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A “quantum object”:

Dirac δ function,

δ(x) =

{
0 x 6= 0
∞ x = 0,

,

∫
R
δ(x)dx = 1,

∫
δ(x)ϕ(x)dx = ϕ(0).

A “classical object”: T ∗R cotangent bundle

T ∗R = Rx × Rξ, (x , ξ) = position and momentum

Relation between the two:

WF(δ) = T ∗0R \ 0 = {(0, ξ); ξ 6= 0}.

Wave front set: location and “directions” of singularities
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Another example:

u(t, x) = δ(t − x), (∂2t − ∂2x )u = 0

WF(u) = {(t, x ; τ, ξ) : t = x , τ = −ξ 6= 0}
= N∗({t = x}) \ 0 ⊂ T ∗X \ 0.

Classical/quantum(wave) correspondence:

WF(u) is invariant under the classical flow corresponding to the
classical Hamiltonian

p = τ2 − ξ2,

exp sHp(t, x , τ, ξ) = (t + 2sτ, x − 2sξ, τ, ξ)

WF(u) ⊂ p−1(0).
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u(t, x) = δ(t − x),

WF(u) = {(t, t, τ,−τ) : τ 6= 0} = N∗{t = x} \ 0.

Can we restrict u to subsets of R2?

Suppose X = {t = x} ⊂ R2. Then δ|X makes no sense.

On the other hand if Y = {t = 3x} then δ|Y makes perfect sense:

δ|Y (x) = δ(2x) =
1

2
δ(x).

What makes the difference:

WF(u) ∩ N∗X 6= ∅, WF(u) ∩ N∗Y= ∅.
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A more interesting example:

X = Γ\H2, a compact hyperbolic quotient

“Quantum Hamiltonian”:

P =
√
−∆X − 1

4 ⊕−
√
−∆X − 1

4 .

The Selberg Trace Formula:

tr e−itP = fSel(t) +
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
1
2

, t > 0.
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γ is the primitive period: “Classical information”

fSel ∈ C∞((0,∞)) is an explicit function
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The Atiyah–Bott/Guillemin Trace Formula:

X = S∗Γ\H2, a cosphere bundle of a compact hyperbolic quotient

P = −iV , where V generates the geodesic flow on X : ϕt = exp tV

tr e−itP =
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
, t > 0,

e−itP = ϕ∗−t : C∞(X )→ C∞(X ), pull-back by the flow;

ϕ∗−t f (m) = f (ϕ−t(m))



The Atiyah–Bott/Guillemin Trace Formula:

X = S∗Γ\H2, a cosphere bundle of a compact hyperbolic quotient

P = −iV , where V generates the geodesic flow on X : ϕt = exp tV

tr e−itP =
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
, t > 0,

e−itP = ϕ∗−t : C∞(X )→ C∞(X ), pull-back by the flow;

ϕ∗−t f (m) = f (ϕ−t(m))



The Atiyah–Bott/Guillemin Trace Formula:

X = S∗Γ\H2, a cosphere bundle of a compact hyperbolic quotient

P = −iV , where V generates the geodesic flow on X : ϕt = exp tV

tr e−itP =
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
, t > 0,

e−itP = ϕ∗−t : C∞(X )→ C∞(X ), pull-back by the flow;

ϕ∗−t f (m) = f (ϕ−t(m))



The Atiyah–Bott/Guillemin Trace Formula:

X = S∗Γ\H2, a cosphere bundle of a compact hyperbolic quotient

P = −iV , where V generates the geodesic flow on X : ϕt = exp tV

tr e−itP =
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
, t > 0,

e−itP = ϕ∗−t : C∞(X )→ C∞(X ), pull-back by the flow;

ϕ∗−t f (m) = f (ϕ−t(m))



The Atiyah–Bott/Guillemin Trace Formula:

X = S∗Γ\H2, a cosphere bundle of a compact hyperbolic quotient

P = −iV , where V generates the geodesic flow on X : ϕt = exp tV

tr e−itP =
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
, t > 0,

e−itP = ϕ∗−t : C∞(X )→ C∞(X ), pull-back by the flow;

ϕ∗−t f (m) = f (ϕ−t(m))



The Atiyah–Bott/Guillemin Trace Formula:

X = S∗Γ\H2, a cosphere bundle of a compact hyperbolic quotient

P = −iV , where V generates the geodesic flow on X : ϕt = exp tV

tr e−itP =
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
, t > 0,

e−itP = ϕ∗−t : C∞(X )→ C∞(X ), pull-back by the flow;

ϕ∗−t f (m) = f (ϕ−t(m))



The Atiyah–Bott/Guillemin Trace Formula:

tr e−itP =
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
, t > 0,

e−itP = ϕ∗−t : C∞(X )→ C∞(X ), pull-back by the flow

The trace is defined using operations on distributional kernels:

Kϕ∗
−t

(x , y) = δ(y − ϕ−t(x))

tr e−itP =

∫
X
Kϕ∗

−t
(x , x)dx .

Key fact: WF(Kϕ∗
−t

) ∩ N∗(Rt × {x = y}) = ∅
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) ∩ N∗(Rt × {x = y}) = ∅
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X = M, negatively curved manifold, P =
√
−∆M ⊕−

√
−∆M :

The Duistermaat–Guillemin trace formula:

∑
e−iλj t = fDG(t)+

∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
1
2

, t > 0, fDG ∈ L1loc((0,∞)).

The Atiyah–Bott/Guillemin Trace Formula:

X = S∗M, P = −iV , generator of the flow

? =
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
, t > 0,

So, in the quantum case (−∆M) the spectral side stays simple, the
dynamical side complicates. In the classical case (S∗M, ϕ−t) the
dynamical side stays simple, the spectral side complicates.
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We would expect that ? should be given by eigenvalues of
P = −iV

10 8 6 4 2 0 2 4 6 8 10

4

3.5

3

2.5

2

1.5

1

0.5

0

0.5

1

 

 

non trivial
trivial

Blank–Keller–Liverani ’02, Baladi–Tsujii ’07 . . . (Anosov maps)

Ruelle ’85, Pollicott ’86, Liverani ’04, Faure–Sjöstrand ’11
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What are these “eigenvalues” of P = V /i?

Pollicott-Ruelle Resonances

Correlations: f , g ∈ C∞(X ), e−itP f (x) = f (ϕ−t(x)),

ρf ,g (t) =

∫
X
e−itP f (x)g(x)dx

Power spectrum:

ρ̂f ,g (λ) :=

∫ ∞
0

ρf ,g (t)e iλtdt

Resonances: poles of ρ̂f ,g (λ)
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Rough parameter dependence in climate models and the role of
Ruelle–Pollicott resonances,
Chekroun–Neelin–Kondrashov–McWilliams–Ghil, 2014



A “real” life example

Rough parameter dependence in climate models and the role of
Ruelle–Pollicott resonances,
Chekroun–Neelin–Kondrashov–McWilliams–Ghil, 2014



ρf ,g (t) =

∫
X
e−itP f (x)g(x)dx

Resonances: poles of ρ̂f ,g (λ)

To define resonances one constructs anisotropic Sobolev spaces,
Hs(X ) ⊂ Hs ⊂ H−s(X ), so that

1
i V − λ : Hs → Hs

is a Fredholm operator for Imλ > −s/C0.

To obtain exponential decay of correlations one needs a gap:

ν0 = sup{ν : no resonances for Imλ > −ν}

ν1 = sup{ν : finite no of resonances for Imλ > −ν}

ν1 > 0 for contact flows: Dolgopyat ’98, Liverani ’04, Tsujii ’12,
Nonnenmacher–Z ’15.
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Trace formulæ:

X = S∗Γ\H2, The Atiyah–Bott/Guillemin/Selberg Trace Formula:

∑
µ∈Res(P)

e−iµt =
∑
γ

T#
γ δ(t − Tγ)

|I − Pγ |
, t > 0,

X = S∗M, M negatively curved (or more generally Anosov)

A local trace formula:

Theorem (Jin –Z ’14)∑
µ∈Res(P),Imµ>−A

e−iµt + FA(t) =
∑
γ

T#
γ δ(t − Tγ)

| det(I − Pγ)|
, t > 0

in the sense of distribution on (0,∞) and where the Fourier
transform of FA has an analytic extension to Imλ < A and for
some M independent of A,

|F̂A(λ)| = Oε((1 + |λ|)M), Imλ < A− ε, for any ε > 0.
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Local trace formula:

∑
µ∈Res(P),Imµ>−A

e−iµt + FA(t) =
∑
γ∈G

T#
γ δ(t − Tγ)

| det(I − Pγ)|
, t > 0,

Consequences:

1) For any Anosov flow and for any δ > 0 there exist Aδ > 0 such
that

#{zj : Im zj > −Aδ, |zj | ≤ r} = Ω(r1−δ)

Hence the essential gap is finite ν1 < +∞.

Follows from arguments of Ikawa ’88 and Guillopé–Z ’99

2) For weakly mixing Anosov flows, Naud provided a quantitative
upper bound for ν1 using topological pressure.
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Comments:

3) For contact Anosov flows satisfying a pinching condition on
expansion rates Faure–Tsujii ’13 proved that for dynamically
determined a and b,

#{zj : −b < Im zj < −a, |zj | ≤ r} ∼ Cr
n+1
2 (1)

4) The asymptotics (1) agree with general upper bounds of
Datchev–Dyatlov–Z ’12.

5) A global trace formula holds for analytic manifolds and flows.
That follows from the work of Rugh ’96 and Fried ’95.
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The proof uses the microlocal approach to Anosov flows due to
Faure–Sjöstrand ’11 and radial point propagation of singularities
estimates due to Melrose ’94 and developed further by Vasy ’13.

We used this to give a simple microlocal proof of a conjecture of
Smale ’67:

Theorem (Giulietti–Liverani–Pollicott ’12, Dyatlov–Z ’13)

The Ruelle zeta function

ζR(λ) :=
∏
γ#

(1− e iλT
#
γ )−1, Imλ� 1,

where the product is over all primitive closed orbits with their
lengths denoted by T#

γ , continues meromorphically to C.

ζR(is) :=
∏
γ#

(1− (eT
#
γ )−s)−1 ←→ ζ(s) =

∏
p

(1− p−s)−1
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The noncompact case (the full Smale conjecture) recently
completed by Dyatlov–Guillarmou.
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The starting point for the meromorphy of zeta functions and the
trace formulas is the Atiyah–Bott–Guillemin trace formula:

tr e−itP/h =
∑
γ

δ(t − Tγ)T#
γ

|I − Pγ |
, P = hV /i .

We define one of the building blocks of the zeta function:

ζ1(λ) := exp

(
−
∑
γ

T#
γ e iλTγ

Tγ | det(I − Pγ)|

)
Since

(P − z)−1 =
i

h

∫ ∞
0

e−itP/hdt

e it0λh trϕ∗−t0(P − hλ)−1 =
∂

∂λ
log ζ1(λ).
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e it0λh trϕ∗−t0(P − hλ)−1 =
∂

∂λ
log ζ1(λ).

Need:

WF′(ϕ∗−t0(P − z)−1) ∩Diag(T ∗X × T ∗X )= ∅.

Here

WF′(A) = {(x , ξ, y , η) : (x , y , ξ,−η) ∈WF(KA)},

Au(x) =

∫
KA(x , y)dy

so that

WF′(Id) = Diag(T ∗X × T ∗X ), WF(δ(x − y)) = N∗{x = y}
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Microlocal analysis (semiclassical version)

I Phase space: (x , ξ) ∈ T ∗X

I Semiclassical parameter: h→ 0, the effective wavelength

I Classical observables: a(x , ξ) ∈ C∞(T ∗X )

I Quantization: Oph(a) = a
(
x , hi ∂x

)
: C∞(X )→ C∞(X ),

semiclassical pseudodifferential operator

Basic examples

I a(x , ξ) = xj =⇒ Oph(a) = xj multiplication operator

I a(x , ξ) = ξj =⇒ Oph(a) = h
i ∂xj

Classical-quantum correspondence

I [Oph(a),Oph(b)] = h
i Oph({a, b}) +O(h2)

I {a, b} = ∂ξa · ∂xb − ∂xa · ∂ξb = Hab, etHa Hamiltonian flow

I Example: [Oph(ξk),Oph(xj)] = h
i δjk
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Standard semiclassical estimates

General question

P = Oph(p), Pu = f =⇒ ‖u‖ . ‖f ‖ ?

Control u microlocally:
‖Oph(a)u‖ .

‖Oph(b)u‖+ h−1

‖f ‖+O(h∞)‖u‖

Elliptic estimate

{p = 0} supp a

Propagation of singularities

supp a{b 6= 0}
etHp



Standard semiclassical estimates

General question

P = Oph(p), Pu = f =⇒ ‖u‖ . ‖f ‖ ?

Control u microlocally:
‖Oph(a)u‖ .

‖Oph(b)u‖+ h−1

‖f ‖+O(h∞)‖u‖

Elliptic estimate

{p = 0} supp a

Propagation of singularities

supp a{b 6= 0}
etHp



Standard semiclassical estimates

General question

P = Oph(p), Pu = f =⇒ ‖u‖ . ‖f ‖ ?

Control u microlocally:
‖Oph(a)u‖ .

‖Oph(b)u‖+ h−1

‖f ‖+O(h∞)‖u‖

Elliptic estimate

{p = 0} supp a

Propagation of singularities

supp a{b 6= 0}
etHp



Standard semiclassical estimates

General question

P = Oph(p), Pu = f =⇒ ‖u‖ . ‖f ‖ ?

Control u microlocally:
‖Oph(a)u‖ . ‖Oph(b)u‖+ h−1‖f ‖+O(h∞)‖u‖

Elliptic estimate

{p = 0} supp a

Propagation of singularities

supp a{b 6= 0}
etHp



The microlocal picture of the Anosov case

P − z := (hV /i − z) = Oph(p),
p(x , ξ) = 〈ξ,Vx〉
etHp : (x , ξ) 7→ (ϕt(x), (dϕt(x))−T ξ)

T ∗X = E ∗0 ⊕ E ∗s ⊕ E ∗u ,

{p = 0} = E ∗s ⊕ E ∗u

0

Q

∂T
∗U

E∗u

E∗s

Key Fact

P − z : Hr → Hr continues meromorphically to z ∈ C.

By Fredholm theory, enough if for Q = Oph(q), q ∈ C∞0 (T ∗X )

‖u‖Hr ≤ Ch−1‖Pu‖Hr + C‖Qu‖Hr

where Hr is an anisotropic Sobolev space
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I Radial estimate [Melrose ’94], Hr ∼ H r near E ∗s

I Propagation of singularities [Duistermaat–Hörmander ’71]

I Dual radial estimate, Hr ∼ H−r near E ∗u
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Further analysis of these estimates show that

WF′((P − z)−1) ⊂ Diag(T ∗X × T ∗X ) ∪ (E ∗u × E ∗s ) ∪ Ω+

Ω+ = {(etHp(x , ξ), (x , ξ)) : t ≥ 0, p(x , ξ) = 0}.

Hence we take the trace of the left hand side and continue the
right hand side:

e it0λh trϕ∗−t0(P − hλ)−1 =
∂

∂λ
log ζ1(λ).

Further analysis leads to the local trace formula Jin–Z ’14

Much finer propagation estimates are needed for the non-compact
case Dyatlov–Guillarmou ’14

Further applications to purely geometric inverse problems
Guillarmou ’14, Guillarmou–Salo–Uhlmann ’15.
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