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A “quantum object”: Dirac ¢ function,

5(x) = { 0 x#0 /Ré(x)dx 1, /5(x)cp(x)dx — (0).

o x =0,

A “classical object”: T*R cotangent bundle

T*R =Ry x Re, (x,£) = position and momentum

Relation between the two:

WF(9) = ToR \ 0 = {(0,£): £ # 0}

Wave front set: location and “directions” of singularities
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Another example:
u(t,x) =6(t—x), (92-0%)u=0
WF(u) = {(t,x;7,&) 1 t =x, 7= —£ # 0}
=N"({t=x})\0cC T*X\O0.

Classical /quantum(wave) correspondence:

WEF(u) is invariant under the classical flow corresponding to the
classical Hamiltonian

p= 7—2 - 627
exp sHp(t, x, 7,&) = (t + 2s7,x — 2s&, 7, &)

WF(u)  p~1(0).
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u(t,x) = d(t — x),

WF(u) = {(¢t,t,7,—7) : 7 #0} = N*{t = x} \ 0.

Can we restrict u to subsets of R??
Suppose X = {t = x} C R2. Then §|x makes no sense.
On the other hand if Y = {t = 3x} then §|y makes perfect sense:

Sy (x) =0(2x) = %5(x).

What makes the difference:

WF(u)NN*X #0, WF(u)n N*Y=1.
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The Selberg Trace Formula:
, T#5(t— T
tre—tP — fsal(t) + Z M, t>0,
5 =P

where v's are periodic orbits, P, is the Poincaré map, T, is the
period and ij is the primitive period: “Classical information”

fsel € C*°((0,00)) is an explicit function
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P = —iV, where V generates the geodesic flow on X: ¢ = exp tV

fre—itP — Z de(t -T)

, t>0,
|l = Py

Y

e P = p* 1 C®(X) = C>®(X), pull-back by the flow;

pZef(m) = f(p-t(m))
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The Atiyah—Bott/Guillemin Trace Formula:

tre P =3 Tio(t—T,)

, t>0,
[ =Py

>
e P = p* 1 C®(X) = C®(X), pull-back by the flow

The trace is defined using operations on distributional kernels:
Ko (%, y) = 8(y — p—e(x))
tretP = / Kor (x, x)dx.
X

Key fact: WF(Ky« )N N* (R x {x =y}) =10

—t
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X = F\Hz, The Selberg Trace Formula:

Ze"f _fSel t)+2 'y)’ t> 0,

S |I—P|2
P=/-Ax—te—\/-Ax -1

)\J? € Spec(—Ax — 1).

X = S$*T'\H?, The Atiyah—Bott/Guillemin Trace Formula:

2 7#(5(1‘— Ty)
f = E RS S T
Y |/ ’D’Y| 7 >0’

P = —iV, where V generates the geodesic flow on X.
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X = M, negatively curved manifold, P =+/—Ap ® —v/—Ap :

The Duistermaat—Guillemin trace formula:

Ze_i it = fDG t)+z |/ | V ; t> 0> fDG € Llloc((o’oo))'
Y - Py :

The Atiyah—Bott/Guillemin Trace Formula:

X =5"M, P=—iV, generator of the flow

T#5(t — T)
? -y T
2y 0

So, in the quantum case (—A)y) the spectral side stays simple, the
dynamical side complicates. In the classical case (S*M, ¢_¢) the
dynamical side stays simple, the spectral side complicates.
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We would expect that ? should be given by eigenvalues of
P=—-jv

Blank—Keller-Liverani '02, Baladi—Tsujii '07 ... (Anosov maps)

Ruelle "85, Pollicott '86, Liverani '04, Faure-Sjostrand '11
... (Anosov flows on compact manifolds)

Dyatlov—Guillarmou '14 (flows on non-compact manifolds with
compact hyperbolic trapped sets)

Dyatlov—Faure—Guillarmou '13 (higher dimensional hyperbolic
quotients)
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Rough parameter dependence in climate models and the role of
Ruelle—Pollicott resonances,

Chekroun—Neelin—Kondrashov—McWilliams—Ghil, 2014
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pralt) = | e Pr()g(x)dx
X
Resonances: poles of pr g(\)

To define resonances one constructs anisotropic Sobolev spaces,
H*(X) C Hs C H7*(X), so that

VXt = Hs
is a Fredholm operator for Im A > —s/C.

To obtain exponential decay of correlations one needs a gap:

vg = sup{v : no resonances for Im A > —v}
v1 = sup{v : finite no of resonances for Im A > —v}

v1 > 0 for contact flows: Dolgopyat '98, Liverani '04, Tsujii '12,
Nonnenmacher-Z '15.
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Spectral RP-gap observed through the Nifio 3 index (&s = 0.1)

| Filtered RP resonances
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Rough parameter dependence of the spectral gap in climate

models, Chekroun—Neelin—Kondrashov—McWilliams—Ghil,

2014.
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, T#6(t—T,)
—ipt _ Y 8l
> e DL o

nERes(P) v
X = S§*M, M negatively curved (or more generally Anosov)

A local trace formula:
Theorem (Jin &% -7 '14)
T t—T,)
e Mt L Fa( t>0
> +Falt Z]detl— AT
HERes(P),Im pu>—A

in the sense of distribution on (0, 00) and where the Fourier
transform of F5 has an analytic extension to Im A < A and for
some M independent of A,

IFa(AN)| = O((1 + [ADM), ImA < A—e¢, for any e > 0.
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Consequences:

1) For any Anosov flow and for any § > 0 there exist As > 0 such
that
#{zj : Imz; > —As,|zj| < r} = Q(r'=0)

Hence the essential gap is finite 11 < +00.



Local trace formula:

T t—T,)
—lp,t F
Z + Fa( Z|det(l— )’ t >0,

uERes(P),Im pu>—A

Consequences:

1) For any Anosov flow and for any § > 0 there exist As > 0 such
that
#{zj : Imz; > —As,|zj| < r} = Q(r'=0)

Hence the essential gap is finite 11 < +00.

Follows from arguments of lkawa '88 and Guillopé-Z '99



Local trace formula:

T t—T,)
—lp,t F
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uERes(P),Im pu>—A

Consequences:

1) For any Anosov flow and for any § > 0 there exist As > 0 such
that
#{zj : Imz; > —As,|zj| < r} = Q(r'=0)

Hence the essential gap is finite 11 < +00.
Follows from arguments of lkawa '88 and Guillopé-Z '99

2) For weakly mixing Anosov flows, Naud provided a quantitative
upper bound for 1 using topological pressure.
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Local trace formula:

T o(t—T
—iut
> HE L Fa(t Z|det(1_ t>0,
uERes(P),Imu>—A
Comments:

3) For contact Anosov flows satisfying a pinching condition on
expansion rates Faure—Tsujii '13 proved that for dynamically
determined a and b,

#{zj - —b<Imz < —a,|z| <r}~Cr'z (1)
4) The asymptotics (1) agree with general upper bounds of
Datchev—Dyatlov-Z '12.

5) A global trace formula holds for analytic manifolds and flows.
That follows from the work of Rugh '96 and Fried '95.
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The proof uses the microlocal approach to Anosov flows due to
Faure-Sjostrand '11 and radial point propagation of singularities
estimates due to Melrose '94 and developed further by Vasy '13.

We used this to give a simple microlocal proof of a conjecture of
Smale '67:

Theorem (Giulietti-Liverani—Pollicott '12, Dyatlov—Z '13)
The Ruelle zeta function

RO =TJa-e*™) 1, mas1,
T#

where the product is over all primitive closed orbits with their
lengths denoted by T#, continues meromorphically to C.

Many earlier results: Ruelle '76, Parry—Pollicott '90, Rugh '96,
Fried '86,'95, Kitaev '99, Baladi—Tsujii '08, Stoyanov '11...

The noncompact case (the full Smale conjecture) recently
completed by Dyatlov—Guillarmou.
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The starting point for the meromorphy of zeta functions and the
trace formulas is the Atiyah—Bott—Guillemin trace formula:

: 3 8(t— T,)TF
tr eiltP/h = MY, P= hV//
Iy

We define one of the building blocks of the zeta function:

Tv#e"’\TW
) = e - 2 T Tdetl =) )

Since
(P—2z)!= ’/ e—itP/h gy
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Microlocal analysis (semiclassical version)

Phase space: (x,§) € T*X

Semiclassical parameter: h — 0, the effective wavelength
Classical observables: a(x,§) € C*(T*X)

Quantization: Opj(a) = a(x, 7'.’8)() 1 C(X) — C(X),
semiclassical pseudodifferential operator

vV V. vy

Basic examples

» a(x,{) =x; = Opy(a) =x; multiplication operator
> a(x,&)=¢ = Opyla) = 20y

Classical-quantum correspondence
> [Opy(a), Opy(b)] = # Opy({a, b}) + O(H?)
> {a,b} = O¢a- Oxb— Oxa- Ogb = Hab, ets Hamiltonian flow
> Example: [Opy (&), Opy(x)] = 19
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Standard semiclassical estimates

General question
P=0py(p), Pu=f = |ull SI[f]?

Control u microlocally:
10ps(a)ull < [|Opx(B)ull + H[If]

Elliptic estimate Propagation of singularities

{p=0}
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L,
P—z:=(hV/i—z)=O0p,(p).
p(x, &) = (&, Vi)
et (x,€) = (¢"(x). (dp'(x)) 7€)

=0} = El&E;



The microlocal picture of the Anosov case

B;
P—z:=(hV/i—z)=O0p4(p), aT" U
P(Xaf) = <€’ VX>
e (x,€) = (9'(x), (dt(x))"T¢€)
T*X = Ey ® E; @ Ej,
(p=0} = Bl & E
E*

Key Fact

P —z:H"— H" continues meromorphically to z € C.

By Fredholm theory, enough if for @ = Op,(q), g € C3°(T*X)
lullzer < Ch™Y[Pull3er + C||Qullar

where H" is an anisotropic Sobolev space
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The microlocal picture of the Anosov case

£,

P—z —(hV/I—Z)—Oph()
( §) = (& V)
H(x,6) P (91(x), (dt(x))7T€)

10ps(a)ullaer < Ch™Y|[Pullzer + ClIQull3r

» Radial estimate [Melrose '94], H'" ~ H" near E;
» Propagation of singularities [Duistermaat—Hormander '71]

» Dual radial estimate, H" ~ H™' near E;
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Further analysis of these estimates show that
WF'((P — 2)™Y) € Diag(T*X x T*X) U (E} x EX) U,

Q= {(e"(x,€),(x,€)) : 20, p(x,€) = 0}.

Hence we take the trace of the left hand side and continue the
right hand side:

0
= O log C1(A).

e htrpt, (P —hX) !
Further analysis leads to the local trace formula Jin—-Z '14

Much finer propagation estimates are needed for the non-compact
case Dyatlov—Guillarmou '14

Further applications to purely geometric inverse problems
Guillarmou '14, Guillarmou—=Salo—Uhlmann '15.



