FRACTAL UNCERTAINTY FOR TRANSFER OPERATORS

SEMYON DYATLOV AND MACIEJ ZWORSKI

ABSTRACT. We show directly that the fractal uncertainty principle of Bourgain—
Dyatlov [BD16] implies that there exists ¢ > 0 for which the Selberg zeta func-
tion (1.2) for a convex co-compact hyperbolic surface has only finitely many zeros

with Res > % — 0. That eliminates advanced microlocal techniques of Dyatlov—

Zahl [DZ16] though we stress that these techniques are still needed for resolvent
bounds and for possible generalizations to the case of non-constant curvature.

The purpose of this note is to give a new explanation of the connection between
the fractal uncertainty principle, which is a statement in harmonic analysis, and the
existence of zero free strips for Selberg zeta functions, which is a statement in geometric
spectral theory /dynamical systems. The connection is proved via the transfer operator
which is a well known object in thermodynamical formalism of chaotic dynamics.

To explain the fractal uncertainty principle we start with its flat version, given
by (1.1) below. Let X C [—1,1] be a d-regular set in the following sense: there exists
a Borel measure p supported on X and a constant Ci such that for each interval [
centered on X of size |I| < 1, we have Cp'|I1° < u(I) < Cg|I)°.

Bourgain—Dyatlov [BD16, Theorem 4] proved that when § < 1, there exist § > 0
and C depending only on §, C such that for all f € L*(R)

supp Frf C X(h) = || fllzcxny < Crb|l fllie),s (1.1)
where Fy, f := f(£/h) is the semiclassical Fourier transform (2.25) and
X(h) := X + [—h,h]
denotes the h-neighborhood of X. Roughly speaking, (1.1) quantifies the statement

that a function and its Fourier transform cannot both concentrate on a fractal set.

To explain the spectral geometry side, let M = T'\H? be a convex co-compact
hyperbolic surface, that is, a non-compact hyperbolic surface with a finite number of
funnel ends and no cusps — see [Bol6, §2.4]. The Selberg zeta function is defined by

Zu(s)= [] ﬁ (1—e &5 Res>> 1, (1.2)

e k=0

and it continues as an entire function to C. Here %), denotes the set of lengths

of primitive closed geodesics on M with multiplicity — see [Bol6, Chapter 10]. The
1
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zeros of Zj; enjoy many interpretations, in particular as quantum resonances of the
Laplacian on M — see [Zw17] for a general introduction and references. In particular,
finding resonance free regions has a long tradition and applications in many settings.

The limit set, Ar, is defined as the set of accumulation points of orbits of ' acting
on HZ, see also (2.6). It is a subset of the boundary of H? at infinity, so in the Poincaré
disk model of H? we have Ar C S'. The set Ar is §-regular where § € [0,1) is the
exponent of convergence of Poincaré series, see [Bol6, Lemma 14.13].

The hyperbolic version of fractal uncertainty principle was formulated by Dyatlov—
Zahl [DZ16, Definition 1.1]. Define the operator B, = B, (h) on L*(S') by

B ) = (2eh) ™ [l = o1 /) 1) (13
where |y — ¢/| is the Euclidean distance between y,y’ € S C R2." Here
X € CX(Sy), Sh=A{(y,y) eS' xS |y#y'}. (1.4)

We say that Ar satisfies (hyperbolic) fractal uncertainty principle with exponent 8 > 0
if for each £ > 0 there exists p < 1 such that for all Cy > 0, x € C°(S}) we have

|| ]lAp(COhP) Bx(h) IlAp(CohP) ||L2(Sl)—>L2(S1) = O(hﬁ_a) as h — O. (15)

This hyperbolic fractal uncertainty principle with 5 = (I') > 0 was established for
arbitrary convex co-compact groups by Bourgain—-Dyatlov [BD16] by proving the flat
version (1.1) and showing that it implies (1.5). It followed earlier partial results of
Dyatlov-Zahl [DZ16].

With this in place we can now state our main result:

Theorem. Assume that M = T'\H? is a convex co-compact hyperbolic surface and the
limit set Ar satisfies fractal uncertainty principle with exponent [3 in the sense of (1.5).
Then M has an essential spectral gap of size f—, that is for each € > 0 the Selberg
zeta function of M has only finitely many zeroes in {Re s > % — B +e}.

Remark. Bourgain-Dyatlov [BD17] showed that when § > 0, the set Ar also satisfies
the fractal uncertainty principle with exponent g > %—(5 which only depends on 6. The
resulting essential spectral gap is an improvement over the earlier work of Naud [Na05]
which gave a gap of size 5 > %—5 which also depends on the surface. See also Dyatlov—
Jin [DJ17].

A stronger theorem was proved in [DZ16] using fine microlocal methods which
included second microlocalization and Vasy’s method for meromorphic continuation
(see [Zw17, §3.1] and references given there). In addition to showing a zero free strip,
it provided a bound on the scattering resolvent, see [DZ16, Theorem 3]. Having such
bounds is essential to applications — see [Zw17, §3.2]. It would be interesting to see if

TNote the sign change from [DZ16, (1.6)]. It is convenient for us and it does not change the norm.
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FIGURE 1. The disks Dy, Dy and the transformation « in the trivial case (1.7).

one can use the methods of this paper to obtain bounds on the scattering resolvent.
However, generalizations to non-constant curvature are likely to be based on the mi-
crolocal techniques of [DZ16]. The result of [DZ16] also applies to higher-dimensional
hyperbolic quotients. The proof of the present paper can be adapted to higher dimen-
sional cases where the limit set is totally discontinuous (such as Schottky quotients).

The present paper instead uses transfer operators — see the outline below and §2.3.
The identification of M with a quotient by a Schottky group — see §2.1 — allows to
combine simple semiclassical insights with the combinatorial structure of the Schottky
data.

Outline of the proof. The proof is based on a well known identification of zeros of
Zn(s) with the values of s at which the Ruelle transfer operator, L, has eigenvalue 1
—see (2.13). Referring to §2.3 and [Bol6, §15.3] for precise definitions, we have

Lau(z)= Y B(w) " u(w), (1.6)
w: Bw=z
where B is an expanding Bowen—Series map and u is a holomorphic function on a
family of disjoint disks symmetric with respect to the real axis.

We outline the idea of the proof in the trivial case (the zeros of Z/(s) can be
computed explicitly — see [Bol6, (10.32)]) when there are only two disks D;, Dy and
v € SL(2,R), a linear fractional transformation preserving the upper half plane, maps
one disk onto the complement of the other disk, see Figure 1:*

A 1m0 (), ze Dy
Dy =C\~y (D7), Bl(z)= {7(2)’ ceD, (1.7)

IThis trivial case can be reduced to ~v(z) = kz, k > 1, but we do not want to stress that point.
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Denote I; := D;NR. In the case (1.7) the limit set Ar consists of the fixed points of 7,
Ar = {z1, 22} C R, zj € I, ~(z;) =z,
and the fractal uncertainty principle (1.5) holds with g = % by a trivial volume bound:
| Tapconey By (h) apconey [ L2512
< [ ar(coney oo z2 (1B ()| 21— poe | g (cone) (|21 (1.8)
<Chs xh™2xhi=0h2"c), e=1-p.

The operator (1.6) splits as a direct sum over operators on the two disks and hence we
only need to consider a simplified transfer operator

Lsu(z) =7 (2)'u((2), ueH(Dy), (1.9)

where H(D;) is the Bergman space of holomorphic functions in L?(Dy).

Given (1.8) we want to show, in a complicated way which generalizes, that the
equation Lsu = u, u € H(D;), has no non-trivial solutions for

s:%—v+ih_1 with u<%—5.

Thus assume that for such an s, L,u = u. The first observation is that u|g is semi-
classicaly localized to bounded frequencies: that means that for all x € C°(I4),

Frlxu)(§) = O(h>[¢[™)  for €] = C. (1.10)

It is here that holomorphy of w is used: using the maximum principle we show that

supp, Ju| < eC/h

mas 3.2 and 3.3.

supy, |u| and derive the Fourier transform bound from this. See Lem-

From now on we work only on the real axis. In the outline we will use concepts
from semiclassical analysis but we stress that the actual proofs in the paper are self-
contained.

To connect the model used here to By (h), which acts on S*, we identify S' with the
extended real axis R — see §2.5. Transplanted to R, By (h) is a semiclassical Fourier
integral operator with the phase ®(z, z’) defined in (2.24) and hence associated to the
canonical transformation

w: TR = TR, »: (2, —0p®) — (x,0,D).

We stress that s is a global diffeomorphism and for (z,&) = »(2,£’) we have x # 2.
That means that for the action on compactly microlocalized functions, the singularity
removed by the cutoff (1.4) is irrelevant and we can consider a simpler operator B(s)
defined by, essentially, removing . In the circle model it has the form

B/ ) = (2nt) ™ [ =17y
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See §2.5 for details. This operator has a nice equivariance property which is particularly
simple for the operator (1.9): denoting (x) := v/1 + 22 we have

LB(s) = B(s)L1_, where L, := (x)*L (z)"> : [*(R) — L*(R). (1.11)

See Lemma 2.5 for the general version. Here we only say that what lies behind this
identity is the following formula valid for linear fractional transformations (:

lo(x) — o) 721 ()| = o —y| 2 (y)| . (1.12)

To use (1.11), we put vy := vV, the Nth iterate where N ~ log(1/h) is chosen so
that |yn(I1)| ~ h?. Then
u(@) = LJu(z) = vy(x)u(w(@)), =€ L.
Choose a cutoff function xy € C°((z1 — C1h?, 1 + C1h”)) which is equal to 1 in a
neighbourhood of vy (1;). We then put uy := (z)*ynu, so that (2)?u = LYuy on I;.

Since p < 1, uy remains compactly microlocalized in the sense of (1.10) but in
addition it is concentrated at z = xq:
WF(uy) C {x =24, €| < C}.
The operator B(s) is elliptic and we denote its microlocal inverse by B(s)™!
that it is a Fourier integral operator associated to s»~!. Hence,

uy = B(s)uy + O(h™®), vy = B(s) tuy,
WEF}, (vy) C s (WFy(un)) C {z # 21}

noting

Therefore, changing vy by O(h™), we may assume that suppuvy C J C R where J is
a fixed ‘interval’ on R ~ S! and z; ¢ J.

Now we use the equivariance property (1.11): modulo an O(h™) error, we have
(2)%*u = LNuy = LYB(s)uy = B(s)wy on I,
wy =LY wy, suppwy C J :=N(J).

Since J lies a fixed distance away from a;, J = v V(J) lies in an h* sized interval
centered at the repelling point, x5, of the transformation 7. The change of variables
in the integrals shows that

lwnllze ~ b= on ||z ~ A= [lux]| 2.

Now we have
uy = xnB(s) 15wy + O(h™)
so the fractal uncertainty principle (1.8) gives

lunllze < [|xwB(8) 15 || e r2llwn |2 < CRY? 7 luy |2 + O(R™).
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Since v < % — ¢ and we can take p = 1 — ¢, we obtain uy = 0 if h is small enough,
thus v = 0 and the proof is finished.

In the case of non-trivial Schottky groups similar ideas work but with combinatorial
complications. We only make a general comment that for iterates vy (or more generally
iterates v, —see §2.1), 0, log |y ()| for = in a small h-independent neighbourhood of x;
is essentially equal to —20, log |z — 5" (z0)|, 1o # 1. This follows from (1.12) with
y = yn (7o), ¥ := yn. Any generalization of our method has to replace this explicit
formula by writing 0, log |y (z)| approximately as 0,®(z,y), y = V5 (7o), 7o # 71,
with ® generating a canonical tranformation.

Notation: We write f = O(g)y for ||f|lg < g. In particular, f = O(h™)y means
that for any N there exists Cy such that || f||z < Cyh”™. The norm || e || refers to the
L? norm but different L? norms are used (L*(R), L*(S'), L*(Q)) and they are either
specified or clear from the context. With some of abuse of notation, Cr denotes large
constants which only depend on a fixed Schottky data of I' (see §2.1) and whose exact
value may vary from place to place. We denote (z) := /1 + 2.

Acknowledgements. We would like to thank the anonymous referee for suggestions
to improve the manuscript. This research was conducted during the period SD served
as a Clay Research Fellow. MZ was supported by the National Science Foundation
grant DMS-1500852 and by a Simons Fellowship.

2. INGREDIENTS

2.1. Schottky groups. In this section we briefly review properties of Schottky groups,
referring the reader to [Bol6, §15.1] for more details. We use notation similar to [BD17,
§2.1).

The group SL(2,R) acts on the extended complex plane C := C U {co} by Mdébius
transformations:

a b . az+b
7—(6 )ESL(Z,R),ZGC = 7(2)—Cz+d.

d

Denote by H? C C the upper half-plane model of the hyperbolic plane. Then SL(2, R)
acts on H? by isometries.

A Schottky group is a convex co-compact subgroup I' C SL(2,R) constructed in the
following way (see Figure 2):

e Fix r € N and nonintersecting closed disks Dy,..., Dy, C C centered on the
real line.
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3

FIGURE 2. A Schottky structure with » = 2. The real line is dashed.
The solid intervals are I7, I}, I, I}.

e Define the alphabet A= {1,...,2r} and for each a € A, denote
_ a+r, 1<a<r;
“= {a—r, r+1<a<?2r
e Fix group elements 7, ..., 72, € SL(2,R) such that for all a € A
¥(C\ D) = Do, va=1," (2.1)
(In the notation of [Bol6, §15.1] we have v, = S, '.)

e Let I' C SL(2,R) be the group generated by v1,...,7; it is a free group on r
generators [Bol6, Lemma 15.2].

Every convex co-compact hyperbolic surface M can be viewed as the quotient of H?
by a Schottky group T, see for instance [Bol6, Theorem 15.3]. Note that the comple-
ment of | |, D, in H? is a fundamental domain. We fix a Schottky representation for a
given hyperbolic surface M and refer to Dy, ..., Dy, and 7, ..., 7, as Schottky data.

In several places we will use results of [BD17, §2] which can be read independently
of the rest of [BD17]. In particular, we use combinatorial notation for indexing the
words in the free group I' and the corresponding disks:

e For n € Ny, define W, the set of words of length n, as follows:
W, ={ay...a, | a1,...,a, € A, ajp1#a; forj=1,....,n—1}. (2.2)

Denote by W := |J,, W, the set of all words. For a € W, put |a| := n. Denote
the empty word by () and put W° := W\ {0}.

efora=a;...a, e W,puta:=a,...a; € W. For aset Z C W, put

7 :={alac Z}. (2.3)

e Fora=uay...a, € W°, put a’ :=a;...a,_1 € W. Note that VW forms a tree
with root () and each a € W° having parent a’.
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efora=a;...a,,b="0,...b, €W, we write a — b if either a = (), or b = 0,
or a, # by. Under this condition the concatenation ab is a word. We write
a~bifa,be W°and a, = b;. In the latter case a’b € W.

e For a,b € W, we write a < b if a is a prefix of b, i.e. b = ac for some c € W.

e Define the following one-to-one correspondence between W and the group I

Waar...ap=a +——> Ya:=% " Ya, €.

Note that Yap = Va7 When a — b, 75 = 7,1, and 7y is the identity.
e For a=a;...a, € W°, define the disk centered on the real line (see Figure 2)

Da = 'Ya’(Dan) c C.
If a < b, then D, C D,. On the other hand, if a £ b and b £ a, then
D, N Dy, = (. Define the interval
I,.=D,NR

and denote by |I,| its length (which is equal to the diameter of D,).
e For a € A, define the interval I, C I as the convex hull of the union
|_|b€A7 usp Lav, see Figure 2. More generally, for a = a; ... a, € W° define

I =~a(1,) C Iy (2.4)
Note that I, D Iy, for any b € W° such that a < b, a # b.
e Denote
D:=||D,cC, 1:=|]|L=DnR, I':=||LcCl. (2.5)
acA acA acA

e The limit set is given by

Ar=() || DacR (2.6)

n>1aeW,
The fact that Ar C R follows from the contraction property [BD17, §2.1]
1I,| < Cr(1 — Y2l for all a € We. (2.7)

We finish this section with a few estimates. We start with the following derivative
bound which is the complex version of [BD17, Lemma 2.5]:

Lemma 2.1. Foralla=a;...a, € W° and z € D,, we have

Cr'lfal < Iy (2)] < Crllal. (2.8)

Proof. Define the intervals [ := I, , J := [, = o (). Let 77,7, € SL(2,R) be the
unique affine transformations such that ([0, 1]) = I, v,([0, 1]) = J. Following [BD17,
§2.2], we write

a/2 0

— e
Yar = YJVa V1 1, Ya = (ea/Q _ e_a/Q e_a/z) S SL(Z,R),



FRACTAL UNCERTAINTY FOR TRANSFER OPERATORS 9

where o € R and |a| < Cr by [BD17, Lemma 2.4]. For z € D,, we have

/1 _ 1 1
(o) = e w=se) e {Ju -5l < 5}
We compute
/ e -1
= Cr, Cr].
|7a(w)| ‘(60‘—1)?1)4-1‘2 S [ r o F]
Since CptI,| < |J]/|1| < Cr|la|, (2.8) follows. O

The next lemma bounds the number of intervals I, of comparable sizes which can
contain a given point:

Lemma 2.2. For all C; > 2 and 7 > 0, we have

sup#{a e W°: 7 < || < Cy1, x € I} < Crlog(y. (2.9)

z€R
Proof. Fix x € R. We have
{aeW 7 <|L|<Cyr, z € l,}={ay,...,an}

for some ai,...,ay € W° such that a; < a; < --- < ay. We have [[,,,| < (1 —
Cr )|, ], see [BD17, §2.1], and (2.9) follows. O

2.2. Functional spaces. For any open 2 C C, let H(2) be the Bergman space on ,
consisting of holomorphic functions f : € — C such that f € L*(Q) (with respect
to the Lebesgue measure). Endowing H () with the L? norm, we obtain a separable
Hilbert space. For general Q C C, we put H(Q) := H(Q°).

Denote
Dy:= | | D.cDr (2.10)

aew
|la|=2

and let D* := DN {£Imz > 0}, DF := Dy N {#Im 2z > 0}. See Figure 3.

The following basic estimate is needed for the a priori bounds in §3.1 below:

Lemma 2.3. There exists ¢ € (0,1] such that for all f € H(D*)N C(D%),

sup|f| < (sup|f])*(sup|f])" . (2.11)
D;t I D+

Proof. The boundary of D¥ consists of I and a union of half-circles, which we denote
S*. Let Fy : (D*)° — [0,1] be the harmonic function with boundary values

FihEl, Fi|Si =0.
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Do
Dq Ds m D,
Il I3 I2 I4

FiGURE 3. An illustration of Lemma 2.3. The lighter shaded region
is DT and the darker region is D . The union of the thick lines is I.

Since F. is positive in (D¥)° and D lies away from S*, the infimum of Fy on D is
positive. Denote this infimum by ¢ := infpz F* € (0,1]. Since log |f] is subharmonic
in D* and

log |f] < (Slllp10g|f|)Fi+ (su£10g|f|)(1 — F) on 0D%,
D

the maximum principle implies that for z € D3,

log|f(2)] < suplog|f| — Fi(z)(suplog|f| — suplog|f|)
Dt D=* I
< suplog|f| — ¢(suplog|f| —suplog|f]).
D= D+ I
Exponentiating this we obtain (2.11). O

2.3. Transfer operators and resonances. The zeros of the Selberg zeta function,
that is the resonances of M = T'\H?, are characterized using a dynamical transfer
operator, also called the Ruelle operator. Here we follow [Bol6, §15.3],[GLZ04] and
consider these operators on Bergman spaces defined in §2.2. We refer to [Bal6] for
other approaches to transfer operators and for historical background.

Here, for s € C we define the transfer operator Ls: H(D) — H(D) as follows:
Lof(z) =Y (2)°f(u(2), =€ Dy beE A (2.12)

acA
a—b

(We note that in the notation of [Bol6, (15.11)], S; = v, *.) This is the same as (1.6)
if we define Bz = v, !(z) for 2z € D,.

s

The derivative satisfies 7,(z) > 0 for z € I, and 7/(2)° is uniquely defined and
holomorphic for z € D, and s € C such that v/ (2)® > 0 when z € I, s € R. Since 7,
takes real values on R, the expression (2.12) additionally gives an operator on L*(I),
also denoted L£;. The operators L, are of trace class (see [Bol6, Lemma 15.7]) and
depend holomorphically on s € C. Hence the determinant det(/ — L) defines an entire
function of s € C. The connection to the Selberg zeta function defined in (1.2) is a
special case of Ruelle theory and and can be found in [Bol6, Theorem 15.10]:

Zy(s) =det(I — Ly).
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It also follows that I — L, is a Fredholm operator of index 0 and its invertibility is
equivalent to ker(/ — L) = {0}. Hence,

Zy(s) =det(I — L;) =0 <= Jue H(D), u#0, u= Lu, (2.13)
see [Bol6, Theorem A.34].

2.4. Partitions and refined transfer operators. Our proof uses refined transfer
operators which are generalizations of powers of the standard transfer operator L
given by (2.12). To introduce these we use the notion of a partition:

e A finite set Z C W° is called a partition if there exists N such that for each
a € W with |a| > N, there exists unique b € Z such that b < a. See Figure 4.
In terms of the limit set, this means that

Ar=| [N Ap). (2.14)
beZ
e The alphabet A is a partition, as is the set W, of words of length n > 1.
Another important example is the set of words discretizing to some resolution
T>0:
Z(1) = {a eW LI <1< |Ia/|} (2.15)
where we put |[y| := oo. The set Z(7) is a partition due to (2.7).
e Note however that if Z is a partition, this does not imply that the set Z defined
in (2.3) is a partition.

If Z C W° is a finite set, we define the refined transfer operator £ : H(D) — H(D)
as follows:

Lz.f(2) =Y u(2) f(y(2)), z€ Dy, be A (2.16)

ac”z
a~b

As in the case of L,, we can also consider L as an operator on L*(I).

Here are some basic examples of refined transfer operators:

o If Z = A then L is the identity operator.

o If Z = W,, the set of words of length 2, then Lz, = L, the standard transfer
operator defined in (2.12).

e More generally if Z = Wy for some N > 1, then Lz, = LN,

Lemma 2.4. Assume that Z is a partition; define Z by (2.3). Then for all u € H(D)
and s € C
Lau=u = Lz u=u. (2.17)

Proof. We argue by induction on } ., |b|. If Z = A then L7 _ is the identity operator
so (2.17) holds. Assume that Z # A. Choose a longest word dc € Z, where d € W°
and ¢ € A. Then Z has the form (see Figure 1)
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32
321 |[322](323] |[341][343]|344

FIGURE 4. An example of a partition Z, with elements of Z shaded grey
in the tree of words. The solid black word is one possible choice of d in
the proof of Lemma 2.4.

Z=(Z\{d})U{da|ac A d—a}

where Z' is a partition containing d. By the inductive hypothesis we have Lz u = u,
thus is remains to prove that

Lau=u = Lzu=~Lyu (2.18)

We write for each 2 € Dy, be A

Lz.u(z) =) Y (2) ulva(2)

and similarly for Z’. The condition @ ~» b simply means b = a; where a; is the first
letter of a.

For b # d; the expressions for L7 u(z) and Lz u(z) are identical. Assume now

that b = d;. Removing identical terms from the conclusion of (2.18) and using that
dd = ad we reduce (2.18) to

V(2 ulrg () = 3 A (=) ulrgg () for all = € Dy

d—a

Using the chain rule and dividing by y’a/(z)s this reduces to

u(vg (2)) = D (g (2) ulralyg () for all 2 € Dgr.

acA
a—d

The latter follows from the equality L,u(w) = u(w) where w := y(z) € Dg. O

2.5. An integral operator. We now introduce an integral operator B(s) similar to
B, (h) from (1.3). That operator has a simpler definition than B, (h) but one pays by
introducing singularities.

In our approach we use the upper half plane model while B, (h) acts on functions
on a circle rather than a line. Hence, we will use the extended real line R = R U {co}
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which is identified with the circle S' C C by the map

xERHy:zIzESl. (2.19)

The standard volume form on S!, pulled back by (2.19), is

dP(z) = 2(x)*dx.

Denote L*(R) := L*(R,dP) ~ L*(S'). For z,z' € R, let |z — #'|s be the Euclidean
distance between y(z) and y(z’), namely

2]z — |

(x)(a)

With this notation in place we define th(? operator B(s), depending on s € C: for
Res < 3, it is a bounded operator on L*(R) given by the formula

|lr —2|s =

Im st

B(s)f (@) = |5

/2
/ |z — 2/|g* f(2) dP(2). (2.20)
R
For general s the integral in (2.20) may diverge however
x1B(s)x2 : L*(R) = L*(R),  x1,x2 € C™(R), suppyiNsuppyo =0,  (2.21)

is well defined. In other words, B(s)f can be defined outside of supp f.

The following equivariance property of B(s) will be used in the proof of the main
theorem in §3.3:

Lemma 2.5. Let v € SL(2,R), s € C, and consider the operator

Tpo: LR) = L*(R), To.f(2) = Y (2)3f (v(x)). (2.22)

Here | (z)|s = (2)*(y(x)) "2y (z) is the derivative of the action of v on the circle
defined using (2.19). Then

T, B(s) = B(s)T, 1. (2.23)

Proof. Take f € L*(R). We need to show that
T,sB(s) f(x) = B(s)Ty1-sf(x)
for all z when Res < 3 and for all z ¢ y~*(supp f) otherwise. This is equivalent to
[ @5 ) =2 ap) = [ o= a5 ) f ) P,

The latter follows by the change of variables 2’ = ~(z”) using the identity

(@) = (@5 =z — 2"l [Y (@)ls - |¥ (2")]s. O
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We now discuss the properties of B(s) in the semiclassical limit which means that
we put s := 3 —v+ih !, where v is bounded and 0 < h < 1. In the notation of (2.21)
we obtain an oscillatory integral representation:

x1B(s)xaf (z) = (2rh) ™/ /R en @)y () xo(a!) o — 2|21 f(2') dP(2)

where the phase function ® is defined by
O(z,2') := —2log|r — 2'|s = —2log |z — 2| + 2log(x) + 2log(z’) —log4.  (2.24)

Thus x1B(s)x2 is a semiclassical Fourier integral operator, see for instance [DZ16,
§2.2].

The next two lemmas can be derived from the theory of these operators but we
present self-contained proofs in the Appendix, applying the method of stationary phase
directly. That first gives

Lemma 2.6 (Boundedness of B(s)). Let x1, x2 € C®(R) satisfy supp x1Nsupp xz = 0.
Then there exists C' depending only on v, x1, X2 such that

||X13(S)X2||L2(R)—>L2(R) =C.

The next lemma gives partial invertibility of B(s). To state it we recall the definition
of semiclassical Fourier transform,

Fuf(e) = /R Fla)eteédn, (2.25)

see [Zw12, §3.3] for basic properties. We say that an h-dependent family of functions
f = f(h) is semiclassically localized to frequencies |£| < M if for every N,

[Fnf(©)] < CnRNME[T when [¢] > M. (2.26)
We also recall semiclassical quantization a — Opy(a) = a(z, hD,), D, = 19,
1 i
Opy(a)u(z) = 5— [ et a(z, uly) dyde, (2.27)
2mh R

stressing that only elementary properties from [Zw12, §§4.2,4.3] will be used.

The partial invertibility of B(s) means that for f € L*(R) which is supported in
an interval I and semiclassically localized to frequencies [£| < (5|I])~!, we have f =
B(s)g + O(h™) on I for some g which is supported away from I:

Lemma 2.7 (Partial invertibility of B(s)). Let I C R be an interval and K > 10
satisfy 10K |I| < 1. Assume that

A=O0p,(a), a(x,&) € C>P(R?), suppaC {z el [¢<2K}.
Then for all vy € C(I°) and w; € CX(R\ 1) satisfying
suppa C {¢r(z) =1}, supp(l —w;) C I+ [ - 0% 105 ) (2.28)
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there exists an operator Qp(s) : L*(R) — L*(R) uniformly bounded in h, such that
A= LD[B(S)W[Q[(S) + O(hoo)L2(R)_>L2(R).

We recall that the proofs of both lemmas are given in the Appendix.

3. PROOF OF THE MAIN THEOREM

We recall that M = I'\H? is a convex co-compact hyperbolic quotient and that we
fix a Schottky representation for I' as in §2.1. Finally we assume that the limit set Ar
satisfies fractal uncertainty principle with exponent § > 0 in the sense of (1.5).

As seen in (2.13), the main theorem follows from showing that for

= + i 0<v<pB-2 (3.1)

§i==— — — .

5Vt <v< €

we have
ueHD), Lu=u = u=0. (3.2)

That follows from progressively obtaining more and more bounds on solutions to the
equation Lsu = u, until we can use the fractal uncertainty principle (1.5) to show that
u = 0.

As shown in [DZ16, §5.1], we always have 5 < % This implies the inequality Re s > 0
which we occasionally use below.

3.1. A priori bounds. We first use the equation in (3.2) to establish some a pri-
ori bounds on u. Note that u = Lsu implies that u extends holomorphically to a
neighbourhood of D and in particular is smooth up to the boundary of D.

The prefactors 7/, (z)® in (2.12) are exponentially large in h when z is not on the real

line. To balance this growth we introduce the weight
wg - C — (0,00), wg(z) = e Klmzl/h,

The constant K is chosen so that a sufficiently high power of the transfer operator L
is bounded uniformly in h on the weighted space induced by wg:

Lemma 3.1. There exist K > 10 and nyg € N depending only on the Schottky data so
that, with Do C D° defined in (2.10),

sup |wg L f| < Crsup |lwi f|  for all f € H(D). (3.3)
D D;

Proof. Using Lemma 2.1 and the contraction property (2.7), we choose ng such that

Sll)lp"y;‘éé forall aeW,,, a—beA
b
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(See (2.2) for definitions.) In particular, since 7, maps the real line to itself, we have
|Im7,(2)] < 3[Imz| forall a€eW,, a—beAd zeD,

Take z € D, for some b € A. Then

[ CIE DR TACY I s s s

< OI‘ Z 6—(K|Imz|+2 argvh(2))/2h sup |wa|
D

aEWnU
a—b

where in the last inequality we use the bound |7/ (2)*| < Cre~2®%()/" It remains to
choose K large enough so that

—argva(z) < i1K|Imz| forall aeW,, a—beAd, zeD,

which is possible since argv,(z) = 0 when z € R. O

We next show that for u satisfying (3.2), the norm of v on D is controlled by its
norm on I =D NR:

Lemma 3.2. We have

sup |wiu| < Crsup |u]. (3.4)
D I

Proof. Let ng come from Lemma 3.1. Since u = L7%u, (3.3) shows

sup jwgu| < Crsup |wgul. (3.5)
D

Do

Applying Lemma 2.3 to the functions exp(+iKz/h)u(z) in D*, we get for some ¢ €
(0, 1] depending only on the Schottky data

l1—c

sup [wru| < (sup |ul)®(sup wrul) (3.6)
D, 1 D

Together (3.5) and (3.6) imply (3.4). O
3.2. Cutoffs and microlocalization. Let Z(h”) C W° be the partition defined
in (2.15), where p € (0,1) is fixed as in (1.5). By Lemma 2.4
Ly(h)u=u where Ly(h"):= Lzgzz .. (3.7)
That is,
u(z) = Ls(h?)u(x) = Z v (@) u(vya (), x €I, be A (3.8)

acZ(hP)
a~b
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From [BD17, Lemma 2.10] and Lemma 2.1, we have for all a = a; ...a, € Z(h?)

Crlhe < |L| < I, (3.9)
Cr'h? < |Is) < Crh?, (3.10)
Crh? <AL < Crh? on Ig. (3.11)
Let I' be defined by (2.5); recall also the definition (2.4) of I. Since Res > 0, (3.8)

gives
sup |u| < Crsup |u| < Crp Z sup |ul (3.12)
I 1] A
acZ(hr) "=
where for the first inequality we used u = L, u. That is, the behavior of uw on I (and thus
by Lemma 3.2, on D) is controlled by its behavior on the intervals I for a € Z(h”).

We now define pieces of u localized to each interval Iz. To that aim, for each
a € Z(h”) we choose a cutoff function

Xa € CZ(12:[0,1]), supp(l — xa) N Ig =0, sup|dxal < Crh ™. (3.13)
This is possible since dg(I5, R\ Iz) > Cr'h? by (3.11). We then define
Ug = (2)*xau € C(12), a € Z(h”). (3.14)
Equation (3.8) implies that, with T, ; given by (2.22),
(@) u(x) = Y T\,ua(z), z€lj, be A (3.15)
acz(hP)

a~b
The next lemma shows that u,’s are semiclassically localized to a bounded set in &.
This is where we use that p < 1: if we instead put p = 1 then multiplication by xa
would inevitably blur the support of the semiclassical Fourier transform.

Lemma 3.3. Let K > 10 be chosen in Lemma 3.1. Then for each a € Z(h”), u, is
semiclassically localized to frequencies |€| < % More precisely, for all N,

Fital€)] < Cravh™ €[ suplul  when J¢] > %, (3.16)

Remark. A finer compact microlocalization statement can be given using the FBI
transform — see [Ji17, Proposition 2.2].

Proof. For each a € Z(h?), let Xa € C(Dg) be an almost analytic extension of xa,
more precisely for each NV

~ = _ N

Xa|R = Xa, hp|azXa<Z)| < C(F,N(h p| Im Z|) .

See for instance [Zw12, Theorem 3.6] for a construction of such extension; here we map
D5 to the unit disk and use the derivative bounds (3.13). Let (2)* := (1 + 2?)* be the
holomorphic extension of (x)* to Dz. We note that

1(2)*| < Crexp(2|Im z|/h), z € Da.
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Since u is holomorphic in Dy, we have

Frua(€) = / w(e)a) e HE T ) du

= —(sgn¢) / u(z)<z>256_lﬁgz(§z§a(z) dz N dz.
=N{(sgn &) Im z<0}
Using Lemma 3.2 and the fact that || > 3K /2 we estimate for all IV,

| Frua(§)] < Cr v sup yu\/ (h=ry)N e E-le2u/h gy,
I 0

< Cr y sup |u] / (h=Py)N e lelu/5h gy < Cr,Nh”N(l‘p)lf\_l_N sup |u.
I 0 I
Since p < 1 and N can be chosen arbitrary, (3.16) follows. O

Lemma 3.3 implies that the sup-norm of u, can be estimated by its L? norm:

Lemma 3.4. We have for all N and a € Z(h*),
sup [ua| < Crh™ Y2 ||ug|| + Cp.nh™ sup |ul. (3.17)

Proof. We use the Fourier inversion formula: wua(z) = (2rh)™" [, €/ Fhua(€) d€.
We split this integral into two parts. The first one is the integral over {|¢| < 3£}
which is bounded by Crh™!||Fpua| = Crh™'/?||ua]|. The second one, the integral over
{1¢l = %}, is bounded by Cr xyh" supy |u| by Lemma 3.3. U

Since the intervals I, a € Z(h”), do not intersect and are contained in I, we have
#(Z(h*)) < Crh~'. Combining this with (3.12) and (3.17), we get the following bound:

1/2
sup |u| < C' sup |lua| < ¢ h_l( Ugy 2) . 3.18
Ipll_rz: P |ua| < Cr > lual (3.18)

acZ(hr) acZ(hr)

3.3. End of the proof. We use (3.15) together with equivariance of the operator B(s)
(Lemma 2.5) to obtain a formula for u in terms of B(s), see (3.26) below. Together
with the fractal uncertainty bound (1.5) this will give u = 0.

In order to take advantage of the equivariance of B(s), we approximate u,’s ap-
pearing in (3.15) by functions in the range of B(s). For that, let K be chosen from
Lemma 3.1. Define the partition Z(5%) by (2.15). Since h is small and by (3.10),

Vaec Z(h’) FNaecZ(gz): a<a, a#a (3.19)

We stress that 10K]|/3| < 1 and that a lies in Z(55%) which is a finite h-independent
set. Choose h-independent cutoff functions (see (2. ))

Xa S C’:O(Ig)’ Supp(l - Xa) N ]a (Z),
Xx € CF((—2K,2K)), supp(l —xx)N[— 3 %] =g
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I
Va Ua Va
] |
l% =
Wa
L
I,-

FIGURE 5. The supports of u,, va, wa (shaded) and the intervals Iz, I,-
(marked by endpoints). The top picture is mapped to the bottom one
by Ya—. The supports of u,, w, have size ~ h”.

and consider semiclassical pseudodifferential operators

Az = xa(2)xx (hDs) = Opy, (xa(2)xk (€))-
By Lemma 3.3 and since suppu, C Iz C I, we have for all a € Z(h”) and all N

[ta — Agtal| < Crvh™ Sl;p |ul. (3.20)
We now apply Lemma 2.7 with [ := Iz and A := Az to write
Az = ¥aB(s)wzQa + O(h™) 2 (m)2(R) (3.21)
where Qz : L2(R) — L?(R) is bounded uniformly in h and
Yz € C=(I2), suppya C {vz =1}, wz e COR\ Ix). (3.22)
Define (see Figure 5)
Va = waQatia € L*(R),  [[vall 28y < Crlluall2m). (3.23)
Then (3.20) and (3.21) imply that for all N,
e — YzB(8)vall < Cpnh™ Slllp |ul. (3.24)

To approximate u by an element of the image of B(s) we use the equation (3.15)
and the equivariance property (2.23). Let a € Z(h?), b € A, a ~» b. By (3.22), we
have 1z = 1 on & (f,) = Iz C I%. Thus by (2.23)

T, VaB(s)va = B(s)T, 1—sva oD I (3.25)
Substituting (3.24) into (3.15) and using (3.25), we obtain the following approximate
formula for u, true for each N and b € A:

H(x)qu—B(s) Z Wa

acZ(hP)
a~b

< Cr.yh sup |u] (3.26)
L2(L) I
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where
Wa =T, 1-4Va € L*(R). (3.27)
We now establish a few properties of w,, starting with its support:
Lemma 3.5. Leta=a;...a, € Z(h*) and put a~ :==ay...a, € W°. Then
supp wa C I~ (Crh?) (3.28)
where I(1) = I + [—7, 7] denotes the T-neighbourhood of I.

Proof. From the definition of w, and (3.22) we have (see Figure 5)
Supp wa C 7' (SUpp va) C 7a- (R\ ).
Recall that a < a, thus a = @, @,_1 . .. Gp—m for some m < Cf, in particular m < n.
Then by (2.1) we have 7,,_,, (R \ I5;=;) = I; _ and thus
Ya- (R \ [5) = Yaz " VYan—m (R \ Im) = [22...an,m'

We have I, 4, ,. O I.- and by [BD17, Lemma 2.7] we have |l,, 4, .| < Cr|la-| <
Crh?. Therefore 1,, q, ., C I,-(Crh?), finishing the proof. O

We next estimate the norm of w,. This is where the value of the parameter v
from (3.1) enters the argument.

Lemma 3.6. We have
|wall < Crh™"||uall. (3.29)

Proof. The definition (3.27) of w, gives (recalling (2.22)) wa(z) = |74 (z)|s *va(ya (2))
for x € R. Using the notation of the proof of Lemma 3.5, we can restrict to = €
I

ag...ap—m

. Since m < Cr we have

01:1’72171_?...@(37)’8 < "Y%’(@‘S < CF|’YZzn_ﬁ...@<x>’S-

We have for x € I, ., ..

|7t/zn,ﬁ®(x)|g = |7(,12..‘an,m,1('r,)|8_17 x= Yarmm=i.az() € La,_,,-

By Lemma 2.1 and [BD17, Lemma 2.7] we have
Cr'h’ < oy..ay (@)]s < Crb”,
therefore
Cith ™ < |ha(2)|s < Crh ™, 2 € ILuy.ay s
which using the change of variables formula and (3.1) implies
[wall2@) < Crh™"|[vall 12y

Together with (3.23) this gives (3.29). O
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We next rewrite the formula (3.26) in terms of the operator B, (h) defined in (1.3).
Let xo € C*(R x R) be such that

supp xo N {(z,2) |z € R} =0

and
a,be A, a#b = supp(l— xo)N (L, x 1) = 0.
Put
x(z,2) = |z — 2| xo(z, 7). (3.30)

For each b € A define the following compactly supported function
w® = Z w, € L*(R).

acZ(hP)
a~b

Then by (3.28) we have (identifying R with S! using (2.19))
B (hw® =B(s) > wa onl,
)

acZ(hP
a~b

Thus (3.26) implies
|(z)**u — B (h)w(b)H 2 < Cp.nh” sup |ul. (3.31)
X L (Ib) ’ I
The supports of w,, as well as the supports of u,, lie in a Crh?” neighbourhood of the

limit set and have bounded overlaps. Analysing this closely will give us

Lemma 3.7. Denote by Ar(7) = Ar + [—7, 7] the T-neighbourhood of the limit set
Ar C R. Then

U suppw® C Ap(Crh?), (3.32)
becA
(b)]12 2
max [w®|* < Cr Y Jluwal, (3.33)
acZ(hr)
> luall? < Crll Bapcon (2)*ull. (3-34)
acZ(hr)

Proof. By Lemma 3.5, for each a € Z(h”) we have suppw, C I,- (Crh?). By [BDI17,
Lemma 2.7] the interval I,- has length < Crh” and it intersects the limit set, therefore
supp wa C Ap(Crh?). This proves (3.32).

Next, we have the following multiplicity estimates:

sup#{a € Z(h") | x € suppw,} < Cr, (3.35)
zeR

sup#{a € Z(h") | x € supp xa} < Cr. (3.36)
zeR



22 SEMYON DYATLOV AND MACIEJ ZWORSKI

Both of these follow from Lemma 2.2. Indeed, from the proof of Lemma 3.5 we
see that for a = ay...a, € Z(h”), we have suppwa C Iy, a4, , Where m is fixed
large enough depending only on the Schottky data. By [BD17, Lemma 2.7] we have
Ci'h? < |Iay..a_,,| < Crh?. Therefore, the number of intervals I,, ,, _, containing a
given point x is bounded, which gives (3.35). To prove (3.36), we use that supp xa C Iz
by (3.13) and Cp'h? < |Iz| < Crh? by (3.10).

Now, (3.35) immediately gives (3.33):

2
w0l < [ (3 lw@)l) o< [ ¥

lwa(7)|? de.
acZ(h?) acZ(h?)

To show (3.34), we first note that for all a € Z(h”) we have supp xa C Iz C Ar(Crh*),
since I3 is an interval of size < Cph” intersecting the limit set. We now recall (3.14):

Z Huaﬂiz(R) :/ Z |Xa(5U)’2 . ‘<$>25u(1’)‘2 de

acZ(he) Ar(Crh?) gez(he)
<G [ Pl ds
Ar(Crhe)

where in the last inequality we used (3.36). O

We are now ready to prove (3.2) and hence finish the proof of the main theorem.
From (3.31) and the fact that Ap(Crh?) C |, 4 I we obtain

[ ar(cone) (2)*ul|* < Crmax || Tz, cpme) By (h)w|* + O(h*) sup ul®. (3.37)

The fractal uncertainty bound (1.5) and the support property (3.32) show that

) )2 < (2052 (b)(|2
max || Loy cpne) By(h)w™ || < Crh™ % max [|lw™ | (3.38)

The estimate (3.33) and Lemma 3.6 give

B2(8—¢) 112 « 2(8—e—pv) 2 )
ma [ < Crh Sl (3:39)
acZ(hr)

Due to (3.34), the left hand side of (3.37) bounds the sum on the right hand side
of (3.39). Putting (3.37), (3.38), and (3.39) together and using (3.18) to remove
O(h*>) supy |u|?, we obtain for A small enough

Y lual® < Con?P==mr) 3 7 ua . (3.40)
acZ(he) acZ(hr)

From (3.1) we have 2(8 — e — pv) > 0, thus (3.40) implies that Y, ;) |lual|? = 0 if
h is small enough. Recalling (3.14), analyticity of u shows that u = 0.
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APPENDIX

We give proofs of the two lemmas about the operator (s) introduced in §2.5.

Proof of Lemma 2.6. For simplicity we assume that supp x1,supp x2 C R; same proof
applies to the general case, identifying R with the circle by (2.19). The operator
(x1B(s)x2)*x1B(s)x2 has integral kernel

}C(JJ, x//) _ (27Th)_1 /e;(d>(x’,:c”)—<1>(z’,x))|$ _ x/|2u—1|$/ — " 2v—1
R s ° (A1)
X1 (2)[Px2 (@) xa(2") dP(2).
We have 0, ®(2/, z) = 2(z — 2') ™' + 22/ (2/) 72, thus
|0 (®(a,2") — (2, 2))| > |z — 2"|/C for x,z" € supp 2, &’ € supp x1.

Integrating by parts N times in (A.1) we see that |[K(x,2")| < CyhNtx — 2”7V,
Therefore sup, [; |K(z,2”)|dP(z") < C. (Here we use the case N = 0 for [z —z"| < h
and the case N = 2 for |x —z”| > h.) By Schur’s Lemma (see for instance [Zw12, Proof
of Theorem 4.21]) we see that the operator (x18B(s)x2)*x18(s)x2, and thus x1B(s)xa,

is bounded on L?*(R) uniformly in A. O

The following technical lemma is useful to establish invertibility of B(s) in Lemma 2.7.
To state it we use the standard (left) quantization procedure (2.27).

Lemma A.1. Assume that x1,xs € C®°(R) and xo € C®(R) satisfy
supp x1 N supp x2 = supp x N supp xz = 0.
Let q(z,&) € C°(R?). Define the operator
B = x1B(s)x2B(1 = 5)x3 Opy(q) : L*(R) — L*(R).

Then B = Op,(b) where b(x,&;h) € (R?) (uniformly in h) admits an asymptotic
eTPansion:

b(z,&h) ~ x1() Z K L; (X2($’)X3($)Q(x: f))

2(z)?
()¢ — 2z

=2 (2,6)’
(A.2)
2(z, &) =1+ €R,

where Lj; is an order 2j differential operator on R, X R, with coefficients depending
on z,&,v, and Ly = 1/2.

Proof. For simplicity we assume that supp yo C R. The general case is handled simi-
larly, identifying R with the circle.
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For ¢ € R, define the function e¢(x) = exp(iz{/h). By oscillatory testing [Zw12,
Theorem 4.19], we have B = Op,,(b) where b is defined by the formula
(Beg)(x) = bz, & h)eg(x).
It remains to show that b € . and had the expansion (A.2). We compute

bz, & h) = (27h) 7! / L P S W
R2

where
U =>&(z, ') — &2, 2") + (2" — 2)&,

+
p= 4X1 (%)XQ(JC/)X;J,(%H)(]((E”, §)|l‘ o x/’éz/flm,/ o x//|S—2ufl<x/>—2<x//>—2.
We have 2 — ) o )
¥ - x

OV =& — .
(I’ _ ZE') (l’” . l‘/)7 T 5 <:E”>2 + ' — !
It follows that ¥ is a Morse function on {2’ # x, 2’ # 2"} with the unique critical
point given by 2" = z, ' = 2'(x,§) where 2/(x, &) is defined in (A.2).

0, T =

We have suppb C {x € suppxi1}. Next, for (z/,2") € suppp and large ||, we
have [0,»W| > 1|¢|. Therefore, repeated integration by parts in z” shows that b =
O(h™) @2y when |z| + || is large. The expansion (A.2) follows from the method of
stationary phase. To compute Ly we use that the Hessian of W at the critical point
has signature 0 and determinant 4(z — 2/(z, £)) ™. O

Proof of Lemma 2.7. Choose 17, w; satisfying the conditions in the statement of the
lemma. It follows from the definition of 2'(x, ) in (A.2) that |[x—2'(z,&)| > 2/(1 + []).
Since 10KI| <1 we have

' (z,€) ¢ supp(l —wy) forallz eI, [¢] <2K. (A.3)

We now put
Qr(s) == wiB(1 — 8)1; Op,(q) : L*(R) — L*(R)
where q(x,&;h) € C%°(R?), to be chosen later, satisfies the support condition

suppq C suppa C {¢;(x) =1, [{] < 2K}

and has an asymptotic expansion
q(z, & h) ~ thj:cf as h — 0.

The L? boundedness of Q;(s) follows from Lemma 2.6, whose proof applies to B(1—s).
By Lemma A.1, we have ¢;B(s)w;Q(s) = Op,(b) where the symbol b satisfies

b(x, & h) ~ Zhﬂbx& bi(x,8) = ~q;(x,€) +
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and ... " denotes terms depending on gy, . . ., ¢j_1 according to (A.2), and in particular
supported in suppa. Here we use that on suppg; C suppa we have ¢;(z) = 1 and
wr(z'(z,€)) = 1 by (A.3). We can now iteratively construct qo,qi,... such that b =
a + O(h™) y(r2), finishing the proof. O
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