AN INTRODUCTION TO MICROLOCAL COMPLEX
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ABSTRACT. In this expository article we relate the presentation of weighted estimates
in [Ma02] to the Bergman kernel approach of [Sj96]. It is meant as an introduction to
the Helffer—Sjostrand theory [HeSj86] in the simplest setting and to its adaptations
to compact manifolds [Sj96], [GaZw].

1. INTRODUCTION

Suppose that P is a semiclassical differential operator (or a pseudodifferential oper-
ator, see (2.5)), for instance,

P=—-h’A+V. (1.1)

Conjugation by exponential weights has a very long tradition going back to the origins
of Carleman and Agmon—Lithner estimates:

P, = ef@/hpe=e@/h ¢ C°(R"R), (1.2)
(1.1) gives (with D, = —id,, and v? := v} +--- + 02, v € C")
P, = (hD, +iVp)* + V()

= R2A+ Vg hV +V — [Vl + hAg.

which in the case of

Roughly speaking, exploiting the sign of V — |[V|? leads to exponential decay (tun-
neling) estimates for solutions of Pu = 0 — see for instance [Zw12, §7.1] and references
given there. For exponential lower bounds (quanitative unique continuation, from the
mathematical point of view), one exploits positivity properties of [P}, P,] of suitably
chosen ¢ using the identity (with L? norms and u € C°)

1Ppull* = (| Poull* + ([P5, Polu,u) > ([P}, Polu, u), (1.3)
see for instance [Zw12, §7.2].

On the other hand conjugation (1.2) with ¢(z) replaced by ip(z) gives the simplest
case of Egorov’s Theorem (see for instance [Zw12, Theorem 11.1]):

P,y = (hD, — V(2))* + V (),

which corresponds to the pull back of the symbol by the canonical transformation

(2,€) — (x,€ — V(z)) associated to the operator u(z) — e~ #?@y(x).
1
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When ¢ is real, we have implicitly used analyticity of & — &2 to obtain (1.3). If we
formally conjugate (1.1) with V(z) = 2% by e#(*P)/" we obtain

# D) /h pe=ehD)/h — _p2N 4 V(3 — iV p(hD)),

where we used the analyticity of V(x) = z?. In general, we encounter problems akin
to flowing the heat equation backwards which again requires analyticy.

In many problems it is advantageous to use ¢ = G(z, hD,) but, as the discussion
above shows, the use of such weights requires analyticity assumptions (unless we use
weights of moderate growth in h and £ — see [Zw12, §8.2] for a textbook discussion
and Faure-Sjostrand [FaSj11], Dyatlov—Zworski [DyZw16] for recent applications and
references).

The use of strong microlocal weights (¢ in some sense equal to G(z, hD)) has been
raised to the level of high art by Sjostrand and his collaborators — see for instance
Hitrik—Sjostrand [HiSj15] and references given there. Here we would like to concen-
trate on the approach motivated by scattering resonances and introduced by Helffer—
Sjostrand [HeSj&6].

The goal then is to justify the statement

e~ C@hDhp (g hD)e @D/ o P(x +iVG(x, hD), hD, —iV,G(x,hD))
= P(z,hD,) — iHpG(z, hD) + O(||G||2-),

and then to exploit the possible gain of ellipticity for the right hand side. In particular,
the property HpG(x,&) > 0 can be used to great advantage. Here

HP = Za£JP<I,§)ax] - amjp(xvé)agﬂ
j=1

is the Hamilton vector field of the symbol of P and O(||G||Z.) means a norm bound
between suitable spaces, for instance L? — L? if P is order 0 and G of order 1. The
condition HpG > 0 and its weaker forms are called the escape function property or
the positive commutator property.

One tool for justifying (1.4) is the FBI transform' — see (2.1) and [HiSj15], [Ma02],
[Zw12, Chapter 13| for three introductions. Roughly speaking it turns the action of
the operator P to multiplication by its symbol (say, &2 + V(z), in the case of (1.1)).
When weights are introduced, this action turns into multiplication by the “deformed
symbol”. That is, roughly speaking, the symbol of the operator on right hand side of
(1.4).

It is named after Fourier—Bros—Tagolnitzer and this name is used for its generalizations in mi-
crolocal analysis. In specific cases, and in other fields it is called Bargmann, Segal, Gabor, and wave
packet transform.
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Here we will present the simplest case of small (in C?) compactly supported weights
G. A very clear presentation (without the smallness assumption) following Nakamura
[Na95] is provided in Martinez [Ma02, §3.5] but our goal is to make simple things
complicated by explaining the theory in the way which adapts to the case of stronger
(non-compactly supported) weights used in [HeSj86] and to the case of compactly
supported weights on compact manifolds of [Sj96]. Our motivation comes from the
study of viscosity limits for Oth order (analytic) pseudodifferential operators [GaZw].
It partly justifies claims made in the physics literature, see for instance [RGV01]".

A properly interpreted version of (1.4) is given in Theorem 2 which comes in this
form from [Na95], [Ma02]. The proof however follows the strategy of [Sj96] and is
based on the study of orthogonal projections onto weighted spaces of (essentially)
holomorphic functions. Theorem 3 presents a more geometric version more directly in
the spirit of [Sj96].

Our exposition of this material is structured as follows:

e In §2 we review the properties of the FBI (Bargmann/Segal/Gabor/wave packet)
transform and the structure of pseudodifferential operator on the FBI transform
side. No (non-quadratic) weights enter here but the simple geometric structure
discussed in §2.2 provides a guide for more complicated constructions.

e §3is devoted to the description of the projector onto the image of the FBI trans-
form, orthogonal with respect to the norm on L*(T*R", e~ ?@8)/ hdxd€). That
follows the approach of [Sj96] which in turn is inspired by [BoSj76], [BoGu&1]
and [HeSj86]. The description of the action of analytic pseudodifferential op-
erators on those spaces is then given in Theorem 2 in §4.

e §5 reviews some aspects of the analytic machinery of Melin—Sjéstrand [MeSj74]
which is needed for the more geometric approach to the justification of (1.4) in
§86,7.

e A more geometric version, following the spirit of [HeSj86] and [Sj96], is pre-
sented in §6. Instead of putting in a weight, the phase space T*R" is deformed
to A= {(z +iGy(2,§), & — iGe(x,€)) = (z,§) € T*R"} (note the analogy with
the right hand side (1.4); A is always Lagrangian with respect to Im d{ A dz on
T*C™ and symplectic for Re d{ A dz for G sufficiently small). That corresponds
to continuing the FBI transform analytically and then restricting it to A. The
action of an analytic pseudodifferential operator with symbol p on that space

iSpeciﬁcally, the claim that “The aim of this paper is to present what we believe to be the asymp-
totic limit of inertial modes in a spherical shell when viscosity tends to zero.” These viscosity limits
are essentially the resonances of zero order operators and hence it is natural to use the methods of
[HeSj86]. Except in simplest cases the methods based on spacial deformations in the spirit of complex
scaling — see [DyZw19, §4.5, §4.7] and references given there — are not sufficient.
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is (in some sense) close to multiplication by p|, — see Theorem 3. That is again
achieved by constructing an appropriate orthogonal projector.

e Finally, in §8 we discuss the equivalence of the two approaches by showing that
each deformation A corresponds to putting in a weight without a deformation
— see Theorem 4.

Acknowledgements. We would like to thank Semyon Dyatlov for many enlightening
discussions and Johannes Sjostrand for helpful comments on the first version of this
article. Partial support by the National Science Foundation grants DMS-1900434 and
DMS-1502661 (JG) and DMS-1500852 (MZ) is also gratefully acknowledged.

2. THE FBI TRANSFORM

We define the usual FBI transform:

n

Tu(x,§) = ch_i/ 6%(@_?”5”%(x_y)Q)u(y)dy. (2.1)

Then T : L*(R") — L*(T*R™) is an isometry as is easily checked using Plancherel’s
formula — see for instance [Zw12, Step 2 of the proof Theorem 13.7]. We then notice
that

T(L*R") C A = {u € L*(T*R") : Zju =0, j=1,---n},
Cj('x7§7 CL’*, f*) = x;k - fj - ij*
Zj = (i(x,&,hDy, hDg) = e /220D e/,

(2.2)

In fact, the range of T is exactly given by .77:

Proposition 1. The orthogonal projector Iy : L*(T*R™) — 3 is given by Iy = TT*
and

Myu(a) = h "¢y /T . en@By(8)dB, a = (z,€), B=(2,&), 2.3

dola, B) = 5(x€ — 2'¢) + 5(a€ — &) + (o — 2')* + 1(€ = €)%
In particular, T(L*(R")) = 2.
For the proof see [Zw12, Theorem 13.7] or [Ma(2, Exercise 3.6.2].

Remark: Note that, using the holomorphic notation z = x — i§, w = 2/ — &/,

Yo = i[@o(z) + iz —w)? + <I>0(w)] . ®(z) =L Im 2] (2.4)
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2.1. Pseudodifferential operators on the FBI side. Suppose P = p(z, hD),

Pu = p(x, hD)u %h // (z, &) en @ vy (y)dyde,

(2 5p(x§|<C’

is a pseudodifferential operator (with the symbol, p € S(1) in the terminology of [Zw12,
Chapter 4]). We want to consider

P =TPT" : H — H. (2.6)

There are many ways to think about this operator — see [Zw12, §13.4] for Sjostrand’s
pseudodifferential approach. Here we look at it in the spirit of [Sj96].

(2.5)

Lemma 1. The operator (2.6) is given by
Pu = Kp(a, B)u(B)ds
T+*Rn
with
Kp(a,B) = coh™"et*a(a, §) + O(h*(a = 5)7),

« B) ~ Zh]aj(a>ﬁ)7 |@757 aj( )l < Cwyv ao(a,a) :p(a). ( )

Proof. We calculate the integral kernel using, again, the completion of squares and
integration in g/
(zé—a'e’) ,
Kp = eh—/ et ==y (=€) +5(e—y)*+3('—y")?)
(27Th>n R3n

1335 i / i i (¢!
_ o / ===+ 5@+ =0 (4 1) dyd.
(27Th> 2 R3n
We note that the integral is now absolutely convergent and, denoting the phase by ®,
Im® > 0. The stationary points of ® are given by solving (or completing squares)

0 =y—a'"+in-¢&)=0, 9,2=n—-E+i(ly—x)=0,
o {uw T

p (y,n) dy'dydn

. is non-degenerate.
[Rn Z[]Rn

The solutions are

y=ye=z(@+a)+ 5 -8, n=n=35¢+&)+ 5@ -2
We note that
(0,7 + 10,2 > 3z — '|* + 31§ - €*.
Hence non-stationary phase estimate shows that if we restrict the integration to |y —
Ye|* + |z — x|* < 1 (using a smooth cut-off function), the remaining term is estimated

by O(h>*(a = f)), a = (,€), f = (¢, &)
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For the integral over the set close to the critical points we apply the complex sta-
tionary phase method [MeSj74, Theorem 2.3, p.148] to obtain (2.7)

a:ao+ha1+--~ ( )
- | | 2.8
=P (3@ +2) +5(¢ = 0,5+ &) + 5z —a) + Oh),
where p is an almost analytic extension of p. We note that ag(a, o) = p(«). O

Also, just as for the kernel of Iy, K (a, #) has to satisfy the equations

Gla, hDo)K (. 8) = 0, (8, hDg)K (a, ) =0, ((B,57) = (B, —57).  (2.9)

The last condition follows from the fact that
0= (GTPT) ula) = (62" ula) = PGula) = [ Kla,5)G(8. Dayu(s)ap
— [ 166, Da) K o 5)] (B,

That means that
gj(Oé,da@/Jo((I,B)) = 07 Ej(ﬂad6¢0(a7ﬁ)) = 07 5Zjak:a awjak = (|a - B|OO)7
Z:$—i€, w:x’—zf/, &:(x>€)7 6:(1'/75/)'

Of course this is satisfied in our explicit construction. Note that (2.10) determines
a (e, B) uniquely from ag(a, ) modulo O(]a—5|*°). We can think about constructing
ar’s as follows: define

(2.10)

ANi={(2,2):12€C"}CC"xC"=TR*"xT*R", C">z=x2—i{ €C", (2.11)

which is a totally real subspace (see for instance [Zw12, 13.2]). With the variables
of (2.10), write ax(a, 5) = br(z,w). Then by(z,w) is the almost analytic extension of
bk(z, 5) = bk‘z

Concerning vy, it is uniquely determined from (2.10) when we put
(dad]O)(a/? OZ) = de, (dﬁ¢0)(av a) = —gdl', 1/]0(0[, O'/) = 07 o = (l‘ag) (212)

Note that we could just demand that 1y(a, o) = 0 as then the derivative conditions
follow from the equations. Conversely, the derivative conditions determine vy up to
an additive constant.

We can now compare & to the Toeplitz operator
Ty =M1y, Myu(a) = p(a)u(a).

(We sometimes abuse notation and write p for M, so that .7, := Il plIly.)
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Using the stationary phase method we obtain

Fu(e) = [ R pul@)as, K(a.p) = e Dia, ),
a=ap+ha+---, aola,a)=pla).
But the uniqueness statement means that

ao(a, B) = ao(ev, B) + O(lar — BI).

This immediately gives

Theorem 1. Suppose that P is a pseudodifferential operator (2.5) and that & :=
TPT*, :% = Hopﬂo. Then

P =T+ O(h) o,
or
(TPu, T0) 2rzm) = (T, T0) 12(0gmy + O(R) ull 2 0] 2. (2.13)
Also,
TP = pT + O(h?) p2@n) s 12 (1+20)- (2.14)

That (2.13) holds was first observed by Cordoba—Fefferman [Col'e78] while (2.14) is
an earlier result of Sjostrand [Sj76]. (Both were formulated differently in the original
versions and these are the versions from [Ma02] and [Sj96].)

In Theorem 2 we will see a stronger formulation which (when the weight is 0) applies
here as well. We note however that when there is no weight we can use [Zw12, Theorem
13.10] to obtain an explicit ¢ such that & = Igll + O(h™) 2, 2.

2.2. Geometry of II,. We now revisit (2.10) and (2.12) in geometric terms. The
(quadratic) phase vy generates a complex (linear) Lagrangian relation

€ = {(a,datbo(a, B); B, —dstho(a, B)) : a, B € C*} C T*C*" x T*C*, (2.15)

that is, a linear subspace of (complex) dimension 4n on which the (holomorphic)
symplectic form

02 =m0 — TR, 0 :=d(a"da), mrlp,p) =p, Tr(p.P) =/,

vanishes. We note that ¢ C S; x Sy where
S1={peT'C":¢(p) =0}, Sa={peTC":(lp) =0}, Glp):=¢(p). (2.16)
That is a geometric version of (2.10). Since {(;, (x} = 0}, S; are involutive of (complex)

dimension 3n. (Note that we have ¢; rather than (; as we have the usual sign switch
in the definition of ¥".) We also identify the symplectic subspace

{(p,p) :pe S1NS}CF. (2.17)
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Since

S1NSy ={(z,£&,0): (x,8) € T*C"},
(2.17) is a geometric version of (2.12).

We can present this more abstractly without an explicit mention of (;’s. Thus we
consider

V. =T"C", o0:= Zdzj* Ndzj, (z,2%) € T*C™. (2.18)
j=1

For a linear subspace of W C V' we define the symplectic annihilator of W by
We:={peV:a(p,V)=0}
We then consider involutive subspaces of V:
ScV, §7csS, dimcS=2m—k. (2.19)
The Hamiltonian foliation of S is defined by the projection
p:S—S8/5°. (2.20)
Assume now S; and S, are two such subspaces and that
dimg(S; NSy) =2m — 2k, (S1NS1)7 NS NSy ={0}. (2.21)

This means that S; and S5 intersect transversally at a symplectic subspace and that
the (affine) leaves of the Hamiltonian foliations through points of S; NS, also intersect
transversally and we have identifications
SlmSQ 9p|—>p+537 S SJ/SJU
Composing the inverse of this map with (2.20) we obtain complex linear maps
Dj Sj —)SlﬂSQ,

» L N (2.22)
pr(p)Npy(p) ={p}, p€SiNS,y, dimp;'(p) =k

The abstract (linear) version of (2.15) is given in

Lemma 2. Suppose that two involutive complex subspaces S1 and Sy satisfy (2.21)
and that € C Sy x Sy is a complex Lagrangian subspace of V- x V. Then the following
conditions are equivalent:

(1) o€ =%, €N ((S1NS2) x(S1NS)) =A(S1NSy);
(2) €N ((S1NSy) x (S1NSy)) =A(S;NSy);
(3) € = {(p1,p2) € 51 X Sz : pi(p1) = p2(p2)},

where p; are defined in (2.22) and, for W C V., AW) :={(p,p) :pe W} CV x V.
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Proof. We can find defining functions of Sy’s, ¢, j = 1,--- ,k, {¢},(}} = 0, (chosen
them globally here as we are in the linear case). Then H, ¢i are tangent to S;. HC} @®0
and 0@ Hz are tangent to % Defining ®; := exp(t,H:) > -exp(tyHi) we see that ¢
is invariant under the action of ®! @ ®2 ¢, s € C*. It then follows that

(p1,p2) €C <= (p1(p1),p2(p2)) € €. (2.23)
With this in place the lemma is immediate: (1) = (2) is obvious from the second
condition in (1); (2) = (3) follows from (2.23) and dimension counting; (3) = (1) is
clear: (p1,p) € € and (p, p2) € € implies that p € S; NSy and hence p(p1) = pa(p) =
p = 11(p) = p2(p2)- U

3. PROJECTOR WITH WEIGHTS

We now want to prove an analogue of (2.13) in the case of weighted spaces. For that
we assume that P = p“(z, hD) where p € S(1) has a bounded analytic continuation
to a fixed neighbourhood of T*R™ C C?". In that case, following Martinez [Ma02] and
earlier works, we will show that for ¢ € C®(T*R™) with ||V|| L~ sufficiently small
(depending on the neighbourhood in which p is analytic) we have

(TPu, Tv) 1z = (p, T, To)rz + O()||Tull sz [T 12, (3.1)
where
Po(x,€) = pla +20.9,& — 2i0.p), z=x—if, L2 :=L*(T"R";e */"da),
see Theorem 2 at the end of §4. To do this we follow the same strategy as in §2 and
construct a self-adjoint projection
I, : LA(T'R") = o, T2 =11, I|»= L, (32)
(pu, v}z = (u, yv) 2.

We write the last statement as II7;¥ = Il,. In what follows, for the sake of clarity we
drop ¢ and, unless specifically stated, consider the adjoint in L?(e=2%/"da) only.

To describe II, we make the assumption that |||/ is sufficiently small.

The strategy for describing II, as h — 0 goes back to the works of Boutet de
Monvel-Sjostrand [BoSj76], Boutet de Monvel-Guillemin [BoGu&1], Helffer-Sjéstrand
and was outlined for compact manifolds and compactly supported weights in [Sj96].
The argument proceeds in the following steps:

e construction of a uniformly bounded operator (as h — 0) B : L? — L2 such
that Z;B = O(hOO)LgoHLgO, B* =B and B> =B + (’)(hm)LgﬁLgp;

e characterization of the unique properties of the Schwartz kernel of B: unique-
ness of the phase and the determination of the amplitude from its restriction
to the diagonal;
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e finding a projector P = O(l)L?p%La onto the image of T'.

e choosing f € S(1), f > 1/C so that A := PM;P* (in the notation of §2),
satisfies A = B + O(h™) L2512 this relies on the uniqueness properties in the
construction of B;

e expressing Il as a suitable contour integral of the resolvent of A and using it to
show that IT = B + O(h™) L2512 (this, elementary and elegant part, can be
copied verbatim from [Sj96]).

To construct B we postulate an ansatz
Bu(a) = h™" / VD=2 a(a, B)u(B)dp,

and as in (2.9)
DN Z (0, hDy) (¥ a(a, ) = O(la — 5.
e WDINZ,(8,hDg) (VP (e, B)) = O(la = A7), (3.3)
Z;:=hD,, — & —ihDg,, Z;:= —hD,, — & —ihDy,.

We note that for Zy(a, hD,) := Z(ov, —hD,) we have (i/h) (Z;, Zx] = —2i0.

Self adjointness of B implies that we should also have

1/)(045) = _¢(57a)7 CL(O‘aﬁ) = a(67a)v

which is consistent with (2.9).

The fact that the weights to do not appear in Zj may seem surprising but is easily
verified: put Kp := ¢™¥/"a/h™ and note that

(Z;)" = e2¢/the_2‘P/h, Ziv = .
Then
0= (Z;B)u(a) = B Z;u(a) = BZu(a)

- / Kp(a, B)e* O (Z;) u(B)ds
= /KB(OQB)Zj(ﬁ, hDﬁ) (6_2@(5)/hu(5)) dﬁ (34)
- / Z;(8,hDy)Kp(a, B)e > Ohdp,  Zyv = Z;v.

Going back to (3.3) we obtain simple eikonal and transport equations for ¢ and a:

Q/}:Bj - gj - “/15] = O(|Oé - B|oo)7 —¢yj —nj— i¢nj - O<|Oé - 6‘00)7

o= (@6, B=(yn) (3:5)
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and
a=ay+ha +---,

D.ar, = O(|la — B|>®), Owar = O(|a — B|™), (3.6)

z=x—1€, w=1 —if.

To guarantee the boundedness on Li and decay away from the diagonal we also demand
that

—Ime(a, B) — p(a) = 0(B) = cola = BI* + Ola = BI*), o> 0. (3.7)

3.1. Phase construction. We now need to discuss the “initial conditions” for ¢: in
the free case they were given in (2.12) and geometrically in Lemma 2. We start in an
“ad hoc” way and then move to the geometric version. Thus we require that

(o, ) = —2ip(a). (3.8)

In the notation of §2 (specifically with 1 as in (2.3)) we put

(e, B) = ola, B) + (2, ),

so that the equations become
(2, @), Du(z,@) = Oz = w|®), $(z,2) = ~2ip(2).

(Recall that 1o(a, ) = 0 and that 20: = §;, 20,0 = &}, z = 2 — i€, w = 2’ — i,
a=(z§),f=(¢))
We note that the analogue of (2.12) is

(0:-0)(2,2) = —2i0.0(2), (0u¥)(2, Z) = —2i0:(2). (3.9)

This is solved by taking an almost analytic extension of ¢ = QZ |a from the totally real
submanifold A — see (2.11). We note here that d((z,w),A) = |z — w|.

Remark. Note for any smooth function f(z), if g(z,w) is almost analytic near A
with g(z,z) = f(z), then since 0:g(z, w), Opg(z,w) = O(|z — w|*) we have 0, f(z) =
0.9|a + Owg|a. Hence, 0,g|a = 0. f. Similarly, 0;f = 0,9|A. O
We then get
’QZJ(OZ, 5) = w()(aa 6) + J(Zv 'LD)

Near the diagonal we have

Im (2, @) = =2(2) + Im ((9ut) (2, 2)(@ = 2)) + Olllpllea w — 2I?)
= —20(2) + Im(~2idzp(2)(@ — 2)) + O(llpllcaw — =)
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Similarly,
I (2, w) = —2p(w) + I ((0.6) (w0, 0) (2 = w)) + Ol calw = =)

= ~2p(w) + Im (2.9)(2,2)(z = w) ) + Olellozhw — 2P%)

= —2¢(2) + Im(=2i0:(2) (2 — w)) + O([lpllc2w — 2*).
Adding up the two equalities we obtain

Im (2, @) = —¢(2) — p(w) + O([[¢l|czlw — 2I).
Hence,

—Ime(a, ) — p(a) — ¢(B) = —Imy(a, B) + O(ll¢lc2la — B)
—ila =B+ Ol¢llczla — BI).

Hence, if ||¢]|c2 is small enough, we obtain (3.7).

Remark. A more careful analysis of the quadratic terms would show that we only
need »_, 0:,5.9(2)¢jC > —1[¢|* which is a subharmonicity condition. We will not
pursue this direction here.

We now discuss the property B = B? + O(h™) L2512 and that will lead naturally to
the construction of @ in (3.6). Denoting the kernel of B? by Kpg: (analogue of Kp in
(3.4)) we have

Kpe (o /KB ) Kp(v,B)e” 200/ ry

:h2n/ F@em 0820 g (, y)a(y, B)dy. (3.10)

In view of (3.7) we can assume that a is supported near the diagonal and that justifies
an application of (complex) stationary phase. Let

P1(a, B) = c.vey (Y(a,y) +9(7, B) + 2ip(7)) -

Since B? is self-adjoint on Li, 1 (a, ) satisfies the eikonal equations (3.5). If we show
that (3.8) holds for t; then the uniqueness in the construction of ¢ will show that
11 = 1 to infinite order on the diagonal.

Remark. In our special case we can see that 1)1 = 1 quite immediately. Let us change
to holomorphic coordinates and recall (2.4). Then, with

O(2) =L Im2P +p(2),  U(zw) = -1z —w)? +ig(z,w), (3.11)
we have
V(a, B) =i [@g(2) + Po(w)] — iV (2z,w), Po(z) :=|Imz|>
Therefore, with v +— (v, v), the

il (a,y) + 907, 8) + 2ip(7)] = W(z,0) + (v, w) = U(v,0) = Bo(2) — Po(w).
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Then immediately
U(z, W) = c.v.5(¥(2,0) + VU(v,w) — ¥(v,0)). (3.12)
In fact, treating v and v as independent variables (stationary phase is “real”)
0=0,(¥(z,0) + ¥(v,w) — V(v,0)) = 0¥ (v,w) — 3,V(v, D)
= Oy ®(w)(w — v) + O(|w — B[*),
0=0;(¥(2,0) + ¥(v,w) — V(v,0)) = KV (z,0) — 0¥ (v,v)
= 0.:P(2)(z —v) + O(]z — v]?).

Since 0,;® is non-degenerate we obtain v = z and v = w. Inserting these critical values
in on the right hand side of (3.12) yields the desired equality. In particular, (3.12)

implics that ¢(a, §) = c.v., ((a,7) + (3, ) + 2ip(7)).

3.2. Geometry of the phase. We now proceed as in §2.2 but with complications
due to the fact that the smooth weight ¢ makes the problem non-linear and non-
holomorphic.

We start with a formal discussion assuming that ¢ has a holomorphic extension to
a neighbourhood of C?", U (if ¢ or even V¢ are bounded, everything we have said so
far remains valid).

Let
G = {(o, doat(a, B) +idap(); B, —dsyp(a, B) — idgp(B)) : (a, ) € U x U}.

We now define
(Fla, ") = Gla,* +i0up(e), Sii={pe U cH(p) =0},
We note that (since in our case so far (j(a, a*) are linear)
Z7(a,hD,) = P M7 (o, hDy)e # @/,

Using ZJ we similarly define Ef and Ss.

Formally, we are in the situation described in Lemma 2 but for ¢ € C°(T*R") we
need an almost analytic version. In the setting here we already constructed the phase.
However, the geometric point of view will be important in §6.1 where we consider a
different approach.

3.3. Amplitude construction. To find the amplitude a(«, ) we once again use the
fact that it is enough to determine a on the diagonal. Application of complex stationary
phase to (3.10) yields

Kp: = h_”e%d’(a’ﬁ)b(a, B), bla,a) ~ Z B Lyja(a, v)a(v, @)|y=a; (3.13)
J
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where Lo; are differential operators of order 2j in v and Lo|a = f(«), |f(a)] > 0.

Since ¥ (o, B) = —(B8, a), f(a) € R. We note that if a(«, §) = a(f, «), then b, 5) =
b(3, «) as the operator B? is also self-adjoint. In particular, b(a, ) € R.

Writing a ~ ). h'a;, we have
b(aaﬁ) ~ Zhjbj<aaﬂ)a bj(&aa) = Z LQka5<&77)am<77@)‘7:a'

J k+l+m=j

We note that if a,(c, 5) = ae(5, @) for £ < M then by|a € R for £ < M. Since

bar(a, ) = 2f(a)ag(a, a)ay (o, o) + Z Logag(a, y)am (7Y, @)|y=as

k+l+m=M
m<M

it follows that

ae(e, B) = ap(B ), L < M = Z Logag(c, ) am (7, @)|y=a € R. (3.14)

k+l+m=M
Lm<M

We iteratively solve the following sequence of equations
Y Laar(a,)an(v, @)l=a = a;(a, @) (3.15)
k+L+m=j
with a;|a real. Since a is defined by its values on the diagonal taking almost analytic
extensions from o = [ will complete the proof. First, let
ag(a, ) = ﬁ € C*°(T*"R™;R)
so that f(a)ag(a,a)? = ag(a,a) (i.e. (3.15) is solved for j = 0). Next, take an
almost analytic extension of ag|z to define @y in a small neighbourhood of A with
ap(a, B) = ag(B, o).
Assume now that (3.15) is solved for j < M — 1. Then, (3.15) with 7 = M reads

ay(a,a) = Z Lokae(cr,¥)am(7, @)ly=a
k+e+m=M

= QCLM(OZ, Oé) + Z L2kaé(a7 V)Gm(% Oé) |’Y:04

k+l+m=M
fm<M

Putting ay (o, @) = =D kreem=nr Logae(cr, 7)am (7, @)|y=o we solve (3.15) for j = M.
fm<M

From (3.14) we see that ay/(«, @) is real. Taking an almost analytic continuation with
ay(a, B) = ap(B,a) then completes the construction of ap; and hence by induction
and the Borel summation lemma we have

b=a+Oh®)+O0(la - B). (3.16)

with a(a, 8) = a(8, a).
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Finally, it remains to check that an operator R with kernel
Kg(a,B8) = x(Ja = B|/C)r(a, B)er? =57 r = O(h™ + |a — BI™), x € CZ(R)
has R = O(h™)2 2. For that, consider the kernel of e~ ?/?h Re#/?h given by
Kpro(a, 8) = r(a, B)erWp)tieB)riel)

Now, by (3.7),
e @) rieB)+ip@) | < o—cla—2/h

and hence K, = O(h™)cs and is supported in | — 3| < C. Schur’s lemma then
implies R = O(hOO)Lga_)La.

3.4. Construction of the projector. We first construct P with the following prop-
erties:
PTv="Tv, veL*R"), [Pl <C, (3.17)
with C independent of h.
The holomorphic structure will be used in the construction of P and we again write
z=1x—1i, ®o(z) := 1|Imz|?, and ® as in (3.11). We then recall that
w=Tv, veL*R") & u:=¢™ /2y ¢ L3, (C),
see for instance [Zw12, §13.3]. We construct
Py =0(1): L3 — Hp, Pyu=1u, u€ Hy. (3.18)

We note that, since |® — &o| < C, as spaces L3, = L3 and the issue is the uniform
boundedness as h — 0. The following Py will satisfy (3.18):

cr 2
Pyu(z) := / e~ Clrmwl /ht2(z—w0: 2 hy (1)) dm (w), (3.19)
(mh)"™ Jon
provided that C is suffiently large. To check uniform boundedness on L% we note that
2Re(z — w,0,®(2)) = ®(2) — ®(w) + O(||®”|| 1|2z — w|?). (3.20)

Since ®” is uniformly bounded (in fact constant outside of a compact set) we see that
for C' sufficiently large,
—®(2) +2Re (=C|z — w|* + (z — w,0.9(2))) + P(w) < —|w — 2],

which (using Schur’s criterion) shows uniform boundedness of Py on L%. For u € Hg
we have Pyu = u — see for instance [Zw12, (13.3.16)] (the fact that ®(z) is not quadratic
plays no role in the argument). Returning to (3.17) we put

P = 6—|Imz|2/2hpq>€\ Imz|2/2h.

We now construct the projector II = II, and relate it to the parametrix B con-
structed above. That is done by repeating the argument presented in [Sj96].
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We take f € S(T*R"), f > ¢ > 0, and consider
A=Ay = PM;P*%, P =e/hpre 2o/t

We write the action of A as follows:
@) = [ Kala pu(@)e 05, Ka(a,5) = hrebneaya, ),

where the phase and amplitude are obtained from the method of stationary phase in
the composition defining A. We claim that

¢A<a75) = 1/1(0475) + O(|OJ - ﬁ‘oo)

To see that we note that (6.14) and hence (3.5),(3.6) hold with ¢ and a replaced by
14 and as. Hence it is sufficient to check that (3.8) holds for ¢4. We calculate the
critical value on the diagonal in notation used in (3.19),(3.20):

Wala, ) + Po(z) = c.vy (—2C]2 — w]* + 2Re(z — w, 0(2)) + (w))
= ®(2) + vy (=Clz — w]* + O]z — w|?))
= ®(2) = Po(2) + 2¢(2).

Since the left hand side is equal to it 4(c, o) + Po(2), (3.8), and hence ¥ = 14 follow.

Since equations (3.6) are satisified by ay, as is determined up to O(h™ + |a — 5]*°)
by asla. We want to choose f ~ 3 R’ f; so that

a) ~ Zaf,j(a,a)hj, and ay;(a,a) = a;(a,a),

where a ~ Y h’a; is the amplitude in the construction of B. As in §3.3 (but with
different Log’s, g := Lo|a # 0) we have,

ari(a,a) Z Lo fo(a Z Loy fo(a

k+-tl=j k+0=j
0<j

(In our special case, the amplitude in P is constant which is not the case in gen-
eralizations — but the argument works easily just the same.) Using this, solving
agj(o) = aj(a) for f is immediate. As in the construction of the amplitude of B
in §3.3 we see that f is real valued and f; is bounded from below.

To summarize, we constructed

Bu(a) = /@W(aﬁ)a(a’5)6—2w(6)/hd@
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and found f such that
B=0(1):L}—= L}, B=B", B=B"+0(h%)_ 2,
B=Ap+O(h®)2 2, As=PM;P"%,

' (3.21)
fla) ~ Y W fi(a) € S(1), fla)>1/C.
J
We can now quote [Sj96] verbatim to see that
H@ =B+ O(hoo)Li_wa. (3.22)

For the sake completeness we recall the argument. To start we observe that for u €
H = T(L*(R")), ||“HL$, > 0,

(Aju,uhre = (PP u,uyrz = (fPu, Pru)rz, > min f(a)||P*ulZ,

acT*R™
[(Pru, u)|? 2
> = ullz2/C
Cllull?,
Hence,
ullr2/C < [|Agullrz < Cllullrz, we A, (3.2
Apu=0, ue A+, A=Ay, '
and .
I, = — [ (A=A, tdX 24
0= gp | A=A (3.24)

where 7 is a positively oriented boundary of an open set in C containing [1/C, C] and
excluding 0. From (3.21) we know that

Ap = A3+ O(h®) 1212 (3.25)

and we want to use this property to show that II, is close to A;. For that we note
that if A = A? then, at first for |\| > 1,

A=A =3 A7 = T AT Y A TA=T AT (A=)
j=0 j=0

Hence, it is natural to take the right hand side as the approximate inverse in the case
when A% — A is small:

A=Ap)N T+ AN A =D ) =T — (A3 - Apr(A— 1)L

In view of (3.25) and for h small enough, the right hand side is invertible for A € ~v
with the inverse equal to I + R, R = O(h*)2,r2. Hence for A € 7,

()\ — Af)il =1+ )\710\ — 1)71Af + O(hoo)L%%ngo.
Inserting this identity into (3.24) and using Cauchy’s formula gives

Hg, = Af +O(hoo)L§,aLi =B+ O(hOO)LAQDﬁL?O,
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which is (3.22).

4. PSEUDODIFFERENTIAL OPERATORS ON WEIGHTED SPACES

We now want to present the action of pseudodifferential operators P = p¥(z, hD),
p € S(1) on the FBI transform side.

We will use the notation of [Zw12, §13.4] and note that by [Zw12, Theorem 13.9]
TPT" =e ™¢ >/hq$0<z hD.)e™ O, gl — i€, €) = p(w, ),

Z 4w
qs (2,hD,) ( ,g) #zmwo) d¢ A dw,
ol . utw) (4.1
Do(z) = 3| Imz|*, Toy(2):wr (= ;32@0 (Zzw) , U € Hgp,.

(See the remark after Lemma 3 concerning convergence of the integral.) We note here
that the correspondence between ¢ and p is formally valid for (z,£) € C** and that
K:(x,8) — (x—1i& &) defines a complex linear canonical transformation. The contour
['s, corresponds to integrating ¢ Agy

Aoy = k(T*R") = {(2,() : ( = —2i0,Po(2)}.

We have the following lemma (see [Sj02, §12.5] for a more general version and for
applications to scattering resonances):

Lemma 3. Suppose that p is holomorphic and bounded on R®*™ + Bean (0, pg) € C**
and that ®(z) = Po(z) + 2p(z) with ¢ € CX(C"), ||l¢llc2 sufficiently small. Then on
Hy = Hg,,

Gy, (2, hD;) = q3(2,hD;) = O(1) : H — Hag,

where for u € Hg,

q3 (2, hD.)

(z tw C) e E=0 O (w)dC A dw,

+w Z—w
r : —299(Z ;
@76(3) w— ¢ 282 ( 5 >+Cz<z_w>,

(4.2)

where ¢ > 0 1s sufficiently small.

Remark. When g5, € -7 (As) then we can take ¢ = 0 and have a convergent integral
n (4.2). Since we assume analyticity the deformed contour provides a quick definition
for ¢ bounded near Ag + Bcn (0, po) which in the case of ¢ € S(Ag) requires the usual
integration by parts and density (of . C S in the (2)S topology) arguments — see
the proof of [Zw12, Theorem 13.8].
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Proof. We can deform the integral in (4.1) to the contour given by I's.(2) (see the
remark above concerning convergence): since ¢ is small and we take ¢ > 0 small the
deformation is allowed as ¢ is holomorphic and bounded in Ag, + Bcn (0, pg). To see
the boundedness on Hg we use (3.20). O

We now discuss
I,TPT*Il, = O(1) : Hp — Hs,
where the uniform boundedness follows from Lemma 3. We can apply the method of

stationary phase and for that it is useful to use the notation of (3.12). The phase then
becomes

U(a, B) + 2ip(B) —i[¥(z,w) + V(z,0) — ®(v) + i(v — ', () + ¥ (v, )]

! P
¢ = 20,0 (U;”)wi ooy

(v—v)

We now let

and show that
CVow 5 ¥ = U(z, 1), (4.3)

In fact, for simplicity we take ¢ = 0 and first compute

_ Ios o Ios o
avxp:—avqf(v,v)wvxp(”” “*“)ﬁaqu/(”” U+U)(v—v’),

2 72 2 72

~ v4+v v+
8@/Q/:%33U\If( 5 g >(U—U/).

Since 0y, ¥ is non-degenerate the second equation shows that v = v'. But then the
first equation becomes —0, V¥ (v, v) + 0,V (v, (v + v)/2) = 0 so that non-degeneracy of
02, ¥ implies v = v'.

Computing the remaining two derivatives,
050y = 05W(2,0) — 050 (v, D),

Oy W pey = —0,0(v,0) + 9, (v, ),

we use the non-degeneracy of 92, ¥ to see that v = z and v = w. But then the critical
value of U is given by U(z,w).
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We conclude that we have an analogue of (2.8):
N, TPT M ,u(a) = c,h™ / Kp(a, B)u(B)e 220/hqg,
Kp,(o, ) = G%w(a’ﬂ)a(a, B), a=ap+hay+---
wiod) o (50 200 (250)) . ot ie0) = pe.0)

®(z) = 5| mz" + ¢(2), z=2—1if w=y—in, a=(2.£, B=(yn)

(4.4)

Since
Zi(a,hDo)Kp(a, 8) =0, Z;(8,hDg)Kp(a, ) =0,

construction of B shows that a(a, ) is determined (modulo O(h*) 12512 ) by ala.
Hence,

I, TPT*Il, = II,M, 11, + O(h)LEﬁL?w (4.5)
where
Pe(@,8) = a(z, -0, ®(2)), z =z —i§, (x,§) €R™
q(2,¢) = p(z +i(,¢), P(2) = 3/ Imz[* + ().
But this means that

which agrees with (3.1). We also obtain the analogue of (2.14):
TP - ptpT + O(h%)La(R")—)La(T*R")' (46)
We summarize this in the following version of [Ma(2, Corollary 3.5.3]:

Theorem 2. Suppose that P is given by (2.5) where the symbol p enjoys a holomorphic
extension satisfying

P <M, |Tmz| <a, [Tmc| <0,
Then for ¢ € C°(T*R™) with ||¢||c2 sufficiently small and L2 := L*(T*R", e~2?/"dzdf),
(TPu,Tv)2 = (Mp,Tu, Tv) 2 + (R,Tu,Tv) 32, (4.7)
where R, = O(hoo)Lgp_)La and

Py(x,&,h) = py(x, &) + hpy(z, &) + -+,
p@(QJaf) = p(ﬂ? + 282@(‘7:75)75 - 218230(3775))7 =T = 25
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Proof. The leading term in (4.7) was already obtained in (4.5). Assume that we have
obtained p/,, j =1,---,J — 1 so that

11,7 PT*I (Z hp! ) I, + R, (4.8)

=y
<
=

a) = hJ—ncw/ B%w(a’ﬁ)a‘](a,ﬁ) —2p(B)/h w(B)dB, a’ ~ aOJ + ha{ 4o
T*R™

with a{ satisfying the transport equations (3.6). If we apply the method of stationary
phase to the first term of the kernel of the first term on right hand side of (4.8) we
obtain a kernel with the expansion

e @8 (ag + hay + -+ + b Lay + WO + BT ),
where a;’s are the same as in (4.4). Again all the terms satisfy (3.6) and hence are

uniquely determined from their values on the diagonal. Hence, if we put

pyla) =g (e, a) + ay(a, ),

we obtain (4.8) with J replaced by J + 1. O

Remark. The equality (3.1) holds for more general weights, ¢ € C%!, by more
direct arguments — see [Sj90, Theorem 1.2]. Here we were interested in developing the
approach of [HeSj86],[Sj96] based on Bergman-like projectors.

5. REVIEW OF SOME ALMOST ANALYTIC CONSTRUCTIONS

In §6 we will follow [Sj96] and describe the orthogonal projector L3 — Ta(L?*(R™))
(in the notation of Theorem 4). That will involve some more involved almost analytic
machinery and hence we will first consider some simpler examples. They seem to be
related to some (simpler) aspects of [Sj74].

5.1. General comments about almost analyticity. We will be concerned with a
neighbourhood of R™ in C™ and for U C C™ we define

felC?U) < 0:f(z) =O0k(|Imz|>*), z€ K €U.

This definition is non-trivial only for U N R™ £ (). We write f ~ 0 in U if f(z) =
Ok(|Imz|*), 2z € K € U C C™. We note that (see [Tr81, Lemma X.2.2]) that for
f € C* that implies 0“f ~ 0 in U.

Suppose A is an almost analytic manifold and A N R™ = Ar. One way to define A
is through almost analytic defining functions: near any point z; € Agr there exist a
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neighbourhood U of z5 in C" and f1,--- , fr € C°°(C™) such that
ANU ={z:fj(2) =0,1 <j <n}, 0.fj(2) are linearly independent,
0:5,(:) = O T + | sup, fi()]).

We now consider almost analytic vector fields:
V=Y a;(2)d.,, a;€C™(C"),
which we identify with real vector fields V such that for u holomorphic 1% f=v:
Vi=V+V=ReV

= Z Rea;(2)(0., + 0) +ilma;(2)(0,, — 0z;)

= Z Re aj(z)aRezj + Im aj(z)ahnzj'
=1

Example. Suppose M C C™, dimg M = 2k is almost analytic. Then vector fields
tangent to M are spanned by almost analytic vector fields, V; = a;(2) - 0., 0za;(z) =
O(|Imz|*®), z € M, j = 1,---k. In fact, using [MeSj74, Theorem 1. 4, 3°] we can
write M locally near any 2 € M NR™ as {(2/,h(2')) : 2 € C*}, h = (hpy1, - s hm)
CF — C™*, 9:h = O(|Im 2'|*° + | Im h(2")|*°). We then put

V=0, + Y 0. ()0, (5.1)
(=k+1
The real vector fields ‘A/J then span vector fields tangent to M. O

Following [MeSj74] and [Sj74] we define the (small complex time) flow of V' as follows
for s € C, |s| <6
O (2) :=exp 8/‘\/(2) (5.2)
The right hand side is the flow out at time 1 of the real vector field sV. Unless
the coeflicients in V' are holomorphic [V ZV] 7é 0 which means that exp(s + t)V #
exp sV exptV for s,t € C. However, we have [zV V] ~ 0.

Lemma 4. Suppose that I' € C™ is an embedded almost analytic submanifold and V
s an almost analytic vector field. Assume that,

‘7, iV are linearly independent and their span is transversal to I, (5.3)
and that, in the notation of (5.2),

| Im ®4(2)| > |t|/Ck, z€ K eTl. (5.4)
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Then for any U @ C™, there exists 6 such that
A= {expt/\\/(p) pelnU, |t <6, tE(C}
1s an almost analytic manifold, Agx = I'r and dimg. A = 2k + 2.

We will use the following geometric lemma:

Lemma 5. Suppose Z; € C®°(R™; T*R™), j =1,---,J, are smooth vector fields and,
for s € R,

(s,Z) Zsjz e C=(R™; T*R™).

7=1
Then for f € C*(R™)
P
1
) =Y (s, 2) f(p) + Ox(|s|"*"), pe K eR™ (5.5)
p=1 P
while for' Y € C>*(R™; T*R™)
P
Dy () = S L agh Pl -
SOV () = Y 2oty V() + Ok, pERER™ (50
p=1""

For a proof see for instance [Jel4, Appendix A]. We recall that F.Y(F(p)) :=
dF (p)Y (p).

Proof of Lemma 4. Let ¢ : I' — C™ the inclusion map. Then
8exp(t1\7 + 19 Z/X\/) ou(p) : TR x T') = T,C™

is given by (T, X) — T; W+ T Qi/‘\/ +1,X, which, thanks to our assumptions, is surjective
onto a 2k + 2 (real) dimensional subspace of T*C™. Hence, by the implicit function
theorem A is a 2k + 2 dimensional embedded submanifold of C™.

To fix ideas we start with the simplest case of I' = {0} C C". In that case {A =
{®:(0) : t € C, |t| < d}, and from our assumption |Im ®;(0)| ~ |t1V—|—t21V\ ~ [t|. The
tangent space is given by

T@t(o)A - {atq)t(O)T + 8{q)t(O)T : T c (C} C C2.
If we show that
9;®,(0) = O([t|™) (5.7)

then d(To, o)A, iTs,0)A) = O(t*) and almost analyticity of A follows from [MeSj74,
Theorem 1.4, 1°]. The estimate (5.7) will follow from showing that for any holomorphic
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function f, 002 0:f($+(0))][t=0 = 0. But this follows from (5.5) and the fact that
[V,iV] ~ 0 at 0. Indeed,

k=0

e ) 1 R - i
001020 £ (04(0))| o = O OL20; (Z o (t1V + tg'LV) f(o>> lizo

(5.8)

k=0

a1 A =1 ~ ~\F ~ =
= at1 (9t2 (Z E (t1V + tng> (V + ZZV)f(O)) |t:0
= ViV (V +4iV) £(0) = ViV (V = V) £(0) = 0.
The fact that XA/ and Z/‘\/ commute to/inﬁnite order at 0 was crucial in this calculation.
Holomorphy of f was used to have W f =W f.

We now move the general case. For z € I', Ty, ()A is spanned by
0P, (2)T + 0:9,(2)T, T € C, dd,(2)X, X € T.T. (5.9)

We can repeat the calculation (5.8) with 0 replaced by z to see that, using the assump-
tion (5.4) and the fact that Im ®,(2) = Im z + O(t),

90(2) = O(|t® + | Im 2[) = O(| Im ,(2)|*). (5.10)

To consider d®;(2)X = (P;).Y (P4(z)) we choose a vector field tangent to ', YV, Y.(z) =
X. We choose

k
Yo=W., We=) ¢V, ceCh (5.11)
j=1
a constant coefficient linear combination of vector fields (5.1). Then d®.(z)X =
(®).Y.(P4(2)) and we want to show that

¢ (D). Ye(Pi(2)) is complex linear modulo errors O(| Im ®;(2)|*). (5.12)

In view of (5.9) that shows that d(Ts,(:)A,iTs,:)A) = O(|Im ®(2)|>°) and from
[MeSj74, Theorem 1.4, 1°] we conclude that A is almost analytic.

To establish (5.12) we use (5.6) with (s, X) = sV + 522'/‘\/, s1 = Ret, s, = Imt.
Since [V,iV] ~ 0 and V ~ iV /i at Imw = 0, we see that

(@) Yo(w) =S gadg Wo(w) + Ot + [ Tmw|™). (5.13)

p=0 """
Because of the form of W, (see (5.1) and (5.11))
ad? W, (w) = adf, W,(w) + O(| Im /| + | Im h(w')|*),

and

¢ ady, W.(w) is complex linear.
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Since w = ®y(z), z € T,
| Imw'| + | Im A(w")| = O] Im 2’| + | Tm h(2")| + |¢])
= O(|Tm z[ + [t]) = O(| Im w[ + [¢]) = O(| Im w]),
since |Imw| = |Im ®4(z)| > |t|/C. Combining this estimates with (5.13) gives (5.12).
U

5.2. Quasimodes and a positivity condition. We make the same assumptions
on p € % as above but assume in addition that at (xo,&), p(zo,&) = 0 and
{Rep,Imp}(zo,&) < 0. We want to show that there exists u(h) € C*(R") such
that for P = P(z,&,h) = p(z,€) + O(h) &,

P(z,hD,h)u = O(h™) 2, WFy(u) = (20,&), ||ullz2z =1 (5.14)

(See [Zw12, 12.5] for a different argument based on a semiclassical adaptation of the
construction of Duistermaat-Sjostrand.) The assumption that p € . (R?*") is made
for convenience only: the construction is (micro)local in phase space.

5.2.1. FEikonal equation. Fix p an almost analytic extension of p. We proceed as follows.
Assume that (z9,&) = (0,0) and write p(z, &) = a(z, &) +ib(x, &) + O(|x|* + [£]?), a, b
real valued and linear. Since {a,b} = —c?® < 0, the linear version of Darboux’s theorem
[HOIII, Theorem 21.1.3] shows that there exists a linear symplectic change of variables
k(y,n) = (x,&) (preserving T*R™) such that

k*a = cny + O(n)? + |y, Kb = —cyr + O(In” + y[*).

We now switch to coordinates (y,7n) and we denote them again by (z,£). Writing p
for k*p and p for k*p, we obtain,

p(0,0) =0, p(z,&) = c(& —iz1) + O(|z|* + €[). (5.15)
For s € C"~!  small there exists (;(s) such that
p((0,5), (Ci(s),i5)) = 0, €1(0) =0, 0:61(0) =0,  05Ci(s) = O(|Ims|>), a>0.
We put Ag := {((0,5), (¢1(s),is))} and then, in the notation of (5.2) we define

A = {exp t/P-I\ﬁ(p) tp €Ny, teC, |t <e}CTrC

To check that A is an almost analytic Lagrangian submanifold of 7*C" we use Lemma
4. The transversality condition (5.3) follows immediately form (5.15) and it remains to
check (5.4). For that we note that with ¢ = ¢; + ity (and recalling that (;(s) = O(]s]?),

Im ®,((0, 5), (C1(5),15))) = (toc, alm s, cty, — Re s) + O(|t]* + |s[?).
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Hence, we obtain (5.4):
T @,((0, ), (G (), i5))] = elltz] + [t2]) + [s] — Ot + [s[?)
> |t/C+ |s|/C,  |s| < 1.
We now claim that A is positive in the sense that for

10(X,X) > c|X]?, X €TjpA CTjC" (5.16)
(Here o is the symplectic form (2.18).) In fact, vectors in T, ;A are given by

X = ((T,S),(iT,iS)), Se C"', T eC, (5.17)

from which (5.16) follows.

We now note that the (real) linear transformation s extends to a complex linear
transformation on C" x C" and we can go back to the original coordinates (x,&) by
taking the almost analytic Lagrangian manifold x(A). We also note that the positivity
condition (5.16) is invariant under linear symplectic transformations which are real

when restricted to R” x R™ (as then x(X) = ®(X)). Hence k(A) is an almost analytic
positive Lagrangian and we now denote it by A.

From (5.17) we see that m, : To,0A — ToC" is onto and hence we have an almost
analytic generating function, that is ¥(z),

0:¥ = O(| Im 2™ + | Im ¥(2)|*)
such that, as almost analytic manifolds,

A~ {(2,0,(2) 1 2] < €, W.(0) = 0. (5.18)

Proof of (5.18). Since A is a.a. Lagrangian, we have |y ~ 0 (vanishes to infinite order
at Ag) while the projection property shows that, near z =0, A = {(2,{(2)) : z € C"},
¢(0) = 0. Hence d({(z)dz) ~ 0 and (see [MeSj74, Theorem 1.4, 3°])

0:(2) = O( T 2 + | Tm (=) ).
We note that for z = z € R, the strict positivity at Ag = {(0,0)} shows that
|z|/C < |Im((z)| < Clz|, ze€R", |z| <e. (5.19)
We now see that

0~ 0"/\ = ZGZCJ(Z) N de + O(’ Im Z|OO + |Imc<z)|oo)Coo((Cn;/\2n(Cn)7
j=1

and in view of (5.19)

0.,G(2) — 9, Gula) = O(al®), = € R, |a] <
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For z € R" define ¥ by the simplest version of the Poincaré lemma:

() = /0 C(tx) - wdt.

Then

= /1 (i £z 0, G5 (t) + Cj(t:c)> dt + O(|z|®) (5.20)
— /0 O (t¢;(tx))dt + O(|z|>) = ¢j(z) + O(| Im ¢ (2)]>),

in the last argument we used (5.19) again. We now define ¥(z) as an almost analytic
extension of ¥. From [MeSj74, Proposition 1.7(ii)] we obtain (5.18). O

The strict positivity of A implies that Im ¥, (0) is positive definite:

Tio,0{2, V.(2)} = {(Z,9.,(0)2) : Z € C"},
(V.0 (0)Z, Z) = 20((Z,V4s(0)2),(Z, Yy, Z)) > c| Z*.

The eikonal equation is satisfied in the following sense: for z € C", |z] < €,
p(z,V,) = O(|Im z|* + | Im ¥, |*°) = O(] Im 2| + | Im ¥|*°), (5.21)

(We can replace Im ¥, with Im¥ as for Imz = 0, Im¥ > 0 and hence |Im V¥, | <
C|Im W|z.)

Proof of (5.21). We have for s € C,
sHyp = s0cp - 9:p — 59,5 - 0gp = O(| Tm 2| + [Im ¢|>).
Since ply, = 0, we see that p(z, ¥,) ~ 0 at Ag. O

Hence to find u satisfying (5.14) we take
u(z) = eV @/ha(z, h). (5.22)

Almost analytic extension of a will make a natural appearance in the transport equa-
tion.
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5.2.2. Transport equations. We write the amplitude as @ = ap + ha; +---, a; € S
and to find the transport equations we apply the method of com plex stationary phase
[MeSj74, Theorem 2.3, p.148] to

P(x,&, h)en vt Wla(y h)dydé

p(z, U,) (Z O, D(x, V) 0y, + 5 Z e D )a(m, h)

+ h <p1 z,W,) Z Vo, () 0% ¢, P2, U )) a(zx, h) +O(h2)y] :

k(=1

The first term is estimated using (5.21) and the transport equation become
foik(z) + %depEik(z) + ZC\pak(Z) = Fk_l(ao, cee ,Eik_l), F_1 = 0,
Vy = (ma)sHp = 0¢, D(x, V)0, ma:A={(2,T,(2))} — C",

(5.23)
cy(z) = —1 Z V., . (2 ng p(z,¥,).
kt=1
We now solve these equations using the “almost analytic” flow of V;:
2(t,w') = exp(fV,)(0,w'), |Tm [z(t,w') —w']| ~ |t],
(t.0') = exp()(0,w), [T [o(t,w) '] ~ I -

w' € Bea-1(0,€), t€C, |t <e.
So, for instance,
1
ao(z) == expgo(2), go(z(t,w')) := —/ tho(z(ts, w'))ds, by := 2divV}, + icy.
0

We now calculate the action of V,, on the go(z(¢, w’)) using almost analyticity of by and
the properties of z(t,w’) in (5.24):

V(= (A}:H%W%%HOwD+WMﬂ

A T b0, ) + O(IH1) + O] T 2(0,w)[<)ds

:—}jgiﬁﬂﬁﬂwd&wﬁ+WM”+OMmd&wW%
k=0 ’

= —bo(2(t,w")) + O(|t] + | Im 2(0, w')|*)

= —bo(=(t,w")) + O Im W[ + | Im 2[*).

This gives (5.23) with & = 0. Similarly we obtain solutions to the remaining transport
equations. We obtain a by taking an asymptotic sum and multiplying it by x(z) where
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X € CX(Bgn(0,€), x = 1 near 0. Then returning to (5.22) we see that
P(z,hDy, h)(e" @/ ha(z, b)) = O(h™® + e M Y@V T U (7)) o0 = O(h™) e,

WEF,, (e“'(:”)/ha(x, h)) = {(0,0)}.
(5.25)

6. PROJECTOR IN THE CASE OF DEFORMATIONS

We now present a version of [Sj96, §2] in the case of the usual FBI transform on
R™. It is based on deformation of T*R"™ to a I-Lagrangian, R-symplectic submanifold
of T*C". In §8 we will show that this approach, described in §§3,4, is equivalent to
the approach using weights.

The FBI transform and weights used in [Sj96, §2] are different from the ones used in
[Ma02] and §3. The procedure of [Sj96], and earlier of [HeSj86], involves deformation
of Tu(z,€) to an I-Lagrangian, R-symplectic submanifold of C*":

A=A :={(z +1i0:G(z,£),£ —i0,G(x,€) : (x,€) € R*"}, (6.1)

where G € C2°(R?") is assumed to be small in C?. This means that for the symplectic
form (2.18) on C*" = T*C" we have

Imo|y =0, op:=Reoly is non-degenerate.

Smallness of G is needed for the second property. We also note that A is a (maximally)
totally real submanifold of C*" ~ R*", T,A N4T,A = {0}.

We parametrize A by (x,¢) using (6.1) and define
Tau(z, &) = Tu(xr +iGe(x,§), & — 1Gy(x,§)). (6.2)
A natural weight associated to G is given by H(z,§) satisfying
dyeH = —1Im( - dz|a. (6.3)
Since
—Im(-dzly = —Tm(€ —iG.)d(z +iGe) = (Gr — (€ - Ge)a) - d — (Gecf) - dE,
H is given by (we choose H = 0 for G = 0)
H(z,8) = G(x,8) = & Ge(,8). (6.4)
Lemma 6. For u € ./ (R*") define
Sau(y) = ch— % - e%“yﬂ*ic@g’ic"l)*%(”icﬁ’y)Z)b(z,£)u(:c,£)d:cd£, (65)
b(z, €)de A dE = d(€ — iG,) A d(w + iGe).
Then
S\Tyv =v, ve L*R"), (6.6)
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and
ThSy = O(1): L3 — I3, L3 := L*(R™ e 2H/hqgds). (6.7)

Remark. The weight H defined by (6.3) is precisely the unique weight (up to an
additive constant) for which (6.7) holds — see (6.9) in the proof below.

Proof. To prove (6.6) we write out the composition and deform the contour. The phase
in the composition is given by
(€ —iGoy— )+ L (2 +iGy —y)* + (x +iG, — ¥')?).

If 2 =24 iGe(x,§), ¢ =& —iGy(2,§), then our choice of b shows that b(z,§)drdé =
d¢ A dz and, by deforming the contour from Ag to Ag := R?" (note that Ag and A,
coincide outside of a compact set),

SaTau(y) = ceh™ % // e%((y—y’)@r%((y—3)2+(y’—z)2))u(y/)dCdzdy/
Ag

— cch™ % // e%((yfy’)CJré((y72)2+(y’fZ)2))u(y/)dgdzdy
Ao
= T"Tu(y) = u(y).

To prove (6.7), we complete the squares in the phase arising in the composition of
TASx to obtain the phase

n = 5((2.0) = (£,¢) + 5((z.¢) = (2, ) + 5((( = ) + (= 2)?)
z:=x+1Ge, 2 =2 +iGg, (6.8)
(=& —iG,, (=& —iGy,
and where Gy := Gy (2/,&').
We calculate (noting that as A is totally real we can use holomorphic differentials
by taking almost analytic extensions), dIm, = (0 + 0)Im,y = Im Iy, where d
denote the differential with respect to (z,&,2’,¢’") and O the holomorphic differential

with respect to (z,(,2’,(’"). Using the expression above and restricting to z = 2’ and
¢ = (' we see that

dIm ¢A|(z,§):(x’,§’) = Im(Cdz — Cdz') = (—dx7§H + dgg/f/H) |(x,€):(w’,§/)- (69)
This means that
Im%\ = _H(ma 6) + O((l‘ - $1)2 + (5 - 5/)2) + H(wla 6/)7 (610)

and as G (and H ) are small in C* the comparison with the case G = H = 0 gives
Imipy = —H(z,€) + (5 = O([Glle2)) (€ = &) + (v — 2')*) + H(2', €).

The Schur criterion now gives the boundedness in (6.7). O
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Remark. A more pedestrian way of seeing (6.10) follows from a direct calculation
and from using the formula (6.4):

2Imp = EGe — G — 2G, + &' Gy + §'Ge — 2Gp + 2'G, — Gy

+ (=) = (G =G + (x—2')* = (Ge — Gp)*

= 20Ge — 2§,G5 +2(¢ - §)Ge + 2(2' — 1)@,
+ (= (Ge — Ge) + (' — 2) (G — Ga)
F (=) = (G =G + (x =) = (Ge = Gr)*

= —2G(x,§) +28G(7,€) +2G(2/, &) — 28 Ge (2, €)
+(1=0(|Gle2)((€ = &) + (x = 2')?)

= —2H(z,&) + 2H(2',&") + (1 = O([|Glle2) (€ = &) + (x — 2')?).

We now move to construct the orthogonal projector
MA(L3) = Th(LA(RY), 7 =TIy, T3 =14, (6.11)

and describe its structure. That is done similarly to the construction of 11, in §3. The
complication comes from a more involved form of the operators (; which requires the
use of the almost analytic methods reviewed in §5.

We start by defining operators which annihilate the deformed FBI transform. We
first recall that the holomorphic extension of 7' satisfies

Z;T =0, Z;=hD,, —( —ihD,.
Hence,
ZMNw, &, hDy, hD)Ty =0, ZNx,& hDy, hDe) := (hD,, — ; —ihDg,) |a,  (6.12)

where

hD.|a]  [I+iGae(x,8)  iGee(x,&) 17 [hD,
hD(|A o —ZGa:m<l’,§) ]—iG&z(x,f) hDE '

Since Z;’s commute we have (with a = (z,€)) [Z}(a, hD.), Z}(a, hD,)] = 0.

We now repeat the construction outlined in [Sj96] and presented in the slightly
simpler setting in §3. Again, the argument proceeds in the following steps:

e construction of a uniformly bounded operator (as h — 0) By : L3 — L3 such
that Z}By = O(h*) 12 12, By = By and B} = By + O(h™) 12 12

e characterization of the unique properties of the Schwartz kernel of By: unique-
ness of the phase and the determination of the amplitude from its restriction
to the diagonal;

e finding a projector P\ = O<1)Lf\—>Li onto the image of Tj.
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e choosing f € S(1), f > 1/C so that A := PAMfPA*’H (in the notation of §2),
satisfies A = By + O(h*) 12 2 ; this relies on the uniqueness properties in the
construction of By;

e expressing Il as a suitable contour integral of the resolvent of A and using it
to show that Iy = By + O(h™)2_,12.

To construct By we postulate an ansatz
BMKQ)—hfn/) eV A2 a o, B)u(B)dma (),
T*T"
dma(B) := (o]|a)"/n! =da, f =Rea, «a€A,

(6.13)

and as in (2.9)
ZNaM)MWMW%mﬁnzow“+m—M%,

6.14
ZMNB,hDg) (V@D ta(a, B)) = O(h™ + |a — BI), (619

where Zv;\, j=1,---,naredefined in (6.16) below. The equations (6.14) are consistent
with ¥ (a, B) = —¢(5, @)and a(a, 5) = a(5, ) — see §6.1.
Notation. Suppose @ is a differential operator with holomorphic coefficients defined
near A. We write

Q(Oé, hDa) = Q(Zv C, th» hDC)7
and Q(«, hD,,) for the corresponding anti-holomorphic operator. The operator @) can
be restricted to the totally real submanifold A and that restriction is denoted by Q™.
If we parametrize A by a € T*R"™ we write Q* = Q*(a, hD,). This operator then has
an almost analytic extension to a neighbourhood of A and we denote it by the same
letter. We also consider the anti-holomorphic operator u — Qt,

J ute@ieyta = [ iQulap(a)da.

and denote its restriction of A by Q*. The reason for this notation is the fact that, as
function on A ~ T*R",
—A [
o(Q7) = o(QY). (6.15)
We use the same letter to denote its almost analytic extension to a neighbourhood of A.
We also define Q*, o(Q")(a, a*) = o(Q*)(a, —a*). Here o refers to the semiclassical

principal symbol.

We illustrate this in a simple example: A = {(x,& —ig'(x)) : (z,&) € R?*}, g €
C®(R;R). If Q = hD, — ¢ — ihD; then

Q" = hD, +ig"(x)hDs — 5 +ig'(z) — ihDg,
Q" = hD, — ig"(x)hD¢ — € —ig (x) + ih D¢,
@A = —hD, + ig"(x)hD¢ — S —ig'(x) — ihDg,
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with the operators extended to a neighbourhood of A by taking holomorphic derivatives
and an almost analytic extension of g. 0

We note again that the weight H does not appear in 7 JA To see this we first compute
(2))

(ZJAu, V)2 = / Zj‘-\(a, hDo)u(a)v(a)e 2@ dm ()
T*Tn

:/Zj(a,hDa)u(a)v(a)e2H(a)/hda
A

= [ u(@)(Z e hD.) e )da

= / u(a) (€2H(a)/h7j(a’ hDOC)efQH(a)) v(a)e‘QH(a))da
A

where (see the remark about notation above) Z;(a, hD,)v(a) = (Z;(a, hDg)tv(a).
Hence
—A

(Z;-\(oz, hDa))*7H _ €2H(a)/h7;\(a’ ]11905)6—2H(a)7 Zj _ 7j|A-

We then have
0= (Z}By)*u(e) = By(Z) u(er) = Ba(Z}) u(a)

= Ka(a, B)e 21 OM(Z2) u(B)dma (B)

T*Tmn

= /AKA(Oé,ﬁ)Ej(ﬁ?hDB) (672H(6)/hu(ﬁ)) a3
— / (Ej(ﬁ, hDﬁ)KA(Oé,ﬂ)> w(B)e B g g

ZMB,hDg) K (e, B)e™ >0/ (B)dmn (),

—

where

Z;(B8,hDg)v(B) := Z;(8,hDy)'v(B) = Z;(8,hDp)v(B), Z' := Zj|. (6.16)
Explicitly we have
Zi(2,¢,hDy,hD;) = —hD,, — {; — ihDy,, (6.17)

where

{h@% B {1—2'0:,;5(9;,5) —iGee(, &) r [th]
hD§|A a ZGxx(l',g) I—I—’LG&x(I,f) hDg ’

Also, [ZJA, Z{g] = 0.
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6.1. Eikonal equations. Let CJA and EJA be the principal symbols of ZJA and ZJA re-
spectively. The eikonal equations we want to solve are

(Mavdat(a, B)) = Ola— B®), MB,dstb(a, 8) = Ola = BI), a8 € A. (6.18)
We recall that CJA are restrictions to T*A of holomorphic functions on T*C**: (; =
v — & — 15, (2,8, 07,8 € C?" x C?". We now put

<A * - *
Cj (Oé,Oé ) = CJA(Oév - )
which is the principal symbol of 7;-\.

From the geometric point of view, so that we remain in the same framework as
in §2.2, it is convenient to construct the phase function corresponding to By :=
e /" Byef/h That means that properties of By on L?(A) are equivalent to the prop-
erties of By on L2, that is we want

By = B}, B} = By. (6.19)
We have
Bula) = " [ et Pa(a, Bju(3)ds,
Y (a, B) = iH (o) + ¢(a, B) + iH(B).

To simplify the notation we first assume that A (and consequently H defined by (6.3)
and CJH , EJH ) are analytic. We will replace that by almost analyticity by proceeding as
in §5.

To construct ¢y we consider €y, the relation associated to it:

G = {(a,datpu (e, ), B, =dgtpu(a, ) : (o, §) € nbhdean (Diag(A x A))}. (6.20)

In view of (6.19) we must have
G o Cy = Cr, Cy = Cr. (6.21)
(Here ?;1 ={(p.p) : (p),p) € €u}, and p — p is defined after the almost analytic

identification of A with T*R".)
We define

CH(OZ, Oé*) = ij‘\(aa at — ZdH(Oé)),

J

{1 (a,0) i= (Mo, a* + idH(a)) = CF(a, a"),

J J

(6.22)

so that the formal analogue of (6.18) is given by
CjH<Oéa dawH(Oé7 B)) = 07 E]H(aa _dﬁwH(a7 ﬁ)) = 0. (623)



AN INTRODUCTION TO MICROLOCAL COMPLEX DEFORMATIONS 35

(Here again the a and a* are defined after an identification of A with T*R"™). We
construct €y geometrically — see §2.2 for the simpler linear algebraic treatment in the
case of the FBI transform without weights. In view of (6.20) and (6.23) we must have

€y CSxS, S:={p:"(p)=0, p€nbhdeu(T*A)},
S={p:peSt={p: éjH(p) =0, p € nbhdcan (T"A)}.
If follows that the complex vector fields H . cn and Hy en (mr(p, p') := p, wr(p, p) =
p')) are tangent to €. By checking the case of T*A = T*R" (no deformation and
hence H = 0) we see, as in §2.2 that SN S is a symplectic submanifold (with respect

to the complex symplectic form) of complex dimension 4n. The independence of HC{’?
Hen s j,k=1,---n (again easily seen in the unperturbed case) shows that
J

Ben(0,€) X Bea(0,€) x (SN S) 3 (t,s,p) > (exp(t, Hen)(p), exp(s, Hg,, ) (p)) € C*,

is a bi-holomorphic map to an embedded (complex) 4n dimensional submanifold. This
and idempotence (first condition in (6.21)) imply that

Cr = {(exp(t,H<H>(p),eXp<s,H§H>(p)) :p€SNS, t,s€ Bea(0, e)} ,

where (t, Hyur) ==Y ;_, tiH o, o = ¢, C.

The second condition in (6.21) is automatically satisfied (this makes sense since
% C S x S came from demanding that 0 = (¢ B)* = B(¢/)*). Since w : €5 —
nbhdean (A x A) is surjective we have have a parametrization given by (6.20) with ¢y

determined up to an additive constant. We claim that we can choose that constant so
that

Yu(a,a) = 0. (6.24)

To see this we note that (from €y = ?tH)

dawH(O%B”a:B = _dﬂd}H(Oéa ﬁ)|a=ﬁ7 a € A7
and hence

do(Vu(o, @) = dotpr(a, B)|a=p + dstr(a, B)|a=p

6.25
=2iIlmd, Yy (a, f)lazp, « € A. (6:25)

To find Im d,v¥ g (e, B)|azp it is convenient to go to the origins of the symbols CJH
(6.22) : ZJA’S, with symbols CJA annihilate the phase in T and hence

Sa = SNTIA® = {(a,dasp(e,y) + idH(a)) : y € C"},

pla,y) = (z =y, ¢) +i(z — y)*/2,
2 =0y + 1Ge(ay, 0¢), (= ag — Gy, ag).
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In the case G = 0 (and hence H = 0), S, and S, := SN T*AC intersect transversally
in one point and that has to remain true under perturbations. Hence we are looking
for a solution to

dotp(a,y) +idH () = dop(a, y') — idH (). (6.26)
Now, at y = 3/ = a, we have d,p(a,y) = (dz|x and in view of the definition of dH in
(6.3), (6.26) holds. It follows that for o € A

So N Se = {(a,Re(Cdz|p)} € T*A.

Next, by analytic continuation (replaced by almost analytic continuation below), it
follows (since intersection of S and S is transversal and we have the right dimension)
that

F =5n5={(o,w(a) +w(a)) : @ € nbhdcz:(A)}, w(a)|s = 3Re((dz]s), (6.27)

where we recall that w(«) (@). But this shows that 7= !(diag(A x A)) N €y is
real which means that Im dawH(a,B)‘ﬁ:a = 0 for @ € A showing that ¥y (o, a) is a
constant which can be chosen be 0. This gives (6.24).

Remark. Vanishing of Im d,¢y (v, B) also shows that
—Imy(a, ) = O(la — BI?)
and since G is assumed to be small, the case of G = 0 shows that
—Imyy(a, B) < —|a— B*/C, C>0. (6.28)
This shows that By given by (6.13) is bounded on L2 O

We now comment on the general case and explain how to use almost analytic ex-
tensions off A. We first identify A with T*R™ using (6.1) and extending G almost
analytically to C*". We then define # by (6.27) using an almost analytic extension
of w(a)|s (where @(a) = w(a@)). We are now basically in the same situation as in
§5.2.1, except for a larger number of vector fields, with A replaced by 5 and Ay by

{(p,p) : p€ Z}. Hence we define
Gy = {(exp (t, Hon)(p), exp <@>(p)) pe F, tse B@n(O,e)}.

Almost the same arguments as in §5.2.1 show that

|Imexp (¢, Her) (p)| = [t]/C, |Imexp (s, Hen)(p)| = [s]/C, p€ 7. (6.29)
In fact, for ¢ := 27 — (; —i¢j and = z; — (j +i¢; we have {¢;, G} = 2i0j%. On
T*A, ¢f' = ¢l and {¢¥,(['}/2i is positive definite. By taking a linear combination
of (s we can then arrange that, at a given point, {¢#,(ff}/2i = ;.. We can then

make a linear symplectic change of variables at any point of T*A giving new variables
(z,y,&,m), z,y,&,m € R™, centered at 0 € R, such that

(I = el + iy) + O + 1y +1€P + nP). >0,

J
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and this holds also for almost continuations of CJH . That means that near 0,
J ={(2,0,(,0) + F(2,0)) : (2,¢) € nbhde=n (0)}, F =0O(z]> +[¢[*),  (6.30)

We also note that for (z,¢) € R*" (which corresponds to the interection with T*A),
¥ is real. This means that in (6.30),

Im F(z,¢) = O((| Im 2| + [ Im ¢[)(|2] + [<]))-
Hence,

Tmexp (£, Hon) (2,0, 6,0) + F(2,0)| = |(Im 2, cIm £, Im ¢, ¢ Re£)|
+O((|Tm 2| + [Tm ¢[)(|2] + [¢]) + [*)
> [t]/C, it |z, ¢ < 1,

with the corresponding estimate for (. Lemma 4 and (6.29) now show the almost
analyticity of €. As in the proof of (5.18) we now obtain ¥y = ¥y («, ) such that,

d&,Bl/}H(Oéa 6) =0 (d((a7 5)7 dlag(A X A))OO> :

Restricting ¢y (c, 5) to A X A gives (6.18).

We now return to our original ¢ in (6.13), ¢¥(«a, f) = —iH () + Yu(a, 5) — iH(B).
Our construction shows that

(6.18) holds, ¥(a,a) = —2iH (), ¥(a,p) = —(6,q), a,p € A. (6.31)

Remark. Although we motivated our construction using the self-adjointness and
idempotence properties of the operator By (or equivalently Bpy), the construction
shows that v is uniquely determined, up to O(|aw — §|*), by (6.31). O

We also record that

ev.s (Y(a, B) + 2H(B) + ¥(8,a)) = ¥(a, a),

—H(a) ~Tmy(a, §) = H() < —|a = BP/C, C>0. (6:32)

6.2. Transport equations. We now return to (6.14) and consider the transport equa-
tions satisfied by a. The analysis is similar to that in §5.2.2 and we start with a formal
discussion (valid when all the objects are analytic). In view of the eikonal equations
we have, as in (5.23),

a(a, B) ~ Y hrar(a, B),
k=0
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where, with CjAl the second term in the expansion of the symbol of ZA, we want to
solve

V;'ak<05’ 6) + Cj(a7 ﬁ)ak<a7 5) = Flg—l(CLOa e 7ak71)(a7 5)7 Fil = 07
‘/j = <‘/j(0475),8a>; ‘G(aaﬁ)é = 8&;Cf(a7da¢(a’/8))’

= %Zaae‘/](aaﬁ) +Cj1(avda¢(a76)) (633)

—1 Z akae 82* *C (O‘>daw(a’ﬁ))'

k=1

We have similar expressions coming from the applications Z ]A(ﬁ ,hDg) with V;, ¢;, F, ,Z
replaced by ‘N/], cj, F ,g , and with the roles of o and § switched. A key observation here
is that HCA and HCA (3 are tangent to ¢ and commute and that V; and —\7}- are
these vector ﬁelds in the parametrization of € by (a, 3). Hence,

[V}" Vk] =0, [V}’ Vk] =0, [‘7k> f/k} = 0. (6'34)
We note that, for any b(«, 3) € S°,

ZMa, kD) (e @b(a, B)) = he N ((V; + ¢j)b(a, B) + O(R)),

~ i i _ (6.35)
ZX(8,hDy) (eF*b(a, B)) = het A (V; + &)b(a, B) + O(R)),
Moreover, solving (6.33) means that
ZMa, hDg) ( thak a, B) ) hEFenv @A I (a, B),
(6.36)
Z}8B,hDp) ( ) Z hFay(a ) = WA EL (o, B).
Since
(2} (o, hDa), Zi (o, hDa)] = 0, [Z}(8. hDg), Z} (B, hDs)] = 0,
[Z} v, hDa), Z (8, hDg)] =0,
we have from (6.34) and (6.35),
VCk = VkC], VkC] VCk, VkC] Vck (637)
Similarly, (6.36) gives
(Vi+ ) Fieoy = Vi + ) Fie_y, (Vi + ) Fieoy = (Vi + @) Fie_y, (6.38)

(Vj+ ) Fey = (Vi + &) Fi_,
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Equations (6.37) and (6.38) provide compatibility conditions for solving (6.33):
(Vi +caw =Fi_y, (Ve+@)ar = F_y, ap(a, o) = by(a),

where the b,’s are prescribed. In fact, since the V,’s and \7j ’s are independent when
a = [ (as complex vectorfields),

C X C" % C" 3 (p,t,5) = (0, 8) = (exp(V; 1) (o), exp(V,5)(p) ) € C x €,

(V1) == th‘/}, (V,s) = Zsj%,

j=1 =1

is a local bi-holomorphic map onto of nbhdca (diag(A x A)) (almost analytic in the
general case). In view of this and of (6.34), (6.37), the following integrating factor,
g = g(a, B), is well defined (in the analytic case) on nbhdca (diag(A x A)):

~ n 1
gV (p), eV (p)) 1= — Z/ (565 + 85Ci)| (0 8y=(er Vit (p).em(7 o) () 4T
j=1"0

and satisfies
Vig(a, B) = cj(, B), Vigla, B) =G, 8), j=1,---,n.
We then define ay(a, 8) inductively as follows: at («, ) = (e!V¥(p), (Vo) (p)),
ax (v, ) = "Dy (p)

1
+ e9(h) /0 e 90 )(thlgfl(’% v') + SjFlgfl(’% '7,))|(%7/):(67<V¢>(p),er<\7,s>(p))dT-

The compatibility relations (6.38) then show that (6.33) hold.

We now modify this discussion to the C'*° case using almost analytic extensions as
in §5.2.2 and that provides solutions of (6.33) for (a, f) € A x A valid to infinite order
at diag(A x A) with any initial data on the diagonal. In the time honoured tradition
of [HeSj86] and [Sj96] we omit the tedious details.

Combination of §6.1 and 6.2 gives (2.9) with arbitrary a(a, a) ~ >, br(a)h".

6.3. Construction of the projector. We now proceed as in §3.3 and obtain the
initial values, by(c) in the construction of the amplitude. Thus let B, be given by
(6.13) with phase and amplitude satisfying (6.14) and (6.28) with a(a, ) to be chosen.
We also note that (6.14) determine a(a, 8) (up to O(Ja — |* + h*)) from a(a, o) ~
S b (@) RE.

To find b;,’s we proceed by computing the expansion of B3 using stationary phase.
Since Z}B} = O(h™)[2,;2 and B} is self-adjoint, the integration kernel of Bj is
again determined by its values on the diagonal (for the phase see the remark after
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(6.31)). The stationary phase argument (3.13)-(3.16) gives the desired bjs and we
obtain a(«, #) with

a0, B) ~ 3 Rrar(a, B), [ao(a, a)| > 1/C,
k=0

such that By given by (2.9) satisfies
By =By, By=0(1):L% - L3, B3=By. (6.39)

We now proceed as in §3.4 and show that the exact orthogonal projector (6.11)
satisfies
The only difference in the argument is the construction of the the exact projector Pj:
Py(LR(A)) = TA(L*(R™)), PR=Px, Px=O01)1,0)>Lu)-

But a bounded projection was already provided by Lemma 6 and in its notation we

can take
PA = TASA.

For f € S(A), f(a) ~ > o2, frla)h* | fo(a) > 1/C, we now define
Ap = PofPY", Apu(a) = " / et @D (o, Bu(B)e 2O dmy ().
A
As in §3.4 we claim that ¥y =1 (modulo O(|a — 5|*°)). Indeed, since A}’H = Ay and
Py = T) Sy, the arguments leading to (6.18) apply and those eikonal equations hold

for 1, as well. Hence, v, is fully determined by its value on the diagonal and we find
that using ¢, in (6.8) and (6.9)

Yrle, @) + 2iH (a) = .v.5 (v (@, B) — Uala, B)) = 0.

But this means that (6.31) holds for ¢; and hence ¢;(«, 5) = ¥(«, 5) + O(|a — 5]*).
Choosing f so that Ay = By + O(hOO)L%_)L% as in §3.4 and arguing as in that section
gives (6.40).

7. PSEUDODIFFERENTIAL OPERATORS

We now discuss the action of pseudodifferential operators

1 i
Pu(z) = s / ) / (. er T u(y)dyde, (7.1)
where p has a holomorphic extension satisfying
p(z, Q) <M, |Imz| <a, [Im(]<b, (7.2)

for some a, b, M > 0.
We start with the following
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Lemma 7. Suppose that P is given by (7.1). Then
ThPSy = O(1): I3 — L3, ThPSy = coh™ / Kp(a, B)u(B)d8,
Kp(a, B) = et Dap(a, ) + r(a, B), (7.3)
0,5) ~ S Wab(0,5), ab(a,0) = pla(a),
=0
where Yy is given by (6.8) and
|r(a, B)] < Ce™ (@ P/eh,

Proof. Formally,

[el

%w(ay) Y=y s m—e*(By")) dudnd
h3 27rh /R/ p(y, m)dy dndy,

and the critical points of the phase
(v, y'sm) = ola,y) + (v —y'.n) — " (B,9),
oo, y) = (ae —y,ae) + 5(ae —y)%, @ (B,y) = @(B,y), a,B €A,

Kp(Oé, 6) =

are
Yy = Z// =Yec = %(04:1? + ﬁx) + %(ﬁ& - 05{)7 nN="N= %(CVE + B&) + %(ax - B:r)
The critical value of the phase is given by 1, in (6.8). This gives a formal argument
for (7.3).
To justify this, we first shift contours by

/

y—y

(y—vy)’

N n+ie
which changes the phase to

. : _ a0\ 2
(00— 106) {0 ) (y— ' en) 4 {4 — B )+ (B — ) i LY

2 (y—y)
Next, we shift contours in y and ¥/:
(n—ae) (B —m)

This results in the phase

<a:v -y, O‘ﬁ) + %(ax - y>2 + <y - ylv 77> + <y, - 6za ﬁ§> + £(ﬁ$ - y,)2
Lm—adr (=B (y—y)? Ly =P
" (n — ) " (n— Be) " (y—v") [< YV lae—m) < > G-y Y B >}

U
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Therefore, choosing ¢ > 0 small enough (not depending on (), we observe that the
imaginary part of the phase satisfies

tin® > T [(0s = i) + (s = 1) + (0 =) + G = B ) + 550 — 9

—ag® . =p)" . (=y)*) M I
—ae) -8 y-y)| 4 o =y 418 =T

e lae—nP  n=peP  alv—l

+ Im [Z’(—:

- — €
M [{ag =m)* (B —m® (y—v)
> clag = yI* + el B — y'[* + celn — ag| + celn = Bel + cely — y'| = ClIGllcn.

In the last line we have used that G is compactly supported to see that
| T (o, ag) — (Be, Be)) | < Ol Gl
Now, suppose that |a — | > §. Then,
o =yl +18e = /| + 1y — ¥/ + o — nl + [Be —nl > 6

and, choosing ||G||c: small enough depending on ¢, the integral is controlled by
Clo—l0—B)/Ch.

In particular, we have, modulo an acceptable error,

c 2 1 2 a —a! Ak / _
KP(avﬂ) = |h_|721(27'{'h)n / / eh(‘:"( W)+Hy—y' m)—e* (By ))p(y7,,7)x(5 lla _ BD dy/dndy
R2n n

where y € C°(—2,2), x =1 on [—1,1].
Since we are now working in a small neighborhood of the diagonal, the contour shift,
y=ytyle, )y =y +yla,B),  nentnlab)

is justified. The phase after this contour shift is given by

i[(aé - B&)Z + (g — Bz)z] + %(O‘x — B, e + ﬁf) + %yz + %yIQ +(y — Y, n)-

The stationary point of the phase is now at y = v’ = n = 0 and the imaginary part
of the phase is always larger than at the critical point. Therefore, we may apply the
method of steepest decent to obtain the expansion in (7.3). O

We now proceed as in the proof of Theorem 2 to obtain

Theorem 3. Suppose that P is given by (2.5) where the symbol p enjoys a holomorphic
extension satisfying

p(z, QO < M, [Imz| <a, [Im(]<b.
For G € C*(T*R") with || B||c2 sufficiently small we define
A =Ag = {(z+iGe(x,€),& —iGu(x,€)) : (x,&) € T*R™), L3 := L*(A, e 2@/t qq),
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where H is given by (6.4). Let Tau := Tuly (see (6.2)).
Then, for u,v € L*(R"),

(TPu,Tv)z = (Mp,Tu,Tv) 2 + (RaTu,Tv) 2, (7.4)
where Ry = O(h*) 2 12 and
PA('Z?C?h):p|A<Z7<)+hp/1\<27<>+ ) (Zag) €A

8. WEIGHTS VS. DEFORMATIONS
To show that the approaches of §3 and §6 are the same, we want to find p = p(z,§) €
C>(R?*") such that
TSy=01)=L3 = L2, ThS=0(1): L2 — L}. (8.1)
Let pg be the phase in T and pg be the phase in Sy. We need

90(1‘76) = ‘PmaX(an) = SOmin(l',f),

Pmax (T, &) = (xljrgr})ae%% (—Imec.vy(po(x, & y) + Pa(2’, &, y))+H (2, £)) 52)

Puin@.) 1= min_ (~H(@',€) + Ime, (Gl €.9) + pola'.€.9))).

We start by noting that
QDG(xagvy) = (I)<Z7C7y)|(Z,C)EAG7 (I)(Z,C7y) = (’Z - y>< + %(Z - y>27
and that
QZG(:E7£7y) = _@<27C7y)‘(Z,C)€Ag7 (I)(27C) = (I)(,?’ C)
The critical value of y +— ®(z,(,y) — ®(x,€,y) is given by
Yo = Yo(@,§,2,C) = 3z + 2 +1i(§ = (),
while the critical value of y — ®(z, &, y) — ®(2,(,y) is given by
Je = Je(@,&,2,¢) = 3(z + 2 +i(¢ = §)).
To find the maximum in (8.2) we first note that with z = 2’ +iGg and ( = &' —iG,,
Im (2", &' ye) = 5 Im (i(€ — O —i(a’ — 3(x + 2z +i(¢ = €)))%)
= —1((€) + (@)*) + O((§)) + (2)) = —o0, (2',&) = oo
Hence,
- Im[q)<x>§a yc) - @(95/75,»%)] + H(-T/afl) — —00, (xlafl) — 00
We then calculate (again with z = 2’ +iGg and ( =& — iGy)
dﬂc’,f/(_ Imc.v.y(q)(x, 57 y) - (I)(Zv ¢ y)) =Im 827C§)<27 Ca y)|y=Z7c'
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Since d, ¢ H = —Im (dz|, this means that the critical z, { are given by solving

Im(0:,¢®(2, ¢, y)ly—g.—Cdz)|a = 0.
For the minimum we similarly obtain

Im(9.,®(z, ¢, y)|y=y.+C¢dz)|x = 0.
This shows that the critical points

(an Cc) = (ZC<5U7 5), CC(x> 5))7

are the same for the maximum and minimum at (8.2). The maxima and minima are
non-degenerate as that is the case when G = 0 and hence holds for ||G||¢2 sufficiently
small.

We now need to show that the critical values pn.x and o, are also equal. For that
we compute the differentials:

dx,{@maX(xaf) = —1Im dx,gq)(x,g, y)|y:zjc(:c,§,zo£o) =Im dx,gé(x,é, y>|y:yc(w,£7zc,CC)
= dm,é(pmin(xa 5)

Hence ¢nac and @, differ by a constant. Since G and H vanish outside a compact
set the critical values are both 0 when H = G = 0, we conclude the the constant is
equal to 0.

We can find an approximate value of ¢(z,£) under the assumption that ||G||c2 is
small. In fact, the calculations above show that

p(,€) = G(x,6) + O(|G|I¢=)-

This can also be seen by noting z.(z,§) = 2/ + O(||G||c2) = = + O(||G||c2), ((2,€) =
&+ O(|Glle2) = £+ O(||G||c2), and inserting this approximations and the value of y.

into — Im(CI)(x7 éu y) - (I)<Z7 () y)) + H(I/’ 6,)
This gives us
Theorem 4. There exist €y, Cy such that if G € C°(R*) and ||G||c2 < € then
IThvllig /Co < [ Twllzz < CollThvlleg, v e L*(R™),
LY i= L*(A, e 2H@0/Mdpde), L2 = L*(T*R", e ?"9/"dzdg),
where A, Ty are given in (6.1),(6.2), H is defined by (6.3), ¢ is given (implicitely) by
(8.2), and satisfies
p(2,8) = G(z,8) + O(e)-
Proof. We have shown that for ¢ given by (8.2) we have (8.1). Hence,
ITavllzz = ITaSTvllzz < ITaSlzz—p3 1Tl < Col Tl Lz,
with the other bound derived similarly. O
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