DISTRIBUTION OF RESONANCES FOR ASYMPTOTICALLY EUCLIDEAN MANIFOLDS

JARED WUNSCH AND MACIEJ ZWORSKI

1. Introduction and statement of results

Resonances replace discrete spectral data for operators on non-compact domains and are defined as poles of the meromorphic continuation of the resolvent. They are related to the long time behaviour of the wave equation and, in physics, to the existence of states with rest energies and rates of decay given by the real and imaginary parts of resonances — see [33] for an elementary survey and references.

In this paper we consider a class of manifolds generalizing Euclidean n-space and we prove meromorphic continuation of the resolvent of the Laplacian to conic neighbourhoods of the continuous spectrum. This is done under the basic assumption of analyticity near infinity. We give an upper bound O(r^n) on the number of resonances, that is, poles of the meromorphically continued resolvent, with absolute value less than r^2.

Under a stronger assumption of global analyticity and hyperbolicity of the geodesic flow, finer estimates are possible. Proceeding in the spirit of [23] and [32] we prove that the counting function for resonances in small neighbourhoods of the real axis satisfies a Weyl type estimate with the exponent related to the dimension of the trapped set of the geodesic flow, K ⊂ T^∗X, and the size of the neighbourhood. In particular, when we count in a fixed strip of width r, the bound is essentially given by Cr^{m/2}, m = dim K, which (very weakly) generalizes the standard Weyl estimate on the number of eigenvalues for a compact manifold, X, where K = T^∗X.

The assumptions referred to in the statements of the following theorems will be discussed in detail in Sect. 2. Manifolds with boundary endowed with scattering metrics [14],[15], generalize asymptotically Euclidean cones. The boundary of such a manifold should be thought of as the boundary of the compactified infinite conic end.

Theorem 1. Let X be a manifold with boundary which is real analytic near ∂X, with the scattering metric holomorphic near ∂X in a conic neighbourhood of X in its Grauert tube with base at the Grauert tube of ∂X. Then for θ_0 > 0 sufficiently small, the resolvent, R(z) = (Δ − z)^{−1}, continues meromorphically from {z : Im z < 0} to {z : arg z < 2θ_0} as an operator

R(z) : C^∞_c (X^∘) −→ C^∞(X^∘) .

The poles are of finite rank and their multiplicities are given by

m_X (z) = rank ∫ γ R(z̃)dz̃, [0, 2π) ∋ t → γ(t) = z + ϵe^{it}, 0 < ϵ ≪ 1. Resonances are defined as poles of the meromorphic continuation. The following theorem establishes the natural bound on their number: 1

Theorem 2. Let X be a scattering manifold satisfying the assumptions of Theorem 1. For θ_0 > 0 sufficiently small, the counting function of the poles of R(z) satisfies ∑ 1<|z|<r^2 arg z<θ_0 m_X (z) ≤ Cr^n .

This generalizes to this setting the Euclidean estimates of Melrose, Sjöstrand, Vodev and the second author (see [25] and [33] for references). When a neighbourhood of infinity is isometric to R^n /Γ, Γ ⊂ GL(n), finite, then global upper bounds were obtained by Edward [4].

Theorem 2 is optimal, as can already be seen from many Euclidean examples. We can, however, state a result which holds in great generality. The methods presented in Sect. 3 below allow a generalization of the results of Sjöstrand [25] needed in the argument of Tang and the second author [30] on the existence of resonances (inspired by earlier results of Stefanov and Vodev). Using a refinement of the counting argument of that paper given by Stefanov [29], and the KAMbased quasimode theory of Lazutkin and Popov (see [18] and references given there) one can prove

Theorem 3. Let X be a scattering manifold satisfying the assumptions of Theorem 1. If there exists an elliptic non-degenerate closed orbit of the geodesic flow on X then for any N > 0 ∑ 1<|z|<r^2 Im z<|z|^{−N} m_X (z) ≥ r^n/C_N .

For the proof we refer to [25],[30], and [29] with the needed modifications provided in Sect.3 below.

When the flow is hyperbolic we obtain finer upper bounds but no corresponding lower bounds. In the Euclidean case the following theorem is a special case of semiclassical results of Sjöstrand [23] and for X = Γ\H^2 , non-compact with no cusps, it was proved by the second author [32]. A very weak example showing its optimality is given in Sect. 2. Obtaining lower bounds and generalizations to higher dimensional hyperbolic-like spaces present outstanding problems.

Theorem 4. Let X be a real analytic scattering manifold satisfying the assumptions of Theorem 1. Let K ⊂ T^∗X be the trapped set of the geodesic flow on T^∗X and let us assume that the geodesic flow is hyperbolic on a neighbourhood of K. Then for α > 0, a, b > 0, and any ϵ > 0, ∑ 1<|z|<r^2 Im z<a|z|^α+b m_X (z) ≤ C_ϵr^{(1−α) m}2^{+αn+ϵ} ,

where m = Minkowski dimension of K .

When K is of pure dimension then ϵ can be taken to be 0.

The assumption about the flow can be fulfilled when all sectional curvatures are negative on a compact neighborhood of π(K).

The Minkowski dimension is defined as follows: for a bounded set L ⊂ R^m we set dim L = m − sup {d : lim_{ϵ→0}ϵ^{−d}(vol {x ∈ R^m : d(x, L) < ϵ}) < ∞} . (1.1)

The set L is said to be of pure dimension if the supremum in (1.1) is achieved. Since K is homogeneous under the natural R_+ -action on T^∗X, we can apply this definition to the intersection of K with the cosphere bundle.

The starting point of the paper is the proof of Theorem 1. We observe that the complex scaling method of mathematical physics (see Sect. 3 and references given there) generalizes to the case of asymptotically Euclidean manifolds which are analytic near infinity. The complex dilatation is replaced by a deformation of the manifold inside its Grauert tube: roughly speaking the boundary at infinity is kept fixed and we move the manifold into its complex neighbourhood near that boundary (see Fig. 1). The gain of ellipticity thus achieved is particularly clear in the scattering calculus (which we discuss in an appendix in both its classical and semiclassical guises).

The adaptation of methods of Helffer and Sjöstrand [8], [23] to manifolds was carried out in [24] and [32] and we can use those techniques to prove Theorems 2 and 4. The situation is much clearer than in [32], however, as there is no need for phase space scaling near infinity, which is the main difficulty in the hyperbolic case. Roughly speaking, complex scaling provides the needed gain in ellipticity near infinity so that the microlocal scaling based on the FBI transformation is used a neighbourhood of the trapped set only. That allows us to avoid the development of global FBI transformations generalizing the work of Helffer-Sjöstrand from R^n to scattering manifold: near infinity we proceed more in the spirit of [27] than [8]. The general philosophy is described in Sect. 2 of [32].

Finally, we remark that in the semi-classical setting of [23], a lower bound of the same form as the upper bound in Theorem 4 has been recently verified numerically [13]. Hence we should expect the analogue of Theorem 3 to hold as well.

Acknowledgments. We would like to thanks Mike Christ for helpful discussions and in particular for explaining the existence of an analytic defining function of the boundary. Thanks go also to Rafe Mazzeo for suggesting [12] as a source of examples of manifolds satisfying assumptions of Theorem 4, and to Edith Mooers for helpful comments on the manuscript. The first author gratefully acknowledges the support of an NSF Postdoctoral Fellowship; the second author thanks the National Science and Engineering Research Council of Canada, and the National Science Foundation of the U.S. for partial support.

2. Geometric assumptions

We assume that X is a compact real analytic n-manifold with with a real analytic boundary ∂X. Let X^♯ ⊃ X be an open analytic manifold of the same dimension as X, without boundary. By taking the Grauert tube of X^♯ (see [6]) we obtain an open complex manifold ~X, with dim_C ~X = n, such that X ⊂ ~X is a totally real submanifold. That X is totally real means that for m ∈ X^∘ we have T_mX ∩ J T_mX = {0}, where T_mX ⊂ T_m ~X, and J : T_m ~X → T_m ~X gives the complex structure. By abuse of notation we let ~X equal X outside of a neighbourhood of ∂X in the case the analyticity assumption is local near ∂X.

Using the results of [6] (see Sect. 5.2 and 5.3 of [11]), we can find a holomorphic embedding of any open precompact subset of ~X into C^N for some N. Then, by using the usual metric on R^{2N} we can obtain a real analytic Riemannian metric on a neighbourhood of X in X^♯. We can then use it to obtain global (near ∂X) real analytic normal geodesic coordinates. In particular, we obtain a defining function x of ∂X:

x↾_{∂X} = 0 , dx↾_{∂X} ≠ 0 , x : X −→ [0, ∞) is analytic near ∂X.

For the meromorphic continuation of the resolvent and for the bounds on the number of resonances in small conic neighbourhoods, we need only make an analyticity assumption near

∂X. In this case we think of ~X as a complex neighbourhood of X, containing a neighbourhood of ∂X in X as a totally real submanifold of maximal dimension.

Thus, we can write X = X_0 ∪ X_1 , X_1 ≃ [0, 1)_x × (∂X)_y , x : X → [0, 1), y : X → ∂X, real analytic on X_1,

(2.1)

and, near the boundary, ~X ≃ U × ~∂X, where U is a neighbourhood of [0, 1) in C and ~∂X is a Grauert tube of ∂X. The maps x̃ : ~X → U, ỹ : ~X → ~∂X, (2.2) are holomorphic.

We assume that X is equipped with a scattering metric in the sense of Melrose [14], that is with a metric g which near the boundary takes the form g = ( dx x^2

)_2 + h x^2 , where h ∈ C^∞(X, Sym^2 T^∗X) restricts to a metric on ∂X. As discussed above, near the boundary we can use coordinates (x, y), x ∈ U ⊂ C , a neighbourhood of 0 and y ∈ ~∂X, a Grauert tube of ∂X. We assume that h is holomorphic in {(x, y) : | Im x| ≤ Re x/C, y ∈ ~∂X}. (2.3) A conic neighbourhood of this form is invariantly defined to first order, in the sense that a change of an analytic defining function changes the neighbourhood above into a set contained in, and containing, conic neighbourhoods defined using the new defining function. In Theorem 4 we additionally assume that the metric g is holomorphic in a neighborhood of X_0 in ~X.

For finer upper bounds we need global assumptions related to the structure of the trapped set:

K ⊂ T^∗X , K = Γ_− ∩ Γ_+ , Γ_± = {m ∈ T^∗X : x(π(exp H_g(m))) −̸→ 0 as t −→ ∓∞} . (2.4)

We now assume that the geodesic flow of g is strictly hyperbolic on a neighbourhood of K. That can be guaranteed by making a stronger assumption that all sectional curvatures of (X^∘, g) are negative.

(2.5) Because of the scattering structure of the metric they have to converge to 0 at the boundary.

Using (2.5) we can follow [23] and construct appropriate escape functions on neighbourhoods of S^∗X. By an escape function, also known as Lyapunoff function, we mean G ∈ C^{1,1}(T^∗X) such that H_g G ≥ 0 . (2.6) We start by observing that for any scattering manifold, there exists an escape function on a neighbourhood of the boundary:

G_0 ∈ C^∞(T^∗X_ϵ) , X_ϵ = {m ∈ X : 0 < x(m) < ϵ} , H_g G_0(m) > (2 − O(ϵ))g(m) .

In fact, we can take G_0 = −τ/x, where η = τdx/x + μ · dy/y is the first fundamental form. Expressing the Hamilton vector field in the coordinates (x, y; τ, μ), g = τ^2 + h(y, μ) + xg^′, we see, as in Sect. 3 of [16], that H_g ( − τ x ) = x^{sc}H^{1,0}_g ( − τ x ) = 2τ^2 + 2h(y, μ) = 2g + O(x)g .

This implies in particular that the trapped set intersected with the cosphere bundle, K ∩ S^∗X, is compact.

To construct an escape function near K, we recall that the flow is strongly hyperbolic near K: ∃W ⊂ S^∗X , W^∘ ⊃ K ∩ S^∗X ∃C ∀m ∈ S^∗X ∃E^±_m, E^0_m ⊂ T_m(S^∗X) , dim E^±_m = n − 1 , dim E^0_m = 1 , E^+_m + E^−_m + E^0_m = T_m(S^∗X) , d(exp tH_g )_m(E^•_m) = E^•_{exp tHg (m)} , H_g (m) ∈ E^0_m , ∀m ∈ W ‖d(exp tH_g )_m(v_±)‖ ≤ C exp(±Ct)‖v_±‖ , v_± ∈ E^±_m . (2.7)

This holds globally (with constants uniform on compact sets) when we have (2.5). The assumptions of Sect. 5 of [23] are satisfied and, just as in Sect. 5 of [32], we can use them construct an escape function on a neighbourhood of the trapped set. More precisely, let S^∗_δ X = {m ∈ T^∗X : 1 − δ < g(m) < 1 + δ} , K_δ = K ∩ S^∗_δ X . Then by the construction in Sect.5 of [32] there exists G_1 defined on a neighbourhood Ω_ϵ of K_{2ϵ} in S^∗_{2ϵ}X such that

G_1 , H_g G_1 ∈ C^{1,1}_c (Ω_ϵ; R) , G ∈ C^∞(Ω_ϵ \ K_{2ϵ}) , H_g G_1 ≥ ‖∇G_1‖^2/C , H_g G_1 ≥ d(•, K_ϵ)^2 on an open neighbourhood W of K_ϵ in S^∗_ϵ X ∩ Ω_ϵ , H_g G_1 ≥ 1/C on Ω_ϵ ∩ S^∗_ϵ X \ W .

(2.8)

We can now apply the results of the appendix to [5] to conclude that the existence of G_0 and G_1 imply the existence of G satisfying G , H_g G ∈ C^{1,1}_c (S^∗_{2ϵ}X; R) , G ∈ C^∞(S^∗_{2ϵ}X \ K_{2ϵ}) , H_g G ≥ ‖∇G‖^2/C , H_gG ≥ d(•, K_ϵ)^2 on an open neighbourhood W of K_ϵ in S^∗_ϵ X , H_g G ≥ 1/C on S^∗_ϵ X \ W . (2.9)

A slightly modified version of this escape function will be crucial in the proof of Theorem 4.

When discussing Theorem 4 we will make the further assumption that g is a real analytic metric on X.

Example. A simple example which satisfies the assumptions of Theorem 4 is given by the catenoid. Since in that case we can understand the asymptotic distribution of resonances in strips — they are generated by one hyperbolic orbit — it also shows that the result is optimal. Conceptually, it is the same example as the ones used to show the optimality of the results of [23] and [32]. Thus, we consider a manifold, C, with global coordinates (r, θ) ∈ R × S^1, and the metric g = dr^2 + (r^2 + a^2)dθ^2. Taking x = 1/|r| near infinity shows that C satisfies the analytic assumptions. Since the mean curvature of C ⊂ R^2 is 0, the Gaussian curvature is negative. Hence the dynamical assumptions are also satisfied.

The Laplacian is given by

Δ_g = D^2_r + 1 i r r^2 + a^2

D_r + 1 r^2 + a^2

D^2_θ = 1 2π ∑ n∈Z ( D^2_r + 1 i r r^2 + a^2

D_r + 1 r^2 + a^2 n^2 ) e^{in(θ−θ′)} and

(r^2 + a^2)^14 ( D^2_r + 1 i r r^2 + a^2

D_r + 1 r^2 + a^2 n^2 ) (r^2 + a^2)^{− 14} = D^2_r − 3 4 r^2 (r^2 + a^2)^2 + n^2 +^1_2 r^2 + a^2 . (2.10)

Considered as a semiclassical Schrödinger operator with h = 1/n, the last operator has an analytic potential with one non-degenerate maximum. Just as in [19], we can use the methods of Briet-Combes-Duclos and Sjöstrand to determine the asymptotic distribution of resonances in strips: for |z| > C and Im z < C the resonances are asymptotically given by z = λ^2 with

Re λ = na^{−1} + a_0 + a_1n^{−1} + · · · , Im λ = a^{−1} ( k +^1_2 ) + b_1(k)n^{−1} + b_2(k)n^{−2} + · · · , k ∈ Z , 0 ≤ k

(2.11)

For a numerical verification of this, see Figure 5 in Appendix B.

Many examples of real analytic surfaces with catenoidal ends and with complicated geodesic hyperbolic flows can be obtained from surfaces constructed in [12].

3. Complex scaling on manifolds with boundary

The purpose of this section is to present a generalized version of the complex scaling method. That method, which allows an effective meromorphic continuation of the resolvent, has a long tradition in mathematical physics, following the original work of Aguilar-Combes and Balslev- Combes. See for instance [9] for a historical account. Here we follow the approach of Sjöstrand and the second author [27], partly motivated by the approach of Helffer and Sjöstrand [8].

Let P be a differential operator on X with coefficients holomorphic in a set of the form (2.3). Let us denote the corresponding differential operator with holomorphic coefficients, ~P . It is defined in a conic neighbourhood, V , of ∂X in ~X.

If Γ ⊂ V ⊂ ~X is a totally real submanifold of maximal dimension then P̃ defines a differential operator on Γ by

P_Γu = ( ~P ũ ) ↾_Γ ,

where u ∈ C^∞(Γ), ũ ∈ C^∞( ~X),

ũ↾_Γ= u , ¯∂ũ↾_Γ= O_N (d(•, Γ)^N ), for all N,

that is, ũ is an almost analytic extension from Γ to ~X.

The differential operator we shall consider is the Laplacian for the scattering metric satisfying analyticity assumptions near ∂X. In the notation of [14] we have

Δ ∈ Ψ^{2,0}_{sc} (X) .

We also note that Δ − z ∈ Ψ^{2,0}_{sc} (X) is elliptic as a scattering pseudodifferential operator for z ∈ C \ R_+. In particular, it is Fredholm there, as the elements of the residual class Ψ^{−∞,∞}_{sc} (X) are compact by Proposition A.13.

We want to deform X in V ⊂ ~X so that the operator induced by ~Δ − z on the deformation is elliptic for z in a conic neighbourhood of R. Thus we define a family of totally real submanifolds X_θ ⊂ ~X, 0 ≤ θ < θ_0 as follows: Given ϵ > 0, t_1 > t_0 > 0, there exists a sufficiently small θ and a deformation γ_θ of [0, 1) in U satisfying (we write [0, 1) ∋ t → γ_θ(t)) γ^′_θ(t) ≡ e^{iθ} for t < t_0 γ_θ(t) ≡ t for t > t_1 , γ_θ(0) = 0 arg γ_θ(t) ≥ 0 0 ≤ arg γ_θ(t) − arg γ^′_θ(t) ≤ ϵ 0 ≤ 2 arg γ_θ(t) − arg γ^′_θ(t) ≤ θ + ϵ,

(3.1)

(see Fig. 1). For example, we can set γ_θ(t) = e^{iθ}tϕ(t) + t(1 − ϕ(t)) where ϕ is a nonincreasing cutoff function that equals 1 for t < t_0 and 0 for t > t_1: all except the last two properties in (3.1) are trivially satisfied. Since we have γ_θ(t) = t + itθϕ + O(θ^2)ϕ and γ^′_θ(t) = t^{−1}γ_θ + itθϕ^′ + O(θ^2)tϕ^′, we compute γ^′_θ(t)/γ_θ(t) = t^{−1} + iθϕ^′(t) + O(θ^2)ϕ^′, hence the penultimate inequality in (3.1) holds. Similarly, γ^′_θ(t)/γ_θ(t)^2 = t^{−2}(1 − iθϕ + itθϕ^′ + O(θ^2)ϕ + O(θ^2)tϕ^′), so the last property is also satisfied.

Using (2.2), and for t_1 and θ small enough, we then put X_θ ≃ (γ_θ × ∂X) ∪ X_0, a totally real submanifold of ~X. By the procedure described above, this gives Δ_θ ∈ Ψ^{2,0}_{sc} (X_θ).

Here we use the space of scattering pseudodifferential operators: for a discussion of the scattering calculus and scattering Sobolev spaces, see Appendix A or [14].

The assumptions above guarantee that Δ_θ − z is elliptic for arg z < 2θ, or more precisely, Δ_θ − z ∈ Ψ^{2,0}_{sc} (X_θ) is elliptic for z ∈ C \ e^{2iθ}R_+ .

In fact, at the boundary (i.e. in T^{sc ∗}_{∂Xθ} X_θ), Δ_θ has the same the scattering principal symbol as (x^2D_x)^2 + x^2Δ_{∂X} , x ∈ γ_θ:

((γ_θ(t)/t)^2(γ^′_θ(t))^{−1}t^2D_t)^2 + (γ_θ(t)/t)^2t^2Δ_{∂X} , 0 < t < t_1 , and the conditions (3.1), with θ and t_1 small enough guarantee the ellipticity.

This immediately shows that Δ_θ − z : H^{2,0}_{sc} (X_θ) −→ L^2_{sc}(X_θ) is a Fredholm operator for z ∈ C \ e^{2iθ}R_+, and consequently Δ_θ has a discrete spectrum there.

We now want to show that for some θ_0

σ(Δ_{θ1} ) ∩ {z : 2(θ_1 − π) < arg z < 2θ_2} = σ(Δ_{θ2} ) ∩ {z : 2(θ_1 − π) < arg z < 2θ_2}, θ_2 < θ_1 ≤ θ_0 .

(3.2)

To prove (3.2) we start by recalling a well known local result about analytic continuation (see [27],[26] and references given there; Fig. 2 illustrates the geometry):

Lemma 3.1. Let Ω ⊂ C^n be open, K ⋐ Ω, and let Γ_t, t ∈ [0, 1] be a smoothly varying family of totally real submanifolds in Ω, of maximal dimensions, such that Γ_t ∩ (Ω \ K) = Γ_t′ ∩ (Ω \ K) for all t, t^′ ∈ [0, 1]. If ~P is a differential operator with holomorphic coefficients in Ω and P_{Γt} is elliptic for each t ∈ [0, 1] then

u ∈ D^′(Γ_0) P_{Γ0} u extends holomorphically to a neighbourhood of ⋃ t∈[0,1] Γt =⇒ { ∀ t ∈ [0, 1] ∃ u_t holomorphic near Γ_t, u_t = u_s near Γ_s when |s − t| is small enough θ 1

U ⊃ [0, 1)

Figure 1. The contour γ_θ in U.

K Ω Γ_t

Figure 2. The family of totally real submanifolds Γ_t.

In particular u extends holomorphically, to a a possibly multi-valued function, on a neighbourhood of ⋃ t∈[0,1] Γt. We use this lemma to obtain the crucial

Lemma 3.2. Assume that 0 ≤ θ_2 < θ_1 < θ_0 and that z ∈ C \ ⋃ θ_2≤θ≤θ_1 e iθR_+. Then for all k ∈ N dim ker (Δ_{θ1} − z)^k = dim ker (Δ_{θ2} − z)^k .

Proof. For ϵ > 0 we introduce a new deformation X^ϵ_{θ1,θ2} , obtained by replacing γ_{θ1} by γ^ϵ_{θ1,θ2} shown in Fig. 3:

γ^ϵ_{θ1,θ2} = γ_{θ1} + χ ( x ϵ ) γ_{θ2} , χ ∈ C^∞(R), χ(t) = 0 for t < 1, χ(t) = 1 for t > 2.

This defines a family of totally real submanifolds X^ϵ_{θ1,θ2} , with the property that

Δ^ϵ_{θ1 ,θ2}^{def}= Δ↾_X ϵ_{θ1 ,θ2} ∈ Ψ^{2,0}_{sc} (X^ϵ_{θ1,θ2} ),

is uniformly elliptic for z ∈ C \ ⋃ θ_2≤θ≤θ_1 e iθR_+ with all the symbol estimates independent of ϵ. A local application of Lemma 3.1 (using a partition of unity on ∂X and a construction of suitable Γ_t’s covering X^ϵ_{θ1,θ2} ) shows that if (Δ_{θ1} − z)^ku_{θ1} = 0 then there exist an open set W_{θ1 ,θ2} ⊂ ~X such that ⋃ θ_2≤θ≤θ_1 (X_θ \ ∂X) ⊂ W_{θ1,θ2} , and a (possibly multivalued) holomorphic function, U, on W_{θ1,θ2} , such that U↾_{Xθ1} = u_{θ1} . For u_{θ2} = U↾_{Xθ2} , we clearly have (Δ_{θ2} − z)^ku_{θ2} = 0, and we need to show that u_{θ1} ∈ L^2_{sc}(X_{θ1} ) =⇒ u_{θ2} ∈ L^2_{sc}(X_{θ2} ) .

Since (Δ^ϵ_{θ1,θ2} − z) is uniformly elliptic in ϵ, we obtain a parametrix: P^ϵ_{θ1,θ2} (Δ^ϵ_{θ1 ,θ2} − z)^k = Id + R^ϵ_{θ1,θ2} , with R^ϵ_{θ1,θ2} = O_{l,m}(1) : H^{−m,−l}_{sc} (X^ϵ_{θ1,θ2} ) −→ H^{m,l}_{sc} (X^ϵ_{θ1,θ2} ), P^ϵ_{θ1,θ2} : H^{m,l}_{sc} (X^ϵ_{θ1,θ2} ) −→ H^{m+2,l}_{sc} (X^ϵ_{θ1,θ2} ) .

Let ψ ∈ C^∞_c have the property that ψ ≡ 1 on supp χ and ψ ≡ 0 in a neighbourhood of 0. Then u^ϵ_{θ1,θ2} = U↾_X ϵ_{θ1 ,θ2} , (Δ^ϵ_{θ1,θ2} − z)^ku^ϵ_{θ1,θ2} = 0 , and (for simplicity we put k = 1 here) ψ ( x ϵ ) u^ϵ_{θ1,θ2} = P^ϵ_{θ1,θ2} ( [Δ^ϵ_{θ1,θ2} , ψ(x/ϵ)]u^ϵ_{θ1,θ2} ) − R^ϵ_{θ1,θ2} (ψ(x/ϵ)u^ϵ_{θ1,θ2} ) = P^ϵ_{θ1,θ2} ([Δ_{θ1} , ψ(x/ϵ)]u_{θ1} ) − R^ϵ_{θ1,θ2} (ψ(x/ϵ)u^ϵ_{θ1,θ2} ) . Hence, ‖ψ(x/ϵ)u^ϵ_{θ1,θ2} ‖_L2_{sc(X} ϵ_{θ1 ,θ2 )} ≤ C‖u_{θ1} ‖_L2_{sc(Xθ1 )} + C‖ψ(x/ϵ)u^ϵ_{θ1,θ2} ‖_H0,l_{sc (X} ϵ_{θ1 ,θ2 )} ≤ C‖u_{θ1} ‖_L2_{sc(Xθ1 )} + C‖ψ(x/δ)u_{θ2} ‖_H0,l_{sc (Xθ2 )} + Cδ^l‖ψ(x/ϵ)u‖_L2_{sc(X} ϵ_{θ1 ,θ2 )} , δ > ϵ, since for v supported where x < δ, ‖v‖_H0,l_{sc} = ‖x^lv‖_L2_{sc} ≤ δ^l‖v‖_L2_{sc} . The second term of the right hand side above is bounded, and consequently, by taking δ > ϵ small, we obtain a uniform bound on ‖ψ(x/ϵ)u^ϵ_{θ1,θ2} ‖_L2_{sc(X} ϵ_{θ1 ,θ2 )}, which in turn bounds ‖ψ̃(x/ϵ)u_{θ2} ‖_L2_{sc(Xθ2 )} for any ψ̃ ∈ C∞(R) such that ψ ≡ 1 on the support of ψ̃. A uniform bound on ‖u_{θ2} ‖_{L2sc(Xθ2 )} is an immediate consequence.

γ_{θ1} γ_{θ2} γ^ϵ_{θ1,θ2}

ϵ

Figure 3. The interpolating contour γ^ϵ_{θ1,θ2} .

In the case the kernel of (Δ_{θ1} − z)^k has higher dimension, the u_{θ2} ’s corresponding to independent u_{θ1} ’s are clearly independent. The rôles of θ_1 and θ_2 in the argument can be reversed and that concludes the proof.

The fact that considering kernels is sufficient is due to the following Lemma 3.3. For z ∈ C \ e^{2iθ}R_+, Δ_θ − z : H^{2,0}_{sc} (X_θ) −→ L^2_{sc}(X_θ) is a Fredholm operator with index zero.

Proof. We already pointed out that the Fredholm property comes directly from the scattering calculus. To see that the index is 0, we follow [27] and note that the index of Δ_θ − z is constant in {(θ, z) : 0 ≤ θ < θ_0 , z ∈ C \ e^{2iθ}R_+}. Thus, we can deform Δ_θ − z, first to Δ_θ + i and then to Δ + i which is invertible.

As in [27], we now conclude that for 0 ≤ arg z < 2θ,

m_X (z) = 1 2πi tr ∫ γ (z̃ − Δ_θ)^{−1}dz̃, [0, 2π) ∋ t → γ(t) = z + ϵe^{it}, 0 < ϵ ≪ 1, (3.3)

gives a divisor independent of the choice of θ and of the choice of the contour γ_θ satifying (3.1). It remains to prove Theorem 1 and to show that m_X (z) agrees with the one given there: Proof of Theorem 1: Suppose that z is not an eigenvalue of Δ_θ for arg z < 2θ and that f ∈ C^∞_c (X^∘). We want to construct R(z)f ∈ C^∞(X^∘), which will be the continuation of (P − ζ)^{−1}f, Im ζ < 0. Let supp f ⊂ K ⋐ X^∘. We can choose γ_θ satisfying (3.1) so that no deformation takes place in K. We then put R(z)f = U↾_{X0} , X_0 = X, (Δ_θ − z)u_θ = f,

(3.4) where U is the holomorphic continuation of u_θ, as discussed in the proof of Lemma 3.2. Near a pole, z_0, the resolvent (Δ_θ − z)^{−1}, can written as

M(z_0 )∑

j=1 A^θ_j (z_0) (z − z_0)^j

+ ~R_θ(z, z_0) ,

where A^θ_j (z_0)’s are finite rank operators and ~R_θ(z, z_0) is holomorphic near z_0. The first term, A^θ_1(z_0), is a projection onto the kernel of (Δ_θ − z_0)^{M(z0 )} and its Schwartz kernel extends holomorphically to a neighbourhood of Γ_{θ̃}, θ̃ < θ, by the method described in Lemmas 3.1 and 3.2. The same is true for the coefficients of the more singular terms which are given by A^θ_j (z_0) = (Δ_θ − z_0)^{j−1}A^θ_1(z_0). Unique continuation of solutions of (Δ_θ − z)^{M(z0)} (which, near ∂X_θ = ∂X is a restriction of a holomorphic operator to X_θ) also shows that the rank of A^θ_1(z_0) is the same as the rank of 1_W A^θ_1(z_0)1_W , for any W ⋐ X^∘ with X \ W sufficiently close to the boundary. Hence (3.4) provides a meromorphic continuation of (Δ − z)^{−1} : C^∞_c (X^∘) → C^∞(X^∘), with poles of finite rank and with the rank of the residues given by m_X .

We conclude with another characterization of multiplicities:

Proposition 3.4. Let arg z < 2θ and m_X (z) be given by (3.3). Then there exists a holomorphic family R̃(z̃) defined near z, and finite rank operators A_j (z), such that

R(z̃) = M(z)∑

j=1 A_j (z) (z̃ − z)^j + ~R(z̃), and if we define V (z) ⊂ C^∞(X^∘) by

V (z) = M(z)∑

j=1 A_j (z)(C^∞_c (X^∘)) then m_X (z) = dim V (z) Proof. This follows from the usual structure corresponding to the Jordan normal form (see [27]) and already alluded to in the proof of Theorem 1. The operators obtained by holomorphic continuation of the Schwartz kernels of A_j (z) : C^∞_c (X^∘) → C^∞(X^∘), have that structure and that proves the equivalence of the two notions of multiplicity: one given by the dimension of V (z) and the other by the rank of the residue of R(z).

4. The FBI transformation and microlocal deformations To define a global FBI transformation on X_θ we first have to consider admissible phase functions defined on T^∗X_θ × X_θ. Since X_θ is not real analytic we will want functions which are holomorphic in a neighbourhood of X_θ \ W , where W ⋐ X ∩ X_θ. We allow the presence of W in case we only have the assumptions of Theorem 2. When the assumptions of Theorem 4 hold, then W = ∅.

Let D be a small conic neighbourhood of Δ^∗_0 = {(α, z) ∈ T^∗X^∘ × X^∘ : π(α) = z} and let ~D be a small open neighbourhood of Δ^∗_0 in

(T^∗ ~ X^∘ \ W × ~ X^∘ \ W ) ∪ (T^∗W_1 × W_1) , W ⋐ W^∘_1 , W_1 ⋐ X_θ ∩ X .

Here ~ denotes a Grauert tube. By a holomorphic function on ~D we will mean, somewhat abusively, a function which is holomorphic on ~D ∩(T^∗ ~X^∘ \ W × ~X^∘ \ W ) and C^∞ on ~D∩(T^∗W_1 × W_1).

A holomorphic function, ϕ̃, on ~D, will be called an admissible phase function if, for α ∈ T^∗X^∘ we have (with π : T^∗X → X, the natural projection) ϕ̃(α, π(α)) = 0 d_zϕ̃(α, z)↾_{z=π(α)}= −α_ξ d^2_z ( Im ϕ̃(α, z) ) ↾_{z=π(α)}≫^1_C ⟨α_ξ ⟩Id , uniformly on compact sets ϕ is homogeneous of degree one in α_ξ.

(4.1)

Note that for α ∈ T^∗X^∘, that is for α real, Im d_zϕ̃↾_{z=π(α)}= 0, so that d^2_z(Im ϕ̃) is well defined.

By taking θ small enough, we can make ~D contain a neighbourhood of T^∗X_θ × X_θ. We can then define ϕ_θ = ϕ̃↾_T ∗_{Xθ ×Xθ} . The properties of ϕ̃ (4.1), show that for α ∈ (T^∗X_θ ⊂ T^∗ ~X^∘ \ W × ~X^∘ \ W ) ∪ (T^∗W_1 × W_1) , we have ϕ_θ(α, π(α)) = 0 d_zϕ_θ(α, z)↾_{z=π(α)}= −α ϕ is homogeneous of degree one in α_ξ.

(4.2)

Slightly less obvious is the property that d^2_z (Im ϕ_θ(α, z))↾_{z=π(α)}≫ |⟨α_ξ ⟩|Id , uniformly on compact sets.

(4.3)

In fact, since X_θ is totally real, d_z(Im ϕ_θ (α, z))↾_{z=π(α)}= 0, and the Hessian is again well defined. Since θ is small, (4.3) follows from the assumption at θ = 0.

For a specific choice of ϕ̃ we can follow [24], [32] and put ϕ̃(α, z) = −⟨α_ξ , exp^{−1}_{αx} (z)⟩ +^i_2 ⟨α_ξ ⟩d̃(α_x, z)^2 , (4.4)

where d̃^2 is the holomorphic continuation of the square of the distance function.

For u ∈ C^∞_c (X^∘_θ ), we can now define T u(α; h) = ∫ X_θ e^{iϕθ (α,z)/h}a_θ(α, z; h)χ_θ(α_z , z)u(z)dvol_{gθ} , α = (α_z , α_ζ ) ∈ T^∗X_θ The amplitude a_θ is obtained by restricting an elliptic holomorphic symbol on ~D, to ~D ∩(T^∗X_θ × X_θ): a_θ = a↾_{~D∩(T ∗Xθ ×Xθ )} , a ∈ S 3n 4 , n 4 phg ( ~D) .

Here S^{m,k}_{phg} denotes the class of semiclassical polyhomogeneous holomorphic symbols bounded by h^{−m}⟨α_ζ ⟩^m — see [24], (1.6)-(1.8). On T^∗W_1 × W_1, they are assumed to be the usual symbols. The cutoff function χ_θ is obtained by restricting a cutoff function on ~X × ~X to X_θ × X_θ: χ_θ = χ↾_{Xθ ×Xθ} , χ ∈ C^∞( ~X × ~X) , supp χ ⊂ π( ~D) , where π : ~T^∗X × ~X → ~X × ~X. We assume that χ ≡ 1 on a neighbourhood of {(α, z) ∈ ~T^∗X × ~X : π(α) = x}. The transformation we introduced has all the essential properties of the global FBI transformation discussed in Sect. 1 of [24], when W = ∅ and all the properties of the C^∞ FBI transformation

of [31]. Thus the same argument as those papers shows that there exists b ∈ S^{3n}4^{, n}4 ( ~D) such that we have an approximate inverse of T : S_θv(z) = ∫ T^∗X_θ e^{−iϕ∗θ (α,z)}b_θ(α, z, h)χ_θ(α_z , z)dα , b_θ = b↾_{~D∩T ∗Xθ ×Xθ} , where ϕ^∗_θ is the restriction to T^∗X_θ × X_θ of the holomorphic continuation of ¯ϕ̃↾_{~D∩T ∗X×X} and dα is the canonical measure on T^∗X_θ. We have

S_θT_θu = u + R_θu , u ∈ L^2_{comp}(X_θ) , { |∂^k_z ∂^l_z′ R_θ(z, z^′; h)| ≤ C_{k,l,N} h^N , W ≠ ∅ |∂^k_z ∂^l_z′ R_θ(z, z^′; h)| ≤ C_{k,l} exp(−1/Ch) , W = ∅ , uniformly on compact sets. This follows as in [24] when W = ∅ and as in [31] when W ≠ ∅, that is when we only use the C^∞ FBI theory.

When W = ∅ we can use the holomorphy of the phase and the amplitude to deform the FBI transformation. Let G_θ ∈ C^{1,1}_c (T^∗X_θ). We can obtain a C^{1,1} extension of G_θ to the Grauert tube of T^∗X_θ with the property that

(dG_θ )_ρ↾_{JTρ(T} ∗_{Xθ )}= 0

(4.5)

where J : T_ρ(~T^∗X_θ) = T_ρ(~T^∗X) → T_ρ(~T^∗X) = T_ρ(~T^∗X_θ) is the complex structure: Identify ~ T^∗X_θ ∩ U, where U is relatively compact neighbourhood of supp G_θ, with a neighbourhood of the zero section in T^∗(T^∗X_θ ∩ U) in which J and the metric give the canonical symplectic structure; then make G constant on the fibers.

Denoting the extension by the same symbol, G ∈ C^{1,1}(~T^∗X_θ), we now define a Lipschitz I-Lagrangian, R-symplectic submanifold of ~T^∗X_θ:

Λ_{tGθ} = exp(tH^{Im σ}_{Gθ} )(T^∗X_θ) ⊂ ~T^∗X_θ, where Im σ(v, H^{Im σ}_{Gθ} ) = dG_θ(v) , σ = dα_ζ ∧ dα_z . Here by a Lipschitz manifold we mean a graph of a Lipschitz function. We remark that a Lipschitz graph in ~T^∗X over T^∗X (and hence for small θ over T^∗X_θ) which is I-Lagrangian (i.e. its almost everywhere defined tangent plane is Lagrangian with respect to Im σ) can be locally written as a graph of a differential of a C^{1,1} function ~G, on T^∗X ≃ T^∗R^n (locally):

{(x, ξ) ∈ T^∗C^n : Im x = ∂ ~G ∂ Re ξ (Re x, Re ξ) , Im ξ = − ∂ ~G ∂ Re x (Re x, Re ξ) } ,

(Re x, Re ξ) ∈ T^∗R^n ≃ T^∗X , see [24], [32] and the references given there.

The form − Im ζdz↾_{ΛtGθ} is compactly supported and (formally) closed. Since Λ_{tGθ} is close to T^∗X_θ, H^1_c (Λ_{tGθ} ) ∼= H^1_c (T^∗X_θ) ∼= H^{2n−1}(T^∗X_θ) ∼= H^{2n−1}(X_θ) = 0, where the second equivalence is by Poincaré duality. Hence − Im ζdz↾_{ΛtGθ} has a unique compactly supported primitive H_{ΛtGθ} which is a Lipschitz function on Λ_{tGθ} . More explicitly, H_{ΛtGθ} = ∫_t 0 exp((s − t)H^{Im σ}_G )^∗(G − ⟨H^{Im G}_G , Im(ζdz)⟩) ds

(see Example in Sect. 1 of [24]). Clearly, H_{ΛtGθ} ∈ Lip (Λ_{tGθ} ; R). It is unique through the normalization that it is equal to 0 for |α_ζ | large enough.

Thanks to the global properties of the amplitude and the phase function of T_θ we can continue it in α to a neighbourhood ~T^∗X_θ of T^∗X_θ in T^∗ ~X and in particular we can define T_{ΛtGθ} u(α; h) = T_θu↾_{ΛtGθ} (α; h) , α ∈ Λ_{tGθ} . A deformation argument which despite the irregularity of Λ_{tGθ} proceeds as in Sect. 1 of [24] gives an approximate inverse, S_{ΛtGθ} , with the same properties as S_θ above.

Following [24] (see also [32]) we can now put, for u ∈ C^∞_c (X_θ), ‖u‖^2_{H(Xθ ;ΛtGθ ,⟨αζ ⟩}m_) = ∫ Λ_{tGθ} |T_{ΛtGθ} u(α; h)|^2|⟨α_ζ ⟩|^{2m}e^{−2HΛtG}θ^{(α)/h}dα , (4.6)

where again dα is the canonical measure on the totally real (as a submanifold of T^∗ ~X), Rsymplectic manifold Λ_{tGθ} . Using S_{ΛtGθ} we can show the independence of this norm of the choice of a specific phase function (see Lemma 7.3 in [32] for a similar argument).

As in [32], we now want to replace the norm given in (4.6) by a locally-defined norm which in which we can do the Bergman kernel computations which will be necessary to prove Lemma 5.2.

We first introduce some local coordinates. Recall that K denotes the trapped set of the geodesic flow. Let Y be a neighbourhood of π(K) in X such that Y ⋐ X ∩ X_θ. We denote by ~Y a neighbourhood of Y in ~X. We then cover ~Y by holomorphic coordinate charts: ~Y ⊂ Q⋃ q=1 Ω_q , χ_q : Ω_q → C^n , χ_q : Ω_q ∩ X → R^n .

We also assume that there exist Ω^′_q , ~X ⊃ Ω^′_q ⋑ Ω_q, such that χ_q extend to holomorphic coordinate maps on the Ω^′_q’s.

We now recall the definition of the unitary Bargman type FBI transform: let L(dz) = (2i)^{−1}dz̄ ∧ dz and Φ_0(z) = (Im z)^2/2 and define T_0 : L^2(R^n ) → H^2_{Φ0} (C^n ) = {u ∈ D^′(C^n ) : ∫ C^n |u(z)|^2e^{−2Φ0(z)/h}L(dz) , u is holomorphic on C^n } ,

T_0u(z, h) = c_nh^{− 3n}4 ∫ R^2 e^{−(x−z)2/2h}u(x)dx. Let Ω^♯_q be an open precompact subset of χ_q (Ω_q ∩ X) + iR^n ⊂ C^n which can be identified with a subset of T^∗_{Ωq} X using χ_q .

We now define a new transformation T_q by T_qu(z, h) = T_0((χ^{−1}_q )^∗(u↾_Ω′_{q ∩X} ))↾_Ω♯_q ,

(4.7) which is independent of the extensions of u↾_Ω′_{q ∩X} up to exponentially small errors.

The main technical result of Sect. 6 of [32] relates the globally-defined norm (4.6) to norms defined using the local transforms (4.7). It is based on techniques of [8], [23] and we recall it without proof:

Proposition 4.1. We can choose Ω^♯_q in (4.7) and Φ_{t,q} (w) =^1_2 (Im w)^2 + F_{q,t} , F_{q,t} ∈ C^{1,1}(Ω^♯_q ) , ψ_q ∈ C^∞_c (Ω^♯_q ; [0, 1]), ψ̃ ∈ C^∞_c (T^∗X_θ; [0, 1]), ψ̃ ≡ 1 on a neighbourhood of S^∗_Y X_θ in ~T^∗X, such that the norm |||u|||^2_{H(Xθ ,ΛtGθ ;⟨αξ⟩}m_) = Q∑ q=1 ∫ Ω^♯_q ψ_q |T_qu(w; h)|^2e^{−2Φq,t (w)/h}L(dw) + ∫ Λ_{tGθ} (1 − ψ̃)|T_{ΛtGθ} u(α; h)|^2e^{−2HΛtG}θ^{(α)/h}|⟨α_ξ⟩|^{2m}dα , and the corresponding inner product, are equivalent to the ones given by (4.6), uniformly on compact sets: 1 C ‖u‖_{H(Xθ ,ΛtGθ ;1)} ≤ |||u|||_{H(Xθ ,ΛtGθ ;1)} ≤ C‖u‖_{H(Xθ ,ΛtGθ ;1)} , u ∈ C^∞_c (W ), W ⋐ X_θ, C = C(W ).

The global norms we will now use are given by |||u|||^2 = ‖ψu‖^2_{H(Xθ ;T ∗Xθ ,1)} + ‖(1 − ψ)u‖^2_{L2sc(Xθ )} W ≠ ∅ |||u|||^2_{tGθ} = |||ψu|||^2_{H(Xθ ,ΛtGθ ;1)} + ‖(1 − ψ)u‖^2_{L2sc(Xθ )} W = ∅ , (4.8)

where ψ ∈ C^∞_c (X_θ), ψ ≡ 1 on a neighbourhood of X ∩ X_θ and (Δ_θ − z)^{−1} ∈ Ψ^{2,0}_{sc} (X_θ) is elliptic (for arg z > −2θ) on the support of (1 − ψ).

We note that these norms are equivalent to the usual L^2_{sc} norm (trivially so in the case where W ≠ ∅) uniformly in h for the first norm but without uniformity in h for the second one: C^{−1}_ψ ‖u‖_L2_{sc(Xθ )} ≤ |||u|||^2 ≤ C_ψ‖u‖_L2_{sc(Xθ )} , e^{−C/h}‖u‖_L2_{sc(Xθ )} ≤ |||u|||^2_{tGθ} ≤ e^{C/h}‖u‖_L2_{sc(Xθ )} .

5. Proof of the main estimate To prove Theorems 2 and 4 we will use the method originating from [23] with improvements from [27] and [28].

Proof of Theorem 2. We will show that for ω_0 ∈ C , Re ω_0 > 0 , Im ω_0 = −r_0 < 0 , we have |||(h^2Δ_θ − ω_0)u|||^2 ≥ ( (r_0 + μ)^2 − O(h) ) |||u|||^2 − O(μ + ϵ_0)|||Q_{μ,h}u|||^2 , rank Q_{μ,θ} = O_{θ,μ}(h^{−n}) , h < h_0(θ) , μ < μ_0(θ)

(5.1)

where ϵ_0 > 0 is fixed by our construction of the deformation γ_θ, and can be made as small as desired.

To obtain this let us introduce ψ_1 ∈ C^∞_c (X^∘_θ ) and ψ_2 ∈ C^∞(X_θ), such that ψ^2_1 + ψ^2 ≡ 1. Then |||(h^2Δ_θ − ω_0)u|||^2 = |||ψ_1(h^2Δ_θ − ω_0)u|||^2 + |||ψ_2(h^2Δ_θ − ω_0)u|||^2 ≥ ∑ i=1,2 |||(h^2Δ_θ − ω_0)ψ_iu|||^2 − ∑ i=1,2 |||[ψ_i, h^2Δ_θ]u|||^2 − 2 ∑ i=1,2 |||ψ_i(h^2Δ_θ − ω_0)u||||||[ψ_i, h^2Δ_θ]u|||. By Proposition A.10, [ψ_i, h^2Δ_θ] ∈ Ψ^{1,∞,−1}_{sc,h} (X_θ) = hΨ^{1,∞,0}_{sc,h} (X_θ). Furthermore, ‖u‖^2_H1,∞_{sc,h (Xθ )} ≤ C ( | ⟨ (h^2Δ_θ − ω_0)u, u ⟩ | + ‖u‖_L2_{sc(Xθ )} ) ≤ C(|||u||| + |||(h^2Δ_θ − ω_0)u|||)^2. Hence |||[ψ_i, h^2Δ_θ]u||| = O(h)(|||u||| + |||(h^2Δ_θ − ω_0)u|||) , i = 1, 2 , and we conclude that

|||(h^2Δ_θ − ω_0)u|||^2 ≥ ∑ i=1,2 |||(h^2Δ_θ − ω_0)ψ_iu|||^2 − O(h) ( |||(h^2Δ_θ − ω_0)u|||^2 + |||u|||^2 ) . Thus we can consider ψ_iu, i = 1, 2, separately. For the case i = 2 we need the following Lemma 5.1. If supp ψ_2 is sufficiently close to ∂X_θ then |||(h^2Δ_θ − Re ω_0)ψ_2u||| ≥ 1 C_{θ,ψ} |||ψ_2u||| , Im⟨Δ_θψ_2u, ψ_2u⟩ ≥ −Cϵ|||ψ_2u|||^2 , where ϵ = max{x(m) : m ∈ supp ψ_2}, 0 < ϵ ≪ θ.

Proof. To prove the first inequality we extend Δ_θ from supp ψ_2 to an operator Q_θ ∈ Ψ^{2,0,0}_{sc,h} (X_θ), so that σ^{2,0,0}_{sc} (Q_θ)−w ≠ 0 for w ∈ R_+ . This is possible since it holds for σ^{2,0,0}_{sc} (Δ_θ) over the support of ψ_2 (which taken to be sufficiently close to ∂X_θ). Then h^2Q_θ − Re ω_0 is uniformly elliptic in the semiclassical scattering calculus (see Proposition A.11 in Appendix A), and consequently we have a parametrix:

T_θ(h^2Q_θ − Re ω_0) = Id + R_θ , T_θ = O_θ(1) : L^2_{sc}(X_θ) → H^2_{sc,h}(X_θ) , R_θ = O_θ(h) : L^2_{sc,h}(X_θ) → L^2_{sc}(X_θ) .

Hence for small h, (I + R_θ)^{−1} = O_θ(1) exists and

|||(h^2Δ_θ − Re ω_0)ψ_2u|||^2 = |||(h^2Q_θ − Re ω_0)ψ_2u|||^2 ≥ C^{−1}_ψ ‖(h^2Q_θ − Re ω_0)ψ_2u‖^2_L2_{sc(Xθ )} ≥ C(θ)^{−1}C^{−1}_ψ ‖(I + R_θ)^{−1}T_θ((h^2Δ_θ − Re ω_0)ψ_2u‖^2_L2_{sc(Xθ )} = C(θ)^{−1}C^{−1}_ψ ‖ψ_2u‖^2_L2_{sc(Xθ )} ≥ C(θ)^{−1}C^{−2}_ψ |||ψ_2u|||^2 . To prove the second inequality we can assume that X_θ ∩ supp ψ_2 ≃ ( e^{iθ}[0, ϵ] × ∂X ) ∩ supp ψ_2 , so that (see Sect. 3 above and Sect. 3 in [14]), Δ_θ = e^{2iθ} [ (x^2D_x)^2 + i(n − 1)x^3D_x + x^2Δ_{∂X} ] + x^3Diff^2_b(X) , and consequently

Im⟨Δ_θψ_2u, ψ_2u⟩ ≥ sin 2θ ( ‖x^2D_x(ψ_2u)‖_L2_{sc} + ⟨x^2Δ_{∂X} (ψ_2u), ψ_2u⟩ ) − Cϵ ( ‖x^2D_x(ψ_2u)‖_L2_{sc} + ⟨x^2Δ_{∂X} (ψ_2u), ψ_2u⟩ + ‖ψ_2u‖^2_L2_{sc} ) , from which the inequality follows.

Using the lemma we conclude that

|||(h^2Δ_θ − ω_0)ψ_2u|||^2 = |||(h^2Δ_θ − Re ω_0)ψ_2u|||^2 + r^2_0 |||ψ_2u||| + 2r_0 Im⟨h^2Δ_θψ_2u, ψ_2u⟩ ≥ ( C^{−2}_{θ,ψ} + r^2_0 − Cϵh^2r_0 ) |||ψ_2u||| , (5.2)

and hence we need to prove (5.1) with u replaced by ψ_1u. There are many alternative ways to proceed and we choose the C^∞ FBI transform approach as described in [31] (see methods of Sect.3 and 5 of [28], and references given there for a slightly different approach). We first demand that ψψ_1 = ψ_1, as we certainly may by changing ψ in the definition of ||| • |||. Since that means changing ψ in a way dependent on θ, we obtain a new θ dependent constant. Then

|||(h^2Δ_θ − ω_0)(ψ_1u)|||^2 = ‖T ( h^2Δ_θ − ω_0)ψ_1u ) ‖^2_L2_{(T} ∗_{Xθ ,dα)} = ‖ |σ_2(Δ_θ) − ω_0| T (ψ_1u)‖^2_L2_{(T} ∗_{Xθ ,dα)} + O(h)|||⟨hD⟩ψ_1u|||^2 ≥ (r_0 + μ)^2‖T (ψ_1u)‖^2_L2_{(T} ∗_{Xθ ,dα)} − O(μ + ϵ_0)‖1_{{α:|σ2(Δθ )−ω0|≤r0+μ}}T (ψ_1u)‖^2_L2_{(T} ∗_{Xθ ,dα)} − O(h)|||ψ_1u|||^2 ,

(5.3)

where we used the facts that Im σ_2(Δ_θ) > −ϵ_0 Re σ_2(Δ_θ) with ϵ_0 as small as desired depending on the construction of γ_θ (described in (3.1); see also the proof of Lemma 5.1), hence |σ_2(Δ_θ) − ω_0| ≤ r_0 + μ =⇒ (r_0 + μ)^2 − |σ_2(Δ_θ) − ω_0|^2 ≤ C(μ + ϵ_0) .

(5.4) We have also used the intertwining property of T : when P is a second order semi-classical differential operator then

‖T P (ψ_1u)‖^2_L2_{(T} ∗_{Xθ ,dα)} = ‖σ_2(P )T (ψ_1u)‖^2_L2_{(T} ∗_{Xθ ,dα)} + O(h)‖⟨hD⟩u‖^2_L2_{(Xθ )} . We were able to drop ⟨hD⟩ in the last inequality in (5.3) because of the classical ellipticity of Δ_θ − ω_0. We are using σ_2 to denote the (total) semiclassical symbol of a second order operator on a compact manifold or over the interior of a noncompact one.

It is a well known fact (recalled in [31]) that there exists an operator ~Q_{θ,μ} such that Π1_{{α:|σ2 (Δθ )−ω0|≤r0+μ}}Π = ~Q_{θ,μ} + O_N (h^N ⟨α_ξ ⟩^{−N} ) , rank ~Q_{θ,μ} = O(h^{−n}) , where Π is the orthogonal projection on L^2(T^∗X_θ) onto the image of T ~ψ_1, ~ψ_1 ∈ C^∞_c (X_θ), ~ψ_1 ≡ 1 on supp ψ_1. This concludes the proof of (5.1).

For the reader’s convenience we now recall the counting argument from [23],[27],[28]. Let us take ω_0 = 1 − ir_0 with r_0 small and let z_1, · · · , z_N be the eigenvalues of h^2Δ_θ − ω_0 in D(ω_0, r_0 + μ/2). The characteristic values of h^2Δ_θ − ω_0 are defined as the the eigenvalues

μ_1, μ_2, . . . of the self-adjoint operator [(h^2Δ_θ − ω_0)^∗(h^2Δ_θ − ω_0)]^12 (with the convention that if there are only finitely many eigenvalues we repeat the bottom of the essential spectrum infinitely many times). A version of the celebrated Weyl inequality says that μ_1 · · · μ_N ≤ |z_1 − ω_0| · · · |z_N − ω_0| (see Appendix A to [23]). Thus we need to estimate the number of μ_j . The estimate (5.1) and the max-min principle show that

M(μ)^{def}= #{μ_j : μ_j ≤ r_0 + μ} ≤ C_{θ,μ}h^{−n} ,

μ < inf σ_{ess}([(h^2Δ_θ − ω_0)^∗(h^2Δ_θ − ω_0)]^12 ) − r_0 ,

(5.5)

where, by Lemma 5.1, inf σ_{ess} > r_0 + 1/C_θ — see (5.2). (Equation (5.2) suffices because the essential spectrum is determined by behaviour near infinity—see for instance [2].) Equation (5.1) also shows that μ_1 > r_0 − ϵ where ϵ > 0 can be made as small as desired by appropriate construction of γ_θ. If N ≤ M(μ) then we have a desired local bound on the number of z_j ’s. If N > M(μ) then, by the Weyl inequality,

(r_0 − ϵ)^{M(μ)}(r_0 + μ)^{N−M(μ)} ≤ (r_0 + μ/2)^N =⇒ N ≤ ( log ( r_0 + μ r_0 + μ/2 ))_{−1} log ( r_0 + μ r_0 − ϵ ) M(μ) ≤ ~C_{μ,θ}(h^{−n}) . From the local bound we obtain the global bound by a covering argument, and we have proven Theorem 2.

Proof of Theorem 4. The proof is basically a simpler version of the proof given in Sect. 8 of [32], with the large part coming again from Sjöstrand’s work, [23]. The only significant difference compared to [32] is the same as in the proof of Theorem 2. Therefore we restrict ourselves to an outline.

The manifold X_θ is a scattering manifold which differs from X only on a small neighbourhood of the boundary. Hence the same construction of the escape function G_0 works near the boundary and the same escape function G_1 can be used near K ⊂ T^∗X ∩ T^∗X_θ — see Sect. 2. Hence we obtain a global escape function, ~G_θ, satisfying (2.9). Let ψ_3 ∈ C^∞_c (X_θ) have the following properties

supp ψ_3 ⊂ {ψ = 1} , Im σ_2(Δ_θ) ≥ C^{−1}_θ Re σ_2(Δ_θ) on supp (1 − ψ_3) ,

where ψ in (4.8) is chosen as in the proof of Theorem 2. We then put G_θ = ψ_3 ~G_θ, and use it in the definition of ||| • |||_{tGθ} given by (4.6) and (4.8). The point is that, where the cutoff function produces the failure of H_pG_θ > 0, we already have the ellipticity of the imaginary part of σ_2(Δ_θ).

As in the proof of Theorem 2 we only need to consider ψ_1u (by choosing ψ_1 and ψ), as the estimate involving ψ_2u is the same as the proof of Theorem 2.

The proof of the following lemma follows from the proof of Lemma 8.4 of [32]. It depends on the fact that Im σ_2(Δ_θ)↾_{ΛtGθ} ≥ 0, so that (5.4) holds with C(μ + ϵ_0) replaced by Cμ (see Lemma 5.3 below and the properties of the escape function, G, in (2.9)).

Lemma 5.2. If u ∈ C^∞_c (X_θ) and ψ_1 is as in the proof of Theorem 2, then with a suitable choice of ~ψ and ψ_q’s in Proposition 4.1, and for t small enough and negative, μ < μ_0(θ), h < h_0(θ),

|||(h^2Δ_θ − ω_0)(ψ_1u)|||^2_{H(Xθ ;ΛtGθ ,1)} ≥ ((r_0 + μ)^2 − O(h))|||ψ_1u|||^2_{H(Xθ ;ΛtGθ ,1)} − O(μ) Q∑ q=1 ‖f^μ_{q,t}T_qu‖^2_{Φq,t} , (5.6)

where Φ_{q,t} is as in Proposition 4.1 and f^μ_{q,t} is the characteristic function of π ∘ κ_q ( {α ∈ Λ_{tGθ} ∩ ~T^∗Y : |σ_2(Δ_θ)↾_{ΛtGθ} (α) − ω_0|^2 ≤ (r_0 + μ)^2} ) , (5.7)

where ~T^∗Y is a complex neighbourhood of T^∗Y in ~T^∗X, σ_2(Δ_θ) is the holomorphic continuation of the principal symbol of Δ_θ and where

κ_q : ~T^∗Y ∋ (z, −∂_zϕ_1(w, z) −→ (w, ∂_w ϕ_q (w, z)) ∈ T^∗C^n , ϕ_q (w, z) =^i_2 (χ_q (z) − w)^2 , and π : T^∗C^n → C^n is the natural projection.

As in Sect. 3 of [23], for any ϵ > 0 there exist finite rank operators Ξ^{μ,ϵ}_{q,t} such that for v ∈ H^2_{Φq,t} (Ω^♯_q ) ‖f^μ_{q,t}(v − Ξ^{μ,ϵ}_{q,t} v)‖_{Φq,t} ≤ Cϵ‖v‖_{Φq,t} rank Ξ^{μ,ϵ}_{q,t} ≤ min

M : supp f^μ_{q,t} ⊂ M⋃ j=1 B(w_j , ϵh^12 ) , w_j ∈ Ω^♯_q . We now recall another lemma crucial in [8], [23] and [32]:

Lemma 5.3. Let p denote the holomorphic extension of the principal symbol of Δ to T^∗ ~X and p_θ its restriction to T^∗X_θ. Then p(exp tH^{Im σ}_{Gθ} (m)) = p_θ(m) − itH_{gθ} G_θ(m) + O(t^2) + O(tθ) , m ∈ T^∗X_θ ,

(5.8) where g_θ = Re p_θ and the last error term can be omitted in T^∗Y ⊂ T^∗X_θ ∩ T^∗X. Moreover, in a neighbourhood W of K in S^∗_ϵ X we have p(exp tH^{Im σ}_{Gθ} (m)) = p(m) − i(1 + O(t))tH_{gθ} G_θ(m) , m ∈ W . (5.9) For the case at hand, of manifolds and irregular escape functions, the proof is given in Sect. 8 of [32]. Note that we took t to be negative so that we guarantee a non-negative imaginary part of the symbol.

Using the lemma and the definitions of f_{q,t}’s, Ξ_{q,t}’s and of the Minkowski dimension, m, we conclude that for any number ~m > m we have rank Ξ^{μ,ϵ}_{q,t} ≤ Cμ^{(2n− ~m+1)/2} ( ϵh^12 )_{−2n} . When K is of pure dimension then we can take ~m = m.

Consequently Lemma 5.2 and the argument based on Lemma 5.1 give |||(h^2Δ_θ − ω_0)u|||^2_{tGθ} ≥ ( (r_0 + μ)^2 − O(h) − O(ϵμ) ) |||u|||^2_{tGθ} − |||Q^{μ,ϵ}_θ u|||^2_{tGθ} , rank Q^{μ,ϵ}_θ ≤ C_ϵμ^{(2n− ~m+1)/2}h^{−n} . For Ch < μ < μ_0 ≪_t 1 we can now apply the Weyl estimates for eigenvalues in terms of characteristic values (see Sect. 7 of [28]) to obtain the bound O(μ^{(2n− ~m+1)/2}h^{−n}) on the number

of resonances of h^2Δ in | Re z − 1| < μ^12 /C, − Im z > μ. When μ = Ch^{1−α} then a covering

argument gives the bound O(h^{− 1}2^{(1−α)}h^{(1−α)(2n+ ~m−1)/2}h^{−n}) = O ( h^{−n+(1−α)(2− ~m/2)} ) on the number of resonances in

| Re z − 1| ≤^1_2 , − Im z > Ch^{1−α} , 0 ≤ α ≤ 1 .

Another covering argument (see Sect. 7 of [28]) completes the proof of Theorem 4.

Appendix A

The algebra of semiclassical scattering pseudodifferential operators is defined on any manifold X with boundary. The non-semiclassical version of this calculus has been known for a long time. On R^n (identified, for our purposes, with the interior of its radial compactification) it was studied by Shubin [22], Parenti [17], and Cordes [1]; it is also the Weyl calculus for the metric |dz|^2 1 + |z|^2 + |dξ|^2 1 + |ξ|^2

(see [10]). On manifolds it has been discussed by Schrohe [20], [21], Melrose [14], and Melrose- Zworski [16]. The approach to the calculus described below is a hybrid of those of Schrohe [20] and Melrose [14]. A different perspective on the semiclassical scattering calculus on R^n can also be found in [8].

The classical versions of all the following concepts can be recovered by setting h = 1 throughout (and will be written without the subscript h or the index indicating powers of h). We will indicate when the classical case departs from the semiclassical; otherwise, all results hold “with h omitted.”

We begin by defining the semiclassical scattering algebra on the ball, considered as the radial compactification of R^n . We define this compactification by identifying B^n with S^n_+, the upper hemisphere of the unit sphere in R^n , and mapping RC : z → ( z ⟨z⟩ , 1 ⟨z⟩ ) ∈ S^n_+ (see Figure 4.) We can use x = (RC^{−1})^∗|z|^{−1} as a boundary defining function for S^n_+.

Definition A.1. A function a ∈ C^∞((0, 1) × T^∗R^n ) is a semiclassical scattering symbol of multiorder (m, l, k) (we write a ∈ S^{m,l,k}(R^n )) if for all multiindices α, β ∈ N^n , we have | | |∂^α_z ∂^β_ξ a | | | ≤ Cα,β h^{−k}⟨z⟩^{−l−α}⟨ξ⟩^{m−β} . In the interests of brevity, we will restrict ourselves in this paper to the smaller class of polyhomogeneous symbols, denote S^{m,l,k}_{phg} ; these are symbols a ∈ C^∞([0, 1) × T^∗R^n ) such that a(h, z, ξ) ∼ h^{−k} ∞∑ i_1 ,i_2 ,i_3=0 h^{i1} a_{l+i3 ,m−i2}

(z, 1) RC(z)

(0, 1) R^n

S^n_+

Figure 4. The radial compactification of R^n

where a_{p,q} is independent of h and homogeneous in z and ξ of order −p and q respectively, and the expansion means a(h, z, ξ) − h^k N_1,N_2,N_3 ∑ i_1 ,i_2,i_3 =1 h^{i1} a_{l+i3 ,m−i2} ∈ S^{N1−1,N2+1,N3+1}(R^n ). This definition is clearer if we radially compactify T^∗R^n in both base and fibers to obtain S^n_+ × S^n_+; we can use x = 1/|z|, σ = 1/|ξ| as boundary defining functions in the respective factors. Then a (polyhomogeneous) symbol a is a function of the form h^{−k}σ^{−m}x^la_0, where a_0 ∈ C^∞([0, 1) × S^n_+ × S^n_+)

Definition A.2. An operator A : S(R^n ) → S^′(R^n ) is an element of the space Ψ^{m,l,k}_{sc,h} (R^n ) of (polyhomogeneous) semiclassical scattering pseudodifferential operators if it is given by Au(z) = ( 1 2πh )_n ∫ e^{i(z−w)·ξ/h}a(h, z, ξ)u(w)dw dξ. (A.10)

where a ∈ S^{m,l,k}_{phg} (R^n ).

Before transferring our definition to arbitrary manifolds with boundary, we define a residual space of operators:

Definition A.3. Let X be a manifold with boundary. The residual space Ψ^{−∞,∞,−∞}_{sc,h} (X) consists of operators A : C^{−∞}(X) → h^∞Ċ^∞(X), i.e. operators with Schwartz kernels in h^∞Ċ^∞(X ×X). (Here the space Ċ^∞(X) consists of smooth functions on X vanishing to infinite order at ∂X, and C^{−∞}(X) is the dual space of distributions; to make the pairing possible, we assume a scattering metric is fixed on X.)

We can consider the operators on R^n in Definition A.2 as operators on Ċ^∞(S^n_+) via radial compactification. More generally, we can, by localization, extend the definition to any manifold with boundary, by the following proposition

Proposition A.4. Let A ∈ Ψ^{m,l,k}_{sc,h} (R^n ) and let ψ : R^n → R^n be a diffeomorphism such that RC ∘ψ ∘ RC^{−1} extends from (S^n_+)^∘ to a diffeomorphism S^n_+ → S^n_+. Then ψ^∗ ∘ A ∘ (ψ^{−1})^∗ ∈ Ψ^{m,l,k}_{sc,h} (R^n ).

Proof. The following argument is mostly from [20], where the interested reader can find further detail.

Applying the Kuranishi trick of change of fiber variable, we now find that under ψ, (A.10) pulls back to the same expression with a replaced by a(h, ψ(z), (F^t)^{−1}(z, w)ξ) |det ∂ψ_i/∂w_j | |det F_{ij} | ; where F_{ij} (z, w) =

∫_1 0 ∂ψ_i/∂z_j (zt + w(1 − t))dt. F and det ∂ψ/∂w are clearly smooth on S^n_+ × S^n_+ by our assumptions on ψ. Furthermore, we have a polyhomogeneous expansion ψ ∼ ψ_1 + ψ_0 + ψ_{−1} + . . .

with ψ_j homogeneous of degree j; hence ψ^{′′}(z) = O(|z|^{−1}), and we estimate ‖F_{ij} (z, w) − F_{ij} (w)‖ ≤ C|z − w| sup_{t∈[0,1]} ‖ψ^{′′}(zt + w(1 − t))‖ ≤ C max{|z|^{−1}, |w|^{−1}}|z − w|. Hence if χ(z, w) = ϕ(|z − w|/⟨z⟩) with ϕ a smooth cutoff supported sufficiently near zero, then F_{ij} is invertible on supp χ. Furthermore, one can show that ( 1 2πh )_n ∫ e^{i(z−w)·ξ/h}(1 − χ(z, w))a(h, ψ(z), (F^t)^{−1}(z, w)ξ) |det ∂ψ_i/∂w_j | |det F_{ij} | dξ ∈ Ψ^{−∞,∞,−∞} sc,h (X) so that modulo residual operators, ψ^∗ ∘ A ∘ (ψ^{−1})^∗ has Schwartz kernel ( 1 2πh )_n ∫ e^{i(z−w)·ξ/h}χ(z, w)a(h, ψ(z), (F^t)^{−1}(z, w)ξ) |det ∂ψ_i/∂w_j | |det F_{ij} | dξ. Modulo a further residual error, we can rewrite this in the form ( 1 2πh )_n ∫ e^{i(z−w)·ξ/h}ã(h, z, ξ) dξ. in the usual manner, setting b = χ(z, w)a(h, ψ(z), (F^t)^{−1}(z, w)ξ) |det ∂ψ_i/∂w_j | |det F_{ij} | (A.11) and ã(h, z, ξ) ∼ ∑ α h^{|α|}i^{−|α|} α! ∂^α_ξ ∂^α_wb(h, z, w, ξ)↾_{z=w}; (A.12)

the appearance of χ in the definition of b is irrelevant to the definition of ã owing to the restriction to the diagonal; the same is true of the Jacobian factors. The ψ_i’s and therefore F_{ij} are polyhomogeneous; hence the symbol ã is also polyhomogeneous.

Definition A.5. Let X be a manifold with boundary. Then an operator A : Ċ^∞(X) → C^{−∞}(X) is in Ψ^{m,l,k}_{sc,h} (X) if for every ϕ_1, ϕ_2 with supp ϕ_1 ∩ supp ϕ_2 = ∅, we have ϕ_1Aϕ_2 ∈ Ψ^{−∞,∞,−∞} sc,h (X), and on the other hand, if ϕ_1 and ϕ_2 have support in an open set U ⊂ X such that there is a diffeomorphism ψ : U → V ⊂ S^n_+,

(RC)^∗(ψ^{−1})^∗ϕ_1Aϕ_2(ψ)^∗(RC^{−1})^∗ ∈ Ψ^{m,l,k}_{sc,h} (R^n ).

These operators form a calculus:

Proposition A.6. Let A ∈ Ψ^{m,l,k}_{sc,h} (X) and B ∈ Ψ^{m′,l′,k′}_{sc,h} (X) then AB ∈ Ψ^{m+m′,l+l′ ,k+k′}_{sc,h} (X) and A^∗ ∈ Ψ^{m,l,k}_{sc,h} (X). (The proof proceeds just as with the ordinary Kohn-Nirenberg calculus; for the explicit symbol computations on R^n , see Section 7 of [3].)

There is a principal symbol map for the semiclassical scattering calculus that contains more information than just the ordinary principal symbol of the pseudodifferential operator over^∘X; the symbol measures how the operator behaves under conjugation by oscillatory distributions near ∂X (the “boundary at infinity”) as well as by distributions supported in^∘X with oscillatory Fourier transform (this is the traditional notion of principal symbol). We begin by describing where the symbol lives:

Definition A.7. Let V_b(X) denote the Lie algebra of vector fields on X, tangent to ∂X. Let T^{sc} X be the vector bundle on X whose sections lie in xV_b. Let T^{sc ∗}X be its dual bundle. Let T^{sc ∗}X denote the fiber radial compactification of T^{sc ∗}X (it is a manifold with corners). Let S^{sc ∗}X be the unit cosphere bundle of T^{sc ∗}X, considered as the fiber boundary of T^{sc ∗}X. Definition A.8. Let A ∈ Ψ^{m,l,k}_{sc,h} (S^n_+) be given by Au(z) = ( 1 2πh )_n ∫ e^{i(z−w)·ξ/h}a(h, z, ξ)u(w)dwdξ. (in Euclidean coordinates) with a ∈ S^{m,l,k}_{phg} (R^n ). Let (RC^{−1} × RC^{−1})^∗a denote the pullback of a to h^{−k}σ^{−m}x^l times a smooth function on [0, 1) × S^n_+ × S^n_+ Then the symbol of A is defined as

σ^{m,l,k}_{sc,h} (A) = (RC^{−1} × RC^{−1})^∗a ∈ h^{−k}σ^{−m}x^lC^∞([0, 1) × S^n_+ × S^n_+)/h^{−k+1}σ^{−m+1}x^{l+1}C^∞([0, 1) × S^n_+ × S^n_+).

Loosely speaking (i.e. forgetting about overall powers of defining functions), we can think of the symbol as the restriction of (RC^{−1} × RC^{−1})^∗a to the boundary of [0, 1) × S^n_+ × S^n_+. The part of the symbol defined in [0, 1) × (S^n_+)^∘ × ∂S^n_+ is just the ordinary principal symbol of A as a pseudodifferential operator on R^n . Note that [0, 1) × S^n_+ × S^n_+ is a manifold with corners with three codimension-one boundary faces (unless n = 1).

The manifold S^n_+ × S^n_+ should really be thought of as T^{sc ∗}S^n_+, as is indicated by Proposition A.9. Definition A.8 makes invariant sense, i.e. σ^{m,l,k}_{sc,h} (A) is an invariantly defined element of h^{−k}σ^{−m}x^lC^∞([0, 1) × T^{sc ∗}S^n_+)/h^{−k+1}σ^{−m+1}x^{l+1}C^∞([0, 1) × T^{sc ∗}S^n_+). Proof. Evaluate (A.11) at z = w and insert it into the α = 0 term of (A.12); the other terms vanish at each of the three boundary faces h = 0, x = 0, σ = 0.

As a result of Propositions A.4 and A.9, the definition of σ_{sc,h} can be extended to a map σ^{m,l,k}_{sc,h} : Ψ^{m,l,k}_{sc,h} (X) → h^{−k}σ^{−m}x^lC^∞([0, 1) × T^{sc ∗}X)/h^{−k+1}σ^{−m+1}x^{l+1}C^∞([0, 1) × T^{sc ∗}X), where X is a manifold with boundary.

Example. Let Δ be the Laplacian with respect to a scattering metric g on S^n_+. Let Δ be the corresponding Laplace-Beltrami operator. Then Δ ∈ Ψ^{2,0}_{sc} (X) and h^2Δ ∈ Ψ^{2,0,0}_{sc,h} (X). We have σ^{2,0}_{sc,h}(h^2Δ) = g(z, ξ) = σ^{2,0,0}_{sc} (Δ), where we abuse notation, confusing g(z, ξ) with its restriction to the various boundary faces in question. See [14].

The semiclassical scattering symbol has all the desirable properties of a commutative symbol: Proposition A.10. The symbol map is multiplicative: if A ∈ Ψ^{m,l,k}_{sc,h} (X) and B ∈ Ψ^{m′,l′ ,k′}_{sc,h} (X), then σ^{m+m′ ,l+l′ ,k+k′} sc,h (AB) = σ m,l,k sc,h (A)σ m^′ ,l^′,k^′ sc,h (B), and σ^{m,l,k}_{sc,h} (A^∗) = σ^{m,l,k}_{sc,h} (A). There is a short exact sequence 0 → Ψ^{m−1,l+1,k−1} sc,h (X) → Ψ m,l,k sc,h (X) σ^{m,l,k} sc,h−→ h−kσ−mxlC∞([0, 1) × Tsc ∗X)/h−k+1σ−m+1xl+1C∞([0, 1) × Tsc ∗X) → 0. That σ_{sc,h} is the “correct” notion of symbol is demonstrated by

Proposition A.11. If A ∈ Ψ^{m,l,k}_{sc,h} (X) is elliptic in the sense that σ^{m,l,k}_{sc,h} (A) does not vanish on ∂([0, 1) × T^{sc ∗}X) then there exists a parametrix B ∈ Ψ^{−m,−l,−k}_{sc,h} (X) such that AB − Id, BA − Id ∈ Ψ^{−∞,∞,−∞} sc,h (X). If σ^{m,l,k}_{sc,h} (A) does not vanish on 0 × T^{sc ∗}X then the same is true for h sufficiently small. If σ^{m,l,k}_{sc,h} (A) does not vanish on [0, 1) × ∂ T^{sc ∗}X then there exists B ∈ Ψ^{−m,−l,−k}_{sc,h} (X) such that AB − Id, BA − Id ∈ Ψ^{−∞,∞,0}_{sc,h} (X). The proof is the usual iterative argument.

Remark. In the classical case, the symbol is a function only on ∂( T^{sc ∗}X). Nonvanishing of σ_{sc}(A) on ∂( T^{sc ∗}X) ensures invertibility of A modulo Ψ^{−∞,∞}_{sc} (X).

We now introduce a scale of Sobolev spaces adapted to the semiclassical scattering calculus. Definition A.12. Let L^2_{sc}(X) denote the space of distributions on X that are square-integrable with respect to a scattering metric, and let L^2_{sc,h}(X) = C([0, 1); L^2_{sc}(X)). Set H^{m,l}_{sc,h}(X) = { u ∈ C([0, 1); C^{−∞}(X)) : x^{−l}(Id + h^2Δ)^{m/2}u ∈ C([0, 1); L^2_{sc}(X)) } and H^{m,l}_{sc} (X) = { u ∈ C^{−∞}(X) : x^{−l}(Id + Δ)^{m/2}u ∈ L^2_{sc}(X) } with x a boundary defining function and Δ the Laplacian with respect to a scattering metric. Proposition A.13. Let A ∈ Ψ^{m,l,k}_{sc,h} (X) and p, q ∈ R. Then A = O(h^{−k}) : H^{p,q}_{sc,h}(X) → H^{p−m,q+l}_{sc,h} (X). Let B ∈ Ψ^{m,l}_{sc} (X). Then B : H^{p,q}_{sc} (X) → H^{p−m,q+l} sc (X) is bounded.

The inclusions H^{p,q}_{sc,h}(X) ⊂ H^{p′,q′}_{sc,h} (X) and H^{p,q}_{sc} (X) ⊂ H^{p′,q′}_{sc} (X) are compact if p < p^′, q, q^′. The proof is by the usual Hörmander square root method [10] to show boundedness on L^2, together with the basic properties of the calculus. Compact embedding of weighted Sobolev spaces is also standard.

Appendix B (with Edith Mooers)

The complex scaling method can be applied efficiently in many concrete situations—see references in [19]. In the simplest case, when there is a single hyperbolic orbit, numerical computations show the accuracy of the semiclassical results recalled in the Example in Section 2. We now briefly describe the numerical method used. We stress that we cannot compute the resonances explicitly by the special function methods which are available for the case of the hyperbolic cylinder (see [7] and references therein)

The Laplacian (2.10) decomposes into a family of one-dimensional operators depending on the spectral parameter n of the circle. The resonances for each of these operators are computed by first applying complex scaling (a substitution r = r^′e^{iθ}) in one dimension, and then reducing the problem to finite dimension by truncating a basis of L^2(R). The simplest basis to choose, and one particularly well-adapted to this problem (because of the presence of a non-degenerate potential maximum), is that of eigenfunctions of the quantum harmonic oscillator.

Figure 5. The catenoid.

This program was implemented in Mathematica,^© using the first 50 of the built-in Hermite functions. Matrix elements for the complex-scaled operators were computed numerically, and the eigenvalues of the resulting nonselfadjoint matrix were then evaluated. Most of these eigenvalues correspond to the rotated continuous spectrum. Computations for several angles of complex scaling were compared in order to sift out eigenvalues which correspond closely to actual resonances.

References

[1] H. O. Cordes, , A global parametrix for pseudodifferential operators over R^n with applications, preprint No. 90, SFB 72, Bonn, 1976.

[2] H.L. Cycoon, R.G. Froese, W. Kirsch, and B. Simon, Schrödinger operators, Springer Verlag, 1987. [3] M. Dimassi and J. Sjöstrand, Spectral asymptotics in the semi-classical limit, Lecture notes, to appear. [4] J. Edward, Bounds on resonances for the Laplacian on perturbations of quotients of R^n by a finite subgroup of GL(n), preprint, February 1999.

[5] C. Gérard and J. Sjöstrand, Semiclassical resonances generated by a closed trajectory of hyperbolic type, Comm. Math. Phys. 108(1987), 391-421.

[6] H. Grauert, On Levi’s problem and the imbedding of real-analytic manifolds, Ann. Math. 68(1958), 460-472. [7] L. Guillopé and M. Zworski, Scattering asymptotics for Riemann surfaces. Ann. of Math. 145(1997), 597-660. [8] B. Helffer and J. Sjöstrand, Résonances en limite semi-classique. [Resonances in the semi-classical limit] Mémoires de la S.M.F. 114(3)(1986).

[9] P. Hislop and I.M. Sigal, Introduction to Spectral Theory with applications to Schrödinger Operators. Applied Mathematical Sciences 113, Springer-Verlag, 1996.

Figure 6. Resonances for the catenoid with a = 1, and the lattice given by the first terms of the semiclassical approximation (2.11).

[10] L. Hörmander, The analysis of linear partial operators III, Springer-Verlag, Berlin Heidelberg New York Tokyo, 1985.

[11] L. Hörmander, An Introduction to Complex Analysis in Several Variables, North Holland, Amsterdam- London, 1973.

[12] N. Kapouleas, Complete embedded minimal surfaces of finite total curvature, J. Diff. Geom. 47(1997), 95–169. [13] K. Lin, Computation of resonances in semi-classical chaotic scattering, in preparation. [14] R.B. Melrose, Spectral and scattering theory for the Laplacian on asymptotically Euclidian spaces, in Spectral and Scattering Theory, M. Ikawa, ed. Marcel Dekker, 1994.

[15] R.B. Melrose, Geometric Scattering Theory. Cambridge University Press, 1995.

[16] R.B. Melrose and M. Zworski, Scattering metrics and geodesic flow at infinity, Inv. Math. 124(1996), 389-436. [17] C. Parenti, Operatori pseudodifferentiali in R^n e applicazioni, Ann. Math. Pura Appl. 93 (1972), 359–389. [18] G. Popov, Quasimodes for the Laplace operator and glancing hypersurfaces, in Microlocal Analysis and Nonlinear Waves, Minnesota 1989, M. Beals, R. Melrose and J. Rauch eds. Springer Verlag, Berlin-Heidelberg- New York, 1991.

[19] A. Sá Barreto and M. Zworski, Distribution of resonances for spherical black holes, Math. Res. Lett. 4 (1997), 103-121.

[20] E. Schrohe, Spaces of weighted symbols and weighted Sobolev spaces on manifolds, Pseudodifferential operators, Proceedings, Oberwolfach 1986, Lecture Notes in Mathematics 1256, Springer-Verlag, Berlin Heidelberg New York Tokyo, 1987.

[21] E. Schrohe, Complex powers on noncompact manifolds and manifolds with singularities, Math. Ann. 281 (1988), 393–409.

[22] M. A. Shubin, Pseudodifferential operators in R^n, Dokl. Akad. Nauk SSSR, 196 No. 2 (1971), 316–319, Soviet Math. Dokl. 12, No.1 (1971), 147–151.

[23] J. Sjöstrand, Geometric bounds on the density of of resonances for semi-classical problems, Duke Math. J.

60(1990), 1-57.

[24] J. Sjöstrand, Density of resonances for strictly convex analytic obstacles, Can. J. Math. 48(1996), 397-447. [25] J. Sjöstrand, A Trace Formula and Review of Some Estimates for Resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Kluwer Acad. Publ., Dordrecht, 1997.

[26] J. Sjöstrand, Resonances for bottles and trace formulae, preprint, June 1998.

[27] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, Jour. Amer. Math. Soc.

4(1991), 729-769.

[28] J. Sjöstrand and M. Zworski, The complex scaling method of scattering by strictly convex obstacles, Ark. Math. 33(1995), 135-172.

[29] P. Stefanov, Quasimodes and resonances: sharp lower bounds, Duke Math. J. 99(1999), 75-92. [30] S.H. Tang and M. Zworski, From quasi-modes to resonances. Math. Res. Lett. 5(1998), 261-272. [31] J. Wunsch and M. Zworski, The FBI transform on compact C^∞ manifolds. Trans. A. M. S. 353(2001), 1151-1167.

[32] M. Zworski, Dimension of the limit set and the density of resonances for convex co-compact hyperbolic surfaces, Inv. Math. 136(2)(1999), 353-409.

[33] M. Zworski, Resonances in physics and geometry, Notices of A. M. S. 46(3)(1999), 319-328.

Department of Mathematics, SUNY, Stony Brook, NY E-mail address: jwunsch@math.sunysb.edu

Mathematics Department, University of California, Evans Hall, Berkeley, CA 94720, USA E-mail address: zworski@math.berkeley.edu