EFFECTIVE DIVISORS ON MODULI SPACES AND SYZYGIES

GAVRIL FARKAS

Let g > 3. Let M, be the moduli space of genus g curves. M,—M, = AgUAU- - UAg/2],
where A parametrizes genus g — 1 curves with two points identified, and for ¢ > 1, A,
parametrizes curves of genus i and g — i intersecting at a point. Let d; be the class of [A;]
in Pic M,

Hodge class E — M,, E[C] = H'(w¢), c1(E) = A. Then Pic(M,) is freely generated by
Aty 00y - - ey 6{9/2J'

If D € Eff(M,) and A; C D, we can write

i>0
with a,b; > 0. The slope of D is defined as
a
D)= > 0.
s(D) min{b;} — 0

Also s(calMy) = inf pepgrg,) s(D) > 0.

Conjecture 0.1 (Slope conjecture of Harris and Morrison). s(D) > 6 + % for all D €

Eff(M,), with equality if and only if D is a combination of Brill-Noether divisors.

For r,d > 1, the number
p=g—(r+1)(g—d+r)
is the expected dimension of the variety of ¢);’s on a fixed genus g curve. In cases where
p= _1?
g = 1C] € My : C has a g}

is an irreducible divisor whose class in Pic(M,) is

c ((g—l—?)))\— g—é—léo —Zi(g—i)@)

i>1

where ¢ is some positive constant depending on 7, g, d. Then
— 12
M, ;) =6+ —.
Applications:
(1) Geometric solution to Schottky problem.
(2) Kodaira dimension of M,:
Kﬂg =13\ — 2(5() - 351 - 252 — = 25g/2'

3) M, is of general type if s(M,) < 12 = s(K+; ) (X is big and nef).
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We have 6 + m > = 1f and only if g < 23. If the slope conjecture were true, then the

Kodaira dimension K,(./\/lg) would be —oco for g < 23.

Theorem 0.2 (Farkas, M. Popa). The slope conjecture fails for My for D = ko := {[C] €
Mg : C sits on a K3 surface}.

In fact we have
Em =T\ — 0y — 501 — 905 — 1265 — 146, — 1565
and s(kig) = 7 < 6 + 12, violating the slope conjecture.
Questions:

(1) Are there more counterexamples to the slope conjecture?
(2) Can we use other counterexamples to find other M, of general type?
(3) Is there a weak slope counterexample?

Theorem 0.3. We showed that kiy has four other incarnations:

(1) kg is the set of [C] € Mg such that there exists a rank-2 vector bundle E on C' with
det E = k¢ and h°(E) > 7.

(2) 42kyg is the set of [C] € My such that there exists an gy embedding C — P* such
that C' lies on a quadric.

(3) 42k is the set of [C] € Mg such that there exists an gi, embedding C' — P* such
that C' fails property (Np).

4) ...

Note: g1y = kc(—g3).

A new stratification of M,: Suppose g = 2k — 2. The class [C] € M, has k?(lz 21)), pencils
gi. Pick a g} A. Let L = k¢ — A. Then |L|: C — P*2is a g5 2. Let Z,; be the set
of [C] € M, such that there exists a g} A such that |[L|: C' — P*=2 is a gh % fails (IV;).
Property (/N;) means that for a free S-resolution

= = F— 1o — 0,
F; is a direct sum of copies of S(—j — 1) for all j <. Then
Zg,O g Zg,l g

Define the locus N;; of [C] € M, such that [kc]: C — P91 fails (IV;).
Green’s conjecture can be formulated as:

Nyi=Mg;o ={[C]: 3C — P' of degree < i+ 2}.
Examples: N is the hyperelliptic locus, and
Zgo = kg ={[C] € My : C sits on a K3 surface},

which is of dimension k + 19 (if g > 13).
Fix L = kg — A and |L|: C' < P*72 as before. Then we have

0—>ML—>HO(L)®Oc—>L—>O

where M, is a stable vector bundle on C of rank £ — 2 and slope —3. We have a Hurwitz

space Q;,k = M, parameterizing (C, A) where A is a g} on C: here 7 is finite. There exist
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two vector bundles A and B on G, ;:
A(C, A) == H(\ Mp—2(2))

B(C, A) := H°(\ ML(2)).

And there is amap ¢: A — B. For g = 60+ 10, rk A =1tk B, and Z,; is 7, of the degeneracy
locus of ¢. We expect this to be a divisor.

Theorem 0.4. Let 7: Qg
extensions A, B of A, B over ?;k and ¢: A — B such that 7% 15 T, of the degeneracy locus
of ¢. Also,

kT Mg be the admissible covering compactification. There exist

Tu(c1(B) — c1(A)) = aX — bpdg — - -+ — azi4503i+5
for explicitly given constants, so
S — 3(4i + 7)(6i* + 19 + 12) 12
«c1(B — = — : . —.
smalB=A) = yme et s g

Corollary 0.5. [fig,i 15 a dwisor, we get a counterexample to the slope conjecture.

Examples:

1=0: ZlO,O = ]{]10.

i =1: Zy6, is the set of [C] € Mg such that there exists a g5, from C' < P such that C
is not cut out by quadrics. This is a divisor, and

- 407 12

i = 2: Zyys is the set of [C] € Mgy such that there exists a 931)8 from C' — P! such that
(Ny) fails. We get
5(Za9) = 6.50039. .. < 6 + fracl223.

We have counterexamples for every g < 23.
What about the question about Kodaira dimension?

Theorem 0.6. The moduli space Moy is of general type. (Equivalently, there exist D €
Eff(Magg) with s(D) < 6.5.)

Proof. Let D; be the set of [C] € May such that there exists a g5 |L|: C' — P° such that
C sits on a quadric. Then a Riemann-Roch calculation suggest that D; is a divisor. If so,
then s(D;) = 182! = 6.4961... < 6.5. If not, then three different conjectures would be

2636
violated! O

If C'is a curve and L € Pic?(C), then we have the multiplication map puz: Sym? H(L) —
HY(L?). For p € ker up, define ordp(p) > k if and only if p = 3" a;j0; - 0; with ordp(o;) +
ordp(cj) > k.

Define Dj to be the set of [C] € May such that there exists a g2, L with a cusp at some
point P € C such that there exists 0 # p € ker uy, with ordp(p) > 7. Then Dy is a divisor

on My, and s(Dyy) < 6.5.
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Let W < Sym® H(L) be the set of p with ordp(p) > 7. Let G, .., be the set of
(C, L, P) such that P is a cusp for L. Then G ., is irreducible and there is a finite map
Ga7ensp — Maz. Above it, W and H°(L? — 7P) are 26-dimensional.

Conjecture 0.7. There exists ¢ > 0 independent of g such that s(D) > € for all D € Eff(M,)

for all g.

Maybe ¢ = 67 I have an approach that might yield e = 4.
One can also define slope for the moduli space of abelian varieties. It is conjectured that

lim s(A,) = 0.
g—00

Thus there would be lots of (non-explicit) modular forms vanishing on M,.
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