BREIT-WIGNER APPROXIMATION AND THE DISTRIBUTION OF RESONANCES

VESSELIN PETKOV AND MACIEJ ZWORSKI

1. Introduction

The origins of the theory of resonances lie in the work of Breit and Wigner who studied the behaviour of unstable particles. They postulated that if an ustable particle at energy E_0 decays according to the law exp(−Γt) then the energy density should be approximately distributed according to the Breit-Wigner distribution Γ Γ^2/4 + (E − E_0)^2

. (1.1)

Hence for Γ small, that is for long living particles, E = E_0 becomes the resonant energy. In scattering experiments we consequently see “blips”. A single “blip” is supposed to correspond to a creation of a particle with rest energy E_0 and then to its subsequent decay.

The mathematical content of a scattering experiment is captured by the scattering matrix and we should consequently look for “blips” in expressions derived from it. The most basic one is the scattering phase which measures the averaged phase shift which a wave experiences while passing through the scatterer. If S(λ) is the scattering matrix then we put

s(λ)^{def}= i log det S(λ) , s(0) = 0 . (1.2)

According to the Breit-Wigner theory, s^′(λ), which is the distribution function of continuous energy, should behave according to an expression similar to (1.1) with λ^2_0 = E_0 − iΓ, λ^2 = E:

P (λ_0, λ)^{def}= 1 π Im λ_0 |λ − λ_0|^2 . (1.3)

This is partly justified by the Poisson formula for resonances – see (3.1) below.

Since there could be many resonances, λ_0, close to the real axis, the separation between the ones corresponding to a particular “blip” and the other ones is far from apparent. In this paper we give upper and lower bounds on the variation of the scattering phase s(λ + δ) − s(λ − δ) , (1.4) in terms of the number of resonances close to λ. That provides further justification of the Breit-Wigner approximation, in particular at high energies, and leads to new results on the distribution of resonances. Our main result is Theorem. For operators satisfying assumptions (1.7)-(1.9) below and for any fixed 0 < ϵ < 1 we have s(τ + δ) − s(τ − δ) = 2π ∑ |λ_j −τ|<ϵ ω_{C+} (λ_j, [τ − δ, τ + δ]) + O_ϵ(δ)τ^{n−1} , ∀δ, 0 ≤ δ < ϵ/2, ∀τ ≥ 1, (1.5) where λ_j are resonances included according to their multiplicities and ω_{C+} is the harmonic measure for the upper half-plane: ω_{C+} (z, E) = ∫ E P (z, λ)dλ , E ⊂ R = ∂C_+ , with the Poisson kernel P (z, λ) given by (1.3). 1

We note that we can apply the Theorem with δ which depends on τ . A by-product of the proof, which also justifies the statement of the theorem, is the following estimate closely related to the assumption (1.9) below: ♯ {λ_j : |λ_j − τ | < ϵ} = O(τ^{n−1}) , 0 < ϵ < 1 , (1.6) see Proposition 2 below. The Theorem leads to new estimates on the number of resonances near the real axis.

Previous results on the Breit-Wigner approximation were obtained in a very specific semi-classical setting by Gérard-Martinez-Robert [3] and their work motivated ours. We consider a general compactly supported perturbation of the Laplacian in R^n, n ≥ 2. To avoid discussion of specific aspects of obstacle or metric scattering we adopt the “black box” formalism developed by Sjöstrand and the second author [20]. It is quite possible that much of this work could be generalized to include the non-compact “black box” perturbations [19] but that would involve further development of some tools of scattering theory. We choose to remain in a somewhat less technical situation at this stage.

We start by recalling the abstract assumptions of “black box” scattering. Let H be a complex Hilbert space with an orthogonal decomposition

H = H_{R0} ⊕ L^2(R^n \ B(0, R_0)), n ≥ 2

and let L be a self-adjoint operator with domain D ⊂ H such that

1l↾_Rn_{\B(0,R0)} D = H^2(R^n \ B(0, R_0)), (1.7)

1l↾_Rn_{\B(0,R0)} L = −Δ↾_Rn_{\B(0,R0)}, (1.8) σ_{pp}(L) ∩ [0, ∞) = ∅ , L ≥ −C , C > 0 . We also assume that L is elliptic in the following spectral sense: let L^♯ be a reference operator of L obtained by considering L on H^♯ = H_{R0} ⊕ L^2((R^n/RZ^n) \ B(0, R_0)), R ≫ R_0, in the obvious way. We then assume that ♯{λ : λ^2 ∈ σ(L^♯ ) , |λ| ≤ r} = C(L)r^n + O(r^{n−1}) . (1.9) In other words, the reference operator admits Weyl asymptotics with the Hörmander remainder term. We note that (1.9) implies the trace class properties needed for the Poisson formula for resonances – see [22], [19].

A typical example is provided by a metric perturbation of −Δ on an exterior domain given by L = − n∑ i,j=1 ∂_{xj} ( a_{i,j}(x)∂_{xi} ) , on R^n \ O , where ∂O is smooth, R^n \ O is connected and we take Dirichlet (or Neumann) boundary conditions. The coefficients a_{i,j}(x) are real valued and satisfy the assumptions: a_{i,j}(x) ∈ C^∞(R^n), a_{i,j}(x) = a_{j,i}(x), 1 ≤ i, j ≤ n, n∑ i,j a_{i,j}(x)ξ_i ξ_j ≥ δ_0|ξ|^2, δ_0 > 0, ∀x ∈ R^n, ∀ξ ∈ R^n, there exists R_0 > 0 such that a_{i,j}(x) = δ_{i,j} for |x| ≥ R_0.

In this case L is a self-adjoint elliptic positive operator in L^2(R^n \ O) with the domain given by H^2(R^n \ O) ∩ H^1_0 (R^n \ O).

As was shown in [20], the resolvent

R(λ) = (L − λ^2)^{−1} : H −→ D , Im λ < 0 , λ^2 /∈ σ_{pp}(L) , admits a meromorphic continuation to C as an operator R(λ) : H_{comp} −→ D_{loc} when n is odd and to the logarithmic plane, Λ, when n is even. The poles, λ_j, Im λ_j > 0, have finite multiplicities. Moreover, for λ ∈ R we define the scattering operator

S(λ) : L^2(S^{n−1}) −→ L^2(S^{n−1})

following the usual practice in scattering theory – see [31] and [2] for the details in the “black box” setting. The scattering matrix has the form S(λ) = I + A(λ) with a trace class operator A(λ), and it continues meromorphically to C when n is odd and to Λ when n is even. Its poles coincide with the poles of the resolvent with multiplicities, m_S (λ), related to the multiplicities of the poles of the resolvent, m_R(λ), by the formula

m_S (λ) = m_R(λ) − m_R(−λ) ,

see [31] and references given there for more details.

The above assumptions imply a sharp polynomial upper bound for the counting function of the scattering poles when n is odd (obtained in successive generality in [9], [30], [20], [25])

♯{λ_j : |λ_j | ≤ r} ≤ A_0r^n, r ≥ A_1 . (1.10)

For n even we have a similar estimate ♯{λ_j : |λ_j| ≤ r, | arg λ_j | ≤ ρ} ≤ A_ρr^n, r ≥ A_1 , (1.11) – see [20] for the proof which applies to ρ < π/2 and [27], [28] for the general case and the dependence of A_ρ on ρ.

Since A(λ) is a trace class opearator, the definition of the scattering phase, (1.2), makes sense. Because of the assumption (1.9), the scattering phase satisfies a Weyl law: |s(λ) − c_0λ^n| ≤ C_0λ^{n−1}, λ −→ +∞ , (1.12) for some constants c_0 > 0, C_0 > 0 independent of λ. This was shown in by Christiansen [2] following earlier work on obstacle and metric scattering [10], [14], [15], [11] (some of those papers are concerned with non-compact perturbations not included in the presently discussed set-up).

In spite of (1.12), the derivative s^′(τ ) may increase exponentially for τ = Re λ_j if the poles λ_j converge exponentially to the real axis (see [3], [11]). This of course means that the scattering phase difference s(τ + δ) − s(τ − δ), δ > 0 (1.13) varies quickly as δ −→ 0 and τ is equal to the real part of a scattering pole. This is related to our opening discussion and to the Breit-Wigner approximation. Thus it is interesting and useful to find a link between the behaviour of the scattering phase difference and the existence of poles in small “boxes” {z ∈ C : | Re z − τ | ≤ Bδ, Im z ≤ δϵ}, B > 0. (1.14) To motivate our results let us recall the case studied in [3] (see also [15] for the long range case). Let s_h(λ) be the relative scattering phase associated to two operators L_j (h) = −h^2Δ + V_j (x), j = 1, 2, h > 0, where V_1(x) is a non-trapping potential for the energy level 0 < λ_0 = |ξ|^2 + V_1(x), while V_2(x) is a “well in the island” trapping potential for the level λ_0 = |ξ|^2 + V_2(x). Let Γ(h) be the set of poles of the scattering operator related to L_j(h), j = 1, 2, and let λ(h) ∈ Γ(h) be a simple pole. Next let δ(h) > 0 be such that

lim_{h↘0} h^{−n}δ(h) = 0, lim_{h↘0}

Im λ(h) δ(h) = 0. (1.15)

Assume that Ω(h) is a complex neighbourhood of λ_0 such that ⋂ h>0 Ω(h) = {λ_0}, Re λ(h) ± δ(h) ∈ Ω(h) ∩ R, 0 < h ≤ h_0, dist ( Γ(h), ∂Ω(h) ) ≥ c_ϵe^{−ϵ/h}, ∀ϵ > 0 and, moreover, suppose that λ(h) is the unique pole in Ω(h). Under these assumptions Gérard, Martinez and Robert [3] (see also [15] for long range potentials) proved that

lim_{h↘0} [ s(Re λ(h) ± δ(h)) − s(Re λ(h)) ] = ±π. (1.16)

We start by presenting some improved estimates on the scattering determinant in Sect.2. In Sect.3 we obtain a lower bound for the difference (1.13) taking B < 1 , 0 < ϵ ≤ 1 in (1.14). As a consequence we obtain an upper bound (1.6) for the variation of the counting function of scattering poles near the real axis. This shows that the distribution near the real axis has to be to some extent regular. Sect.4 is devoted to the proof of the main theorem and in Sect.5 we obtain upper bounds for the variation of the scattering phase (1.13). The estimate involves the number of the poles in a “box” {z ∈ C : | Re z − τ | ≤ δ^{1−2γ} , Im z ≤ δ^{1−γ}} , with an error O(δ^γ )τ^{n−1}. Finally, in Sect.6, we combine the bounds for the scattering differences with the Weyl asymptotics for the scattering phase for metric perturbations [11] to establish the existence of poles λ_j with Im λ_j −→ 0.

Acknowledgments. Part of this work was conducted during our stay at the Erwin Schrödinger Institute. We would like to thank the organizers of the programme in Spectral Geometry for the invitation and the Institute for its warm hospitality. The work of the second author was supported in part by the National Science and Engineering Research Council of Canada. The discussion of the Breit-Wigner approximation is partly based on some unpublished notes of Shlomo Sternberg. The second author would like to thank Professor Sternberg for making these notes available to him in 1989. Both authors are also grateful to András Vasy and Georgi Vodev for helpful comments, and to the referee for discovering a weak point of an earlier version of this paper.

2. Estimates on the scattering determinant

We start by recalling results on the factorization of the scattering determinant. For n odd

det S(λ) = e^{g(λ)} P (−λ) P (λ) , |g(λ)| ≤ C|λ|^n + C , λ ∈ C , P (λ) = ∏ j E(λ/λ_j , n) , E(z, p) = (1 − z)e^{z+ z22 +···+ zpp} . (2.1)

Here, as elsewhere in this paper, the resonances can have multiplicities, that is, we can have λ_i = λ_j for i ≠ j. In the study of the relation between the scattering phase and resonances it is therefore natural to use the factorization formula rather than (3.1). In even dimensions we have a weaker factorization given in [32] (see (2.3) and (2.7) there):

det S(λ) = e^{gρ (λ)} P_ρ(−λ) P_ρ(λ) , |∂^k_λg_ρ(λ)| ≤ C_ρ′_{,k}|λ|^{m−k} , λ ∈ Λ^′_ρ , m ≥ n , ρ^′ < ρ , P_ρ(λ) = ∏ λ_j ∈Λ_ρ E(λ/λ_j , n) , Λ_ρ = {λ ∈ C : | arg ±λ| < ρ < π/2 , ± Re λ > 1} . (2.2)

For λ in the physical half plane we will give an estimate which generalizes and improves the estimate given in Proposition 2 and (14) of [30]:

Lemma 1. Let L be an operator satisfying the “black box” assumption of Sect.1 but with (1.9) replaced by a weaker assumption ♯{λ : λ^2 ∈ σ(L^♯) , λ ≤ r} ≤ C(L)r^m , m ≥ n . (2.3)

Then, for Im λ ≥ 0, Re λ ≥ 0, |λ − λ̃| > ϵ, λ̃^2 ∈ σ_{pp}(L) ∪ {0} we have | det S(−λ)| ≤ C_ϵ exp(C_ϵ Im λ|λ|^{n−1}) . Here we identified the first quadrant in C with the correspoding subset of Λ when n is even. Proof. Let Im λ > C_0 ≫ 1. We denote below by C different constants which are independent of λ. We can then use the representation of S(−λ) = I + A(−λ) given in the proof of Theorem 4 in [32] (we could also use the representation given in [31], see (2.4) in [32]): A(−λ) = −c_nλ^{n−2}E^{ϕ1} (λ)[Δ, χ_2]R(−λ)[Δ, χ]^tE^{ϕ2} (λ) , where E^ϕ (λ) : L^2(R^n) → L^2(S^{n−1}) has the kernel given by K(θ, x) = exp(iλ⟨x, θ⟩)ϕ(x), ϕ_j, χ_2, χ ∈ C^∞(R^n), identically 1 near B(0, R_0) are specially chosen. We have for Im λ > C_0 ‖R(−λ)‖_{H→H} ≤ 1/| Im(λ^2)| and ‖R(−λ)‖_{H→H} ≤ C |λ| , provided Im λ > C_0. Using the equation, we obtain ‖[Δ, χ_2]R(−λ)[Δ, χ]‖_L2_{(R}n_{)→L}2_{(R}n_) ≤ C|λ| , Im λ > C_0 , which immediately gives |A(−λ)(θ, ω)| ≤ C|λ|^{n−1}e^{C Im λ} , Im λ > C_0 , and the analyticity of the kernel A(−λ)(θ, ω) of A(−λ) in θ. The Cauchy estimates then yield |Δ^m_θ A(θ, ω)| ≤ C^m(2m)!e^{C|λ|} , Im λ > C_0 , and hence following [9],[30] we can estimate characteristic values of A(−λ): μ_j (A(−λ)) ≤ μ_j ((−Δ_θ + I)^{−m} )‖(−Δ_θ + I)^mA(−λ)‖ ≤ C^m(2m)!j^{− 2mn−1} e^{C|λ|} ≤ Ce^{C|λ|−j} 1 n−1 /C , where the last inequality is achieved through an optimization in m. We now observe that ∏ j≥CA^{n−1} ( 1 + e^{A−j} 1 n−1 /C ) ≤ ~Ce^A , A ≥ 0 , and consequently, via the standard use of Weyl inequalities (see [30]), | det S(−λ)| ≤ ∞∏ j=1 (1 + μ_j(A(−λ))) ≤ Ce^{C‖A(−λ)‖|λ|n−1} e^{C|λ|} ≤ Ce^{C(Im λ+(n−1) log |λ|)|λ|n−1} , Im λ > C_0 since ‖A(−λ)‖ ≤ Ce^{C Im λ+(n−1) log |λ|} , Im λ > C_0. For λ ∈ R we have | det S(−λ)| = 1 and for |λ − λ̃| = ϵ, λ̃^2 ∈ σ_{pp}(L) ∪ {0}, | det S(−λ)| ≤ C_ϵ. Also, as in [4],[31], we can estimate det S(−λ) globally away from its poles: | det S(−λ)| ≤ Ce^{C|λ|mn+ϵ} , −λ /∈ ⋃ λ_j ≠0 D(λ_j , |λ_j|^{−m−ϵ}) , |λ| > 1 , n odd. For n even the same estimate is true in a conic neighbourhood of the positive real axis as was shown in [32]. Combined with the estimate on the real axis and the maximum principle this gives | det S(−λ)| ≤ exp(C|λ|^N ) for Im λ ≥ 0, |λ − λ̃| > ϵ, λ̃^2 ∈ σ_{pp}(L) ∪ {0} and some fixed N .

To apply the Phragmén-Lindelöf principle consider the function g(λ) = e^{iBλn} det S(−λ) , Im λ ≥ 0 , | Re λ| > C_2 > 0 with a constant B > 0 which we will choose below. On the curve γ = {λ ∈ C : Im λ = log |λ| > C_0 , Re λ ≥ C_2 > 0} we have 1 − 1 n n−1∑ j=1 C^n_{j+1} ( Im λ Re λ )_j ≥ 1/2, provided we take C_2 > 0 sufficiently large. Thus we deduce that |e^{iBλn} | ≤ exp ( − nB 2 Im λ(Re λ)^{n−1} ) , λ ∈ γ. Combining this with the estimate for | det S(−λ)|, we obtain |g(λ)| ≤ C, λ ∈ γ assuming |λ|/Re λ ≤ C_3 on γ and B = 2CC^{n−1}_3 . On the other hand, |g(λ)| = 1 for Im λ = 0 and an application of Phragmén-Lindelöf principle yields | det S(−λ)| ≤ C|e^{−iBλn} | ≤ C_4e^{C4 Im λ|λ|n−1} for 0 ≤ Im λ ≤ log |λ| , Re λ ≥ C_2. By the maximum principle we complete the proof.

As the first application of this estimate we obtain a local factorization of the scattering determinant. The proof is inspired by recent progress in trace formulæ^1 for resonances, [4], [19], [32]: Lemma 2. If for |τ | ≫ 0 we write det S(λ) = e^{gρ,τ (λ)} P_{ρ,τ} (λ) P_{ρ,τ} (λ) , |λ − τ | ≤ |τ |/A , P_{ρ,τ} (λ) = ∏ |λj −τ|≤|τ|/2 λj ∈Λρ (λ − λ_j ) , A > 2 ,

then for |λ − τ | ≤ |τ |/C_ρ, we can choose the holomorphic function g_{ρ,τ} so that |∂^l_λg_{ρ,τ} (λ)| ≤ C_l|λ|^{n−l}, l ≥ 0 , where C_ρ ≥ A > 2 and C_l are independent of τ .

Proof. Let us take τ > 0. We first notice that g_{ρ,τ} (λ) = −g_{ρ,τ} (λ). Next we choose B_ρ > A large enough to arrange {λ : |λ − τ | ≤ τ /B_ρ} ⊂ Λ_ρ ∩ {Re λ > 1}. We fix B_ρ and we observe that by Lemma 1, for |λ − τ | ≤ τ /B_ρ, we have | det S(λ)| ≤ Ce^{C|λ|n} , Im λ ≤ 0 . Here and below we denote by C different constants independent on λ and τ . We note that we can replace P_{ρ,τ} (λ) by ∏ |λj −τ|≤|τ|/2 λj ∈Λρ

( λ − λ_j τ ) ,

so that the bounds on the number of resonances, (1.10), (1.11), give |P_{ρ,τ} (λ)| ≤ Ce^{C|λ|n} , |λ − τ | ≤ τ /B_ρ . 1As was recently pointed out by Sjöstrand, the underlying feature of these arguments is already present in the classical proof of Lidskii’s theorem.

On the other hand, Cartan’s Lemma (see for instance [6], Lemma 6.17), implies that outside of a union of discs with radii summing up to ϵτ , ϵ > 0 |P_{ρ,τ} (λ)| > exp ( −C log 1 ϵ τ^n ) . If ϵ ≪ 1 we can find B > B_ρ such that this estimate is valid on |τ − λ| = τ /B. Combining this with the upper bounds on P_{ρ,τ} (λ) and S(λ) above, and with the maximum principle we obtain Re g_{ρ,τ} (λ) ≤ C_1τ^n , Im λ ≤ 0 , |λ − τ | ≤ τ /B . Applying Harnack’s inequality to the positive harmonic function G(λ) = 2C_1τ^n−Re g_{ρ,τ} (λ) in discs D(λ̃, r) ⊂ D(λ̂, 3r), Im λ̂ < −3r and comparing the maximum of G(λ) on D(λ̃, r) with the minimum of G(λ) on D(λ̃, r) gives −3C_1τ^n ≤ Re g_{ρ,τ} (λ) ≤ C_1τ^n , Im λ ≤ 0 , |λ − τ | ≤ τ /B . Hence | Re g_{ρ,τ} (λ)| ≤ C|λ|^n for Im λ ≤ 0, |λ − τ | ≤ τ /B, which, due to the symmetry of g_{ρ,τ} , immediately yields | Re g_{ρ,τ} (λ)| ≤ C|λ|^n for |λ − τ | ≤ τ /B . From this we see that |g_{ρ,τ} (λ)| ≤ C|λ|^n for |λ − τ | ≤ τ /2B. In fact, Carathéodory’s inequality (see for instance [24], 5.5) shows that max |λ−τ|≤τ/2B |g_{ρ,τ} (λ)| ≤ 2 max |λ−τ|≤τ/B Re g_{ρ,τ} (λ) + 3|g_{ρ,τ} (τ )| . We now note that g_{ρ,τ} is determined up to an integral multiple of 2πi, and hence we can choose g_{ρ,τ} so that |g_{ρ,τ} (τ )| ≤ 2π. The Cauchy inequalities then give the symbolic estimates.

3. Lower bounds on the variation of the scattering phase Under the assumptions (1.7)-(1.9) (or in fact under a much weaker assumption than (1.9)) we can define a distribution u(t) = 2 tr ( cos(t √ L) − 1l↾_Rn_{\B(0,R0 )} cos(t √ Δ)1l↾_Rn_{\B(0,R0)} ) ∈ D^′(R) . The basic trace formula of scattering theory, the Birman-Krein formula, relates the wave trace, u(t), and the scattering phase: u(t) = 1 2π ^ds dλ (t) + 2 ∑ λ2 j ∈σpp(L) Im λj <0 cos(λ_j t) , t ≠ 0 ,

see [2] and references given there.

The other trace formula relates the wave trace to resonances and is a non-trivial analogue of the easy spectral trace formula for operators on compact manifolds. For n odd we have u(t) = ∑ j e^{iλj |t|}, t ≠ 0, (3.1) in the sense of distributions on R\ {0} and where the sum is taken over all poles λ_j included according to their multiplicities. This was established in successive generality by Bardos-Guillot-Ralston, Melrose and Sjöstrand-Zworski – see [19] and the references given there. As was pointed out in [4],[31],[32], the Poisson formula is equivalent to the Birman-Krein formula and the factorization results for the scattering determinant recalled in the beginning of Sect.2.

Motivated by the Poisson formula (3.1) we now apply a modification of the idea of Melrose [10] for regularizing s(λ). It allows the best available general justification of the Breit-Wigner approximation at high energies.

Let us take χ(t) ∈ C^∞(R) such that 0 ≤ χ(t) ≤ 1, χ(t) = 1 for 5/6 ≤ t ≤ 7/6, χ(t) = 0 for t ≥ 4/3 and for t ≤ 2/3. We then put d dλ s_{norm}(λ) = 2π ∑ λ_j ∈Λ_ρ χ ( |λ_j| λ ) P (λ_j , λ) , s_{norm}(0) = 0 ,

where P (z, λ) is given by (1.3). Next, we define s_{reg}(λ) = s(λ) − s_{norm}(λ) . (3.2) The essential part of Melrose’s argument was showing that s_{reg}(λ) ∈ S^n((0, ∞)) is a symbol of order n. We prove the same result in this greater generality:^2 Lemma 3. Let s_{reg} be given by (3.2). Then s_{reg}(λ) ∈ S^n((0, ∞)). (3.3)

Proof. First we will show that for |λ − τ | ≤ |τ |/C_ρ, we have | | | ( d dλ )_k s^′_{reg}(λ) | | | ≤ Ck(1 + |λ|)^{n−k−1}, |λ| ≥ 1, k ≥ 0 , (3.4) with constants C_k > 0 independent of τ . In the notation of Lemma 2 we have s^′(λ) = ig^′_{ρ,τ} (λ) + ∑ |λj −τ|≤|τ|/2 λj ∈Λρ 2 Im λ_j |λ − λ_j |^2 ,

so that

s^′_{reg}(λ) = ig^′_{ρ,τ} (λ) + ∑ |λj −τ|≤|τ|/2 λj ∈Λρ

( 1 − χ ( |λ_j| λ )) 2 Im λ_j |λ − λ_j|^2 (3.5)

− ∑ |λj −τ|>|τ|/2 λj ∈Λρ χ ( |λ_j| λ ) 2 Im λ_j |λ − λ_j |^2 .

We already have symbolic estimates for g^′_{τ,ρ}(λ) and it remains to study the remaining terms. In the second term on the right hand side of (3.5) we have |λ_j − λ| ≥ |λ|/C and the estimate (3.4) for this term follows from the upper bound on the number of resonances in the sum, which by (1.10), (1.11) is C|τ |^n. The third term is treated in the same way, once we note that in the sum, |λ − λ_j | ≥ |τ |/C, if C_ρ is large enough. Since the constants C_k are independent of τ , we conclude that s^′_{reg}(λ) ∈ S^{n−1}((0, ∞)) and by integration we complete the proof.

We should remark that we could now give a new proof of (1.12) in even dimensions following the now standard argument of Hörmander, as applied in [10].

The normalized part of s(λ), s_{norm}(λ), involves contributions of resonances with moduli comparable with |λ| and behaves in the way giving “blips”. The estimates (3.4) show that for the variation of s_{reg}(λ) is well behaved, s_{reg}(τ + δ) − s_{reg}(τ − δ) = O(δ)τ^{n−1} for δ > 0.

Proposition 1. Let C_1 > 1 , C = 2 ( 1 − C_1^{−1} )_{−1} be fixed. For each 0 < ϵ ≤ 1, each δ > 0 and τ ≥ 1 we have s(τ + δ) − s(τ ) ≥ (π − Cϵ) ♯ {λ_j : τ ≤ Re λ_j ≤ τ + δ C_1

, Im λ_j ≤ ϵδ} + O(δτ^{n−1}) , (3.6) s(τ ) − s(τ − δ) ≥ (π − Cϵ) ♯ {λ_j : τ − δ C_1

≤ Re λ_j ≤ τ, Im λ_j ≤ ϵδ} + O(δτ^{n−1}) , (3.7)

2The argument is different from the strictly odd dimensional argument of [10] based on the exact Poisson formula.

where O(δτ^{n−1}) is independent of ϵ.

Proof. We shall only treat the inequality (3.6) since the proof of (3.7) is similar. As we already remarked the integration of the derivative of s_{reg}(λ) over (τ, τ + δ) yields a term O(δτ^{n−1}), it is only necessary to examine the integral ∫_{τ+δ} τ d dλ s_{norm}(λ)dλ ≥2π ∑ | Re λj −τ|≤γ Im λj ≤ϵδ ∫_{τ+δ} τ P (λ_j, λ)dλ

+ 2π ∑ | Re λj −τ|≤γ , Im λj ≤ϵδ 7τ/6≤|λj |≤4(τ+δ)/3 2τ/3≤|λj |≤5(τ+δ)/6

∫_{τ+δ} τ ( χ ( |λ_j| λ ) − 1 ) P (λ_j, λ)dλ ,

where we take γ < δ. In the second sum we have |λ_j − λ| ≥ λ/6 ≥ τ /6 and 2 Im λ_j |λ_j − λ|^2 ≤ 72ϵδτ^{−2}. Combining this with the upper bound of the number of poles in the disk |z| ≤ Aτ , O(τ^n), we obtain for this term the bound O(ϵδ^2τ^{n−2}).

To deal with the first sum, we write 2π ∫_{τ+δ} τ P (z, λ)dλ = 2 ∫_{(τ−Re z+δ)/Im z} (τ−Re z)/Im z 1 1 + t^2 dt . We then set 0 < 1 y = Im z δ ≤ ϵ , x = τ − Re z Im z ≤ 0 and assume that |x| ≤^1_{C1} y which corresponds to assuming that |τ − Re z| ≤ δ/C_1. We obtain

2 ∫_{x+y} x 1 1 + t^2 dt ≥ 2 ∫_y ( 1+^x_y ) 0 1 1 + t^2 dt ≥ 2 ∫_y ( 1−^1_{C1} ) 0 1 1 + t^2 dt = π − 2 ∫_∞ y ( 1−^1_{C1} ) 1 1 + t^2 dt ≥ π − C y ≥ π − Cϵ , 2 C = ( 1 − 1 C_1 ) > 0 . The estimate (3.6) now follows by choosing γ = δ/C_1 and summing over all poles, λ_j, which satisfy

τ ≤ Re λ_j ≤ τ + δ C_1 , Im λ_j ≤ ϵδ.

Remark. The constant π − Cϵ on the right hand side of (3.6) corresponds to the constant π in the semiclassical result (1.16). In fact, assume the existence of scattering poles λ_m such that Im λ_m ≤ C(Re λ_m)^{−n}, 0 < Re λ_m −→ +∞ , m −→ ∞ , C > 1. Choose 0 < ν < 1, δ_m = C(Re λ_m)^{−n+ν} , ϵ_m = (Re λ_m)^{−ν}, τ_m = Re λ_m.

Then we deduce from Proposition 1 lim m→∞ ( s(τ_m + δ_m) − s(τ_m) ) ≥ π. (3.8)

We may choose δ_m , ϵ_m suitably in order that λ_m is the unique pole in the “box” {z ∈ C : | Re z − τ_m| ≤ δ_m C , Im z ≤ δ_mϵ_m} . We will see in Sect.5 that if this pole is simple we can get equality in (3.8).

We shall now obtain a bound for the number of poles ♯ {λ_j : τ ≤ Re λ_j ≤ τ + 1 , Im λ_j ≤ 2ϵ} .

We take C_1 = 2, C = 4, δ = 2 and 0 < ϵ ≤ (2π − 1)/8 in Proposition 1 and we conclude that

♯ {λ_j : τ ≤ Re λ_j ≤ τ + 1, Im λ_j ≤ 2ϵ} ≤ 2 [ s(τ + 1) − s(τ ) ] +A_1τ^{n−1}.

The difference s(τ + 1) − s(τ ) can be estimated by (1.12). Thus we get s(τ + 1) − s(τ ) ≤ c_0((τ + 1)^n − τ^n) + 2C_0τ^{n−1} ≤ A_2τ^{n−1}, τ ≥ 1, where c_0 > 0, C_0 > 0 and A_2 > 0 are independent of τ. Finally, with A = 2A_2 + A_1 we obtain the following Proposition 2. For operators satisfying (1.7)-(1.9) and for 0 < ϵ ≤ (2π − 1)/8, there exists a constant A > 0 independent of τ such that ♯ {λ_j : τ ≤ Re λ_j ≤ τ + 1, Im λ_j ≤ 2ϵ} ≤ Aτ^{n−1}, τ ≥ 1 . (3.9)

In particular we have (1.6).

4. Proof of the Main Theorem To prove the Theorem stated in Sect.1 we will use the representation of the scattering phase given in Sect.3 and the local bound given in Proposition 2. Thus all we need to prove is ∑ ϵ<|λ_j −τ|<^1_2 τ P (λ_j , λ) = O_ϵ(τ^{n−1}) , |λ − τ | ≪ 1 , (4.1)

as then integration over [τ − δ, τ + δ] will furnish the needed δ factor. The convenient constant,^1_2 , came from the choice of the cut-off function χ in the definition of s_{norm} combined with the choice of a small ρ.

The sums of the Poisson kernels, P (λ_j, λ), appear naturally in the Carleman estimate, see [24], 3.7 and 3.71: let h(z) be holomorphic in Im z ≥ 0 with zeros λ_j, none of which lie on semi-circles |z − λ_j| = ρ and |z − λ_j | = 2r. Then for λ ∈ R ∑ ρ<|λ−λ_j |<r Im λ_j |λ − λ_j|^2 ≤ 4 3 ( 1 2πr ∫_π 0 log |h(λ + 2re^{iθ})| sin θdθ − 1 πρ ∫_π 0 log |h(λ + ρe^{iθ})| sin θdθ

+ 1 2π ∫_{2r} ρ ( 1 y^2 − 1 4r^2 ) log |h(λ + y)h(λ − y)|dy ) . (4.2)

The natural function for our problem comes from the determinant of the scattering matrix:

h(λ)^{def}= ∏ λ2 j ∈σpp(L) Im λj <0 (λ + λ_j) det S(−λ) . (4.3)

We recall that for Im λ ≤ 0, λ ≠ 0, S(λ) is meromorphic with finitely many poles at λ_j ≠ 0 satisfying λ^2_j ∈ σ_{pp}(L) and zeros at −λ_j where λ_j are resonances. The multiplicity of the resonance λ_j is given by the order of the zero of det S(λ) at −λ_j (except possibly at the finitely many eigenvalues) – see [31]. We also recall that due to unitarity of S(λ) for λ real we have | det S(λ)| = 1 for λ ∈ R.

To apply (4.2) we need some estimates on det S(−λ). The first one was already given in Lemma 1. The difficulty in the application of the Carleman estimate (4.2) lies in estimating the integral over the ρ-semicirle, uniformly in λ ∼ τ . We need to estimate log |h(λ + ρe^{iθ} )| from below. That is done in

Lemma 4. For any fixed 0 < ρ < 1/2 and for τ ≫ 1 there exists ρ/2 < ρ(τ ) < ρ such that log | det S(−τ − ρ(τ )e^{iθ} )| ≥ −A_ρτ^{n−1} , 0 ≤ θ ≤ π , where A_ρ > 0 is independent of τ .

Proof. Let λ_j, 1 ≤ j ≤ J(τ ) = O(τ^{n−1}), be the resonances in |λ + τ | < 1, with the bound on J(τ ) given by Proposition 2. Then we can write

H(λ)^{def}= det S(−λ) = e^{gτ (λ)}

P_τ (λ̄) P_τ (λ) , |λ − τ | < 1 ,

P_τ (λ)^{def}= J(τ)∏

j=1 (λ + λ_j) ,

where g_τ is holomorphic in |λ − τ | ≤ 3/4 and satisfies g_τ (λ̄) = −g_τ (λ) so that in particular Re g_τ (λ) = 0 for λ real.

For |λ − τ | ≤ 3/4 we clearly have |P_τ (λ)| ≤ C exp(C|τ |^{n−1}). We now proceed as in the proof of Lemma 2: using Cartan’s Lemma, we find ρ/2 < ρ(τ ) < ρ and 0 < ϵ ≪ ρ independent of τ so that for |τ − λ| = ρ(τ ), |P_τ (λ)| > ( ϵ 2e )_{J(τ)} > exp ( −Cτ^{n−1} ) . (4.4)

Combining this with the estimate provided by Lemma 1 and the maximum principle we obtain Re g_τ (λ) ≤ C_1τ^{n−1} , Im λ ≥ 0 , |λ − τ | ≤ 3/4 .

Applying Harnack’s inequality to the positive harmonic function G(λ) = 2C_1τ^{n−1} − Re g_τ (λ) in discs D(λ̃, r) ⊂ D(λ̂, 3r), Im λ̂ > 3r and comparing the maximum of G(λ) on D(λ̃, r) with the minimum of G(λ) on D(λ̃, r) gives −3C_1τ^{n−1} ≤ Re g_τ (λ) ≤ C_1τ^{n−1} , Im λ ≥ 0 , |λ − τ | ≤ 3/4 .

Recalling (4.4) and with the choice of ρ(τ ) which followed it, we now see that log |H(λ)| ≥ −C_2τ^{n−1} , |λ − τ | = ρ(τ ) , Im λ ≥ 0 , which is the statement of the lemma.

The proof of (4.1) based on (4.2) is now immediate as the estimates of Lemmas 1 and 4 hold also for h(λ) given by (4.3). The choice of χ (the constant^1_2 in (4.1)) guarantees that we stay in the first quadrant outside a neighbourhood of 0 in applying Carleman’s inequality. From this the main theorem follows from an integration over [τ − δ, τ + δ].

We remark that the use of the Carleman estimate (4.2) in the study of resonances has a long tradition. Selberg used it to obtain a Blaschke factorization of the scattering matrix for finite volume non-compact hyperbolic surfaces (see the references in [4]). An observation of Titchmarsh concerning zeros of Fourier transforms was recalled in [29] to show that potentials in dimension one have o(θ)r poles in θ-conic neighbourhoods of R. In higher dimensions and for more general scattering problems, Vodev [26] and Petkov-Vodev [12] used (4.2) to show that ∑ 0<|λ_j|≤r Im λ_j |λ_j|^2 ≤ Cr^{n−1} .

Lemma 1 provides a somewhat more conceptual proof of this result since we can use the scattering determinant rather than determinants of some specially constructed operators.

As an immediate consequence of the main theorem we have the following observation which seems new even in the case a resonance free strip and obstacle scattering Proposition 3. Suppose there exists a non-decreasing continuous function F (λ) > 0 satisfying F (λ + δ) < CF (λ) for 0 < δ ≤ 1 and such that there are no resonances in the region { λ : Re λ > τ_0 > 0 , Im λ < C_0(F (Re λ))^{−1} } .

Then | | | | ds dλ (τ ) | | | | ≤ C^1F (|τ |)|τ |^{n−1} , |τ | ≥ 1 . Proof. Assuming τ_0 > 1, we have proved that s^′(λ) = 2π ∑ |λ−λ_j |<1 P (λ_j, λ) + O(λ^{n−1}), λ > τ_0 . Since P (λ_j, λ) ≤ π^{−1}(Im λ_j)^{−1}, the assumption of the proposition and Proposition 2, immediately give the claimed estimate.

We note that using the recent results of Burq [1] this gives the exponential bound on |s^′(λ)| whenever L is a metric Laplacian on the exterior of an obstacle. Moreover, for every fixed A > 0 we can apply the argument of Proposition 3 to the resonances in the region {λ : Re λ > A, Im λ < C_0(F (Re λ))^{−1}} and this implies the following Corollary 1. Let F (λ) be the function in Proposition 3. Assume there exists a sequence τ_j ↗ ∞ such that

lim sup j→∞ |s^′(τ_j )| F (τ_j )τ^{n−1}_j = +∞. (4.5)

Then for every fixed C_0 > 0 we have ♯{λ_j : Re λ_j > 0, Im λ_j < C_0(F (Re λ_j ))^{−1}} = ∞.

This completes the results in [3] and [11] where the existence of resonances z_j close to the real axis was related to the blow-up of |s^′(τ_j)| for τ_j = Re z_j .

5. Upper bounds for the variation of the scattering phase We have already given some lower bounds on the variation of the scattering phase in Proposition 1.

To give upper bounds in terms of the number of resonances we need to understand the sum of harmonic measures ∑ |λ_j −τ|<1 ω_{C+} (λ_j , [τ − δ, τ + δ]) , and that is done in Proposition 4. For any ϵ > 0, γ_1 > γ_2 > 0, 0 < γ_2 ≤ 1 and 0 < δ ≤ δ(γ_1), τ ≥ τ_0 we have |s(τ − δ) − s(τ + δ)| ≤ 2π ♯ {λ_j : | Re λ_j − τ | ≤ min{1, δ^{1−γ1} } , Im λ_j < ϵδ^{1−γ2} } + C_ϵδ^{min(γ1−γ2 ,γ2)}τ^{n−1} . with a constant C_ϵ > 0 independent of γ_1, γ_2.

Proof. We only have to show that ∑ Im λj >ϵδ1−γ2 | Re λj −τ|<1 ω_{C+} (λ_j , [τ − δ, τ + δ]) = O ( δ^{γ2} ϵ ) τ^{n−1} , (5.1) ∑ Im λj ≤ϵδ1−γ2 1>| Re λj −τ|>δ1−γ1 ω_{C+} (λ_j , [τ − δ, τ + δ]) = O ( ϵδ^{γ1 −γ2} ) τ^{n−1} , . (5.2)

To see (5.1) we put x_j = τ − Re λ_j, y_j = Im λ_j and estimate the sum of O(τ^{n−1}) terms of the form ∫^xj^{+δ}_{yj} xj −δ yj 1 1 + t^2 dt ≤ 2δ y_j ≤ 2δ^{γ2} ϵ . For (5.2) we use the same notation and observe that now either x_j − δ , x_j + δ < −δ^{1−γ1} /2 or x_j − δ , x_j + δ > δ^{1−γ1} /2 (provided δ is small enough depending on γ_1). Hence ∫^xj^{+δ}_{yj} xj −δ yj 1 1 + t^2 dt ≤ ∫_∞ δ^{1−γ}1 /(2ϵδ^{1−γ}2 ) 1 1 + t^2 dt ≤ 2ϵδ^{γ1 −γ2} , completing the proof of the proposition.

6. Distribution of scattering poles close to the real axis In this section we shall apply our results to the case of metric perturbations, that is, to the case where L has the form L = − n∑ i,j=1 ∂_{xj} ( a_{i,j}(x)∂_{xi} )

given in Sect.1. Let l(x, ξ) be the principal symbol of L and let Σ = {(x, ξ) ∈ T^∗(R^n) : l(x, ξ) = 1}. Set r(x, ξ) = √ l(x, ξ) and consider the flow Φ^t = exp(tH_r) on Σ related to the Hamiltonian field H_r of r. A point ν ∈ Σ is called periodic with period T > 0 if exp(T H_r)ν = ν. (6.1) By T (ν) > 0 we denote the minimal T > 0 for which (6.1) holds. The set ot periodic point in Σ will be denoted by Π. Clearly, Π ⊂ {(x, ξ) ∈ T^∗(R^n) : |x| ≤ R_0}. For fixed ν ∈ Π let γ(ν) = {x(σ), ξ(σ) ∈ T^∗(R^n) : 0 ≤ σ ≤ T (ν)} be the periodic trajectory passing through ν for σ = 0. Denote by m(ν) ∈ Z_4 the Maslov index (see Sect.21.6 of [7]) related to γ(ν) and the Lagrangian manifold C = {(t, x, y, τ, ξ, η) ∈ T^∗ ( R× R^{2n} ) : τ + r(x, ξ) = 0, (x, ξ) = exp(tH_r)(y, η)} and set q(ν) =^π_2 m(ν). A point ν ∈ Π is called absolutely periodic with period T (ν) > 0 if in any local coordinates z in a neighbourhood of ν with z(ν) = 0 we have ∂^α_z ( Φ^T (z) − z ) ↾_{z=0}= 0, ∀α. The set of absolutely periodic points ν ∈ Π_a with period T will be denoted by Π_a(T ) and Π_a = ∪_{t>0}Π_a(t) is the set of absolutely periodic points. Notice that μ(Π) = μ(Π_a) (cf. [17]), where here and in the following we use the Liouville measure μ on Σ.

Next consider the function Q(λ) = (2π)^{−n} ∫ Π_a [π − λT (ν) − q(ν)]_{2π}T^{−1}(ν)dν introduced in [5], [16]. Here −π < [z]_{2π} ≤ π is such that z = [z]_{2π} + 2kπ, k ∈ Z. Notice that Q(λ) is right continuous and Q(λ + 0) − Q(λ − 0) = (2π)^{−n+1} ∫ Ω_λ T^{−1}(ν)dν with Ω_λ = {ν ∈ Π_a : λT (ν) + q(ν) ≡ 0 mod (2π)}.

In [11] the first author established for n odd the following estimate for the scattering phase [ Q(τ + δ 2 ) − Q(τ − δ 2 ) ] τ^{n−1} − C_0δτ^{n−1} − o_δ(τ^{n−1}) ≤ s(τ + δ) − s(τ − δ) ≤ [ Q(τ + 3δ 2 ) − Q(τ − 3δ 2 ) ] τ^{n−1} + C_0δτ^{n−1} + o_δ(τ^{n−1})

(6.2)

with C_0 > 0 independent of τ and δ, while o_δ (τ^{n−1}) means that for every fixed δ > 0 we have o_δ(τ^{n−1}) τ^{n−1} −→_{τ→∞} 0. It is easy to generalize the argument of [11] to the even dimensional case. In fact for the analysis in Sect.4 of [11] we may write s(λ) = s_{norm}(λ) + s_{reg}(λ), where s_{norm} and s_{reg} are defined in Sect.3. Therefore the function s_1(λ) = s_{norm}(λ) is increasing and a Tauberian type argument can be applied for s_1 since we have the following estimate | | | ( ds_1 dλ ∗ φ ) (λ) | | | ≤ | | | ( ds dλ ∗ φ ) (λ) | | | + | | | ( ds_{reg} dλ ∗ φ ) (λ) | | | . Here φ(λ) ∈ S(R) is a function with Fourier transform φ̂(t) supported in a small neighbourhood of 0.

Now suppose there exists T_0 > 0 such that μ(Π_a(T_0)) > 0. Since m(ν) takes values in Z_4, without loss of the generality we may suppose that for some set Π_0 ⊂ Π_a(T_0) with μ(Π_0) ≥^1_4 μ(Π_a(T_0)) we have T (ν) = T_0, q(ν) = q_0, ∀ν ∈ Π_0.

Introduce the numbers τ_m = 2mπ T_0 − q_0 T_0 , m ∈ N and observe that Π_0 ⊂ Ω_{τm} , hence μ(Ω_{τm} ) ≥ μ(Π_0) > 0. This implies Q(τ_m + 0) − Q(τ_m − 0) ≥ (2π)^{−n+1}T^{−1}_0 μ(Π_0) = η_0 > 0.

We claim that there exists ϵ_0 > 0 such that for all 0 < ϵ ≤ ϵ_0 we have Q(τ_m + ϵ) − Q(τ_m − ϵ) ≥ η_0 − 2ϵ(2π)^{−n}μ(Π_a), ∀m ∈ N. (6.3) To prove this we need the following representation given by Safarov ([16], Proposition 1)

Q(λ + ϵ) − Q(λ − ϵ) = −2ϵ(2π)^{−n} μ(Π_a) + (2π)^{−n+1} ∫ Π_a

T^{−1}(ν) ∑ k∈Z χ^ϵ_{λ,k}(ν)dν, (6.4) where χ^ϵ_{λ,k} is the characteristic function of the set Ω^ϵ_{λ, k} = {ν ∈ Π_a : −ϵT (ν) ≤ λT (ν) + q(ν) − 2πk < ϵT (ν)}. Given λ = τ_m, we obtain

(2π)^{−n+1} ∫ Π_a

T^{−1}(ν) ∑ k∈Z χ^ϵ_{τm, k}(ν)dν ≥ (2π)^{−n+1}T^{−1}_0 ∫ Π_0 ∑ k∈Z χ^ϵ_{τm , k}(ν)dν ≥ η_0, since for each ν ∈ Π_0 we have χ_{τm , m}(ν) = 1, and the claim is proved.

Now we shall apply Proposition 4 with γ_1 = 2/3 and γ_2 = 1/3 to prove the existence of scattering poles with arbitrary small imaginary parts. Fix ϵ > 0 and assume that the error term in Proposition 4 is of modulus less than Cδ^{13} τ^{n−1}. Choose 0 < δ ≤ ϵ^3 small enough to arrange 1 2π ( (2π)^{−n}μ(Π_a)δ + C_0δ + Cδ^{13} ) ≤ η_0 4 , Next fix δ > 0 and choose τ_δ so that 1 2π |o_δ(τ^{n−1})| ≤ η_0 4 τ^{n−1} for τ ≥ τ_δ .

Therefore Proposition 4 combined with (6.3) and the left hand estimate in (6.2) gives the following Proposition 5. Let Π_0 ⊂ Π_a be a subset with μ(Π_0) > 0 and let T (ν) = T_0, q(ν) = q_0, ∀ν ∈ Π_0. Then for every fixed ϵ > 0 there exists τ_ϵ > 0 such that for the sequence τ_m = (2πm − q_0)T^{−1}_0 , m ∈ N, we have

♯ {λ_j : | Re λ_j − τ_m| ≤ ϵ , Im λ_j ≤ ϵ^2} ≥ (2π)^{−n} 2T_0 μ(Π_0)τ^{n−1}_m , τ_m ≥ τ_ϵ . (6.5)

This result is similar to clustering properties of the eigenvalues established in [5], [16], [18] since the constant (2π)^{−n}(2T_0)^{−1}μ(Π_0) > 0 is independent of ϵ > 0. Proposition 5 is sharper than the results in [21], [12] and [13]. In particular, in [12] the existence of scattering poles λ_j with Im λ_j −→ 0 was established under some conditions. Popov [13] used the assumption μ(Π_a(T_0)) > 0 to prove that for every ρ > 0 we have ♯{λ_j : Im λ_j ≤ ρ log |λ_j|, | Re λ_j | ≤ r} ≥ (2π)^{−n} n μ(Π_a(T_0))r^n(1 − o_ρ(1)), r −→ +∞.

A direct application of Proposition 5 implies a lower bound for the counting function N_ϵ(r) = ♯{λ_j : | Re λ_j | ≤ r, Im λ_j ≤ ϵ^2} and we have the following Corollary 2. Suppose the assumptions of Proposition 5 are fulfilled. Then for every ϵ > 0 we have N_ϵ(r) ≥ (2π)^{−n−1} n μ(Π_0)r^n ( 1 − O_ϵ( 1 r ) ) , r −→ +∞. (6.6) Proof. Fix 0 < ϵ < π/T_0 and let τ_m ≥ τ_ϵ for m ≥ p + 1. Therefore the small “boxes” {λ_j : | Re λ_j − τ_m| ≤ ϵ, Im λ_j ≤ ϵ^2} are disjoint and we may sum the lower bounds for all “boxes” with p + 1 ≤ m ≤ M . Thus we get M∑ m=p+1 τ^{n−1}_m ≥ ( 2π T_0 )_{n−1 M}∑ m=p+1 m^{n−1} − C_0 M∑ m=p+1 m^{n−2} ≥ 1 n ( 2π T_0 )_{n−1} M^n [ 1 − O_p( 1 M ) ]

with a constant C_0 > 0 independent of M and p. Given r ≫ 1, let M (r) ∈ N be the biggest integer so that 2πM (r) − q_0 T_0 ≤ r − ϵ which yields M (r) ≥ T_0(r − ϵ) + q_0 2π − 1 ≥ ( T_0 2π ) r ( 1 − O_ϵ( 1 r ) ) . Finally, using the symmetry of the resonances with respect to the imaginary axis, we obtain N_ϵ(r) ≥ (2π)^{−n} T_0 μ(Π_0) M(r)∑

m=p+1 τ^{n−1}_m ≥ (2π)^{−n−1} n μ(Π_0)r^n ( 1 − O_ϵ( 1 r ) ) .

Remark. It is important to note that the constant in (6.6) is independent of T_0 and ϵ and that this constant modulo the factor (2π)^{−1} coincides with that in the result of Popov cited above. A similar constant appears also in the lower bounds with factor r^n obtained by Stefanov [23] who assumed existence of a suitable elliptic periodic ray.

The assumption μ(Π_a) > 0 is necessary for the clustering results. More precisely, we have the following

Proposition 6. Assume there exist constants κ > 0 and B > 0 and sequences ϵ_m ↘ 0, τ_m ↗ +∞ such that ♯{λ_j : | Re λ_j − τ_m| ≤ Bϵ_m, Im λ_j ≤ ϵ^2_m} ≥ κτ^{n−1}_m , ∀m ∈ N. Then 2(2π)^{−n} ∫ Π_a T^{−1}(ν)dν ≥ κ. (6.7) Proof. Choose δ_m = 2Bϵ_m and consider the term [ Q ( τ_m + 3δ_m 2 ) − Q ( τ_m − 3δ_m 2 )] τ^{n−1}_m + o_{δm} (τ^{n−1}_m )

involved in the right hand side of (6.2). To overcome the difficulties related to o_{δm} (τ^{n−1}_m ), we shall use the argument of [5], [16] replacing the sequence δ_m by a slowly decreasing sequence δ^′_m ≥ δ_m, δ^′_m −→ 0. Choose N_1 < N_2 < ... < N_m < ..., N_k ≥ k so that |o_{δm} (τ^{n−1}_j )| ≤ 1 m τ^{n−1}_j , ∀j ≥ N_m. Next define δ^′_k = δ_m for N_m ≤ k < N_{m+1}, m ∈ N, and note that |o_δ′_m (τ^{n−1}_m )| τ^{n−1}_m −→_{m→∞} 0. Now we apply Proposition 1 with C_1 = 2, C = 4, ϵ = ϵ_m(2B)^{−1} and deduce lim m→∞ ( s(τ_m + δ^′_m) − s(τ_m − δ^′_m) ) τ^{−n+1} m ≥ lim m→∞ ( τ^{−n+1} m [ (π − 2ϵ_mB)♯{λ_j : | Re λ_j − τ_m| ≤ δ^′_m 2 , Im λ_j ≤ δ^′_mϵ_m(2B^{−1})} ] − C_1δ^′_m ) ≥ πκ with C_1 > 0 independent of ϵ_m, τ_m and δ^′_m. Now applying the right hand estimate in (6.2), we get lim m→∞ [ Q ( τ_m + 3δ^′_m 2 ) − Q ( τ_m − 3δ^′_m 2 ) + C_0δ^′_m + o_δ′_m (τ^{n−1}_m ) τ^{n−1}_m ] ≥ πκ. Setting ϵ^′_m =^{3δ′m}_2 and taking into account the representation (6.4), we conclude that

(2π)^{−n+1} lim_{ϵ′m →0} ∫ Π_a

T^{−1}(ν) ∑ k∈Z χ^{ϵ′m}_{τm , k}(ν)dν ≥ πκ. (6.8) It is easy to see that ∑ k∈Z χ^{ϵ′m}_{τm , k}(ν) ≤ ϵ^′_m π T (ν) + 1

and (6.7) follows from (6.8). The proof is complete.

Remark. The above result is similar to Proposition 5 in [16] treating the necessary conditions for the clustering of eigenvalues.

The clustering of resonances is closely related to the non uniform continuity of the function Q(λ) on R^+. Thus we can generalize Proposition 5 in the following way

Proposition 7. Assume there exist a constant κ > 0 and sequences ϵ_m ↘ 0, τ_m ↗ +∞ such that lim m→∞ [ Q(τ_m + ϵ_m) − Q(τ_m − ϵ_m) ] ≥ κ. Then there exists a sequence η_m ↘ 0 such that

♯{λ_j : | Re λ_j − τ_m| ≤ η_m, Im λ_j ≤ η^2_m} ≥ κ 4π τ^{n−1}_m , m ≥ m_0. Proof. First notice that if ϵ^′_m ≥ ϵ_m, ϵ^′_m −→ 0, by using (6.4), we get

Q(τ_m + ϵ^′_m) − Q(τ_m − ϵ^′_m) ≥ −2(ϵ^′_m − ϵ_m)(2π)^{−n}μ(Π_a) + Q(τ_m + ϵ_m) − Q(τ_m − ϵ_m),

hence lim m→∞ [ Q(τ_m + ϵ^′_m) − Q(τ_m − ϵ^′_m) ] ≥ κ. Now consider the term [ Q(τ_m + ϵ_m) − Q(τ_m − ϵ_m) ] τ^{n−1}_m − o_{2ϵm} (τ^{n−1}_m )

and, as in the proof of Proposition 6, choose a sequence ϵ^′_m ≥ ϵ_m, ϵ^′_m −→ 0 so that o_{2ϵ}′_m (τ^{n−1}_m ) τ^{n−1}_m −→ 0. An application of Proposition 4 with γ_1 = 2/3, γ_2 = 1/3, ϵ = 1 and δ = 2ϵ^′_m combined with the left hand estimate in (6.2) yields for m large [ Q(τ_m + ϵ^′_m) − Q(τ_m − ϵ^′_m) ] τ^{n−1}_m − o_{2ϵ}′_m (τ^{n−1}_m ) − 2C_0ϵ^′_mτ^{n−1}_m − C_1(2ϵ^′_m)^{1/3}τ^{n−1}_m ≤

2π♯{λ_j : | Re λ_j − τ_m| ≤ (2ϵ^′_m)^{1/3}, Im λ_j ≤ (2ϵ^′_m)^{2/3}}.

For m ≥ m_0 the left hand side of the above inequality can be estimated from below by^κ_2 τ^{n−1}_m and setting η_m = (2ϵ^′_m)^{1/3} we complete the proof.

References

[1] N. Burq Décroissance de l’énergie locale de l’équation des ondes pour le problème extérieur et absence de résonance au voisinage du réel, Acta Math. 180 (1998), 1–29.

[2] T. Christiansen, Spectral asymptotics for general compactly supported perturbations of the Laplacian on R^n, Comm. P.D.E.

23(1998), 933-947.

[3] C.Gérard, A. Martinez and D. Robert, Breit-Wigner formulas for the scattering poles and total scattering cross-section in the semi-classical limit, Comm. Math. Phys. 121 (1989) 323-336.

[4] L. Guillopé and M. Zworski, Scattering asymptotics for Riemann surfaces, Ann. of Math. 129(1997), 597-660. [5] T.E.Guriev and Yu.S.Safarov, Precise asymptotics of the spectrum for the Laplace operator on manifolds with periodic geodesics, Trudy Matem. Inst. Steklov, 179 (1988) (in Russian); English translation in Proc. Steklov Institute of Mathematics, 179 (1989), 35-53.

[6] W.K. Hayman, Subharmonic Functions, vol.II, Academic Press, London, 1989.

[7] L. Hörmander, The Analysis of Linear Partial Differential Operators, Vol. III, Springer-Verlag, Berlin, 1985. [8] R.B.Melrose, Polynomial bounds on the number of the scattering poles, J. Funct. Anal.,53 (1983), 287-303. [9] R.B.Melrose, Polynomial bounds on the distribution of poles in scattering by an obstacle, Journées EDP, Saint-Jean-de- Monts, 1984.

[10] R.B.Melrose, Weyl asymptotics for the phase in obstacle scattring, Comm. P.D.E., 13 (1988), 1431-1439. [11] V. Petkov, Weyl asymptotic of the scattering phase for metric perturbations, Asymptotic Analysis, 10 (1995), 245-261. [12] V. Petkov and G. Vodev, Upper bounds on the number of scattering poles and the Lax-Phillips conjecture, Asymptotic Analysis, 7 (1993), 97-104.

[13] G. Popov, On the contribution of degenerate periodic trajectories to the wave trace, Comm. Math. Physics, 196 (1998), 363-383.

[14] D. Robert, Asymptotique de la phase de diffusion à haute énergie pour des perturbations du seconde ordre du Laplacien, Ann. Sci. Ecole Norm.Sup. Sér. 25 (1992), 107-134.

[15] D. Robert, Relative time-delay for perturbations of elliptic operators and semiclassical asymptotics, J. Funct. Anal. 126 (1994), 36-82.

[16] Yu. Safarov, Asymptotics of the spectrum of pseudodifferential operators with periodic characteristics, Zap. Nauchn. sem.

Leningrad. Otdel Mat. Inst. Steklov, 152 (1986), 94-104 (in Russian); English translation in J. Soviet Math. 40 (1988), 645-652.

[17] Yu. Safarov and D. Vassiliev, Branching Hamiltonian billiards, Dokl. AN SSSR, 301 (1988), 271-274; English tranlsation in Sov. Math. Dokl. 38 (1989), 64-68.

[18] Yu. Safarov and D. Vassiliev, The asymptotic distribution of eigenvalues of partial differential equations, Translations of mathematical monographs, AMS, vol. 155, 1996.

[19] J. Sjöstrand, A trace formula and review of some estimates for resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Kluwer Acad. Publ., Dordrecht, 1997.

[20] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, J. Amer. Math. Soc. 4 (1991), 729-769.

[21] J. Sjöstrand and M. Zworski. Lower bounds on the number of scattering poles, Commun. P.D.E., 18 (1993), 847-857. [22] J. Sjöstrand and M. Zworski. Lower bounds on the number of scattering poles, II, J. Funct. Anal. 123 (1994), 336-367. [23] P. Stefanov, Quasimodes and resonances: fine lower bounds, to appear in Duke Math. J. [24] E.C.Titchmarsh, The Theory of Functions, Oxford University, Oxford, 1968.

[25] G. Vodev, Sharp bounds on the number of scattering poles for perturbations of the Laplacian, Comm. Math. Phys. 146 (1992), 205-216.

[26] G. Vodev, On the distribution of scattering poles for perturbations of the Laplacian, Ann. Inst. Fourier (Grenoble) 42 (1992), 625-635.

[27] G. Vodev, Sharp bounds on the number of scattering poles in even-dimensional spaces, Duke Math. J. 74 (1994), 1-17. [28] G. Vodev, Sharp bounds on the number of scattering poles in two dimensional case, Math. Nachr. 170 (1994), 287-297. [29] M. Zworski, Distribution of poles for scattering on the real line, J. Funct. Anal. 73 (1987), 277–296. [30] M. Zworski, Sharp polynomial bounds on the number of scattering poles, Duke Math. J. 59 (1989), 311-323. [31] M. Zworski, Poisson formulae for resonaces, Séminaire E.D.P., Ecole Polytechnique, Exposé XIII, 1996-1997. [32] M. Zworski, Poisson formula for resonances in even dimensions. Asian J. Math. 2 (1998), 615-624.

Département de Mathématiques Appliquées, Université de Bordeaux I, 351, Cours de la Libération, 33405 Talence, FRANCE petkov@math.u-bordeaux.fr Mathematics Department, University of California, Evans Hall, Berkeley, CA 94720, USA zworski@math.berkeley.edu