible line bundle with any number of Atiyah-Bott complexes. An
admissible (K-theory) clasdgs one represented by sums of admissible complexes.

The definitions given here are relative versions of the ones given in [TWO03].
De nition 4.4.  The Gromov-Witten invariants of pt=C,,are the Euler charac-

teristics of admissible complexes. In particular, if h =L a(R V )", then
the Euler chara%erlstlc of the adrrBSSIbIe class 0
h i EVI V i = L a(R V a)na i EVI V i

is the h-twisted Gromov-Witten invariant associated to the evaluation classes
ev, V..
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4.2. Statement of The Main Theorem. The Euler characteristic of a complex
on Mg, (pt=C ) is the Euler characteristic of the right-derived pushforward
R(Fp) . The fibers of Fp are not proper, so it is not obvious that these invariants
are well-defined.
The remainder of this section is devoted to proving that the following theorem,
which implies that the K-theory class

X -
Fe[1:=[RFe 1= ( DT'REF) )]

is a finite sum, hence well-defined. (Here I is any locally free resolution of
R(Fp) . Such resolutions exist because Mg, is smooth and projective. The
K-theory class is independent of which resolution we choose.)

Theorem 4.5. The derived pushforwardR (Fp) of any admissible complex
is coherent.

The derived pushforward of a sheaf on ¥ o, (pt =C ) is the sum of contributions
from the connected components.

RFP = RFp ( JMSI (pt :Cx))
d2z
Theorem 4.5 is a consequence of the following proposition.

Proposition 4.6. RFp ( jf\/"‘| (ot :CX)) is coherent, and vanishes for all but nitely
9;
many d.

Our strategy is as follows: First, we use the local atlas A° to deduce coherence
of R(Fp) from the coherence of certain (C )Y -invariants. Then we prove that
these invariants are coherent, first for certain line bundles (characterized below),
and then, by reduction to the line bundle case, for general admissible classes.
Finally, the vanishing result is near the end of the section.

4.3. Restriction to the Atlas  A. Coherence is a local property, so it is enough

to show that the above proposition for the restriction of RFp ( jg, 4 (ot =<:X)) to the
_ gl

a [neletale neighborhoods (=; i) : B! My, introduced in Proposition 2.14. In

this setting, we can realize lﬂ? . 8s the quotient stack for the action of (C )V

on the scheme AY of multiply-trivialized degree d Gieseker bundles on . We
denote the quotient map by g and the map to B by f .

q
A Y g, (pt=C )
F Fp

f
B—— My,
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The atlas A9 (thought of as a stack of trivialized Gieseker bundles) carries
a universal curve and a universal bundle. Moreover, the pullback to A¢ of an
admissible class on 4, (pt=C ) can be realized as an admissible class associated
to the tautological curve and bundle on AY. (This is obvious for evaluation
classes and admissible bundles. In the case of index classes, it follows from the
base change theorem for flat morphisms.) We will abuse notation and denote

admissible classes on A using the same symbol set we used for 4, (pt=C ).
Thus, to demonstrate the coherence of R(Fp) , we need only demonstrate the
coherence of the (C )V -invariants in Rf  for every universal deformation >=B.

There are two cases: jV j=1and |V, 2.

The first case is essentially trivial. If jV j = 1, then, as we have observed,
AY is proper over B. Thus, Rf s coherent, as is its subsheaf of (C )V ' C -
invariants.

The second case — jV ,j 2 — is more complicated, because AY is not proper
over B. It has infinitely many finite-type strata. We would like to show that most
of these strata do not contribute to the (C )V -invariants in Rf . Our strategy
is to reduce the question of coherence on all of A? to the question of coherence on
the finite-type subschemes A - AY and then to the question of coherence
on the subsubschemes A\~ A .. -. Coherence is obvious in the last situation,

because the action of (C )V on A, is free and the quotient is proper over B.

4.4. Coherence for Certain Line Bundles. Now we prove coherence on A¢
in a special case, when the admissible class is represented by a certain kind of
line bundle. We will later reduce the general case to this special case.

Let R be a non-trivial 2-block partion of V =V _. If L is a (C )V -equivariant
line bundle on A, then its fibers at C-fixed points are C-representations. These
weights are discrete topological data, so we may consider them as functions of the
integers ng which label the connected components F3® of the fixed point locus
of Cy.

Proposition 4.7. Let L be a line bundle oM whoseC-weights atCy- xed-
point bers grow linearly in ng, with positive coe cient, for all non-trivial two-
block partitions R.

Then, the (C )V -invariants in the local cohomology groups

RpFZ;;NE (Ayty—iL) and RPFZR_:N;(ANJ;N_;L)

are nitely generated, for all non-trivial 2-block partitions R. Moreover, they
vanish for whenN; 0 andN; 0 for all R.
Proof. The argument for ZR;NR_ is the same as for Z;;NR , up to minus signs, so
we focus on the latter case.
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Note that Z Ne is a smooth subscheme of A .. _, being the total space of a

vector bundle on the fixed point locus Fg N& WhICh IS necessarily smooth. More-

+

+:N
over, Zg " ® is a closed connected subvariety of some fixed codimensionin A .. -

and the sheaf L is torsion-free, so by the filtration spectral sequence, the vanish-
ing of the Cx-invariants in RPIT . (A+.y-:L) follows from the vanishing of
Zn ’

the C-invariants in R‘F(Z;;Ng L SymN L ).

Zn AN -
Z; Ne is the total space of a vector bundle over the fixed point locus Fg Ne , SO
(taking global sections over the fibers, we see that

RIT(ZiM% ;L Sym N o

. N+ _
:R'r(FRR;L SymN +NR SymN NE=Z+;N;{)

Zg N+:N— R R
The weight spaces in the two Sym’s above are finitely generated, and vanish
for negative weights. Moreover, the restriction of L to a C -fixed point is, by
assumption, an irreducible C representation whose weight grows linearly in N3,
with positive coe Lciehts on the linear terms. It follows that Cy-invariants (and
hence the (C )V-invariants) are always finitely-generated, and moreover, vanish
if N5 lies outside some finite range. 1

[ |
Corollary 4.8. There existN* and N such that

(Rf L) = (Rf (Lja, . )
Proof. Since the base B is a [ne] the local cohomology groups in the proposition
measure how Rf ( jA: < _) changes if we increase N5 by 1 or decrease Ny by 1.

Since these local cohomologles vanish outside some finite range of N* and N ,
the limit below stabilizes, giving

RE LY = lim RE Cigetn D)7 = RE Clagy 3 07
N=l 1 0'"o
L1

Proposition 4.7 also allows us to delete strata from A .. . This may alter

the (C )V-invariants, but because the local-cohomologies are finitely-generated,
it will not alter the fact of their coherence.

Corollary 4.9. The sheaf of invariants(Rf LJA: ‘ )(CX)V ° is coherent if and

only if (Rf ( ja )€Y ° is coherent, for anyN such thatN, <Ngr Ng for
all admissibleR.
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The (C )V -action on A, Iis free and the quotient [A =(C )V] is proper, so we
may conclude coherence for these line bundle.

Corollary 4.10.  (Rf (Lja_))€™"* is coherent.

4.4.1. Coherence for Admissible ClassedMVe have so far proven coherence (at
fixed d) for line bundles whose fixed point weights growly linearly, with positive
coe [cieht. We now claim that any admissible class can be represented as a sum
of such line bundles.

Proposition 4.11. (1) The Ci- xed point weights of evaluation classes/; V
are bounded, as functions ofig.

(2) The index clasdR V jad] can be represented as a complex of vector bun-
dles. Each such vector bundle's h&;- xed point ber weights which are
bounded as functions ofg.

(3) The Cg-xed point weights of admissible line bundlek, grow linearly
with ng, with positive coe cient.

Any admissible class is a sum of tensor products

X O 0
[1=[Ln aR V)™ (iev V)]

of an admissible line bundle L, some number of evaluation classes, and some
power of an index class. The proposition above implies that any admissible class
can be represented as a sum of line bundle classes whose fixed point weights
grow appropriately: One realizes the index class as a sum of vector bundles, and
tensors with the evaluation and admissible line classes. The evaluation an and
index classes have bounded fixed point weights, so all the weight growth comes
from the admissible line bundles.

4.4.2. Evaluation Classes.The fiber of an evaluation class ev; V at some point
(Z8; Pu: fty(b)g) 2 FR is the fiber of the line bundle P ¢~V at the marked point
i (D). This is manifestly independent of n.

4.4.3. Index Classes.We get a representation of the index class [R V ] as a
complex of vector bundles by using an Cech cover of the analytification of the
universal curve " on the atlas AY. This Cech cover U is chosen in such a way
that the pushforward of the Cech resolution

RV = IyV)

is naturally a complex of analytic vector bundles. GAGA, applied to the mor-
phism : 3" I A9 ensures that these analytic vector bundles correspond to
algebraic vector bundles.
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Letd, : V, ! Z be a multidegree, labelling the degree of bundles on the

o

special fiber of Z=B, and let

G
UQO == A( m d)
(™)
where the union is over all degree-labelled deformations ( ™;d) of , for which
X
dv = go(VO)
VOZVVO

This is an open substack of AY; it classifies all bundles whose multidegrees split
in a given way (given by d,). (The collection of all Uy covers Ad)

We now describe a Cech cover U = fU,; U, . ; U, -g of the analytification of the
restriction of the universal curve Z"" to Uy .

The basic idea is this: Consider a small analytic neighborhood S, of a node
(labelled by e 2 E ) in the (analytification of the) special fiber 2, of >. Such
neighborhoods look like two discs sharing a common origin. If we excise all Sg
from %, of 2, we obtain a disconnected Riemann surface (S,), for eachv 2 V ,
one for each component of 2,. These Riemann surfaces have punctures where
the nodes should lie. Moreover, their underlying algebraic curves are a [ne] and
do not admit non-trivial deformations. Thus, we obtain an etale neighborhood
of 2, In Vg;. by changing the way the Sg and S, are patched together, and by
resolving the nodal singularity in Se.

The same basic story works for the universal curve on Uy , with one slight
modification: the fibers of the universal curve may contain unstable P*’s, so we
need two copies of S for each edge e 2 E . We label these S,: and S, -, using
the half-edges of e.

For every vertex v2 V , let

U =Usg S

where S, is a topological surface having genus g, and punctures corresponding to
theset @'(v)\ E ,

Similarly, for every half-edge h 2 H , on which the involution j  is non-trivial
(i.e., corresponding to an edge rather than a tail), let

Uh = Ugo A%h Sh

where Sy, is topological space homeomorphic to Spec C[zy; Xn; Yn]=en  XnYai, i.e.,
a family of plumbing fixtures or collars over Uy which “pinches o "lwhen the
parameter z, goes to zero. We will use the notation h and h, when we want to
refer to the two halves of the edge e2 E .

Note that the modular graph , provides gluing instructions, as in the figure
below. We set our notation so that x is glued to U, and y; is glued to y; ).
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S Snt Spz

) KOO0 C
QOMM ) KOO0 (

Figure 8. A modular graph and the associated Cech cover

Note also that the Cech cover is equivariant. The action of (C )V - on the fibers
of the curve C=U,_ is trivial except on the unstable PY’s, whose automorphisms
are lifted to automorphlsms of the O(1)-bundle they carry. The coordinates y, =
are rotated by the action of Gg for any partition R for which e links connects
distinct blocks.

Now we use this Cech cover to compute RV . The non-trivial intersections
in the Cech cover are U, \ U, (if h 2 @*(v)) and U, \ Uno(if j ,(h) = h9.
Consequently, the Cech resolution of V =V has two terms.

M M M M
lU(V ) = Vij VjUh I Vij\ Un VjUh\UhEI
v2V hZHegge v;h h;h &
Consequently,
q yM . M . M . M -
R V = Vi) Viu,) ! Miua uy) Miug\ u,0
v2V h2 H °doe v;h h;h &

We can simplify this presentation by decomposing the functions on the family of
“pinching cylinders” U,. As C[z,]-modules, we have

Clzh; Xn; Ynl
hen  Xnyni
It follows that, as Ougo-modules,

Vi) = Vig)  (Vig (Dy,))

where Uy = Uy A}, Ul =Uy AJ, and Dy, is the divisor cut out by y;.
If we glue together the family of punctured curves U, with the families of discs
Uy, for h 2 @ol(v), we obtain a trivial family of Riemann surfaces Uy S,. Here,

Fun(S,) = = C[zn;xn]  YnClzn; Yn]
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S, is the Riemann surface underlying the v-th component of 3,; the discs patch
over the punctures. Similarly, if we pair the family of discs U) with the family of
discs U, we get a trivial family of curves Ug,  P*.

It follows that the pushdown of the Cech complex can be rearranged as a sum
of Cech presentations of the pushforwards of line bundles along trivial families of
curves on Uy_.

M M
R V= R (M, ) R (Vu, nDy, +Dy )

\ e

The morphisms  in the above decomposition are trivial families, soR V is a
sum of complexes of locally-free sheaves.

Next, we estimate the asymptotics of the C-weights of the fixed points fibers
of the complexes appearing in the above decomposition of RV . This is purely
topological data, so we neglect any algebraic/analytic detail.

First, we discuss the restriction of R (VjUgo 5;) to a Cy-fixed point a2 Uy,

represented by the trivialized Gieseker bundle (Z'; Py, ft,(b)g). The group Cy
acts trivially on the fibers of this morphism, so the restriction has the form

R (Viy, s)a' (dy+1 g)g®

for some weight wg (v) of Cx. (The numerical factor comes from Riemann-Roch.)
The action of (C )V on A% and =" =A? is uniform, in that the open sets Uy
are all equivariantly isomorphic. Consistent gluing between patches Uy, and Uyo
forces wg (V) to be independent of the multidegree.

The restriction to aof R (VjUgo Projl(Dyhg +Dyhe_)) is even simpler. The group

Cr may act non-trivially on the fibers of this morphism, but neither the sections
of Vjy, Proj1(Dyh+ nor the action of C; on Uy, depend on the multidegrees.

Hence, when estimating the asymptotics in d, of C;-fixed point weights, we can
entirely ignore these contributions to R V.

Thus, we have shown that index classes can be resolved into complexes of
vector bundles, and that the C-fixed point weights of the fibers these bundles
are bounded.

4.4.4. Admissible Lines. Any admissible line bundle L is topologically a positive
(possibly fractional) power (L )9 of the determinant class L = det 'R V.
The Cx-fixed point weights of (L )9 are linear in g, so it’s enough to estimate
them for L .

L is the dual of the determinant of cohomology, so we can estimate its fixed
point weight growth from what we know of the fixed-point weights of index classes.
Sending a K-theory class to its determinant amounts to taking the product of all
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the summands. In particular,
det[( d,+ g\/)tYQVR (V)] — tgd vl gv)wr (V)
To go further, we need to know how the weights wg(v) are related.

Proposition 4.12. (1) wg(v) = wg(V9) if v and VO lie in the same block of
the partition R. (For a non-trivial two-block partition R, we denote the
possible values bw; and wy.)

(2) wg = wg

Proof. Both of these statements follow from the structure of the universal bundles
V near Gieseker bubbles. In particular, as characters of Cy, the restrictions of
V to U,: and U, - have the form

MU V) (z0) " Vh:) (n DC[Zh;;Xh; ' Yne ItR
FUnsV )" (207) " )" Clzi: i X Vi ItR

Here n is an integer, which can be thought of as the amount of Chern class
transferred across the node labelled by e, and w is a C; weight, which we need
not specify.

Gluing on coordinate patch overlaps then implies both of the above statements.
When the edge e connects vertices which lie in the same block of R, the coor-
dinates all transform trivially under the group Cg, implying equality of weights
on either side of the edge. When e connects dilerknt blocks, the coordinates
transform non-trivially, inducing the claimed weight shift 1

The proposition above allows us to estimate the asymptotics of the C-weights
of the fixed point fibers of det 'RV . The contributions from the sum over
edges e and the 1 g, terms in the contributions from the sum over vertices v
do not depend on the multidegree, so we combine them into a constant C, and

S0 obtain
5 _
[detR Vv ]ja — tR di+ dw o +C
The degree d is fixed on the component A9, so it follows that fixed point weights
of the inversedeterminant of cohomology go like 2d.

4.5. Vanishing for Almost all d. So far, we have used the groups Cr and
neglected the diagonal group C . The latter group does play an important role
in our story, however. It forces the (C )V c-invariants to vanish for almost all
total degrees d.

More precisely, the C weights of sections of (vector bundle representations)
of admissible K-theory classes grow linearly in d. (Evaluation and index classes
have bounded weights, and admissible line bundles have linear growth.)
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The proof is as follows: C weights are constant on the connected components
of the fixed point locus of C . But C acts trivially on A, so the weights are
constant on each connected component AY. Thus, one can verify the claim by
checking it on on any smooth fiber of Z=B. This is done in Section 4 of Teleman
& Woodward’s paper [TWO03].

5. Towards Invariants for X=C

In this section, we indicate how to generalize the construction given above
to obtain invariants for the quotient stack X=C . We will define a moduli stack
Mg, (X=C ) of marked curves carrying degree maps to X=C . This stack will
carry the universal families needed to define K-theoretic Gromov-Witten classes,
and moreover, it will have a natural forgetful morphism

Fs: Mg (X=C )! MBg (pt=C )

to the moduli stack of Gieseker bundles. We intend to define Gromov-Witten
invariants for X=C by (virtually) pushing tautological classes forward along F,
and then applying the machinery developed above.

We will carry out this construction in full in a future paper. In this paper, we
explain the first step, which guarantees that virtual pushforward along Fs exists.
We prove that F is proper and Deligne-Mumford and has a perfect obstruction
theory. All proofs given are mild generalizations of the usual ones in ordinary
Gromov-Witten theory.

5.1. De nitions.  Recall that X=C is, by definition, the fibered category whose
objects are triplets (B; P;s) consisting of a test scheme B, a principal C -bundle
p:P! B,andaC -equivariant morphisms: P! X. Morphisms between such
pairs are Cartesian diagrams

P #/430
p p™
B —/B°

such that s=s° f.
The upshot of this definition is that the natural map : X ! X=C s a
principal C -bundle, andanymap :X! X=C givesrise to a pullback diagram

P 45//X
p
> —IX=C

Thus maps to X=C are principal C -bundles, together with a section s of the
associated fiber bundle P = X.
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There is a natural notion of degree for such maps. Define the homology of
X=C by the equation H,(X=C ) = anfdim( Cx)(X), so that the image of the
C -equivariant fundamental class [P]. is the usual fundamental class [X]. We
will say thatamap X! X=C has degree 2 Hchdim( C><)(X) = H,(X=C )
if the pushforward s [P]cx = . For a map to pt=C , this notion of degree is
equivalent to the usual definition of a bundle’s degree via the first Chern class.

De nition 5.1. A Gieseker map fromZ to X=C is a triplet ((Z=™;P);=%5s)
consisting of:

(1) A Gieseker bundle (Z™;P) on Z,
(2) A contraction morphism ¢: %! =™, and
(3) Asections:cP! X

such that, on any unstable component =2 X9 the triviality of c Pj o implies
that sj pis non-constant.

A Gieseker map has degree 2 H,(X=C ) if s [c P]c~x =

We denote by 4, (X=C ) the fibered category of Gieseker maps to X=C
from stable marked curves of type (g;1). Its connected components are labelled

by the degree 2 H,(X=C ); we denote them by B4,. (X=C ).

Remark 5.2. This definition is inspired by Kontsevich’s definition of stable
maps. Sections s : ¢cP ! X are locally maps from 3°to X. Thus, sections
can degenerate in families in exactly the same way that maps to X do, by devel-
oping singularities. We cure these singularities by bubbling where the singularity
occurs.

It is clear from the definition that there is a forgetful map
Fs . 'ﬂg;l; (X:C ) ! Iﬂg;l;ft D(pt:c )

where ft  is the degree obtained from the homomorphism ft : H,(X=C )!
Hz(pt:C )

Theorem 5.3. Fg is proper and Deligne-Mumford.

Proof. In essence, the result follows from the fact that X=Cs! pt=C is proper
and representable. We make the argument precise by proving valuative criteria
for completeness & separability. Let D = Spec(R) be the spectrum of a discrete
valuation ring R (over C) with fraction field K, and let D be the spectrum of
K.

Completeness: Suppose that we have a map a : D ! Mg.q (pt=C )
given by a family of marked curves and Gieseker bundles ((Z; i); (™! Z;P!
=™)). Similarly, suppose that we have amap b: D ! Mgy, (X=C ) given
by (; );(Z™! =P! ¥M)c :X "1 =™s :c P! X), and that
Fs b' ajpx, i.e., the curve and Gieseker bundle match on the punctured disc,



GROMOV-WITTEN GAUGE THEORY | 43

as indicated by the notation. We claim that there exists a family of Gieseker
maps over D extending the family b (possibly after some etale base change).
First we extend the family of contraction maps ¢ : = ~! =™. This may
require base change, and is an easy consequence of the existence of nodal reduction
[HM98]. We get a family of contraction maps ¢, : 3! =™, defined over D.
Given such an extension 3 ! =™ the graph of s gives us an embedding
j 1= 1 Xgpof = "into the space Xgp = qP ¢~ X. This space has

compact fibers over D, so the closure 3 = j(ZOEj of the image of this map is
also a finite-type curve over D, but not necessarily prestable. However, using
resolution of singularities, we may obtain a prestable curve >° (with a resolution
mapr : %! 39); base change may also be required at this step. This gives us
a sequence of maps

50 " B K P U0 & s

where pr : X ! 59 is the bundle structure map. The composition ¢ =
C Ppr j risnecessarily a contraction map.

Pulling back P step by step from =™ to =9, we get a sequence of bundles, the
last of which is ¢ P, as in the diagram below.

cP— kP XX _Igp Ip

5o B T K P 50 @ s

We also get a section's, : P ! X from the composition P! ¢P X!
X . The collection ((Z; i);(Z™;P);Z%! 5™:s.) is a map to X=C , but not
necessarily a Gieseker map, as the curve may have unstable components carrying
a trivial bundle and a trivial section. We obtain the desired extension of b to D
by contracting these components.

Separability:  Now suppose that we are given two di Lerknt pairs (Z1;s;) and
(Z2;s2) which define dilerent extensions b, and b, of the map b from D to
D. We may freely suppose that both extensions are defined over the same base
extension.

Consider the fiber product Z; m 2,. Our assumptions imply that >,jp~ =
2,jp= and that the special fibers of >; and X, contract onto the special fiber of
2™, It follows that all the maps in the bottom diamond of the diagram below
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are contraction maps.

Moreover the two sectionss; fq;s, f,: clzP I X agree on the open dense set
C,Pjp=. X is separated, so the two sections agree. The Gieseker map obtained
by contracting any unstable componentsin 2; m X, is unique, so it follows that
(Z1;s1) and (25; s2) define the same extension.

Deligne-Mumford: Let X, be a component of Z. If %, is contracted by
the morphism Fg, then sj , must be equivalent to a non-trivial map %, ! X,
and we know from Gromov-Witten theory that such maps admit only finitely
many automorphisms. On the other hand, if X, is stable, then the existence of a
non-trivial section on = can only reduce the number of automorphisms.

1

Now consider the stack Mg,. —(pt=C ) the stack of all degree ft = maps
from prestable curves to pt=C . This stack is smooth, by the same reasoning as
Theorem 2.21. We obtain a morphism

Ies : 'ﬂg;l; (X:C ) ! Mg:l;ft D(pt:c )
by forgetting the section s, but keeping the contraction map c¢: 3°! =™; the
map >°! pt=C is given by c P.
Theorem 5.4. L admits a relative perfect obstruction theory.

Recall from [BF97] that a relative perfect obstruction theoryfor L is pair

(E; e) consisting of an element E of the derived category of #4,. (X=C ), and a
homomorphisme: E'! L, in the derived category, such that

() E=[E ! E9is locally equivalent to a two-term complex of locally
free sheaves.

(2) HO(e) is an isomorphism.

(3) H 1(e) is a surjection.

Proof of Theorem 5.4. Our proof is an almost word-for-word copy of the one given
by Behrend & Fantechi in [Beh97] and [BF97].
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Fix a curve Z and a principal C -bundlep: P! %, and let I" denote the space
Homcx (P; X) of sections. " comes equipped with “universal” families, illustrated
below.

P Ik
p id
> —Ik=C

r
It follows from the functorial properties of the cotangent complex that we have
amorphismé&:sLx ! p L . Ifwetake C -invariants in the pushdown via p,
we get

:(psLx) ! L
Tensoring with the dualizing complex of %, we obtain a morphism

&% (psLx)S 1 L = 'L
Then, by adjunction, we have a morphism
R ( (psLx))! L

Finally, it follows from Verdier dualitythatR (!  (psLx)® ) =R (ps Tx)¢,
and so we have (at last) a morphism

e:[R (psTx) ]! L

This morphism is a perfect obstruction theory for L ; the proof is more or less
the same as in [BF97]. Moreover, all of the objects here generalize well to the
relative case, and therefore apply to the universal family. Thus, we have a perfect
relative obstruction theory

e:E=R (psT) ! Lg
where now , p, and s refer to the universal families on the moduli stack. 1

Given this perfect obstruction theory, we can define the virtual structure sheaf

oVr = O‘R’/ilr " This is an element of the bounded derived category of
<N =

coherent sheaves on K 4,. (X=C ), which may be thought of as a family of virtual
fundamental K-homology cycles on the fibers of Fs. It is defined using the virtual
normal cone machinery developed by Behrend & Fantechi [BF97]. The definition
we give here seems to have first appeared in print in [Lee04].

First, recall the intrinsic normal cone [BF97]. This is a cone stack | x associated
canonically to a Deligne-Mumford stack X. It is defined locally on an etale open
set U! X by choosing an embedding :U! W of U into a smooth scheme W
and then setting | xju = [Ny=w= Tw], where Ny-w denotes the normal cone of
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U in W and Ty is the tangent bundle of W. This construction is independent of
the choice of embedding and glues nicely to give | x. Moreover, the construction
works in the relative case, giving a normal cone | = | x=y for any Deligne-
Mumford morphism f : X ! Y of X to a smooth, unobstructed, equidimensional
Y.

We will denote the relative intrinsic normal cone of ®4,. (X=C ) relative to
M gust (Pt=C ) by | o . The existence of a perfect relative obstruction theory

for B implies [BF97] that there exists a closed embedding
itlg ! [ET=E]

where the two-term complex E- = [E®! E?1] of vector bundles is the dual of the
complex E, and [E'=E°] the quotient stack of E* by the action of E°.

De nition 5.5  ([Lee04]). The virtual structure sheafO"Mir (X=C¥) is the element
[*HH -

of the bounded derived category of coherent sheaves D (I#4.. (X=C )) defined
by the derived tensor product

G

Vir — .
OM gi; (X=CX) - OI Fs OM g, (X=C>)”
[E*=E0]

Fs is proper and Deligne-Mumford, so there exists a pushforward along it.
(Fs) :K°(Mgy; (X=C ))! K°(Mgur (pt=C ))

But Fs is obstructed, so this pushforward does not have good properties. We
correct this by using the virtual pushforward defined by

| o
(F" V] = (Fo) [V NN |

Ot g, 0= )
FIXME: Closing remarks.
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