Making Everything Easier!™

Learn to:

* meromorphically continue
resolvents on asymptotically
hyperbolic manifolds

» avoid 0- and b-calculi

» avoid semiclassical methods!

Maciej Zworski
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1. INTRODUCTION

We present the method introduced by Andras Vasy [V1],[V2] to prove meromorphic
continuations of resolvents of Laplacians on asymptotically hyperbolic spaces in a
simple model case. In particular, we prove Melrose’s radial estimates [M] indicating
the idea behind the general case. As explained in §9 the general case can be treated
by the same methods without additional difficulties. We present the details in the
simplest case for pedagogical reasons only.

We consider the Laplacian on (M, g) where

M = MyU M, My= (0,1, xS,,, oM, ={y; =1}, OM ={y, =0},

dy? + dy;
g’Mo = 2 .
2]

Geometrically this corresponds to “half” of a hyperbolic funnel “cupped” at {y; = 1}.
We have

dy1dy
_Ag = y%(D;l + D;Z), Dyj = _ay ) dV019 - ;2 2
1
and
(=A, — 1 = X*)7": L*(M, dvoly) — L*(M, dvoly), ImA > 0. (1.1)

We want to continue this operator meromorphically to C:

(=Ay — L =Xt L2 (M, dvoly) — LY (M, dvoly), € C.

comp

Moreover, we want to achieve it so that
(—A, =L =) =UNPN) V(N (1.2)
where U, V' are holomorphic families of operators

1
V(A : L2 (M,dvoly) — %, U(\): Z, — Li (M,dvol,), Tm\> —s— =,

comp loc 9

and

1
P\ Zs = %, Im)\>—s—§,

is of a holomorphic family of Fredholm operators, %, and 2, D %, are suitable Hilbert
spaces, and P()) is invertible for Im A > 1.

The operators U(A) and V' (\) will be sufficiently explicit so that (1.2) implies that
(for A ¢ —iN),

rank f (A, — 1A ldr = %tr% j{ PPV 1dA, (13)

where the integration is over any closed curve in Im A > —s — %
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For interesting applications it is crucial to consider the semiclassical case, that is,
uniform analysis as Re A — oo but to indicate the basic mechanism behind the mero-
morphic continuation we only present the Fredholm property and invertibility in the
upper half-plane.

2. REVIEW OF PROPAGATION OF SINGULARITIES

We recall the standard result about propagation of singularities due to Duistermaat—
Hormander. In view of the applications here we present it in the case of second order
pseudodifferential opeerators. We use the notation of [H3, Chapter 18]

Suppose that X is a compact manifold and P € U™(X) and that the symbol of P,
o(P) e S™(T*X \ 0)/S™ 1 (T*X \ 0) has a representative
p—ige S"(T"X\0)
which is homogeneous of degree m.

For any operator A € U™(X) we can define WF(A) C T*X \ 0 (the smallest subset
outside of which A has order —oo — see [H3, (18.1.34)]). We also define Char(A) the
smallest conic closed set outside of which A is elliptic — see [H3, Definition 18.1.25].

The first estimate we recall is an elliptic estimate: suppose that A, B € ¥°(X)
satisfy
WF(A) N (Char(B) U Char(P)) = 0, (2.1)
Then for any N there exists a constant K such that

| Aul|gresm < K| BPull e + KlJul| v (2.2)

We now move to propagation estimates. For that we assume that in an open conic
subset of U C T X,

q(z,§) 20, (z,8) €U, (2.3)
and
p(z,§) =0 = H, and &0, are linearly independent at (z,§). (2.4)

The radial vector field 0 is invariantly defined as the generator of the R, action on
T*X \ 0 (multiplication of one forms by positive scalars).

The basic propagation estimate is given as follows: suppose that A, B, B; € ¥°(X)
have wave front sets contained in U.

In addition we assume that
(WF(A)UWF(B)) N WF(I — By) =0,
and that WF(A) is forward controlled by C Char(B) in the following sense:
V(z,6) € WF(A) 3T >0 exp(—TH,)(x,&) ¢ Char(B). (2.5)



The crucial estimate is then given by

[ A

H5+mfl S K||B1Pu|

weem=t + Kllull -, (2.6)

where N is arbitrary and K is a constant depending on N. A direct proof can be found
in [H]. The estimate is valid with « € D'(X) for which the right hand side is finite
— see [DZ2, Exercise E.27]. For our purposes it is enough to prove it for u € H*+tm!
with Pu € H”.

When the condition (2.3) is change to ¢ < 0 we need to change the sign in (2.5):
V(z,&) € WF(A) 3T >0 exp(+TH,)(z,&) ¢ Char(B)
and (2.6) still holds. In that case we say that WF(A) is backward controlled by
C Char(B).

We outline the standard proof so that the argument for radial estimates (that is,
estimates when (2.4) is violated) in §4 is clear.

We note that to establish (2.6) we need to show that

[ A ue + K| Bul

Hs+m71 + K”Blun

Hstm—1 S K||Blpu|

s+ Klully—x, (27)

Hs+m7

as we can then proceed by induction by using a “nested” sequence of operators, re-
placing By and A at each step. We first consider the case of m = 1 and s = 0. It is
enough to prove (2.7) for u € C*°(X) as to obtain the case of u € H**"~! Pu € H*,
one can then proceed by approximation — see [DZ2, Lemma E.41].

The key step in proving (2.7) is the construction of an escape function f € S°(T*X),
homogeneous of degree 0 outside a compact set, with the following properties:

fx,8) >0, (x,8) e T*X, f(x,&) >0, (z,§) € WF(A),
fla, ) Hyf (2,€) < =B f(2,6)* + Cob(x, €)%, b=a(B), (2.8)
supp f NWF(I — By) = 0.
Such f can be constructed for any 5 > 0 — see Fig. 1 and [DZ2, Lemma E.43].
We choose
Fev'(X), olF)=f, WF(F)NWF( - B;) =. (2.9)
We write
ReP = (P+ P*)/2, ImP = (P — P")/2i,
so that o(Re P) = p and o(Im P) = ¢q. With this notation we have, for u € C*°(X),
Im(Pu, F*Fu) = (:[Re P, F*Flu,u) + Re(Im P u, FF*u). (2.10)

We now put
H:=1i[ReP,F*F] € V°(X), o(H)= fH,f,



ell,(By)
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F1GURE 1. The escape function g along one flow line and the restrictions
of WEF,(A),ell,(B),ell,(By) to this line. This figure is borrowed from
[DZ2, Fig. E.2] where the more general semiclassical case is considered;
we refer to [DZ2, Appendix E| for further details.

and note that in expressions involving F'u, u can be replaced by Byu at the expense
of errors controlled by ||ul|gz-~ (that follows from the the condition in (2.9)). Hence,
the sharp Garding inequality [H3, §18.1] and (2.8) imply that

(Hu,u) < =B||Fullz> + Col|Bullz> + Cl| Brull -1/ + Cllullz-~. (2.11)
On the other hand, the sharp Garding inequality applied to o(Im P) = ¢ < 0 and
the fact that Re(F*[F,Im P]) € U~1(X) give
Re((Im P)u, FF*) = Re((Im P)Fu, Fu) + Re(F*[F,Im Plu, u)
< CillFullfz + Cl|Byul -2 + Cllullf-v,

where the constant C is (obviously) independent of F.
Returning to (2.10) we see that for u € C*(X),

Im(Pu, F*Fu) < —(8 — Cy)||Fullz> + Col| Bull72 + C'| Bl -1/2 + C”lull -
By choosing # > C 4+ 1 we conclude that
|Full® < | Pul|c2 || Full 2 + Cl| Bullzz + Cl|Brullf-12 + Cllull7-»-

Since F' is elliptic on WF(A) the estimate (2.7) (with m = 1 and s = 0) follows.

To obtain the estimate for arbitrary m and s we change P to (D)*~™'P(D)~* and
u to (D)*u and apply the same argument.

Eventually, it is much better to formulate this results in terms of the flow on the
compactified cotangent bundle, especially with semiclassical extensions in mind — see
[DZ1, Appendix C] and [DZ2, Appendix E]. In this presentation we refer only to the
classical version of the result.



3. REVIEW OF HYPERBOLIC ESTIMATES
Consider
P=D}-D? (tx)€[0,1] xS (3.1)

On what space does this operator become invertible?

To answer we recall the notions of Sobolev spaces on manifolds with boundary from
[H3, §B.2]. Let R"} := {z,, > 0} and let H*(R") denote the usual Sobolev space. Then

H*(RY}) == {u e D'(R}):3U € HR"), u=Ulgn },
meen) = min{||Ul|gs@n) : w = Ulgy }, (3.2)
H*(R") := {u € H*(R") : suppu C R"}, |u]

[l

HsRn) = [l Hs(R™)-

For s € R the spaces H*(R") and H*(R") are dual with respect to the the L2-
inner product (extended from C®(R7) x C°(R™) — see [H3, Theorem B.2.1]). These
notions extend to manifolds with smooth boundaries and if the boundaries has multiple
components we can have different Sobolev spaces near each of them. For instance we

can define
H5([0,1) x SY) == {u: 3U € H*([0,00) x S') : u = Uljg.1)xst } 3)
H((0,1] x S) := {u: 3U € H*((—00,1]) x SY) : = Ul g1jus1 }- '

We now put
2, ={ue H(0,1) x S") : Pue H*([0,1) x S}, % = H*([0,1) xS').  (3.4)

with obvious inner products. What is less obvious is that C° (restrictions to [0, 1) x S
oif smooth functions supported in ¢t > 0) is dense in 2 (see for instance [DZ2, Lemma
E.41]).

Then in fact
P:Z, =% (3.5)
is an invertible operator (and hence a Fredholm operator).

This in fact follows from general results about strictly hyperbolic operators — see
[H3, §23.2]. We recall the case which is important to us.

Suppose that P = D? — R(t,x,D,), © € N, where N is a compact manifold and
R € C=(Ry; Diff*(N)). Assume that P is strictly hyperbolic with respect ¢t. For any
T >0 and s € R, let f[s([O,T) X N) be defined by (3.3) (with S! replaced by N and
1 by T'). Then

Ve H(0,T)x N) 3lue H*([0,T) x N), Pu=f. (3.6)

In particular, if we define the spaces 25 and % as in (3.4) then the operator (3.5)
is invertible.



If P* is the (formal) adjoint of P with respect to an L? inner product then
P A, (3.7)

is invertible, where
2, ={ue ﬁ”((ET] x N): Pu e H'([0,T) x N)}, 58
% = H"'((0,T] x N).

These are not the dual space but they can be used to prove Fredholm properties of
operators similar to P.

In our application we will need the following estimates which can be concluded from
the invertibility of P and P*: if u € H*((0,T) x N) then

[|ul HH1(T/2,T)xN) = CHPUHHS((O,T)XN) + CHUHHSH((O,T/Q))xN)- (3.9)

If ve H((0,T] x N) and P*v € H~*"! then
[0l -« (0. 11x0v) < CINP | fmsr (0. 17x3)- (3.10)

We stress that the support condition in the definition of H—s effectively fixes zero
“Initial” (final) condition at ¢t =T

4. RADIAL ESTIMATES IN THE MODEL CASE

To obtain meromorphic continuation of the resolvent (1.1) we need propagation
estimates at radial points in addition to the standard propagation estimates reviewed
in §2. These estimates were developed by Melrose [M] in the context of scattering
theory on asymptotically Euclidean spaces and are crucial in the Vasy approach [V1].
A semiclassical version valid for very general radial sets was given in Dyatlov—Zworski
[DZ1] (see also [DZ2, Appendix EJ).

Suppose that X = R x S! and P € ¥?(X) with o(P) represented by p € S*(T*X)
where

p=ai&f +&. (4.1)
The Hamilton vector field is given by
H, = &(2210,, — £10¢,) + 2820, . (4.2)
We see that the condition (2.4) is violated at
[:={(0,29,6,0) : 25 €S", & € R\ 0} CT*X \ 0. (4.3)

Nevertheless we have the following propagation estimates valid in spaces with restricted
regularity.

There exists so > 0 (depending on lower order terms in P) such that for s > s

| Au|| st < K| ByrPul|gs + K||Brul|| gso + Kl|ul|g-~, (4.4)
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FIGURE 2. An illustration of the behaviour of the Hamilton flows for ra-
dial sources (left, L = OI', boundary of the compactification of the conic
set 'y — see below) and for radial sinks (right, L = 0T'_) and of the lo-
calization of operators in the estimates (4.4) and (4.5) respectively. The
horizontal line on the top denotes the boundary, T X, of the compact-
ified cotangent bundle T"X. The shaded half-discs then correspond to
conic neighbourhoods in 7*X. Near Iy an explicit (projective) compact-
ification is given by r = 1/|¢,|, (so that 9T X = {r = 0}), 0 = &/|&,
with 2 (the base variable) unchanged. In this variables, near OI'y
(boundaries of compactifications of I'y we check that 70, = —&0¢, —£20k,
and 00y = £20¢,. Hence near I'y, H, = £r(00y + 10, + 2210,, + 200,,)
and (after rescaling) we see a source and a sink.

for any A, B; € ¥° such that
WF(A)NWF(I — By) =0, WF(B;) CU,
where U is a (small) conic neighbourhood of
Iy :=Tn{& >0},
with I given by (4.3). That is a radial source estimate.

Remark. We prove (4.4) for u € C*° but the approximation argument [D72, Lemma
E.41] shows that it is then valid for u € H*™' such that Pu € H*. However using a
standard regularization argument [D72, Exercise E.27] (4.4) holds for all u € D'(X)
such that the right hand side is finite. That will be used in §8 where we need the fact
that Pu =0 and v € H*® implies u € C.

Now suppose that A and B satisfy the same conditions but with U a (small) conic
neighbourhood of
I_:=Tn{g <ol
(The smallness of U means that U stays away from 'y :=I'N {& > 0}.) Assume in
addition B € ¥°(X), WF(B) C WF(B;) and that C Char(B) forward controls WF(A)

in the sense of (2.5).

Then, with the same sq as in (4.4), for s > s,

| Aul|gr—os1 < K||ByP*ul| - + K| Bull s + K]lul| g-» (4.5)
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This is a radial sink estimate. The principal symbols of P and P* are the same but s
depends on lower order terms — see (4.9).

Proof of (4.4). We would like to mimic the proof (2.7) but with F' producing a global
good sign for the commutator (since in (2.7) we do not have the control term Bu). We
take 11 € C((—26,20);[0,1]), ¥1(t) = 1, for |t| < 0, t}(t) < 0, and 1y € C®(R),
o(t) =0 for t <1, ¢o(t) =1, ¢t > 2, and propose

1

Fy i= 11 (10)1(Day ) Dy Jtoa( Dy ) Do ® € W53 (X),

s—1
o(Fy) = [fo(@,&) = iz (&/&)2(&)6 °.
We note that because of the cut-off ¥, D} and D,,/D,, are well defined.
For [¢| > 3 (which implies that & > 2 on the support of f, if § is small enough),

Hyfulw,€) = &7 (2010 (1)1 (&2/61) + tr (21) (/€0 (E2/81)
(5= Dt (@)t (&/6)) (&) < —(s — D& fi.

In particular,
feHpfo+ (s = 5)&f2 <0, ¢ >3 (4.6)

We now repeat the argument reviewed in §2 paying more attention to lower order
terms. We write
P=P+R+iQ, Py:=uxD2 +D2 —iD,,,

RQeV'(X), Po=P, R=R Q=Q"

where we take formal adjoints with respect to the measure dridx,. Hence, arguing as
in the proof of (2.7),

Im(Pu, FYFy) < (Hu,u) + Re{QFu, Fu) + C||Byul® ) + Cllull3-»,

(4.7)

where now H = [Py, F}F].
From this and (4.6) we see that if

1
(s~ )6~ 0(Q)f2 2 ctaf? e >0, (48
then
[Feull?y < ClBLPull e[| Foull 3 + CllBrull? ) + Cllulf-n-

Ellipticity of F, € U*~2 on WF(A) (assumed to lie in a small neighbourhood of T, )
shows that

|Aullus < C|1B1 Pyl et + Clullr.
We need s — % > 59 where (4.8) gives us the natural condition on sy:

— 50+ &'0(Q) <0 in a conic neighbourhood of T';. (4.9)

Hs—1 + CHBlu|
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Remark. The estimate (4.4) holds also for sinks but the condition (4.9) changes. We
apply the argument above to —P (so that the direction of the flow changes) and then
we need

— 50— &7'0(Q) <0 in a conic neighbourhood of I'_. (4.10)

The proof of (4.5) is similar with a different sign and a need for a control operator B
(since propagation is now towards the region where A lives and the sign of the terms

coming from ¢ (x;) and ¥(& /&) is “wrong”).

5. FREDHOLM PROPERTY FOR THE EXTENDED OPERATOR

Returning to (1.1) we consider solving
(—A;, =N = Huy = feCZ(M), M=(0,1),, xS'UM;, OM; = {y =1} C M,,

demanding that
:Fi)\-i-% ) 1
ur(z) =y; ~ PFe(x), Film, € C([0,1] x §7),
see for instance [GZ, (3.6)] for a general discussion. These are the outgoing (4) and
incoming (-) solutions.

In particular, for £Im XA > 0, A\* 4+ 1 ¢ Spec(—A4,), a unique solution exists and it
lies in L?(M, dvol,). In view of (1.1) we see that

_ ix—1 o
up = (=0g = XN = D7y Puya € C([0,1] x SY, (5.1)

see §6 for a direct proof of a stronger statement.

In this terminology, we want to construct the meromorphic continuation of the
outgoing resolvent.

Of course (except in special cases), y;/\féu_ ¢ C>([0,1] x S'). In view of (5.1)
the outgoing condition can be formulated by requiring regularity of solutions to an
equation conjugated by y, 2 and solved by F,. Here we extend y; to be a constant
outside of a neighbourhood of 0 — there are some subtleties in the semiclassical case

when we need invertibility of the extended operator.

Hence we consider
BTN =N = Dy T =202 - @A D, D (52)
Then we perform the following change of variables
Ty = y% y T2 = Y2
so that Dy, = 2y Dy,, D2 = 4y} D% — 2iD,,, and

ix—2 -
N 2(_Ag - — i)yl

IAL
M2 gy (4w D2, — 4\ + i) Dy, + D). (5.3)
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FiGURE 3. The radial sets and the direction of the flow: y = —uxq,
(&1,&) = —[&|(cos B, sin ). The radial source, I'y, corresponds to 6 = 7
and the radial sink, I'_, to § = 0.

We now define

Py(A) == 4a1 D2 — 4(A+i)Dy, + D2, (w1,22) € X := (0,1) x S". (5.4)

x2?

For z; < 0 the operator Py(\) in (5.4) is hyperbolic and we can simply extend it by
imposing no boundary conditions at x; = —1.

Remark. For A € R the operator —A, is self-adjoint with respect to the measure

Since that operator is equal to z; P(\) we see that P(\) is formally self-adjoint with
respect to dridry. All the adjoints will now be taken with respect to this measure
(what really matters to us the behaviour at ; = 0). With this convention we see that,
for all A € C,

P(\)* = P()\). (5.5)
The spaces are now defined as
%, = H*(X), Z,:={ue H™(X):P(\ue H*(X)}, (5.6)

where

X=(-1,1)xS'UM,;, 90X ={-1} xS
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FIGURE 4. Plots of the characteristic sets of the semiclassical principal
symbol, p(z,§) = x,& — 2& + &2, for z = 1 and different values of &.
The z-axis corresponds to x; and the y-axis to p := 2arctan(&;) /7. The
source xr1 = 0, p = 1 and the sink z; = 0, p = —1 are shown with
the flow lines of H,,. The key fact is the separation of the characteristic
set into two disjoint components corresponding to p > 0 and p < 0.
Understanding of this flow is important when considering the high energy
problem. See also Fig. 5 where the characteristic sets for more values of
&y are shown and the separation is even more dramatic.

and the Sobolev spaces H* are defined in (3.2). We note that there is no dependence on
lower order terms in the definition so effectively we could demand that (z,D2 +D2 )u €

A (X).
We now have the following crucial result:

P(\) : Zy — %, is a Fredholm operator for s + fracl2 > —Im A. (5.7)

Proof of (5.7). If x4 € C, supp x4+ C {z1 > 0} then elliptic estimates show that
g2 < C|1Pul

Il e < [[xul ws + Clluflg-x.
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05F

-0.5

FIGURE 5. Same plot as in Fig. 4 but with more values of &. The
separation of the two components of the characteristic set is visible more
dramatically. What should be noted that the only way for a trajectory
to go from x; = 0 into x; > 0 and back is by starting at the radial
source. Trajectories which enter xy < 0 from x; > 0 never come back —
that is crucial for the non-trapping estimates.

Near x; = 0 we use the estimates (4.4) which give for, for xo € C°, supp xo C

{lza| <1/2}

Ixoull et < Cl[Pul| s + Cllul

Hs0, S > So
(We need to microlocalize to neighbourhoods of {+& > [£|/C}, use (4.4) for P and

— P respectively — see the remark preceding (4.10). Elsewhere the operator is elliptic.)
To calculate the value of sy we return to (4.9) which we need to rescale:

—4so+&'0(Q) <0,
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where in the notation of (4.7)

P=4x:D) —A(A\+1i)Dy, + D2, Py=4x,D} + D> —4iD,,,

T2

Q= —4ImAD,,, R=—4Re\D,,.
Hence we need,
Sp > —Im A (5.8)
Finally if x_ is supported in {z; < —1/3} then the hyperbolic estimate (3.9) shows
that
Ix—ull gsrxy < CllPull gsixy + Cllull gs1 oy >1/31)-

Putting these estimates together gives

lull 2s < [ Pul

e + [ullms.
If s > sy this immediately shows that the kernel of P is finite dimensional.

To show that the range of P on 2 is of finite codimension we note that if v € H~*
is orthogonal to Pu for all u € C*(X) (we recall that C*°(X) is dense in 2°* — see
the remark after (3.4)), then P*v = 0. We can then use (3.10) to see that v = 0 in
{z1 < 0}. For s > sy the estimates (4.5) show that

||X0U||H—S(X) < C||P*U||H—s—1(X) + CHUHH—N(X) = C”UHH—N(X)-

(The control term is negligible as v = 0 for ;7 < 0 and all the bicharacteristics
propagate into that region — see Fig. 3.) Finally we have the elliptic estimate

X+l -« < Clloll -~
and hence
Po=0,ve H*X) = |v]lz < Clvllgn,

and hence the space of v € H™* such that (v, Pu) = 0, for all u € %, is finite
dimensional. (To show that this implies that the image of 2 has finite codimension

requires a standard functional analysis argument — see [H4, Proof of Theorem 26.1.7].)
U

6. ASYMPTOTIC EXPANSIONS

Let X; = (0,1) x S' U M; and consider Py()\) given by (5.4) in #; > 0. Under the
changes of variables y? = z; we have

—iA 2t ix—
_Ag — N — zll =1 QQ%POO‘)% %,

and
(—A, — A2 — }L)’l : L2(M, dvoly) — L2(M, dvoly), ImA >0
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(we always assume that A + 1 ¢ Spec(A,)). Hence we have a formal inverse,

-1 21 2 1y-1,—%+%
Po()\) = Ty (—Ag — A= Z) X1 .
with the mapping property
_p_1 eyl
PNt a2 2L — 2P220 pi=TmA > 0. (6.1)

Here we used the fact that 2dy, /y} = dz,/ xi’/ ? and that

3

L?(y; 2dydy,) = L? (xl_%dxld:@) =gziL? L*:= L*(dvidxy).
In particular,
oAt CR(X) — 2 7512 p=TmA > 0, (6.2)
We claim that in fact we have a stronger mapping property than (6.2):
PN CR(Xy) — C®(Xy), ImA>cy, i\¢Z. (6.3)
This implies a stronger version of (5.1) since the smoothness is now in (y7,ys). Here

co > 0 is some fixed constant.

To prove (6.3) we will use a classical tool for obtaining asymptotic expansions, the
Mellin transform — see [Ma, Theorem 7.3] for a general version and references.

Suppose that
eyl

Ps(Nu=f, feC®Xy), uca ® 2L% p=ImA > c, (6.4)
for some sufficiently large constant ¢y > 0. We want to show that u € C((0,1) x S1).
By replacing u by x(x1)u,

X € CZ((=1,1);[0,1]), x =1 near 0,

we can assume that .
uwe C®((0,1)y, x SHYyNay 2 2L (6.5)
where smoothness for z; > 0 follows from ellipticity of Py(\) there.

We need the following result
(64) = (11D,)'DF wea, 212 (6.6)
This implies that for any k
eNu e C*([0,1] x SY) (6.7)
if N is large enough.

The proof of a more general version is presented in the general case in the Appendix
to §9 — this is the only place where the model case is significantly simpler as one can
separate variables.
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Proof of (6.3). We define the Mellin transform (for functions with support in [0, 1))

as )
d

Mu(s, z3) ::/ u(at:)yg‘iﬂ

0

T '
This is well defined for Res > p/2:
2

1 - .
M (s, 29) g, = / / PN o212y g
St 0

1
< (/ t"’”ReS‘ldt) [E [P
0

= (2Res — p)~H|2/* 72| 12

In view of (6.6)
s +— Mu(s, z3).

is a holomorphic family of smooth functions in Res > Im\/2. We claim now that
Mu(s, x9) continues meromorphically to all of C. In fact,

M(z1f)(s,22) = M(x1P(Nu)(s,z2) = —s(s +i\) Mu(s, zo) + D;Mu(s + 1, 29),
where s — M (x1f)(s,x2) is entire as f vanishes near x; = 0.
Hence,
DZMu(s +k+1)
s(s+ i) - (s+k)(s+ k+i))

zk: DQJM(ZL'lf)(S +], ZEQ)
s(s+iX)---(s+7)(s+j+iN)’

Mu(s, x9) =

7=0
and that provides a meromorphic continuations with possible poles at —iA —k, k € N.

The Mellin transform inversion formula, a contour deformation and the residue the-
orem (applied to simple poles thanks to our assumption that i\ ¢ Z) then give

u(z) = M (bo(w2) 4+ 21by (z2) + -+ ) 4+ ag(2) + z1a1(20) + -+ -,

where the regularity of remainders comes from (6.7). (The basic point is that

M(ax(20))(s) = (s +a) ' F(s), F(s) = / 2N (@) dan,

so that F(s) is an entire function with F'(—a) = 1.)

Since Pu(z) = 0 for 0 < z; < ¢ the equation shows that by is determined by
bg, - - - bp_1. We claim that b, = 0: if by # 0 then

—ix—3 iAt+1 irt3
v(y) =" Puyie) =y The(ye) +O7E) + O(1),
would not be in L?(M, dvol,). This completes the proof of (6.3). O
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7. ADDITIONAL HYPERBOLIC ESTIMATES

Here we will show that if
u€ C®([-1,1] xSY, ulp0=0, PNu=0 = u=0. (7.1)

As pointed out by Andras Vasy this follows from general properties of the de Sitter
wave equation [V3, Proposition 5.3] but we provide a simple direct proof.

Proof of (7.1): We note that if u|,,>_. = 0 for some € > 0 then v = 0 by standard
energy estimates. We want to make that argument quantitative. Hence, for x; < 0,
we write

) - - = -Ng
div (§|$1| N (g, 2 + [, [2), |21 NReuzlum) = —|zy| Ny, POA\)u

= Ny [TV (=g, [* 4 fuag ) + 312 |7 e, 2+ @3 = 1)1 |7V fug, 2.

Fix 0 > 0. Applying the divergence theorem we see that for N large enough (depending
on \) we have

[ P s Pl s < € [ (un P+ Py
St St
SOKg_N+K

9

for any K, as ¢ — 0+ (since u vanishes to infinite order at x; = 0). By choosing
K > N we see that the left hand side is 0 and that implies that u is zero. 0J

8. MEROMORPHIC CONTINUATION
To show that P(\)™!: %, — 2, is a meromorphic family of operators for

1
ImA>—s——
m S35

we need to find Ay such that P()\g) : 25 — %, is invertible. In fact we claim that
ImXo >0, \j + 1 ¢ Spec(—4,), s>0 = P(\o): &, — % is invertible. (8.1)

To prove it we start with

ImAg >0, \j + 1 ¢ Spec(—4,), PA)u=0, ue Z,, s>0 = u=0. (82)

Proof of (8.2). We note that if u € 2 satisfied P(\g)u = 0 then

—iXo+1
(=A== D=0, v(y) =y " 2uyl, ).

For Im Ao > 0, v € L*(M, dvol,) that contradicts (1.1) once we make sure that \J + 1
cannot be an eigevalues of —A,.
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Hence u|;,~0 = 0, u € C°([—1,1] x S'), and P(\) = 0. From (7.1) we conclude that
u=0. O

Proof of (8.1). In view of (8.2) we need to show that P(\o)*w = 0, w € H%(X),
implies that w = 0. It is enough to do this for A ¢ iN since invertibility at one point
shows that the index of P()) is zero and invertibility for all Im A > 0 (except when
A2 + 1 € Spec(—A,)) follows from (8.2).

Arguing as in the proof of (5.7) we see that
suppw C X1, X;:=(0,1] x S'u M,

that is w € H—*(X,).

We now show that suppw N X; # () (that is there is some support in z; > 0; in
fact by unique continuation results for second order elliptic operators (see for instance
[H3, §17.2]) this shows that suppw = X;). In other words we we need to show that
we cannot have suppw C {x; = 0}. Since WF(w) C N*0X; we can restrict w to
Ty = const and it is then a linear combination of 6% (z;). But P(X\)(0®¥ (x1)) =

(k+1 — Xo/i)6%+Y) and that does not vanish for Im A\ > 0.

Mapping property (6.3) and the definition of P(\) show that for any f € C°(X;)
(that is f supported in z; > 0) there exists u € C°°(X;) such that P(\o)u = f in X;.
Then (with L? inner products meant as distributional pairings),

(f,w) = (P(Xo)u,w) = (u, P(Xg)*w) = 0.

Since w € D(X;) and v € C(X;) the pairing is justified. In view of support prop-
erties of w, we can find f such that the left hand side does not vanish. This gives a
contradiction. O

Remark. A different proof of the existence of \g with P()g) invertible is obtained
using semiclassical versions of the propagation estimates of §52 and 4 after an additional
conjugation by (1 + x1/2)"/* (to guarantee semiclassical ellipticity for Im A > 1)
providing invertibility of P()g) for Im Ay > 1.

Existence of the inverse at some point Ay (guaranteed by (8.1)) and the standard
Fredholm analytic theory [DZ2, Theorem C.5] give that

1
P\ ™' %, — 2, is a meromorphic family of operators in Im A > —s — 3 (8.3)
We can now define the meromorphic family
R(A) : CX(M) — C*(M), XeC

such that
R(\) = (—A— A2 — %)*1, ImA > 0.
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First we put

-
V(A): C2(M) = CX(X),  fly) = Tf(2) = { i . F(Wwysws), 2 z 8

U\ : C(X) = C(M), u(z) — y; " 2uly?, ),
and then
RO\ = UNPN) V(). (8.4)

9. THE GENERAL CASE

The general case is analyzed by the same type of arguments once we assume that
the metric on M, near OM, is given by
dyi + h(y?, ¥, dy)
9= 5
Y1

The class of even asymptotically hyperbolic metrics can be put into this normal form

, Yilon =0, dyilom #0, y' € OM. (9.1)

— see [V2] and references given there.
Near 0M, the Laplacian has the form (dim M = n)

—Ag = (1Dy,)* —i(n = L+ yiv (Yt y)y Dy, — yi A,
where Ay, is the Laplacian for the family of metrics depending on y? and v € C*.

We now have

ix—n=l n— —iA L
Yy ° (_Ag -\ - ( 41)2)y1 = le(A)v T1 = y%» x’ = y/’
where
P(X\) =4(x1DZ, — (A +1)Dy,) + A — iy(z) (221 Dy — A —i%2) (9.2)

There is no conceptual (and very little technical — we address what seems to be the only
point below) difference between the analysis we presented (with v =0 and A, = D2))
and the case of P(\) above.

Hence we obtain the meromorphic continuation of
PA)™": O (Xy) — C(Xy)
which gives the meromorphic continuation of
(=8 = N2 = )1 0(M) — (M), (9.3)

In fact we get all the precise statements derived in the model case. As first shown by
Vasy in [V1],[V2] this recovers and strengthens the results of Mazzeo—Melrose [MaM]
and Guillarmou [Gu].
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Appendix. The special structure of P()\) in the model case was used in the proof
of (6.6). The analogue of (6.6) for operators of the form (9.2) is given as follows: for
ImA > ¢y >0, \¢iN, and

L? = L*((0,1),, X OMy; dx dx’),

P — 00 —5+372 ¢ o —5+3 12
MNu=feCx((0,1) xIM), uex,? L= (r1D,,) Dyuecaxy? *L* (9.4)

for any / € N and o € N* 1,
Proof of (9.4). We will prove (9.4) working in the original coordinates y. Writing
Q) = =4, — N — 5k,
(9.4) is equivalent to
QN)u € CE((0,1) x OM), ue L> = (y1Dy,)" Dju € L?, (9.5)
L? := L*(M,dvol,).
From invertibility of Q()\?) away from the spectrum we see that!

Q). H*(M, dvol,) — H""(M, dvol,),

(9.6)
H"(M, dvol,) := {u: (leyl)gylﬂDZ‘,u € L*(M,dvol,), {+ |a| <k}, ¢€N.
From the spectral theorem we also have, for Im A > 0,
1
Q)™M r2re = ,
- d(X2, Spec(—A, — 1)) 97
(1+CA) 0
Q) e < —
d(A?, Spec(=Agy — 7))
We now consider weighted estimates and, for A*+a? ¢ Spec(—A, — @), we write
YrQN)Yr® = QN + o) + a(2iy Dy, — 0+ 1Yy (Y7, y))
= (I + a2y Dy, —n+yiy(yi,y)QN + )7 QN + o).
Estimates (9.7) show that for Im A > ¢(«)
yrQ(N) "ty L2(M, dvol,) — H*(M, dvoly).
In particular, for Im A > ¢y,
Q\)y;'v =0, ve L*(M,dvol,) = v=0. (9.8)

"This follows from standard integration by parts arguments: considering (Q(A?)v,v) we first show
that for u € C*°([0,1) x OM)), |ly1Dy, |12 < C||Q(A\*)v]|r2 + C|lul| 2. We then consider ||Q(A\?)v]|2,
and the form of Ay in (9.3) shows that we control the H? norm. Commuting y; Dy, with Q(A\?) gives
the general estimate.
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We now prove (9.5) and for that we first show that D, u € L? k > 1. In fact,
Q()‘Q)(Dyku) = I = Dykf - yfayk’yleylu - y%[Am Dyk]u € L27
where we used (9.6) which shows that u € HY (M, dvol,) for any N. Now,

leyk - y1Q<)‘2)71Fk € L27 Q<)\2)y;1(y1Dyk - le()‘2)71Fk) = 0.

Hence (9.8) shows that Dy, u = Q(N\?)"'F, € L* This argument can be iterated
showing (9.5). O

Acknowledgements. I should like to thank Semyon Dyatlov, Peter Hintz and Andras
Vasy for helpful comments on the first version of this note and the National Science
Foundation for partial support under the grant DMS-1500852.

REFERENCES

[DZ1] Semyon Dyatlov and Maciej Zworski, Dynamical zeta functions for Anosov flows via microlocal
analysis, preprint, arXiv:1306.4203, to appear in Ann. Sci. Ec. Norm. Sup.

[DZ2] Semyon Dyatlov and Maciej Zworski, Mathematical theory of scattering resonances, book in
preparation; http://math.berkeley.edu/~zworski/res.pdf

[GZ] C. Robin Graham and Maciej Zworski, Scattering matriz in conformal geometry, Invent. Math.
152(2003), 89-118.

[Gu] Colin Guillarmou, Meromorphic properties of the resolvent on asymptotically hyperbolic mani-
folds, Duke Math. J. 129(2005), 1-37.

[H] Lars Hormander, On the existence and the regularity of solutions of linear pseudo-differential
equations, Enseignement Math. (2) 17(1971), 99-163.

[H3] Lars Hormander, The Analysis of Linear Partial Differential Operators III. Springer, 1994.

[H4] Lars Hormander, The Analysis of Linear Partial Differential Operators IV. Springer, 1994.

[Ma] Rafe R. Mazzeo, Elliptic theory of differential edge operators I. Comm. Partial Differential
Equations 16(1991), 1615-1664.

[MaM] Rafe R. Mazzeo and Richard B. Melrose, Meromorphic extension of the resolvent on complete
spaces with asymptotically constant negative curvature, J. Funct. Anal. 75(1987), 260-310.

[M] Richard B. Melrose, Spectral and scattering theory for the Laplacian on asymptotically Euclidian
spaces, in Spectral and scattering theory (M. Ikawa, ed.), Marcel Dekker, 1994.

[V1] Andrds Vasy, Microlocal analysis of asymptotically hyperbolic and Kerr—de Sitter spaces, with
an appendix by Semyon Dyatlov, Invent. Math. 194(2013), 381-513.

[V2] Andrds Vasy, Microlocal analysis of asymptotically hyperbolic spaces and high energy resolvent
estimates, in Inverse problems and applications. Inside Out II, edited by Gunther Uhlmann, Cam-
bridge University Press, MSRI Publications, 60(2012).

[V3] Andréas Vasy, The wave equation on asymptotically de Sitter-like spaces, Adv. Math., 223(2010),
49-97.

E-mail address: zworski@math.berkeley.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY, CA 94720, USA


http://arxiv.org/abs/1306.4203
http://math.berkeley.edu/~zworski/res.pdf

	1. Introduction
	2. Review of propagation of singularities
	3. Review of hyperbolic estimates
	4. Radial estimates in the model case
	5. Fredholm property for the extended operator
	6. Asymptotic expansions
	7. Additional hyperbolic estimates
	8. Meromorphic continuation
	9. The general case
	References

