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1. (7 pts) (a) Find all real eigenvalues of A= | 0 2 2 | with their algebraic multiplicities.
0 0 2

The characteristic polynomial is f4(A) = (1 —A)(2—X)(2—A). Thus 1 is an eigenvalue of algebraic
multiplicity one and 2 is an eigenvalue of algebraic multiplicity two.

(b) Find all eigenvectors of A. What are the geometric multiplicities of each eigenvalue of A?

01 1 1
The space of eigenvectors with eigenvalue 1 is the kernel of | 0 1 2 [. This is spanned by | 0
001 0
Thus the eigenvalue 1 has a geometric multiplicity of one.
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The space of eigenvectors with eigenvalue 2 is the kernel of 0 0 2 This is spanned by
0 00
1
1 |. Thus the eigenvalue 2 has a geometric multiplicity of one.
0

(c) Does A have an eigenbasis? If yes, find an eigenbasis for A.

No it doesn’t, because the geometric multiplicities only add up to 1 + 1 = 2 < 3. (Alternatively,
there’s an eigenvalue [namely 2] whose geometric multiplicity doesn’t equal its algebraic multiplic-

ity.)

2. (3 pts) Suppose A is an n X n matrix that has an eigenbasis and all of its eigenvalues have
absolute value less than one. Consider some vector v (not necessarily an eigenvector). What is
lim,_, o A 0?7 (Hint: Write 7 as a linear combination of eigenvectors.)

Let vy,...,v, be an eigenbasis with eigenvalues Ai,...,\, (some of the \;’s may be the same).
Write v = ajv1 +. .. apv,. Then we have A'v = ay (M) +. .. a,(Ay)'v,. Because |\;| < 1 (for each
i), limy oo (N\;)" = 0. Thus lim;_,, A'v = 0.



