ARE ORTHOGONAL POLYNOMIALS RELATED TO ALGEBRA?

PERSI DIACONIS

1. INTRODUCTION

Orthogonal polynomials are polynomials with an inner product. On R, let u(dz) be a
probability measure with [ 27/u(dz) < oo for j =1,2,3,.... Define

(pa) = / p(a)(x)u(dz).

Use Gram-Schmidt to orthnormalize 1, z, 22, 23, .. ..

Examples 1.1.

(1) Let u(dx) = % dx. Then the orthogonal polynomials are called Hermite polynomi-

als.
(2) Let p(dz) = (1 — 2)*(1 + x)? dx. Then we get Jacobi polynomials.

(3) Let p(j) = w for 0 < j <n. Then we get Hahn polynomials.
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Common properties of a family of orthogonal polynomials P,:
(1) 2P, = a,Pyi1+ b, Py + ¢, Py1. Proof: Write P, = ijo a;P;. Then a; = [zP,P;,
which is zero unless |j —n| < 1.
(2) Favard’s theorem: If g, satisfy a 3-term recurrence then they are orthogonal polyno-
mials with respect to some .
(3) The zeros of each P, are real, and they intertwine.
(4) The uniform probability measure %26,\? on the zeros of P, converges weakly as
n — oo to the measure pu.
For more, see the following book: T. Chihara, Introduction to orthogonal polynomials.
Uses:
e “Gaussian quadrature”: approximate [ f(z) by > " a;f(b;).
e Representation theory of SU(2). Matrix entries. Jacobi polynomials.
e Eigenfunctions of various operators.
Work with Laurent Saloff-Coste and graduate students K. Kahare and Zhou.

2. BACKGROUND

Gibbs sampler, Glauber dynamics, heat bath algorithm: Given a probability distribution
f(z) on R? (for example, it could be ze=#7@) but the normalizing constant z might be
unknown), the problem is to pick x from f(x).

Algorithm: Start with (z1,...,24), change the first coordinate (using f), change the
second coordinate, ..., change the d-th coordinate; this is one pass of Glauber cycle. Repeat
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this cycle until convergence. (How long does it take to converge? This is analogous to the
question of how many shuffles it takes to make a deck of cards “random”.)

Example: Let fo(z) = (7) 1%, 67 be the multinomial distribution on Ag_y,, == {(z1,...,2,) :

Sa; = n,az; > 0,2; € Z}. Let w(df) be the uniform measure on {(6y,...,6,) : S.d; =
1,d; € Rso}. Let f(z,0) = fo(z). Problem: sample from this.
Gibbs sampler:
e From 6 choose 2’ from fy(+).
e From 2’ choose ' from

x-chain:

h(z,z') = (2n +1)41 (Qn ) |

This is a (";ﬁ;l) by ("ﬁ;l) matrix.

Proposition 2.1.
(1) The eigenvalues are By = 1 and
~onn—=1)---(n—|al+1)
Pa = (n+2)(n+3)-(n+|af+1)
In particular, (, =1 — H%FQ
(2) h(z,z') operates on polynomials Kp(z) =, h(z,2")p(z’) of the same degree.
(3) Eigenfunctions are orthogonal polynomials for
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m(z) =

forze Ay,

4 x,r’ —m(z'))2
(4) X2(0) = 3, Wt — 57 B2 P (x).
The P, are orthogonal polynomials for m(z).

Question: From a starting point x, and n = 100, and d = 5, how large must ¢ be so that
2
X°(0) < e.

3. ORTHOGONAL POLYNOMIALS IN SEVERAL VARIABLES

How do we discuss P,, where « is now a vector? There is a pretty good book Orthogonal
polynomials of several variables by Charles F. Dunkl and Yuan Xu.
On R4, for a € N?, s, € (0,00), define £(z%) = s, and (p,q) = £(p - q).

Example 3.1. If u(dr) is a probability measure on RY with supp(u) open, then s, =
[ x®p(dz).
Definition 3.2. A polynomial P, is orthogonal with respect to ¢ if
o (z* Pg) =0if |a| < |
e The (d;ﬁl) by (dzlrﬁl) matrix (P,, P3) indexed by (o, ) with |a] = |B] = ¢ is
invertible.
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The orthogonal polynomials with respect to ¢ form a basis for the space of all polynomials.

Theorem 3.3.
o There is a 3-term recurrence: If
P
Py, = :
P
where || = h, then there exist Ay;, Bpi, Cpi such that
xiP, = AniPoi1+ BBy + Cri P 1.

o There is a Favand’s theorem.

4. LAST TOPIC

Let V be a finite or countable discrete set in R%. Let I(V) be the set of polynomials P
such that P(x) =0 for all x € V. Let R[V] = R[zy,...,2q4]/1(V).

Easy fact: If A is the set of all a such that x® is not a leading term of any element of
I = I(V), then any polynomial P € R[V] can be written as

P = an:vo‘ (mod I).

Choose a measure ji(z) > 0 defined for x € V. Let ((P) =3, P(x)u(x).

Definition 4.1. A sequence of polynomials {P,} is orthogonal with respect to p if

o ((x*Ps) =0 for all a, B € A with |a| < |3], and
e The matrix (P,, P3) indexed by o, 8 € A with |a| = |5]| = h is invertible.

See Y. Xu, On discrete orthogonal polynomials of several variables.

Reference: Diaconis, P., Khare, K. and Saloft-Coste, L. Gibbs Sampling, Exponential
Families and Orthogonal Polynomials. (2006)
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