RESONANCE EXPANSIONS OF SCATTERED WAVES

SIU-HUNG TANG AND MACIEJ ZWORSKI

1. Introduction

The purpose of this paper is to describe expansions of solutions to the wave equation on R^n with a compactly supported perturbation present. We show that under a separation condition on resonances, the solutions can be expanded in terms of resonances close to the real axis, modulo an error rapidly decaying in time. To avoid the discussion of particular aspects of potential, gravitational or obstacle scattering, the results are stated using the abstract “black box” formalism of Sjöstrand and the second author [20].

When M is a compact Riemannian manifold, and Δ, its Laplacian, then we have a generalized Fourier expansion of the wave group:

sin t √ Δ √ Δ f(x) = ∑ λ^2_j ∈Spec(Δ)

e^{iλj t}w_j(x) , Δw_j = λ^2_j w_j ,

(1.1)

and the convergence is absolute in the case of smooth data.

The simplest case of a non-compact spectral problem is given by taking R^n with the usual Laplacian outside a compact set – we can for instance “glue” any compact Riemannian manifold to R^n or consider the obstacle problem with the Dirichlet Laplacian on R^n \ O. Since resonances or scattering poles constitute a natural replacement of discrete spectral data for problems on exterior domains, we expect a similar expansion involving them in place of eigenvalues – this point of view was emphasized early by Lax-Phillips [10] (see [19],[33] and [35] for overviews of recent results).

The resonances are defined as poles of the meromorphic continuation of the resolvent or of the scattering matrix but despite the stationary nature of these definitions, they are fundamentally a dynamical concept: the real part of a resonance describes the rest energy of a state and the imaginary part its rate of decay. Consequently they should be understood in terms of long time behaviour of solutions to evolution equations, and in particular, to the wave equation. For the Schrödinger evolution equation we refer to the recent paper by Soffer-Weinstein [23] and references given there; in that case one considers resonances which come from perturbation of embedded eigenvalues.

Under a quantum dynamical condition that the obstacle O is non-trapping (that is a condition on the behaviour of solutions of the evolution equation – see Sect.3), Lax-Phillips [10] and 1

Vainberg [27] showed that for n odd (∂^2_t − Δ)u(t, x) = 0 , x ∈ R^n \ O , u|_{R×∂O} = 0 , u|_{t=0} = f ∈ C^∞_c (R^n \ O) 1 i ∂_tu|_{t=0} = g ∈ C^∞_c (R^n \ O) =⇒

u(t, x) = ∑ Im λ_l≤C m_O(λ_l) ∑ j=1 w_{λl,j} (x)e^{itλl} t^{j−1} + O(e^{−(C−ϵ)t}) , x ∈ K ,

(1.2)

K ⊂ R^n \ O compact, where m_O (λ_l) is the multiplicity of the resonance. Here we took the convention that Im λ_l ≥ 0, that is that the resonances lie in the upper half-plane. That the quantum non-trapping condition follows from the classical non-trapping condition was shown in the works of Andersson, Melrose, Morawetz, Ralston, Strauss, Sjöstrand and Taylor – see the appendix to the second edition of [10] and references given there. For completeness and motivation we review Vainberg’s argument in the generality of “black box” scattering, in Sect.3.

A comparison between (1.2) and the ultimately trapping case of a compact manifold (1.1), suggests that an expansion should be valid for all perturbations. That however is far from clear.

We present here a conditional result for strongly trapping perturbations (for which there are resonances converging to the real axis – see (4.1)). Under a generically reasonable but unverifiable separation assumption for resonances close to the real axis (4.2), we show that (1.2) remains valid when we sum over resonances satisfying Im λ_j ≤ |λ_j |^{−K}, K sufficiently large, and when we replace the error by O(t^{−N} ) for any N – see Theorem 2 in Sect.4.

As far as we know the only unconditional results in trapping situations are discussed in [6]. Two hyperbolic examples: the modular surface and the hyperbolic cylinder are shown to admit expansion of waves in terms of resonances. However, even there, the strongest expected version of the expansions is not available as it would require too much knowledge about the Riemann zeta function (simplicity of zeros and lower bounds on derivatives). We consider the difficulty present already in that extremely well understood case as a justification for presenting a conditional result.

Finally, and to motivate expansions of the type (1.2) further, we mention the relation to more applied aspects of scattering theory. In some situations it seems plausible to measure the signal at different times. A fitting algorithm would then allow finding the resonances λ_j which would provide new useful invariants, especially when radar or sound pulse techniques are ineffective. That this could work is shown by computations of resonances based on solving the wave equation – see [11].

In physical chemistry, it is understood that the transition state theory rate of decay is often lower than the decay rate given by the resonance width of a individual resonance. This is related to the understanding of solutions of evolution equations in terms many overlapping resonance states [17]. Expansions given in Theorem 2 below are a step in that direction: the error term is larger than a contribution from any individual resonance as t → ∞. Yet, due to the density of resonances close to the real axis, and on appropriate time scales, the leading term is believed to dominate.

In the paper, C will stand for a constant whose value may change from line to line. The notation ⟨λ⟩ means (1 + |λ|^2)^{12} .

Acknowledgments We would like to thank T. Christiansen and W.H. Miller for helpful discusssions, and N. Burq, J. Sjöstrand, and P. Stefanov for comments on earlier versions of the paper. The second author is grateful to the National Science and Engineering Research Council of Canada and the National Science Foundation of the U.S. for partial support.

2. Preliminaries

We start by recalling the framework of “black box” scattering from [20]. Thus we consider a complex Hilbert space H with an orthogonal decomposition

H = H_{R0} ⊕ L^2(R^n \ B(0, R_0))

where R_0 > 0 is fixed and B(x, R) = {y ∈ R^n : |x − y| < R}. We assume that P is a self-adjoint operator, P : H −→ H, with domain D ⊂ H, satisfying the following conditions:

1l_Rn_{\B(0,R0 )}D = H^2(R^n \ B(0, R_0)) 1l_Rn_{\B(0,R0)}P = −Δ|_Rn_{\B(0,R0)} (P + i)^{−1} is compact P ≥ −C, C ≥ 0 . Under the above conditions, it known that the resolvent R(λ) = (P − λ^2)^{−1} : H −→ D meromorphically continues from {λ : Imλ < 0, λ^2 /∈ σ(P )} to the whole complex plane C when n is odd or to the logarithmic plane Λ when n is even, as an operator from H_{comp} to D_{loc} with poles of finite rank.

The poles are called resonances of P . We will denote the set of resonances by Res(P ) and will always include them according to their multiplicity, m(λ). In order to gurantee a polynomial bound on the counting function of resonances, we need to add an additional condition on P .

To formulate it, we use P to construct a self-adjoint reference operator P^♯ on

H^♯ = H_{R0} ⊕ L^2(M \ B(0, R_0))

as in [20] where M = (R^n/RZ)^n for some R > R_0. Let N (P, I) denote the number of eigenvalues of P^♯ in the interval I, the assumption we need is then N (P^♯, [−C, λ]) = O(λ^{n♯ /2}), for λ ≥ 1 for some number n^♯ ≥ n. As was shown in [20],[29],[30] and in a yet greater generality in [19], this implies that

N (r) = ∑ λ∈Res(P ) |λ|≤r,arg λ<θ m(λ) ≤ C_θr^{n♯} . (2.1)

In addition we have a polynomial bound for the logarithm on the norm of the cutoff resolvent in the whole complex plane away from the resonance set in odd dimensions and in neighbourhoods of the real axis in even dimensions: for any χ ∈ C^∞_c (R^n), χ = 1 near B(0, R_0), ‖χR(λ)χ‖_{H→H} ≤ C_θe^{Cθ |λ|n♯+ϵ} , λ ∈ {λ : arg λ < θ} \ ⋃ λ_j ∈Res(P ) D(λ_j , ⟨λ_j ⟩^{−n♯−ϵ}) . (2.2)

see Proposition 4.1 below, [31], and references given there.

The wave group of a black box perturbation can be defined abstractly as in Proposition 2.1 of [22]:

U(t) = exp it ( 0 I P 0 ) . (2.3)

The entries of the matrix representation of U(t) are U(t) = ( D_tU (t) U (t) D^2_t U (t) D_tU (t) ) , and the strongly continuous family of operators U (t) : D^α → D^{α+1}, can be identifed as the solution operator of the following initial value problem:

(D^2_t − P )U (t)g = 0 for t ∈ R U (0)g = 0 D_tU (0)g = g

(2.4)

where g ∈ H. In other words, U (t) = i sin t √ P √ P . Since 1l_Rn_{\B(0,R0)}U (t)1l_Rn_{\B(0,R0)} : C^∞(R^n) → C^∞(R^n) we can describe it by its Schwartz kernel:

1l_Rn_{\B(0,R0)}U (t)1l_Rn_{\B(0,R0)} = U (t, x, y) ∈ D^′(R× (R^n \ B(0, R_0)) × (R^n \ B(0, R_0))) .

(2.5)

Here, as usual, D^α = (P + i)^{−α}H and D^∞ = ∩_{α≥0}D^α

3. The nontrapping case

The quantum non-trapping condition in the black box setting takes the following form. Let χ ∈ C^∞_0 (R^n) be identically one near B(0, R_0). ∀ a > R_0 , |y| ≤ a ∃ C_a > 0 U (t, x, y) ∈ C^∞ if |x| < t − C_a, |y| > R_0 χU (t)χ : H → D^∞ (3.1)

This abstract definition of nontrapping condition is motivated by the validity of the generalized Huyghen’s Principle (or of the results on the propagation of singularities) in the case when the scatterer is “classically nontrapping” – see the [10, Appendix],[35] and references given there.

Our aim is to write down an asymptotic expansion of the solution of the wave equation in terms of resonances whe the nontrapping assumption holds and when the dimension is odd. This is a result due to Lax and Phillips and it fits naturally in their framework of scattering theory based on the Lax-Phillips semigroup. In the even dimensional case, we can no longer describe the asymptotic behaviour of the solution of the wave equation in terms of resonances, with exponentially small error in time, as in the odd dimensional case, because that is not true even in the free case. Instead, one can obtain a polynomial decay (t^{1−n} as in the free case) of the local energy of the solution of the wave group as t goes to infinity – see the work of Melrose [12].

As stated in the introduction we will follow a method due to Vainberg [27], [28]. We note that in more particular cases the method was very clearly explained in [18] and [4]. The main step in the argument is an estimate of the cutoff resolvent under some logarithmic curve near the real axis. We state it in the following

Proposition 3.1. Assume that the nontrapping condition (3.1) holds. Then for any N > 0, we have, for some constants C and T , ‖χR(λ)χ‖_{H→H} ≤ C|λ|^{−1}e^{T | Im λ|} for | Im λ| < N log |λ| and | Re λ| > C(N ) for some C(N ) depending on N .

Remarks.

1. The above estimate implies that the cutoff resolvent is holomorphic in the region under the logarithmic curve {λ : Im λ < N log |λ|, | Re λ| > C(N )} 2. The power |λ|^{−1} appearing in the theorem, is optimal, as this is the power in the estimate for the cutoff free resolvent.

3. The theorem implies the estimate ‖χR(λ)χ‖_D1_{→H} ≤ C|λ|^{−2}e^{T | Im λ|} for Im λ < N log |λ|, | Re λ| > C(N ). (3.2)

Indeed, we have,

χ^2I = χR(λ)(P^2 − λ^2)χ = χR(λ)χP + χR(λ)[−Δ, χ] − λ^2χR(λ)χ Thus, for χ̃ ∈ C^∞_0 such that χ̃ ≡ 1 on supp χ, we get ‖χR(λ)χ‖_D1_{→H} ≤ |λ|^{−2}(‖χR(λ)χ‖_{H→H}‖P ‖_{D→H} +‖χR(λ)χ̃‖_{H→H}‖[−Δ, χ]‖_D1_{→H} + ‖χ^2I‖_D1_{→H}) ≤ C|λ|^{−2}e^{T | Im λ|} , for Im λ < N log |λ|, | Re λ| > C(N ), which proves the claim.

We will need the following

Lemma 3.1. Suppose that H_1 and H_2 are Hilbert spaces, and that N (t) : H_1 → H_2 is a family of bounded operators that depend smoothly on t when t ∈ R, depend analytically on t when Re t > T > 0 and are equal to zero when t < 0. Suppose that there are constants j_0 and C_j such that for all j ≥ 0, we have ‖ ‖ ‖ ‖ ∂^j ∂t^j N (t) ‖ ‖ ‖ ‖ ≤ C^j|t|^{j0−j} , for Re t > T. Then the operator ^N (λ) := F_{t→λ}N (t) : H_1 → H_2, Im λ < 0

can be continued analytically to the domain −^{3π}_2 < arg λ <^π_2 and when |λ| ≥ 1, it satisfies the estimate ‖ ^N‖ ≤ C_j|λ|^{−j}e^{T |λ|}, j ≥ 0. Proof. This follows from a straightforward contour deformation and integration by parts – see [28], Lemma 4 on p.346.

Proof of Proposition 3.1: Fix a as in the nontrapping condition and let ζ_a = ζ_a(t, x) ∈ C^∞(R^+ × R^n) be a cut-off function satisfying 0 ≤ ζ_a(t, x) ≤ 1, with ζ_a(t, x) not depending on x when |x| ≤ R_0 and ζ_a(t, x) = { 1 when t ≤ |x| + C_a 0 when t ≥ |x| + C^′_a for some C^′_a > C_a.

Then, the nontrapping condition implies that for |y| ≤ a, we have

(1 − ζ_a)U (t)χ_a : H → D^∞

where χ_a ∈ C^∞_0 (R^n) is a cutoff function such that χ_a ≡ 1 near B(0, R_0) and supp χ_a ⊂ B(0, a).

Now, for any g ∈ H, ζ_aU (t)χ_ag satisfies (D^2_t − P )(ζ_aU (t)χ_ag) = −(D^2_t − P )((1 − ζ_a)U (t)χ_ag) for t > 0 U (0)χ_ag = 0 D_tU (0)χ_ag = χ_ag

(3.3)

We define F_a(t)g^{def}= −(D^2_t − P )((1 − ζ_a)U (t)χ_ag) , and we note that because of the nontrapping condition, F_a(t)g ∈ C^∞(R_t, D^∞). Also, because of the property of the cutoff function ζ_a, F_a(t)g ≡ 0, for t < C_a, and it has a compact support in t for each x with |x| > R_0. The size of the support is, however, not uniform in x.

We let R̃_a(λ) = −iF_{t→λ} (ζ_at^0_+U (t)χ_a) . where t^0_+ denotes the Heaviside function. Then, we have (P − λ^2)R̃_a(λ)g = iF_{t→λ} ( (D^2_t − P )(ζ_at^0_+U (t)χ_ag) ) = χ_ag + i ^F_a(•)g(λ) (3.4) Let us write F_a(t)g as χ_bF_a(t)g+(1−χ_b)F_a(t)g where χ_b ∈ C^∞_0 (R^n) is identically 1 near B(0, R_0) and satisfies χ_aχ_b = χ_b. By solving the free wave equation, we can find V_a(t)g satisfying the following problem { (D^2_t + Δ)V_a(t)g = (1 − χ_b)F_a(t)g on R× R^n V_a(0)g = D_tV_a(0)g = 0 We can now write

(1 − χ_b)F_a(t)g = (D^2_t + Δ)(χ_cV_a(t)g) + (D^2_t + Δ)((1 − χ_c)V_a(t)g) = χ_c(1 − χ_b)F_a(t)g + [Δ, χ_c]V_a(t)g + (D^2_t − P )((1 − χ_c)V_a(t)g) where χ_c ∈ C^∞_0 (R^n) is identically 1 near B(0, R_0) and satisfies χ_cχ_b = χ_c. Let R^♯_a(λ) = R̃_a(λ) − F_{t→λ} ((1 − χ_c)V_a(t)) .

We can then rewrite (3.4) as follows

(P − λ^2)R^♯_a(λ)g = χ_ag + iF_{t→λ} (χ_bF_a(t)g + χ_c(1 − χ_b)F_a(t)g + [Δ, χ_c]V_a(t)g) = χ_a (I + iF_{t→λ}(χ_bF_a(t) + χ_c(1 − χ_b)F_a(t) + [Δ, χ_c]V_a(t))) g where the last line we used the support properties of the cutoff functions.

Applying R(λ) to both sides of the equation, we get R^♯_a(λ)g = R(λ)χ_a (I + iF_{t→λ}(χ_bF_a(t) + χ_c(1 − χ_b)F_a(t) + [Δ, χ_c]V_a(t))) g We will see below that the operator I + iF_{t→λ}(χ_bF_a(t) + χ_c(1 − χ_b)F_a(t) + [Δ, χ_c]V_a(t)) is a small perturbation of I, when λ is large and lies under a logarithmic curve. Thus, we can invert it and obtain an expression for R(λ)χ_a in such a range of λ’s. The estimate of the operator norm of χ_aR(λ)χ_a will then follow an estimate for R^♯_a(λ).

Now let us state the more precise estimates that will justify the above claims. ‖χR̃_a(λ)‖_{H→D}j ≤ C|λ|^{2j−1}e^{T | Im λ|} for j = 0, 1/2 (3.5) ‖ ^ χF_a(•)‖_{H→H} ≤ C_j|λ|^{−j}e^{T | Im λ|} for j ≥ 0 (3.6) ‖ ^ χ(1 − χ_c)V_a(•)‖_{H→D}j ≤ C|λ|^{2j−1}e^{T | Im λ|} for j = 0, 1/2 (3.7) ‖ ^ [Δ, χ_c]V_a(•)‖_{H→H} ≤ C|λ|^{−j} e^{T | Im λ|} for j ≥ 0. (3.8)

where χ above is, as usual, a smooth function with compact support on R^n which is identically 1 near B(0, R_0), and T is some large constant.

The first two estimates can be easily obtained by writing out the Fourier transform: for the estimate (3.5) we make use of the energy estimate for the wave group, and for the estimate (3.6), of the smoothness of F_a(t), and of the fact that χF_a(t) is uniformly compactly supported in t .

It remains to show the estimates (3.7) and (3.8). They will follow from the properties of the fundamental solution of the free wave group and Lemma 3.1.

To this end, rewrite V_a as

V_a(t)g = (1 − χ_b)ζ_at^0_+U (t)χ_ag − t^0_+U_0(t)(1 − χ_b)χ_ag + q(t, x) ,

(3.9)

where U_0(t) is the free group, that is, it solves the same problem as U (t), with P replaced by −Δ. We can then check that q(t, x) solves the following problem

(D^2_t + Δ)q(t, x) = [Δ, χ_b]ζ_at^0_+U (t)χ_ag in R× R^n q(0, x) = 0 in R^n D_tq(0, x) = 0 in R^n

Note that the forcing term [Δ, χ_b]ζ_at^0_+U (t)χ_ag has compact support in both space and time variables and that it is identically 0 for t < 0. The second fact implies of course that q(t, x) is also identically 0 for t < 0.

The function χ(x)q(t, x) can be written down explicitly in terms of the forward fundamental solution E_+(t, x) of the wave operator as χ(x)q(t, x) = t∫ 0 χE_+(t − s) ∗ [Δ, χ_b]ζ_aU (s)χ_agds When n is odd, E_+(t, x) is supported on the forward light cone over the origin. Since we have compact support in x, we see that for t sufficiently large, the forcing term will never intersect the backward lightcone over (t, x). Hence χq(t, x) = 0 when t is sufficiently large.

When n is even, E_+(t, x) does not vanish inside the forward lightcone, and we can no longer conclude that χq(t, x) = 0 for sufficiently large t. However, since the forcing term does not intersect the singular support of the fundamental solution when t is sufficiently large. This allows us to write, for large t χ(x)q(t, x) = c_n ∞∫ 0 ∫ R^n ((t − s)^2 + |x − y|^2) 1−n 2 ([Δ, χ_b]ζ_aU (s)χ_ag)(y)dyds. Clearly, this implies that χ(x)q(t, x) is analytic for Re t sufficiently large and that it satisfies the estimate ‖D^j_t (χ(x)q(t, x))‖_D 1_2 ≤ Ct^{1−n2 −j}‖g‖_H for j ≥ 0. Similarly, we can prove that the same result holds for the free wave group U_0(t):

U_0(t)(1 − χ_b)χ_ag = E_+(t) ∗ (1 − χ_b)χ_ag .

To see the estimate (3.8), we start by observing that the first term in (3.9) is eliminated as [Δ, χ_c](1 − χ_b) ≡ 0. We then combine the estimates on χq(x, t) and U_0(t) for large values of t with the known global smoothess of V_a(t), and apply Lemma 3.1. For (3.7) we note that ‖χ(1 − χ_c)(1 − χ_b)ζ_at^0_+U (t)χ_a‖_{H→Dj} ≤ C|λ|^{2j−1}e^{T | Im λ|} for j = 0, 1/2 . To complete the proof, we only have to check that for any N > 0 and λ ∈ {λ ∈ C : | Im λ| ≤ N log |λ|}, there exists C(N ) > 0 such that for | Re λ| > C(N ), we have C_j|λ|^{−j} e^{T | Im λ|} < 1/2. This completes the proof of Proposition 3.1.

We can now use the bound of the cutoff resolvent to desribe the the asymptotic behaviour of the solution of the wave equation in terms of resonances. The relation comes from the following standard formula: χU (t)χg = i 2π ∞−iα∫

−∞−iα e^{itλ}χR(λ)χg dλ , t > 0 , g ∈ D^1 (3.10)

for some positive constant α such that R(λ) is holomorphic in the half plane {λ ∈ C : Im λ ≤ α}. Such α exists as P is bounded from below. Note that the above integral converges absolutely in H in view of the bound of χR(λ)χ given in (3.2). As mentioned above, an expansion is expected in odd dimensions only:

Theorem 1. Assume the nontrapping condition (3.1) and let χ ∈ C^∞_0 (R^n) be identically 1 in a neighbourhood of B(0, R_0). Then, for any A > 0 and small ϵ > 0, we have for t > 0 sufficiently large, and g ∈ D^1 χU (t)χg = ∑ λj ∈Res(P ) Im λ<A

M_j∑

m=0 e^{itλj} t^mw_{j,m} + E_A(t)g, g ∈ D^1

where w_{j,m} ∈ D^∞ are the cut-off resonance states corresponding to λ_j, and E_A(t)g is the error term satisfying the following estimate ‖E_A(t)‖_D1_{→H} ≤ C(ϵ)e^{−(A−ϵ)t} Proof. First of all, note that in the odd dimensional case, the cutoff resolvent has a meromorphic continuation to the complex plane. The theorem can then be proved by deforming the contour of integration in (3.10) from the line Im = −α in the lower half plane to the line Im = A − δ in the upper half plane where δ is a small positive number chosen to make sure that the line is bounded away from the resonance set. Since δ will finally be absorbed by ϵ in the statement of the theorem, we will simply assume that the line Im = A is already bounded away from the resonance set. Now such a deformation of the contour of integration is allowed because of the bound of cutoff resolvent proved in Proposition 3.1 which also gives the stated bound of the error term. In the following, we will only use the estimate of Proposition 3.1 with N = 1.

More precisely, let us fix M > 0, and consider the contour Γ given by the following four line segments running in the counterclockwise direction: Γ_1 = {x − iα : −M < x < M }, Γ_2 = {M + ix : −α < x < A}, Γ_3 = {x + iA : −M < x < M }, Γ_4 = {−M + ix : −α < x < A}.

By using the residue theorem, we have the following M−iα∫

−M−iα e^{itλ}χR(λ)χg dλ = ∫ Γ_1 e^{itλ}χR(λ)χg dλ

= ∑ λj ∈Res(P ) | Re λ|<M,Im λ<A

M_j∑

m=0 e^{itλj} t^mw_{j,m} − ∫ Γ_2 e^{itλ}χR(λ)χg dλ

− ∫ Γ_3 e^{itλ}χR(λ)χg dλ − ∫ Γ_4 e^{itλ}χR(λ)χg dλ For M sufficiently large, we may assume that both Γ_2 and Γ_4 lie inside the logarithmic region. Hence, we have ‖ ∫ Γ_2 e^{itλ}χR(λ)χg dλ‖_H ≤ C A∫ −α e^{−tx}M^{−2}e^{T |x|}‖g‖_D1 dx which goes to zero when we let M → ∞. Similar estimate is true for the integration over Γ_4. Thus the error term in the Theorem is entirely due to the integral over Γ_3 (with M = ∞) which we estimate as follows ‖ ∫ Γ_3 e^{itλ}χR(λ)χg dλ‖_H ≤ e^A∫

−e^A e^{−tA}‖χR(x + iA)χ‖_D1_{→H}‖g‖_D1 dx

+ C ∞∫ e^A e^{−tA}|x + iA|^{−2}e^{T A}‖g‖_D1 dx

+ C −e^A∫

−∞ e^{−tA}|x + iA|^{−2}e^{T A}‖g‖_D1 dx ≤C(ϵ)e^{−(A−ϵ)t}‖g‖_D1 , for t sufficiently large (depending on A). This completes the proof of the theorem.

Remark: From the argument above it is clear that g could be taken in D^ϵ, for any ϵ > 0. As was pointed out to us by Nicolas Burq, an argument of Morawetz [14] gives the optimal class g ∈ H. It is essentially based on a transformation of an initial value problem into a non-homogeneous problem.

4. The trapping case The quantum trapping condition used in this section postulates the existence of resonances converging to the real axis faster than any polynomial. More precisely, we assume ∃ λ_j ∈ Res(P ) Im λ_j = O(|λ_j|^{−N} ) for any N > 0.

(4.1) Remarks:

1. The quantum trapping condition holds in the case of classical trapping caused by the presence of elliptic orbits as was shown in various levels of precision and generality in [26],[31],[24]. 2. The trapping and nontrapping conditions do not complement each other. If (4.1) condition holds then (3.1) does not, in view of Remark 1 following it. However, when (3.1) does not hold we do not necessarily have (4.1) as shown by Ikawa [8] in the example of two convex bodies.

As discussed in the introduction, we present here an expansion of the wave group analogous to the expansion presented in Sect.3 but now involving only the resonances close to the real axis. We need to assume that for some large K, ∃ l λ, μ ∈ Res(P ) ∩ {ζ : Im ζ < ⟨ζ⟩^{−K} } , λ ≠ μ , =⇒ |λ − μ| ≥ C(max{|λ|, |μ|})^{−l} . (4.2)

We also assume that, in the same region,

∃ α algebraic multiplicity of λ ≤ α for all λ ∈ Res(P )

(4.3)

The separation condition and its plausibility will be discussed at the end of this section and a basic but already quite involved example will be described in Sect.5. The condition (4.3) is quite reasonable as generically all resonances are simple [9].

We can now state our main theorem

Theorem 2. Assume that P satisfies the trapping condition (4.1), the separation condition (4.2), and the condition on the uniform bound on the multiplicity of resonances (4.3). Let χ ∈ C^∞_0 (R^n) be identically equal to 1 near the ball B(0, R_0). Then, for any sufficiently large M , we have χU (t)χg = ∑ λj ∈ResP Im λj ≤⟨λj ⟩−(K)

m_j∑

m=1 e^{itλj} t^mw_{j,m} + E(t)g , g ∈ D^M , (4.4)

for some K depending on k, α and n^♯. As in the nontrapping case, w_{j,m}’s are the cut-off resonance states associated with the resonance λ_j and E(t) is the error term satisfying the following estimate ‖E(t)‖_DM_{→H} = { C_N t^{−N} when n is odd Ct^{−n+1} when n is even , . (4.5)

for any large constant N depending on M , α, l and n^♯.

We refer the reader to the remark after the proof of Theorem 2, equations (4.18) and (4.19), for an exact relation of the constants mentioned above. The double sum in (4.4) should be understood as follows: the convergence of the outer sum is absolute in L(D^M , H). However we cannot control the absolute convergence of the double sums. In principle, there could be cancellations in the inner sum.

We also note that as Im λ_j > 0 (though we do not exclude the possibility of embedded eigenvalues Im λ_j = 0), the individual terms are smaller than than the error term when t ≫ ⟨λ_j ⟩^{K+1}. What counts is the cumulative effect of all the resonances and having a large density of them converging to the real axis (see [24],[31]). At the moment, however, we do not have good lower bounds for w_{j,m}’s.

The proof of this theorem follows from a contour deformation, just as in the non-trapping case. The distinction comes from the needed resolvent estimates which are now of a completely different nature.

Under the separation condition and the uniform bound of the multiplicity of resonance, we can obtain a polynomial bound on the cutoff resolvent in a region very close to the real axis. This depends on a semiclassical maximum principle of our earlier paper [31, Lemma 2]. We will state a modified form of this principle below and its proof is a direct modification of the one in [31]. As in that paper it is more convenient to work in the semiclassical setting.

We let P (h) = h^2P where 0 < h < 1 is a semiclassical parameter and let Ω ⊂ {z : Re z > 0} ⊂ C , be an open neighbourhood of some energy level E ∈ R^+. We denote by R_P the set of semiclassical resonances of P (h), that is the poles of the analytic continuation of the cutoff resolvent χR(z, h)χ = χ(P (h) − z)^{−1}χ of P (h) in Ω. Thus, z ∈ R_P ⇒ λ = h^{−1}z^{1/2} ∈ Res(P ). Then the separation condition (4.2) takes the following form z_i, z_j ∈ R_P , z_i ≠ z_j =⇒ |z_i − z_j| ≥ Ch^{k̃} (4.6) (k̃ can be chosen to be 2l + 1).

We start with the semi-classical maximum principle:

Lemma 4.1. Fix an integer n^♯ and let 0 < h < 1. Suppose F (z, h) is a family of holomorphic function (in z) defined in a neighbourhood of Ω(h) = [E(h) − 5h^{k̃}, E(h) + 5h^{k̃}] + i[−4h^{k+n♯+2}, 4h^{k+1}] for k > n^♯, k̃ ≤ k − n^♯, and a real number E(h). If F (z, h) satisfies |F (z, h)| ≤ Ae^{Ah−n♯ log 1h} on Ω(h) |F (z, h)| ≤ 1 Im z on Ω(h) ∩ {Im z < 0}, then, there exist h(k) > 0 and C > 0 such that |F (z, h)| ≤ C h^{k+n♯+2} for z ∈ Ω̃(h) = [E(h) − h^{k̃}, E(h) + h^{k̃}] + i[−2h^{k+n♯+2}, 2h^{k+n♯+2}]

(4.7) Proof. For the convenience of the reader, we sketch the proof of this modification of [31, Lemma 2]. We first construct an auxillary function f(z, h) given as follow:

f(z, h) = (πα^2)^{−1/2} ∫ exp ( − (x − z)^2

α^2 ) ψ_h(x) dx , α = h^{k+1} where ψ_h ∈ C^∞_0 (R) satifies 0 ≤ ψ_h ≤ 1 and

ψ_h(x) = { 0 when |x − E(h)| ≥ 3h^{k̃} 1 when |x − E(h)| ≤ 2h^{k̃} It can be checked readily that, for h sufficiently small, f(z, h) has the following properties, 1. f(z, h) is holomorphic in Ω(h) 2. |f(z, h)| ≤ e in Ω(h) 3. |f(z, h)| ≥^1_2 for z ∈ [E(h) − h^{k̃}, E(h) + h^{k̃}] + i[−α, α] .

4. |f(z, h)| ≤ Ce^{−Ch2k̃/α2} on Ω(h) ∩ {|Rez − E(h)| > 4h^{k̃}} for some constant C > 0. Next, we apply the maximum principle to the function G(z, h) = e^{izσ} f(z, h)F (z, h) on Ω(h), where σ = log(S(h)A exp(Ah^{−n♯} log^1_h )) S(h) + α > 0 , S(h) = 2h^{k+n♯+2} . Using the bounds of F (z, h), and the properties of the auxillary function f(z, h), we can estimate |G(z, h)| on the boundary of Ω(h) by |G(z, h)| ≤ Ce^{S(h)σ} 1 S(h) .

Now, applying the maximum principle, we have max_{Ω(h)} |G(z, h)| ≤ Ce^{S(h)σ} 1 S(h) ≤ C 1 S(h) as e^{S(h)σ} ≤ C when h is sufficiently small.

Hence, on Ω̃(h) = [E(h) − h^{k̃}, E(h) + h^{k̃}] + i[−S(h), S(h)], we have C S(h) ≥ max z∈Ω̃(h) |e^{izσ}||f(z, h)||F (z, h)| ≥ Ce^{−S(h)σ} max_{z∈Ω̃(h)} |F (z, h)| which implies |F (z, h)| ≤ C S(h) , ∀z ∈ Ω̃(h) proving the lemma.

We also recall the bound on the cut-off resolvent (see [31] and references given there). It holds in greater generality ([31, Lemma 1]), but we will present a direct argument for the case at hand, based on the work of Melrose [13], Sjöstrand [19],[20], Vodev [29], and the second author [32],[34]: Proposition 4.1. Let P (h) be the semi-classical operator introduced above and Ω ⋐ {z : Re z > 0}, a pre-compact neighbourhood of E ∈ R_+. Then for 0 < h < h_0 we have ‖χR(z, h)χ‖_{H→H} ≤ exp(C_Ωh^{−n♯} log(1/g(h))) , z ∈ Ω \ ⋃ z_j ∈R_P D(z_j , g(h)) , 0 < g(h) ≪ 1 , where R(z, h) is the meromorphically continued resolvent and χ is as in Theorem 2. Proof. We will prove a more general statement by taking P (h) to be any semi-classical compactly supported perturbation of −h^2Δ, that is an operator satisfying semi-classical version of the assumptions in Sect.2 (see [31, Sect.2]). In particular, we now demand that 1l_Rn_{\B(0,R0)}P (h) = −h^2Δ|_Rn_{\B(0,R0)} N (P^♯(h), [−C, λ]) = O (( λ h^2 )_n♯_{/2}) for λ ≥ 1 .

(4.8)

Let R_0(z, h) be the meromorphic continuation of the free resolvent (−h^2Δ − z)^{−1} from Im z < 0 to ~Ω, Ω ⋐ ~Ω ⋐ C . Let us also consider the following cut-off functions χ_i ∈ C^∞_c (R^n), i = 0, 1, 2, χ_0 ≡ 1 near B(0, R_0), χ_i ≡ 1 near supp χ_{i−1} and χ ≡ 1 near supp(χ_2). We then define Q_0 = Q_0(z, h) = (1 − χ_0)R_0(z, h)(1 − χ_1) , Q_1 = Q_1(z_0, h) = χ_2R(z_0, h)χ_1 , Im z_0 < 0 , so that (P (h) − z)(Q_0(z, h) + Q_1(z_0, h)) = I + K_0(z, h) + K_1(z_0, z, h) K_0(z, h) = −[h^2Δ, χ_0]R_0(z, h)(1 − χ_1) K_1(z_0, z, h) = −[h^2Δ, χ_2]R(z_0, h)χ_1 + χ_2(z_0 − z)R(z_0, h)χ_1 .

We now put K = K(z_0, z, h) = K_1(z_0, z, h)χ + K_0(z, h)χ which is a compact operator H → H and the norm of K(z_0, z_0, h) is O(h). Hence (I + K(z_0, z_0, h))^{−1} exists for h small enough and consequently (via analytic Fredholm theory) (I + K(z_0, z, h))^{−1} is meromorphic in z (under our assumptions, on the Riemann surface of z = w^2 for n odd and z = e^w for n even). Hence χR(z, h)χ = (Q_0(z, h)χ + Q_1(z_0, z, h)χ)(I + K(z_0, z, h))^{−1} , and we have essentially reviewed the proof of the meromorphic continuation of the resolvent from [20]. To estimate the resolvent we now use [7, Chapter V, Theorem 5.1]: ‖χR_0(z, h)χ‖ ≤ (‖Q_0χ‖ + ‖Q_1χ‖) det(I + (K^∗K)^{n♯ +12} ) det(I + K^{n♯+1}) , where n^♯ is as in (4.8) and, as we will see below, its choice justifies the application of the determinants.

Hence we have to estimate

M (h) = sup_{z∈~Ω} det(I + (K^∗K)^{n♯ +12} ) , and then, from below, the holomorhic function (of z):

h(z, h) = det(I + K^{n♯+1}) ,

where by Weyl inequalities (see [7]), |h(z, h)| ≤ M (h), z ∈ ~Ω.

To estimate M (h) we need to estimate the eigenvalues of (K^∗K)^{12} , that is the characteristic values of K, μ_j (K). From the standard properties of characteristic values it is enough to estimate the characteristic values of various summands.

We start with

μ_j ([h^2Δ, χ_2]R(z_0, h)χ_1) ≤ Ch ( j h )_− 1_{n♯} , μ_j (χ_2R(z_0, h)χ_1) ≤ C ( j h )_− 2_{n♯} , by noting that ∀ N, M χ_2R(z_0, h)χ_1 − χ_2(P^♯(h) − z_0)^{−1}χ_1 = O(h^N ) : H −→ D^M , (see the proof of [20, Proposition 5.4]) and, that the estimates for the characteristic values of χ_2(P^♯(h) − z_0)^{−1}χ_1 follow from (4.8).

To handle the K_0χ term, we observe that for Im z ≤ 0,

μ_j([h^2Δ, χ_2]χR_0(z, h)χ) ≤ Ch ( j h )_− 1_{n♯}

(see, for instance, [32, Lemma 4]). For Im z > 0 we write χR_0(z, h)χ = χ(−h^2Δ − z)^{−1}χ + χ(R_0(z, h) − (−h^2Δ − z)^{−1})χ , where R_0(z, h) is the meromorphic continuation of the resolvent from Im z < 0 and (−h^2Δ − z)^{−1} is the resolvent, holomorphic on L^2 for z ∈ C \ R_+. Hence we only have to estimate the characteristic values of χ(R_0(z, h)−(−h^2Δ−z)^{−1})χ, and for that we rewrite it using the standard representation of the spectral projection (see for instance the proof of [32, Lemma 1]):

R_0(z, h) − (−h^2Δ − z)^{−1} =^tE(λ, h)E(−λ, h) , E(λ, h) : C^∞_c (R^n) → C^∞(S^{n−1}) , E(λ, h)(ω, x) = c_nλ^{n−22} e^{i λh ⟨x,ω⟩} , λ^2 = z , Im λ > 0 . Hence, μ_j(χ(R_0(z, h) − (−h^2Δ − z)^{−1}χ) = μ_j(χ^tE(λ, h)(I − Δ_Sn−1)^{−k}(I − Δ_Sn−1)^kE(−λ, h)χ) ≤ ‖χ^tE(λ, h)‖μ_j ((I − Δ_Sn−1)^{−k})‖(I − Δ_Sn−1)^kE(−λ, h)χ‖ ≤ C^kj^{− 2kn−1} (2k)! exp(C⟨λ⟩/h) ≤ C exp(C⟨λ⟩/h − j^{1n−1 /C} ) , where we used the Cauchy inequalities and then optimized in k. By summing up the contributions from different terms in K, we obtain the following estimate on the determinant M (h) = O(e^{Ch−n♯} ) . We also note that the same estimates hold for I − K(z_0, z_0, h)(I − K(z_0, z_0, h))^{−1} which, as we already observed, can be inverted by Neumann series. Hence, |h(z_0)| > e^{−Ch−n♯} . Let us now put Ω_0 = D(z_0, r), Ω_0 ⊂ ~Ω, | Im z_0| < r < Re z_0 (choosing z_0 appropriately for that). Let N (h) be the number of zeros, z_j (h), of h(z, h) in D(z_0, r + ϵ) ⊂ D(z_0, r + 2ϵ) ⊂ ~Ω. Then by the Jensen inequality

N (h) ≤ C_ϵ( max D(z_0,r+2ϵ) log |h(z, h)| − log |h(z_0, h)|) ≤ C_ϵ(log M (h) − log |h(z_0)|) ≤ Ch^{−n♯} , and in D(z_0, r + ϵ) we can write h(z, h) = g(z, h) N(h)∏

j=1 (z − z_j (h)) , g(z, h) ≠ 0 , z ∈ D(z_0, r + ϵ) . We can now use some essentially standard methods of complex analysis (averaging and Harnacks’s inequality [19, Sect.8] or Cartan’s Lemma and Carathéodory’s inequality [34]) to conclude that exp(−Ch^{−n♯} ) ≤ |g(z, h)| ≤ exp(Ch^{−n♯} ) , z ∈ D(z_0, r) , and this gives us the conclusion of the Proposition for z ∈ D(z_0, r)\ ⋃ z_j ∈R_P D(zj , g(h)), g(h) < ϵ. Since the argument for lower bounds for h gives existence points near |z − z_0| = r, where |h(z, h)| > exp(−Ch^{−n♯} ) we can iterate this argument and obtain the estimate in all of Ω (we remark that when Ω is in a small conic neighbourhood of the real axis we can also do it by varying z_0).

We will apply Proposition 4.1 and the semiclassical maximum principle to the modification of the operator valued meromorphic family F (z, h) = χR(z, h)χ. This gives the following following Lemma 4.2. Assume the separation condition (4.6). Let z_j ∈ R_P satisfy Im z_j ≤ h^{k+n♯+2} and put χR(z, h)χ = m_j∑

l=0 A_{j,l}(h) (z − z_j )^l

+ Ã(z, h, z_j) on Ω(h)

(4.9) where m_j is the multiplicity of z_j and Ω(h) is defined as in Lemma 4.1 with E(h) = Re z_j . Then, on ~Ω(h), we have ‖A_{j,l}(h)‖_{H→H} ≤ O(h^{−(mj −l+1)(k+n♯ +2)}) ‖Ã(z, h, z_j)‖_{H→H} ≤ O(h^{−(mj +1)(k+n♯+2)}) where again ~Ω(h) is defined as in Lemma 4.1 with E(h) = Re z_j .

Proof. First of all, let us note that z_j is the only pole of χR(z, h)χ in Ω(h) because of the separation condition. As a result, we can write χR(z, h)χ in the form given in (4.9) with Ã(z, h, z_j) holomorphic in ~Ω. Now, we have (z − z_j)^{mj} χR(z, h)χ = A_{j,mj} (h) + (z − z_j )A_{j,mj−1} + · · · + (z − z_j )^{mj} Ã(z, h, z_j) Put F_1(z, h) = (z − z_j )^{mj} χR(z, h)χ. Then F_1(z, h) is a holomorphic family of operators satisfying the assumptions of Lemma 4.1. That it satisfies the estimate (4.7) follows from Proposition 4.1. Hence, we get ‖F_1(z, h)‖_{H→H} = O(h^{−(k+n♯+2)}) on ~Ω(h) . (4.10) Putting z = z_j , we have ‖A_{j,mj} (h)‖_{H→H} = O(h^{−(k+n♯+2)}) We now put F_2(z, h) = (z − z_j )^{mj} χR(z, h)χ − A_{j,mj} (h) z − z_j = A_{j,mj −1}(h) + · · · + (z − z_j )^{mj −1}Ã(z, h, z_j) Then F_2(z, h) is holomorphic on ~Ω(h) and ‖F_2(z, h)‖_{H→H} ≤ O(h^{−(k+n♯+2)})/h^{k+n♯+2} ≤ O(h^{−2(k+n♯+2)}) on ∂ ~Ω(h). By the maximum principle, ‖F_2(z, h)‖_{H→H} = O(h^{−2(k+n♯+2)}) on ~Ω(h). Again, putting z = z_j, we have ‖A_{j,mj −1}(h)‖_{H→H} = O(h^{−2(k+n♯+2)}) . Proceeding inductively, we obtain the required estimates in the lemma.

The following lemma is essentially a semi-globalization of the previous one Lemma 4.3. Assume the separation condition (4.2) and the condition on the uniform boundedness of the multiplicities of the resonances (4.3). Let ~Ω_j(h) = [Re z_j − h^{k̃}, Re z_j + h^{k̃}] + i[−2h^{k+n♯+2}, 2h^{k+n♯+2}] and ~Ω = ⋃ zj ∈RP ∩Ω Im zj <hk+n♯ +2 ~Ω_j(h) ∪ [ (R+ i[−h^{k+n♯+2}, h^{k+2n♯+3}]) ∩ Ω ] , k = k̃ + n^♯. Then, we have, in ~Ω, χR(z, h)χ = ∑ zj ∈RP ∩Ω Im zj <hk+n♯ +2

m_j∑

l=1 A_{j,l}(h) (z − z_j )^l + Ã(z, h)

with ‖A_{j,l}(h)‖_{H→H} = O(h^{−α(k+n♯+2)}) (4.11) ‖Ã(z, h)‖_{H→H} = O(h^{−((α+1)(k+n♯+2)+n♯)}) , (4.12) where α is as in (4.3).

Proof. By Lemma 4.2, the estimate (4.11) holds for z_j’s in Ω^{♯ def}= ⋃ zj ∈RP ∩Ω Im zj <hk+n♯ +2 ~Ω_j(h).

Also, since χR(z, h)χ is holomorphic on Ω^{♭ def}= (R+ i[−h^{k+n♯+2}, h^{k+n♯+2}]) ∩ Ω \ Ω^♯ , another application of the semiclassical maximum principle (Lemma 4.1) shows that ‖χR(z, h)χ‖ = O(h^{−(k+2n♯+3)}) (4.13) also holds in Ω^♭ ∩ (R + i[−h^{k+n♯+2}, h^{k+2n♯+3}]): every point there has a neighbourhood of the form Ω(h) = [E(h) − h^{k̃}, E(h) + h^{k̃}] + i[−h^{k+n♯+2}, h^{k+n♯+2}] and contained in Ω^♭.

The same argument can be applied to the remainder term Ã(z, h), to obtain the estimate (4.12) where the extra factor n^♯ is added to account for the total number of resonances that may exist in ~Ω. In fact, we need to prove the estimate on boxes of the form Ω(h) = [E(h) − h^{k̃}, E(h) + h^{k̃}] + i[−h^{k+n♯+2}, A(h)] , A(h) = h^{n♯+k+2} or A(h) = h^{2n♯+k+3} , where in the first case, the box contains exactly one resonance, z_i, E(h) = Re z_i, and in the second case, no resonance, with the nearest resonance in Ω^♯, a distance h^{k̃} away. In the first case we use the estimate obtained in the previous lemma, (4.10): ‖(z − z_i)^αχR(z, h)χ‖ ≤ Ch^{−(k+n♯+2)} (4.14) and the estimate on the sum of polar parts given by (4.11) ∑ zi≠zj ∈RP ∩Ω Im zj <hk+n♯ +2

m_j∑

l=1 A_{j,l}(h) (z − z_j )^l = O(1)h^{−n♯} h^{−α(k+n♯+2)}h^{−αk̃} : H −→ H ,

which, gives (4.12) in that box. In the second case, we use the estimate on χR(z, h)χ and the estimate on the same estimate on the sum of the polar parts, now including all resonances in ~Ω. This concludes the proof of the lemma.

Restricting to a subregion of ~Ω which is bounded away from the poles of χR(z, h)χ, we obtain a polynomial bound of the cutoff resolvent:

Proposition 4.2. Under the separation condition (4.2) and the condition on the uniform bound of the multiplicity of the resonances (4.3), the cutoff resolvent has a polynomial bound. That is there exists an integer N , which can be choosen as (α + 1)(k + n^♯ + 2), such that ‖χR(z, h)χ‖_{H→H} = O(h^{−N} ) (4.15) in the region between the curves Γ_1 and Γ_2, shown in Fig.1. Proof. The estimate can be obtained by combining (4.13) and (4.14).

Figure 1. The region in which the bound (4.15) is satisfied.

By using the standard scaling procedure, we can translate the semiclassical estimate into a classical one as ‖χR(z)χ‖_{H→H} ≤ C|λ|^{N−2} on a zig-zag curve around the curve Im λ ≤ C|λ|^{− k+n} ♯ +2 2 , as well as in some small vertical strips about the real axis which are bounded away from the resonances, as shown in Fig.2.

We now write K =^{k+2n♯+3}_2 and N^′ = N − 2. Note that we actually have a better bound for the cutoff resolvent in the above region if we restrict its domain to ‘smoother functions’, i.e. D^j for j large. Indeed, by using the same computation as in the derivation of (3.2), we have, in the above region ‖χR(λ)χ‖_D1_{→H} ≤ C|λ|^{−2}|λ|^{N ′} . By iterating the argument, we obtain ‖χR(λ)χ‖_DM_{→H} ≤ C|λ|^{−2} for M ≥ N^′ 2 + 1.

(4.16)

With this bound on the resolvent, we can perform the contour deformation to the integral χU (t)χg = i 2π ∞−iα∫

−∞−iα e^{itλ}χR(λ)χg dλ, g ∈ D^M , (4.17)

and that will give the asymptotic expansion of the cutoff wave group in the trapping case.

Proof of Theorem 2: We will first consider the simpler case of odd dimensions. Essentially by changing the cutoff function used in the Theorem, we may assume that the data g is of compact support and χ is identically 1 near the support of g. We start with a contour deformation similar to that in the proof of Theorem 1 with the modification that Γ_3 is now given by a curve fitting into the region shown in the Fig.2. By (4.16), we can move Γ_2 and Γ_4 to infinity and obtaining the resonance expansion as stated in the Theorem with the error term given by the integration over Γ_3. To estimate this integral, we first note that, for C large enough || ∫ Γ_3 e^{itλ}χR(−λ)χg dλ||_H = || ∑ μ2j ∈Spec(P ) Im μj <0 e^{−itμj} v_j + ∫ Γ_3+iC e^{itλ}χR(−λ)χg dλ||_H

= O(e^{−At})||g||_D1 A = min(Im μ_j ) ,

where we have used the holomorphy of R(−λ) in the upper half plane (except at finitely many poles corresponding to eigenvalues) and the fact that a similar bound as (4.16), with M = 1, holds for R(−λ). Hence we can replace R(λ) by R(λ) − R(−λ) in the integral over Γ_3 by introducing an exponentially decaying error. Now, by noting that (R(λ) − R(−λ))⟨P ⟩^{−M} = ⟨λ^2⟩^{−M} (R(λ) − R(−λ)) and that for M even, ⟨P ⟩^{−M} χg = χ⟨P ⟩^{−M} g by using the support properties of g and χ stated above, and that the same estimates as above hold for χ(R(λ) − R(−λ))χ, we have ‖E(t)g‖_H = ‖ ∫ Γ_3 e^{itλ}⟨λ^2⟩^{−M} χ(R(λ) − R(−λ)χgdλ‖_H + O(e^{−At})‖g‖_D1

≤ C ∞∫ 1 e^{−tx−K} |x|^{−2M+N−2} dx‖g‖_DM + O(e^{−At})‖g‖_D1 = O ( t^{− 2M−N+2K} ) ‖g‖_DM

Figure 2. The deformation contour for large energies and the deformation near zero in the even dimensional case.

by the change of variable y = tx^{−K} where K is given by^{k+2n♯+3}_2 . In the even dimensional case the same argument is applied, except near zero where we have to deform the contour in a different way – see Fig.2. As is well known, the contribution from zero gives the same error term as in the free case, O(t^{−n+1}). Note that (4.11) gives the absolute convergence of the the sum in the statement of the Theorem.

By tracing the constants used in the proof above more careful, we see that we can take K, N in the Theorem 2 to be given by

K = (l + n^♯ + 2)

(4.18) N = 2M − (α + 1)(2l + 2n^♯ + 3) + 2 K (4.19)

We conclude this section by making a few comments about the assumption (4.2). As will be explained in Sect.5 (see Lemma 5.1), the assumption follows from the same assumption for eigenvalues of a reference operator P^♯, in the construction of which we have a free choice outside of the “black box”. Hence, for instance, we could consider (4.2) for eigenvalues of the Laplacian on a compact Riemannian manifold. It is expected, or at least it is natural to conjecture, that (4.2) holds generically in that case. However, once the condition λ ≠ μ is dropped, no example which is not of “product type” (see (4.20) below) and in which separation holds, is known to the authors (when we assume λ ≠ μ then it trivially holds for spheres).

In a setting different from ours, an example of an operator for which the separation condition is satisfied is given by a generic harmonic oscillator: P = 1 2 n∑ i=1 ( D^2_{xi} + α^2_i x^2_i ) , α_i > 0 . (4.20)

The spectrum of P is given by ∑_n i=1 α_i(k_j + 1/2) = ⟨α, k⟩ + β, α = (α_1, · · · , α_n). Since for k, l ∈ N^n_0, |k − l| ≤ max(|k|, |l|), the separation condition will follow from the generically valid Diophantine condition: ∃ N , C > 0 ∀ n ∈ N^n ⟨α, n⟩ > 1 C |n|^{−N} , Finally, we mention that in some numerical computations of scattering poles, the a priori assumption of separation is required – see [15].

5. A spherically symmetric example

Although we cannot verify the assumption (4.2) in any interesting situation, we can apply the method of proof to a family of spherically symmetric examples. It is quite clear that the argument should work for a large class of examples but we will consider only a very specific one similar to [21, Example 3] (see [21, Fig.1] for a picture in dimension two).

Let us define the following metric, g, on R^n, R^n \ 0 ≃ R_+ × S^{n−1}:

g = dr^2 + a(r)^2h_Sn−1 , a(r) = r , r > r_0 , a^′(0) = 1, a^{(2p)}(0) = 0 .

(5.1)

Here, h_Sn−1 is the standard metric on the sphere. The first condition on a(r) implies that the metric is the Euclidean metric outside of a ball, and the second, that the metric on R^n \0 extends to a smooth metric on R^n – see for instance [1].

The Laplace operator is given by

−Δ_g = D^2_r − i(n − 1) a^′(r) a(r) D_r − 1 a(r)^2 Δ_Sn−1 = a(r)^{− n−12} ( D^2_r − 1 a(r)^2 Δ_Sn−1 − 2(n − 1)a^{′′}(r)a(r) + (n − 1)(n − 3)(a^′(r))^2 4a(r)^2 ) a(r)^{n−12} ,

(5.2)

and we will consider it semi-classically using h = (λ_k)^{−1/2}, λ_k ∈ σ(−Δ_Sn−1), as the semi-classical parameter. This gives us a family of one dimensional operators: Q(h) = (hD_r )^2 + V (r) + h^2V_2(r) , r ∈ (0, ∞) ,

V (r) = 1 a(r)^2

, V_2(r) = −

2(n − 1)a^{′′}(r)a(r) + (n − 1)(n − 3)(a^′(r))^2 4a(r)^2 , (5.3)

and, in the notation of the previous section, λ ∈ Res(P ) ⇐⇒ (hλ)^2 ∈ R_{Q(h)} , h^{−2} ∈ σ(−Δ_Sn−1) .

(5.4)

Let us now assume that a^′(r) > 0 for 0 ≤ r < r_m and for r > r_M a^′(r_m) = a^′(r_M ) = 0 , a^{′′}(r_m) < 0 , a^{′′}(r_M ) > 0 ,

(5.5)

see Fig.3 where the graph of a(r)^{−2} is plotted. In that case, energy levels E > a(r_M )^{−2} and E < a(r_m)^{−2} are non-trapping for the operator Q(h). From that we can conclude [3],[16] that min(a(r_0)^{−2}, a(r_m)^{−2}) − ϵ < Re z < a(r_M )^{−2} + ϵ , z ∈ R_{Q(h)} , =⇒ Im z > Ch log(1/h) ,

(5.6) C > 0. To reduce the problem further we state the following essentially well known lemma (see Proposition 2.1 of [5] and [25]) which is particularly simple in the one dimensional case:

Figure 3. The one dimensional potential corresponding to the spherically symmetric metric.

Lemma 5.1. Suppose u is a resonant state of Q(h) corresponding to a simple z ∈ R_{Q(h)}. Then ∫_{r0 +1}

r_0+ϵ |u(r)|^2dr ≤ C max(Im z, e^{−c/h}) ∫_{r0 +1} 0 |u(r)|^2dr . (5.7)

For Im z < h^K we can consequently reduce the separation condition to the condition on a reference operator Q^♯(h):

Q^♯(h) = (hD_r)^2 + V^♯(r) + h^2V^♯_2 (r) , V^♯, V^♯_2 ∈ C^∞((0, r_1); R) r_1 > r_0 , V^♯(r) = V (r) , V^♯_2 (r) = V_2(r) , for r < r_0 , V^♯(r) = (r − r_1)^{−2} , for r > r_1 − ϵ .

(5.8)

¿From Lemma 5.1 and from the spectral theorem we conclude that z ∈ R_{Q(h)} , Im z < h^K =⇒ ∃ μ(z) ∈ σ(Q^♯(h)) , |μ(z) − z| < h^K /C , (5.9) and we can choose μ(z) in a unique way by demanding that the corresponding eigenfunction is close to the quasi-mode obtained by truncating the resonant state u.

We will now construct V^♯ for which it will be easiest to verify the separation condition |μ(z) − μ(w)| ≥ h/(C log(1/h)), z ≠ w. Using the results of Bleher [2], that is the case for a symmetric double well and the needed condition on a is a(r_M + t) = a(r_M − t) for r_0 − r_M < t < T < r_M − r_m ,

(5.10) for some fixed T , see Fig.3. As V^♯ we can then take

V^♯(r) = { V (r) for 0 < r ≤ r_m V (2r_M − r) for r_M ≤ r < 2r_M

(5.11)

where, as before, V (r) = a(r)^{−2} and now r_1 = 2r_M .

As an easy consequence of the results of [2] we now have Lemma 5.2. Let E_M = a(r_M )^{−2}. Then for any C > 0, the eigenvalues of Q^♯(h) constructed using V^♯ given by (5.11), satisfy μ, λ ∈ σ(Q^♯(h)) ∩ [E_M − Ch, E_M + Ch] , μ ≠ λ =⇒ |λ − μ| ≥ 1 C^′ h log(1/h) . Proof. The lemma follows from [2, Theorem 1.2] applied, for the sake of simplicity, in the case of a symmetric double well. We can neglect the h^2V^♯_2 term as it produces a negligible contribution to eigenvalues considered with the accuracy needed here. The eigenvalues of Q^♯(h) in (E_M − ϵ, E_M + ϵ) are given, up to an O(h^{43} ) error, as solutions to I(μ) = πk + ϕ_±(μ) ± π 4 , I(μ) = 1 2h ∫ (E − V^♯(r))^{12}_+dr , ϕ_±(μ) = π 2 γ_±(h^{−1}|2V^{′′}(r_M )|^{− 12} μ) ,

where γ_± are given by [2, (1.8)] and satisfy 0 < |γ_±| < 1/2 , γ_+(0) − γ_−(0) < 1 , lim t→+∞ γ_±(t) = 0 , lim_{t→−∞} γ_±(t) = ±1/2 .

Putting μ = V (r_M ) + t we have I(μ) = b_0(t) + t| log |t||b_1(t) , b_0(0) > 0 , b_1(0) = |2V^{′′}(r_M )|^{− 12} > 0 .

For simplicity we assume now that 2V^{′′}(r_M ) = −1 and make a change of variables t = hs, |s| ≤ C. Substituting into the formulæ above we obtain the following equation for approximate eigenvalues:

h^{−1}b_0(hs) + ( s log 1 h + s log 1 |s| ) (1 + O(sh)) = πk + π 2 γ_ϵ(s) + ϵ π 4 , ϵ = ±1 . Let us denote by s^ϵ_k the solution to this equation and we will first consider the case when min(|s^ϵ_k|, |s^{ϵ′}_k′ |) > 1 C ( log 1 h )_{−1} . We then have

(s^ϵ_k − s^{ϵ′}_k′ ) log 1 h (1 + O(log log(1/h)/ log(1/h)) = π(k − k^′) + π 2 (γ_ϵ(s^ϵ_k) − γ_ϵ′ (s^{ϵ′}_k′ )) + π 4 (ϵ − ϵ^′) . Since |s^ϵ_k|, |s^{ϵ′}_k′| ≤ C, we have δ < |γ_ϵ(s^ϵ_k) − γ_ϵ′ (s^{ϵ′}_k′ )| < 1 − δ, δ = δ(C) and hence when k ≠ k^′ or ϵ ≠ ϵ^′, that is when s^ϵ_k ≠ s^{ϵ′}_k′ , we have |s^ϵ_k − s^{ϵ′}_k′ | > 1 C_1 ( log 1 h )_{−1} . Let us now assume that max(|s^ϵ_k|, |s^{ϵ′}_k′ |) < 1 C^′ ( log 1 h )_{−1} , with C^′ large (the mixed assumption implies separation). Then b_0 h + F = πk + π 2 γ_ϵ + ϵ π 4 , |F | ≤ 1/C^′ + O(log log(1/h)/ log(1/h)) b_0 h + G = πk + π 2 γ_ϵ′ + ϵ^′ π 4 , |G| ≤ 1/C^′ + O(log log(1/h)/ log(1/h)) ,

that is, |π(k − k^′) + π 2 (γ_ϵ(0) − γ_ϵ′ (0) + (ϵ − ϵ^′)/2)| ≤ 1 C^′ + O ( log log(1/h) log(1/h) ) . Since the multiple of π/2 on the left hand side has modulus strictly less than two, we conclude that for C^′ large enough and for h small enough, k = k^′. We then use again the fact that |γ_ϵ(0) − γ_ϵ′ (0)| < 1 to conclude that ϵ = ϵ^′. Hence there can be only one s^ϵ_k in (−1/C^′ log(1/h), 1/C^′ log(1/h)) and this concludes the proof of the lemma.

For eigenvalues of Q^♯(h) in [V (r_m), V (r_M ) + ϵ] \ (V (r_M ) − Ch, V (r_M ) + Ch) we can use the Bohr-Sommerfeld quantization rules as explained in [2]: (1.2) there for the energies above V (r_M ) and (1.4),(1.5) for those below. For eigenvalues in [V (r_M ) + ϵ, V (r_M ) + Ch] we obtain the separation condition |λ − μ| > 1 C h(log(1/h))^{−1}

arguing as in the proof of the lemma.

The situation is more complicated in [V (r_m), V (r_M )−Ch]. The approximate eigenvalues come in pairs λ^±_k (corresponding to s^+_{k−1} and s^−_k in the proof of the lemma) with λ^+_k very close to λ^−_k . However we still have |λ^ϵ_l − λ^{ϵ′}_k | > 1 C h(log(1/h))^{−1} , k ≠ l .

In the correspondence (5.9) only one of the pair of eigenvalues can correspond to simple resonance z, i.e. can appear as μ(z). In fact, [2, Lemma 2.3] and the proof of Theorem 1.2 there show that the approximate eigenfunction cannot concentrate in |r − r_M | < |r_0 − r_M |. On the other hand Lemma 5.1 shows that the resonant state corresponding to z gives rise to a quasimode concentrated in r < r_M + Ch. Reflection by r → 2r_M − r gives another independent quasimode which corresponds to the other eigenvalues in the pair.

We combine this discussion with Lemma 5.2 to obtain

Proposition 5.1. Suppose that 0 < h < h_0 and that the resonances of Q(h) in {z : Im z < h^K } are simple. Then they satisfy |z_i − z_j | > h(log(1/h))^{−1}/C , z_i ≠ z_j , z_i, z_j ∈ R_{Q(h)} ∩ {z : Im z < h^K } . Remark: A finer analysis of the approximate eigenfunctions of Q^♯(h) would lead to further restrictions on the resonances close to the real axis and would lead to an improvement which however is irrelevant here.

Using the method of [9, Remark 3.2] we can find a generic a satisfying (5.1),(5.5),(5.10) for which the resonances of Q(h) are all simple for h^{−2} ∈ σ(−Δ_Sn−1). Hence the assumptions of the following theorem are frequently satisfied.

Theorem 3. Suppose P = −Δ_g for the metric (5.1) on R^n, with a satisfying (5.5),(5.10), and such that the resonances of Q(h) are simple for h^{−2} ∈ σ(−Δ_Sn−1) (a generic condition). Then the conclusions of Theorem 2 hold.

Proof. We need to show that the conclusion of Proposition 4.2 holds. The space H has the standard decomposition

H = L^2(R^n, √ ḡ) = L^2(R_+ × S^{n−1}, a(r)^{n−1}drdω) = L^2(S^{n−1}, dω) ⊗ L^2(R_+, a(r)^{n−1}dr) .

If π_k : L^2(S^{n−1}, dω) → L^2(S^{n−1}, dω) is the orthogonal projection associated to λ_k ∈ σ(−Δ_Sn−1), then the decomposition above gives us the associated orthogonal projection

Π_k : H −→ H , Π_kΠ_l = Π_{δlk k} , and R(z, h) = ∞∑ k=0 Π_kR(z, h)Π_k . The cut-off in Proposition 4.2 can be chosen to be radial and hence ‖χR(z, h)χ‖_{H→H} = max_k ‖Π_kχR(z, h)χΠ_k‖_{H→H} . We now observe that ‖Π_kχR(z, h)χΠ_k‖_{H→H} = ‖χ(λ_kh^2)(Q(λ^{− 12}_k ) − z)^{−1}χ‖_L2_{(R+,dr)→L}2_{(R+,dr)} , and we want a uniform bound on the resolvent for z ∈ Ω (by abuse of notation we denote by (Q − z)^{−1} the meromorphic continuation of the resolvent). From (5.6) we see that the poles close to R can occur only when 1 C_Ω

< λ_kh^2 < C_Ω .

In view of Proposition 5.1, the separation condition holds and we can apply the method of proof of Proposition 4.2 to the family of operators μQ(h), 1/C_Ω < μ < C_Ω, to obtain a uniform bound

‖χ(λ_kh^2)(Q(λ^{− 12}_k ) − z)^{−1}χ‖_L2_{(R+,dr)→L}2_{(R+,dr)} ≤ C_Ωh^{−N} ,

(strickly speaking we have to use [31, Lemma 1] here, in place of Proposition 4.1, since Q(h) is a semi-classical Schrödinger operator with a non-compactly supported potential).

When λ_kh^2 ≪ 1 or λ_kh^2 ≫ 1, we can use the same type of argument, simplified by the absence of resonances close to the real axis. This establishes the analogue of Proposition 4.2 and we can apply the proof of Theorem 2.

References

[1] Besse, A. Manifolds all of whose geodesics are closed. Ergebnisse der Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas], 93. Springer-Verlag, Berlin-New York, 1978.

[2] Bleher, P. Semiclassical quantization rules near separatrices. Comm. Math. Phys. 165 (1994), no. 3, 621-640. [3] Briet, P.; Combes, J.-M.; Duclos, P. On the location of resonances for Schrd̈inger operators in the semiclassical limit I. Resonance free domains. J. Math. Anal Appl. 126 (1987), no. 1, 90-99.

[4] Burq, N. Pôles de diffusion engendrés par un coin. Astérisque 242, (1997).

[5] Burq, N. Décroissance de l’énergie locale de l’équation des ondes pour le problème extérieur et absence de résonance au voisinage du réel. Acta Math. 180 (1998), no. 1, 1-29.

[6] Christiansen, T.; Zworski, M. Resonance wave expansions: two hyperbolic examples. Preprint, 1999. [7] Gohberg, I. C.; Krein, M. G. Introduction to the Theory of Linear Non-self-adjoint operators. Translations of Mathematical Monographs 18, A.M.S., Providence, 1969.

[8] Ikawa, M. On the distribution of the poles of the scattering matrix for two strictly convex obstacles. Hokkaido Math. J. 12 (1983), no. 3, 343–359.

[9] Klopp, F.; Zworski, M. Generic simplicity of resonances. Helv. Phys. Acta 68 (1995), no. 6, 531-538. [10] Lax, P.; Phillips, R. Scattering Theory. Second edition. Pure and Applied Mathematics, 26. Academic Press, 1989.

[11] Majda, G.; Strauss, W.; Wei, M. Numerical computation of the scattering frequencies for acoustic wave equations. J. Comp. Physics 75 (1988), 345-358.

[12] Melrose, R. B. Singularities and energy decay in acoustical scattering. Duke Math. J. 46 (1979), no. 1, 43-59. [13] Melrose, R. B. Polynomial bound on the number of scattering poles. J. Funct. Anal. 53 (1983), no. 3, 287–303. [14] Morawetz, C.S. Decay of solutions of the exterior problems for the wave equation. Comm. Pure Appl. Math.

14 (1961), 561-568.

[15] Miller, K. Stabilized numerical analytic prolongation with poles. SIAM J. Appl. Math. 18 (1970), 346-363. [16] Nakamura, S. Shape resonances for distortion analytic Schrödinger operators. Comm. Partial Differential Equations 14 (1989), no. 10, 1385-1419.

[17] Peskin, U.; Reisler, H.; Miller, W. H. On the relation between unimolegular reaction rates and overlapping resonances. J. Chem. Phys. 101 (1994), no. 11, 9672-9680.

[18] Popov, G. Some estimates of Green’s functions in the shadow. Osaka J. Math. 24 (1987), no. 1, 1-12. [19] Sjöstrand, J. A Trace Formula and Review of Some Estimates for Resonances. Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Kluwer Acad. Publ., Dordrecht, 1997.

[20] Sjöstrand, J.; Zworski, M. Complex Scaling and the Distribution of Scattering Poles. J. Amer. Math. Soc. 4 (1991), no. 4, 729-769.

[21] Sjöstrand, J.; Zworski, M. Lower bounds on the number of scattering poles. Comm. Partial Differential Equations 18 (1993), no. 5-6, 847-857.

[22] Sjöstrand, J.; Zworski, M. Lower bounds on the number of scattering poles. II. J. Func. Anal. 123(1994), no. 2, 336-367.

[23] Soffer, A.; Weinstein, M. Resonances, radiation damping and instability in Hamiltonian nonlinear wave equations. Invent. Math. 136 (1999), no. 1, 9–74.

[24] Stefanov, P. Quasimodes and Resonances: sharp lower bounds. Duke Math. J. 99, (1999), no. 1. 75-92. [25] Stefanov, P. Resonances near the real axis imply existence of quasimodes. Preprint, 1999. [26] Stefanov, P.; Vodev, G. Neumann Resonances in Linear Elasticity for an Arbitrary Body. Comm. Math.

Phys. 176 (1996), no. 3, 645-659.

[27] Vainberg, B. R. Exterior elliptic problems that depend polynomially on the spectral parameter, and the asymptotic behavior for large values of the time of the solutions of nonstationary problems. (Russian) Mat. Sb. (N.S.) 92(134) (1973), 224–241.

[28] Vainberg, B. R. Asymptotic Methods in Equations of Mathematical Physics, Gordon and Breach, 1989. [29] Vodev, G. Sharp Polynomial Bounds on the Number of Scattering Poles for Perturbations of the Laplacian.

Comm. Math. Phys. 146 (1992), no. 1, 205-216.

[30] Vodev, G. Sharp bounds on the number of scattering poles in even-dimensional spaces. Duke Math. J. 74 (1994), no. 1, 1-17.

[31] Tang, S. H.; Zworski, M. From quasimodes to resonances. Math. Res. Lett. 5 (1998), no. 3, 261-272. [32] Zworski, M. Sharp polynomial bounds on the number of scattering poles. Duke Math. J. 59( 1989), no. 2, 311-323.

[33] Zworski, M. Counting scattering poles. Spectral and scattering theory (Sanda, 1992), 301–331, Lecture Notes in Pure and Appl. Math., 161, Dekker, New York, 1994.

[34] Zworski, M. Poisson formulæ for resonances in even dimensions. Asian J. Math. 2 (1998), no. 3, 615-624. [35] Zworski, M. Resonances in physics and geometry. Notices Amer. Math. Soc. 46 (1999), no. 3, 319–328.

Department of Mathematics, University of California, Berkeley

E-mail address: stang@math.berkeley.edu
E-mail address: zworski@math.berkeley.edu