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The Problem

Extract eigenvalue information of a Hermitian matrix

A =

(
H1 E∗

E H2

)

from its submatrices H1 and H2.
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The Problem

Extract eigenvalue information of a Hermitian matrix

A =

(
H1 E∗

E H2

)

from its submatrices H1 and H2.

A classical problem; Computationally important for speed and
accuracy; Contributed by many, including

Cauchy, Courant, Fisher, Lehmann, Weyl, and Wiedlandt

as well as
Kahan, Parlett
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The Problem

Extract eigenvalue information of a Hermitian matrix

A =

(
H1 E∗

E H2

)

from its submatrices H1 and H2.

A classical problem; Computationally important for speed and
accuracy; Contributed by many, including

Cauchy, Courant, Fisher, Lehmann, Weyl, and Wiedlandt

as well as
Kahan, Parlett

B. N. Parlett, The Symmetric Eigenvalue Problem, Chapter 10: a
comprehensive collection of results.
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Notation

� Hermitian A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)
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Notation

� Hermitian A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)

� A’s eigenvalues: λ1(A) ≥ λ2(A) ≥ · · ·
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Notation

� Hermitian A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)

� A’s eigenvalues: λ1(A) ≥ λ2(A) ≥ · · ·

� Similarly λi(Ã), λi(Hj) ordered non-increasingly.
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Notation

� Hermitian A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)

� A’s eigenvalues: λ1(A) ≥ λ2(A) ≥ · · ·

� Similarly λi(Ã), λi(Hj) ordered non-increasingly.

� eig(A) = {λ1(A), λ2(A), . . .}. eig(Ã) = eig(H1)
⋃

eig(H2).

(Multiple eigenvalues appear as many times as their algebraic
multiplicities.)
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Notation

� Hermitian A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)

� A’s eigenvalues: λ1(A) ≥ λ2(A) ≥ · · ·

� Similarly λi(Ã), λi(Hj) ordered non-increasingly.

� eig(A) = {λ1(A), λ2(A), . . .}. eig(Ã) = eig(H1)
⋃

eig(H2).

(Multiple eigenvalues appear as many times as their algebraic
multiplicities.)

� Eigenvalue gaps:

ηi
def
= dist(λi(Ã), eig(Hj)) for λi(Ã) 6∈ eig(Hj),

δ
def
= dist(eig(H1), eig(H2)) ≡ min

i
ηi.
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Some Known Results

� Cauchy interlacing properties: give inclusion intervals using
some in eig(Hi) to contain some in eig(A).
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Some Known Results

� Cauchy interlacing properties: give inclusion intervals using
some in eig(Hi) to contain some in eig(A).

� Kahan, Parlett, Lehmann: much refined inclusion intervals
with little knowledge about H2 (Parlett, 1997)
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Some Known Results

� Cauchy interlacing properties: give inclusion intervals using
some in eig(Hi) to contain some in eig(A).

� Kahan, Parlett, Lehmann: much refined inclusion intervals
with little knowledge about H2 (Parlett, 1997)

� Weyl, Wielandt, Lidskii: |λi(A) − λi(Ã)| ≤ ‖E‖.
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Some Known Results

� Cauchy interlacing properties: give inclusion intervals using
some in eig(Hi) to contain some in eig(A).

� Kahan, Parlett, Lehmann: much refined inclusion intervals
with little knowledge about H2 (Parlett, 1997)

� Weyl, Wielandt, Lidskii: |λi(A) − λi(Ã)| ≤ ‖E‖.

� Mathias (1998): |λi(A) − λi(Ã)| ≤ ‖E‖2/δ.
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Some Known Results

� Cauchy interlacing properties: give inclusion intervals using
some in eig(Hi) to contain some in eig(A).

� Kahan, Parlett, Lehmann: much refined inclusion intervals
with little knowledge about H2 (Parlett, 1997)

� Weyl, Wielandt, Lidskii: |λi(A) − λi(Ã)| ≤ ‖E‖.

� Mathias (1998): |λi(A) − λi(Ã)| ≤ ‖E‖2/δ.

� Stewart (1989): similar to Mathias’; slightly less sharp
however; stronger conditions.
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Some Known Results

� Cauchy interlacing properties: give inclusion intervals using
some in eig(Hi) to contain some in eig(A).

� Kahan, Parlett, Lehmann: much refined inclusion intervals
with little knowledge about H2 (Parlett, 1997)

� Weyl, Wielandt, Lidskii: |λi(A) − λi(Ã)| ≤ ‖E‖.

� Mathias (1998): |λi(A) − λi(Ã)| ≤ ‖E‖2/δ.

� Stewart (1989): similar to Mathias’; slightly less sharp
however; stronger conditions.

� Kahan, Parlett, Demmel: tri-diagonal matrices – when to
neglect an off-diagonal entry; don’t use eig(Hi) directly.
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Some Known Results (cont’ed)

|λi(A) − λ̃i(Ã)| ≤ ‖E‖, (1)

|λi(A) − λ̃i(Ã)| ≤
‖E‖2

δ
. (2)
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Some Known Results (cont’ed)

|λi(A) − λ̃i(Ã)| ≤ ‖E‖, (1)

|λi(A) − λ̃i(Ã)| ≤
‖E‖2

δ
. (2)

■ (1) always gives a useful bound, independent of δ.
■ (2) may not, if the gap δ too tiny. Can be much sharper than

(1), too.
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Some Known Results (cont’ed)

|λi(A) − λ̃i(Ã)| ≤ ‖E‖, (1)

|λi(A) − λ̃i(Ã)| ≤
‖E‖2

δ
. (2)

■ (1) always gives a useful bound, independent of δ.
■ (2) may not, if the gap δ too tiny. Can be much sharper than

(1), too.

Not to worry. Can combine (1) and (2):

|λi(A) − λ̃i(Ã)| ≤ min

{
‖E‖,

‖E‖2

δ

}
.



● Eigenvalues of a Perturbed

Hermitian Matrix

The Problem

● The Problem

● Notation

● Some Known Results

● Some Known Results

(cont’ed)

●2-by-2 Example

New Result

Singular Values

Nov. 30, 2007 Eigenvalues of a Perturbed Hermitian Matrix - slide #5

Some Known Results (cont’ed)

|λi(A) − λ̃i(Ã)| ≤ ‖E‖, (1)

|λi(A) − λ̃i(Ã)| ≤
‖E‖2

δ
. (2)

■ (1) always gives a useful bound, independent of δ.
■ (2) may not, if the gap δ too tiny. Can be much sharper than

(1), too.

Not to worry. Can combine (1) and (2):

|λi(A) − λ̃i(Ã)| ≤ min

{
‖E‖,

‖E‖2

δ

}
.

Good enough for any practical purpose. Not that mathematically
elegant, however!
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2-by-2 Example

A =

(
α ε

ε β

)
. Delete ε to get Ã =

(
α

β

)
.

Assume α > β. Tiny ε ⇒ eig(A) ≈ {α, β}.
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2-by-2 Example

A =

(
α ε

ε β

)
. Delete ε to get Ã =

(
α

β

)
.

Assume α > β. Tiny ε ⇒ eig(A) ≈ {α, β}.

A’s eigenvalues λ±(A) =
α + β ±

√
(α − β)2 + 4ε2

2
.
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2-by-2 Example

A =

(
α ε

ε β

)
. Delete ε to get Ã =

(
α

β

)
.

Assume α > β. Tiny ε ⇒ eig(A) ≈ {α, β}.

A’s eigenvalues λ±(A) =
α + β ±

√
(α − β)2 + 4ε2

2
.

Errors:

0 <

{
λ+ − α

β − λ−

}
=

2ε2

(α − β) +
√

(α − β)2 + 4ε2





≤ |ε| always,
→ |ε| as α → β+,
≤ ε2/(α − β).
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New Result

|λi(A) − λi(Ã)| ≤
2‖E‖2

ηi +
√

η2
i + 4‖E‖2

(3)

≤
2‖E‖2

δ +
√

δ2 + 4‖E‖2
. (4)



● Eigenvalues of a Perturbed

Hermitian Matrix

The Problem

New Result

● New Result

● Outline of Proof

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

Singular Values

Nov. 30, 2007 Eigenvalues of a Perturbed Hermitian Matrix - slide #7

New Result

|λi(A) − λi(Ã)| ≤
2‖E‖2

ηi +
√

η2
i + 4‖E‖2

(3)

≤
2‖E‖2

δ +
√

δ2 + 4‖E‖2
. (4)

� Become equality for the 2-by-2 example.
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New Result

|λi(A) − λi(Ã)| ≤
2‖E‖2

ηi +
√

η2
i + 4‖E‖2

(3)

≤
2‖E‖2

δ +
√

δ2 + 4‖E‖2
. (4)

� Become equality for the 2-by-2 example.

� (3) and (4) imply

|λi(A) − λi(Ã)| ≤





‖E‖, (Weyl, Wielandt, Liskii)
‖E‖2/ηi, (Mathias, 1998)

‖E‖2/δ.
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New Result

|λi(A) − λi(Ã)| ≤
2‖E‖2

ηi +
√

η2
i + 4‖E‖2

(3)

≤
2‖E‖2

δ +
√

δ2 + 4‖E‖2
. (4)

� Become equality for the 2-by-2 example.

� (3) and (4) imply

|λi(A) − λi(Ã)| ≤





‖E‖, (Weyl, Wielandt, Liskii)
‖E‖2/ηi, (Mathias, 1998)

‖E‖2/δ.
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Outline of Proof

Recall A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)



● Eigenvalues of a Perturbed

Hermitian Matrix

The Problem

New Result

● New Result

● Outline of Proof

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

Singular Values

Nov. 30, 2007 Eigenvalues of a Perturbed Hermitian Matrix - slide #8

Outline of Proof

Recall A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)

� Can assume

Hj = diag(λ1(Hj), λ2(Hj), . . .).

Otherwise replace A by (U1 ⊕ U2)
∗A(U1 ⊕ U2) .
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Outline of Proof

Recall A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)

� Can assume

Hj = diag(λ1(Hj), λ2(Hj), . . .).

Otherwise replace A by (U1 ⊕ U2)
∗A(U1 ⊕ U2) .

� Can assume A’s diagonal entries are distinct. Otherwise
perturb them slightly and general case by continuity.
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Outline of Proof

Recall A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)

� Can assume

Hj = diag(λ1(Hj), λ2(Hj), . . .).

Otherwise replace A by (U1 ⊕ U2)
∗A(U1 ⊕ U2) .

� Can assume A’s diagonal entries are distinct. Otherwise
perturb them slightly and general case by continuity.

� Induction on A’s dimension N .
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Outline of Proof

Recall A =

(
H1 E∗

E H2

)
, Ã =

(
H1

H2

)

� Can assume

Hj = diag(λ1(Hj), λ2(Hj), . . .).

Otherwise replace A by (U1 ⊕ U2)
∗A(U1 ⊕ U2) .

� Can assume A’s diagonal entries are distinct. Otherwise
perturb them slightly and general case by continuity.

� Induction on A’s dimension N .

� N = 2: done by the example. Assume true for N − 1.
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Outline of Proof (cont’ed)

� λi(A) − λi(Ã) for i = 1, i.e., for the largest eigenvalues.
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Outline of Proof (cont’ed)

� λi(A) − λi(Ã) for i = 1, i.e., for the largest eigenvalues.

Can assume λ1(H1) = λ1(Ã). Otherwise symmetrically
permute A’s blocks:

A =

(
H1 E∗

E H2

)
sym. permute
−→

(
H2 E

E∗ H1

)
.
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Outline of Proof (cont’ed)

� λi(A) − λi(Ã) for i = 1, i.e., for the largest eigenvalues.

Can assume λ1(H1) = λ1(Ã). Otherwise symmetrically
permute A’s blocks:

A =

(
H1 E∗

E H2

)
sym. permute
−→

(
H2 E

E∗ H1

)
.

Then λ1(A) ≥ e∗1Ae1 = λ1(Ã). No proof needed if
λ1(A) = λ1(Ã). Assume λ1(A) > λ1(Ã).
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Outline of Proof (cont’ed)

Set X =

(
I 0

−(H2 − λ1(A)I)−1E I

)
, and then

X∗(A − λ1(A)I)X =(
H1 − λ1(A)I − E∗(H2 − λ1(A)I)−1E 0

0 H2 − λ1(A)I

)
.
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Outline of Proof (cont’ed)

Set X =

(
I 0

−(H2 − λ1(A)I)−1E I

)
, and then

X∗(A − λ1(A)I)X =(
H1 − λ1(A)I − E∗(H2 − λ1(A)I)−1E 0

0 H2 − λ1(A)I

)
.

A − λ1(A)I and X∗(A − λ1(A)I)X have the same inertia ⇒
H1 − λ1(A)I − E∗(H2 − λ1(A)I)−1E has zero as its largest
eigenvalue.
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Outline of Proof (cont’ed)

Set X =

(
I 0

−(H2 − λ1(A)I)−1E I

)
, and then

X∗(A − λ1(A)I)X =(
H1 − λ1(A)I − E∗(H2 − λ1(A)I)−1E 0

0 H2 − λ1(A)I

)
.

A − λ1(A)I and X∗(A − λ1(A)I)X have the same inertia ⇒
H1 − λ1(A)I − E∗(H2 − λ1(A)I)−1E has zero as its largest
eigenvalue.

Consider H1 − λ1(A)I and
H1 − λ1(A)I − E∗(H2 − λ1(A)I)−1E. Largest eigenvalue of
H1 − λ1(A)I is λ1(Ã) − λ1(A) < 0. Thus

|[λ1(Ã) − λ1(A)] − 0| ≤ ‖E∗(H2 − λ1(A)I)−1E‖.
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Outline of Proof (cont’ed)

Let γ1

def
= λ1(A) − λ1(Ã) and note

‖E∗(H2 − λ1(A)I)−1E‖ ≤
‖E‖2

λ1(A) − λ1(H2)

=
‖E‖2

λ1(A) − λ1(Ã) + λ1(H1) − λ1(H2)

=
‖E‖2

γ1 + η1

to get γ1 ≤
‖E‖2

γ1 + η1

which implies γ1 ≤
2‖E‖2

η1 +
√

η2
1 + 4‖E‖2

.
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● Outline of Proof (cont’ed)
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Outline of Proof (cont’ed)

Let γ1

def
= λ1(A) − λ1(Ã) and note

‖E∗(H2 − λ1(A)I)−1E‖ ≤
‖E‖2

λ1(A) − λ1(H2)

=
‖E‖2

λ1(A) − λ1(Ã) + λ1(H1) − λ1(H2)

=
‖E‖2

γ1 + η1

to get γ1 ≤
‖E‖2

γ1 + η1

which implies γ1 ≤
2‖E‖2

η1 +
√

η2
1 + 4‖E‖2

.

� Done also with i = N (for smallest eigenvalues) by working
with −A and −Ã.
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Outline of Proof (cont’ed)

� λi(A) − λi(Ã) for 1 < i < N .
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Outline of Proof (cont’ed)

� λi(A) − λi(Ã) for 1 < i < N .

No proof needed if λi(A) = λi(Ã).
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Outline of Proof (cont’ed)

� λi(A) − λi(Ã) for 1 < i < N .

No proof needed if λi(A) = λi(Ã).

Can Assume λi(Ã) > λi(A). Otherwise, replace (A, Ã, i) by
(−A,−Ã, N − i + 1).
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Outline of Proof (cont’ed)

� λi(A) − λi(Ã) for 1 < i < N .

No proof needed if λi(A) = λi(Ã).

Can Assume λi(Ã) > λi(A). Otherwise, replace (A, Ã, i) by
(−A,−Ã, N − i + 1).

Delete corresponding row and column of A containing λN (Ã)
to get

A =

(
H1 E∗

E H2

)
del. row, col.
−→ Â =

(
Ĥ1 Ê∗

Ê Ĥ2

)
.

Cauchy interlacing property gives λi(A) ≥ λi(Â). Thus

λi(Ã) − λi(A) ≤ λi(Ã) − λi(Â). (5)



● Eigenvalues of a Perturbed

Hermitian Matrix

The Problem

New Result

● New Result

● Outline of Proof

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

● Outline of Proof (cont’ed)

Singular Values

Nov. 30, 2007 Eigenvalues of a Perturbed Hermitian Matrix - slide #13

Outline of Proof (cont’ed)

λi(Ã) is the ith largest diagonal entries in Â. Define
η̂i = dist(λi(Ã), eig(Ĥj)) for λi(Ã) 6∈ eig(Ĥj). Then

η̂i ≥ ηi

because Ĥj may have one fewer diagonal entries than Hj .
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Outline of Proof (cont’ed)

λi(Ã) is the ith largest diagonal entries in Â. Define
η̂i = dist(λi(Ã), eig(Ĥj)) for λi(Ã) 6∈ eig(Ĥj). Then

η̂i ≥ ηi

because Ĥj may have one fewer diagonal entries than Hj .

Â is (N − 1)-by-(N − 1). Conclusion holds by assumption.
Thus
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Outline of Proof (cont’ed)

|λi(A) − λi(Ã)| = λi(Ã) − λi(A) because λi(Ã) > λi(A)

≤ λi(Ã) − λi(Â) by (5)

≤
2‖Ê‖2

η̂i +

√
η̂2

i + 4‖Ê‖2

by induction assump.

≤
2‖Ê‖2

ηi +
√

η2
i + 4‖Ê‖2

because η̂i ≥ ηi

=
1

2

√
η2

i + 4‖Ê‖2 − ηi

≤
1

2

√
η2

i + 4‖E‖2 − ηi because ‖Ê‖ ≤ ‖E‖

=
2‖E‖2

ηi +
√

η2
i + 4‖E‖2

.
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Singular Values

� For convenience, m-by-n X has singular values

σ1(X) ≥ σ2(X) ≥ · · · ≥ σmax{m,n}(X)

Last max{m, n} − min{m, n} are known to be zeros always.
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Singular Values

� For convenience, m-by-n X has singular values

σ1(X) ≥ σ2(X) ≥ · · · ≥ σmax{m,n}(X)

Last max{m, n} − min{m, n} are known to be zeros always.

� sv(X) = {σi(X)}.
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Singular Values

� For convenience, m-by-n X has singular values

σ1(X) ≥ σ2(X) ≥ · · · ≥ σmax{m,n}(X)

Last max{m, n} − min{m, n} are known to be zeros always.

� sv(X) = {σi(X)}.

� Let

B =

(
G1 E1

E2 G2

)
, B̃ =

(
G1

G2

)
.

Clearly sv(B̃) = sv(G1)
⋃

sv(G2). Define

ηi = dist(σi(B̃), sv(Gj)) for σi(B̃) 6∈ sv(Gj),

δ = min{ηi}.
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Singular Values (cont’d)

� Well-Known:

|σi(B) − σi(B̃)| ≤ ε.
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Singular Values (cont’d)

� Well-Known:

|σi(B) − σi(B̃)| ≤ ε.

� New Result:

|σi(B) − σi(B̃)| ≤
2ε2

ηi +
√

η2
i + 4ε2

≤
2ε2

η +
√

η2 + 4ε2
.
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Singular Values (cont’d)

� Well-Known:

|σi(B) − σi(B̃)| ≤ ε.

� New Result:

|σi(B) − σi(B̃)| ≤
2ε2

ηi +
√

η2
i + 4ε2

≤
2ε2

η +
√

η2 + 4ε2
.

Proof: Work with Hermitian matrices
(

B

B∗

)
,

(
B̃

B̃∗

)
.
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