ANALYTIC HYPOELLIPTICITY OF KELDYSH OPERATORS

JEFFREY GALKOWSKI AND MACIEJ ZWORSKI

ABSTRACT. We consider Keldysh-type operators, P = 21 D2 +a(x) Dy, +Q(x, Dy),
x = (x1,2") with analytic coefficients, and with Q(x, D,/) second order, principally
real and elliptic in D,/ for x near zero. We show that if Pu = f, u € C°°, and f is
analytic in a neighbourhood of 0 then u is analytic in a neighbourhood of 0. This is
a consequence of a microlocal result valid for operators of any order with Lagrangian
radial sets. That result proves a generalized version of a conjecture made in [Zw17],
[LeZw19] and has applications to scattering theory.

1. INTRODUCTION

We consider analytic regularity for generalizations of the Keldysh operator [Ke51],
P:=uxD + D2, (1.1)

The operator P has the feature of changing from an elliptic to a hyperbolic operator
at 1 = 0. It appears in various places including the study of transsonic flows — see for
instance Canié¢-Keyfitz [CalKe96]. Our interest in such operators comes from the work
of Vasy [Val3] where the transition at z; = 0 corresponds to the boundary at infinity
for asymptotically hyperbolic manifolds (see [Zw16]), crossing the event horizons of
Schwartzschild black holes (see [DyZw19a, §5.7]) or the cosmological horizon for de
Sitter spaces. The Vasy operator in the asymptotically hyperbolic setting is given by

P(A\) =4(x1 D2, — (A +1)Dy,) — Apy) +iv(x) (221D, — X — %51, (1.2)

where h(z1) is a smooth family of Riemannian metrics in 2/, x = (z1,2") € R" and
v € C*(R™). The resonant states at resonant frequencies A (see [DyZw19a, Chapter
5]) are the smooth solutions of P(A)u = 0.

For various reasons reviewed in §1.3 it is interesting to ask if in the case of analytic
coefficients the resonant states are real analytic across x; = 0. That lead to [Zwl7,
Conjecture 2] which asked if P(A\)u = f with u smooth and f analytic near x; = 0
implies that u is analytic near ;7 = 0. For «y(z) = 0 and h independent of x;, this was
shown by Lebeau—Zworski [L.eZw19] under the assumption that A\ ¢ —N*.

The general case was proved by Zuily [Zul17] under the same restriction on A. His
proof was an elegant adaptation of the work of Baouendi-Goulaouic [BoGu81], Bolley—

Camus [BoCa73] and Bolley-Camus-Hanouzet [BCHT74].
1
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FIGURE 1. A comparison of the Keldysh operator (1.1) and the Tricomi
operator (1.5). The figures show the cylinder R,, x S} where (£1,&) =
|€](cos 8, sin @) (this is the boundary of the fiber compactified cotangent
bundle T'R” — see [DyZw19a, §E.1.3] — with the x5 variable omitted).
The characteristic varieties, 21 cos? @ +sin? 6 = 0 and cos? § + z1 sin? 4 =
0, respectively, are shown with the direction of the Hamiltonian flow
indicated. In the the Keldysh case, the two radial Lagrangians, AL,
correspond to § = m and € = 0 respectively.

In this paper we prove this result for generalized Keldysh operators with analytic
coefficients (1.3). In particular, we do not make any assumptions on lower order terms:

Theorem 1. Suppose that U C R™ is a neighbourhood of 0,
P .= :chil +a(x)Dy, + Q(x,Dy), = (11,2") € U, (1.3)

has analytic coefficients, Q(x, D) is a second order elliptic operator in D, with a real
valued principal symbol. Then there exists U' C U, U N{xy =0} C U’, such that

PueC¥U), ueC®U) = ueC(U). (1.4)

We will show in §1.1 that this result follows from a more general microlocal result
valid for operators of all orders satisfying a natural geometric condition.

Remarks: 1. In the statement of the theorem U’ can be replaced by U provided
we include a bicharacteristic convexity condition. That follows from propagation of
analytic singularities — see [Ma02, Theorem 4.3.7] or [HiSj18, Theorem 2.9.1]: since
there are no singularities near x; = 0 there will be no singularities on trajectories
hitting 1 = 0 — see Figure 1.

2. The result is false for the Tricomi operator

P:=D2 +x,D2 . (1.5)
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This can be seen using results about propagation of analytic singularities (unlike (1.3)
this operator can be microlocally conjugated to D,, — see Figure 1) but is also easily
demonstrated by the following example:

u(z) ::/ Ai(r4321)ei ™2 Tdr, Pu=0, ue C®(R?). (1.6)
0

Here, Ai is the Airy function which satisfies
Ai"(t) + tAi(t) = 0, [0LAi(t)] < Cult)z~5, teR, (€N, Ai(0) > 0.
We then have
DF u(0) = Ai(0) /0 T e - Ai(0)(2k)!

and w is not analytic at 0.
3. Results similar to (1.4) have been obtained in the setting of other operators. In ad-

dition to the works [BoCa73],[BCHT74] cited above, we mention the work of Baouendi-
Sjostrand [BaSj76] who considered a class of Fuchsian operators generalizing

P =|2]*PA + pu(x, D) + A (1.7)
In the case of (1.7), (1.4) holds for any A\, u € C and [BaSj76] established (1.4) for

more general operators satisfying appropriate conditions.

4. The operators (1.3), (1.5) and (1.7) are not C* hypoelliptic, that is, Pu € C> %
u € C*. The study of operators which are C'* hypoelliptic but not analytic hy-
poelliptic has a long tradition with a simple example [HOI, §8.6, Example 2| given
by

2 2 2 3
P=D; +xiD;, +Dj..
For more complicated cases, references, and connections to several complex vari-

ables, see Christ [Ch96] and for some recent progress and additional references, Bove—
Mughetti [BoMul7].

1.1. A microlocal result. We make the following general assumptions. Let P be a
differential operator of order m with analytic coefficients:

Pi= Y aa(x)DS, a, € C?(U), p(x,£):= Y aa(z)E", (1.8)
lo|<m |a|=m

where U is an open neighbourhood of zy € R". We make the following assumptions
valid in a conic neighbourhood of (zg, &) € T*R™ \ 0: p is real valued and there exists
a conic Lagrangian submanifold A, such that

(20,60) € ACp™(0), dpla # 0. Hyla || € Ola- (1.9)

Here || means that the two vector fields are positively proportional, that is the La-
grangian is radial (the positivity assumptions can be achieved by multiplying P by
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+1). Except for the analyticity assumption in (1.8) these are the assumptions made
in Haber [Hal4] and Haber—Vasy [HaVal5].

Theorem 1 follows from the following microlocal result. We denote by WF the C'*°-
wave front set and by WF, the analytic wave front set — see [Hol, §8.1] and [H0I,
§8.5,9.3], respectively.

Theorem 2. Suppose that P and (z9,&) € T*R™\ 0 satisfy the assumptions (1.8) and
(1.9). Then for u € 2'(R"),

(w0,80) &€ WF(u), (0,%) ¢ WF.(Pu) = (20,5) & WFa(u). (1.10)

The proof is based on the theory of microlocal symbolic weights developed by
Galkowski-Zworski [GaZw19b] and based on the work of Sjostrand — see [Sj96, §2]
(and also [HeSj86] and [Ma02, §3.5]). With this theory in place we can use escape
functions, G, H,G > 0, which are logarithmically bounded in ¢ (hence the C'*° wave
front set assumption on w allows the use of such weights) and which tend to (£) in
a neighbourhood of (xg,&). The normal form for p constructed in [Hal4] (follow-
ing much earlier work of Guillemin—Schaeffer [GuSc77] which was based in turn on
Sternberg’s linearization theorem [St57]) was helpful in the construction of the specific
weights needed here. We indicate the method of the proof in §1.2.

Proof of Theorem 1. Under the assumptions of Theorem 1 the characteristic set of P
over z; = 0 is given by (in 7*R™ \ 0)

p_l(o) N {xl = O} = {(07$27£170) : 51 eR \ OaxQ € neighRn—l(O)} = A-‘r U A—7
where £&; > 0 on Ay. These two components are Lagrangian and conic and H,|y, =
—&30¢, | s, 1s radial. Since Pu € C¥(U) we have WF,(Pu)N{z € U : z; = 0} = () and
hence Theorem 2 shows that WF,(u) N Ay = (. On the other hand, ([H6I, Theorem
8.6.1]), WF,(u) N {z1 =0} C p~1(0)N{z; =0} = A, UA_. Hence WF,(u) N {x; =
0} = 0 and, since singsupp, u = # WF,(u), v is analytic near z; = 0. O

1.2. A proof in a special case. To indicate the ideas behind the proof we consider
P given by

P=uxD? +D? +aD,,, acC,
and a very special u:

u=e"y(zy), ve.SR), Pu=e"f(z), &fe L*R). (1.11)

This assumption is a stronger version of the assumption that f is analytic. We consider
a family of smooth functions G(&;) satisfying

0 < Ge(&) < min( log(1 + &), [61) (1.12)



ANALYTIC HYPOELLIPTICITY OF KELDYSH OPERATORS 5

In view of (1.11),
[vellze@ < Cey I fellrz@ < Co vei= %Py, fo = eGP,
where (Cj is independent of e. We then consider
P, .= eGE(DZ)(xlD?Cl + aD,, + 1%)e CP2) — x1D2 +iGL(D,,)D2, + aD,, +7°.
We have P.v, = f., and

Im(P.ve, ve) r2®y = (GL(Day ) D2 ve, Ve 2wy + (Ima + 1) Dy, ve, ve) r2(w)
= <(€%G/e(§1) + (Ima + 1)51)@\67@\6>L2(R51)a

where we took d&;/(2m) as the measure on L*(Rg ). Let x € C*®(R;[0,1]) satisfy
Xlt<1 =1, x|i>2 = 0 and x’ < 0. We define

&1
(&) = (1 - x(&) / (x(et) + (1 = x(et))(et) ),
0
which satisfies (1.12) and G, > 0. Moreover, for {& > M > 2 and e < 1/M,

§GU&) = Ex(er) + ¢ (1 = x(e6r)) = M.
Hence, by taking M = max(—Ima +1,2), and e < 1/M,

I£elllPe]l = Tm(Peve, ve) = ((§1Ge(81) + (Ima + 1)&1)Te, Te)
> [[el” = 111+ [&l (| Tm al + 1))0ele, <ar [1[Tell > [19]]* = Cul[oell,

where C) := (| Ima| + 1)eM||v|| g is independent of e. This implies that
[Tell < [Ifell + C1 < Co + Cr.

Letting e — 0 gives [|e10]g,>0]| < C. A similar argument applies to & < 0 which
shows that

&g e 12,

and consequently that u(x) = e™®7v(z;) is analytic.

In the actual proof, the Fourier transform is replaced by the FBI transform (2.1) and
its deformation (2.5) defined using a suitably chosen G. satisfying (1.12) (see Lemma
3.1 which is the heart of the argument). One difficulty not present in the simple one
dimensional case is the localization in other variables. It is here that the C'*° normal
forms of [St57],[GuSc77] and [Hal4] are particularly useful. It is essential that no
analyticity is needed in the construction of G..
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1.3. Applications to scattering theory. As already indicated in [Zu17] analyticity
of smooth solution to the Vasy operator (1.2) implies analyticity of resonant states and
of their radiation patterns. We review this here and, in Theorem 3, present a slightly
stronger result.

For a detailed presentation of scattering on asymptotically hyperbolic manifolds
we refer to [DyZw19a, Chapter 5]. To state Theorem 3, let M be a compact n + 1
dimensional manifold with boundary OM # @ and let M := M \ OM. We assume
that M is a real analytic manifold near OM. A metric g on M is called asymptotically
hyperbolic and analytic near infinity if there exist functions 3’ € C(M;OM) and
Y1 € C®(M;(0,2)), yiloar = 0, dyr|oar # 0, such that

M 2y ([0,1)) 3m = (yi1(m),y'(m)) € [0,1) x IM (1.13)
is a real analytic diffeomorphism, and near M the metric has the form,

dy? + h(y
g|y1§€ = ! yg ( 1)7 (114)
i

where [0,1) > t +— h(t), is an analytic family of real analytic Riemannian metrics on
OM.

Let
R,(\) = (=A, — X — (n/2)*)"' : L*(M, dvol,) — H*(M,dvol,), Tm\ > 0.
Mazzeo—Melrose [MM87] and Guillarmou [Gu05] proved that
Ry(\) : CX(M) — C(M), (1.15)

continues to a meromorphic family of operators for A € C\ z(—% — N). In addition,
Guillarmou [Gu05] showed that if the metric is even, that is,
dy? + h(y?)

Ilypce = ——5—, (1.16)
= yi

(see [DyZw19a, Theorem 5.6] for an invariant formulation), then Ry(\) is meromorphic
in C. In particular, for A # 0 we have the following Laurent expansion

o) - /\2 (n/2)*)7'TI(N) 1
Z —\2)J + A(GA),  HA) = i %\ Ry(¢)2¢dC,

—~

j=1
where ¢ — A((, A) is holomorphic near A. For A = 0 we have a Laurent expansions in
powers of (7.

The operator II(A) has finite rank and its range consists of generalized resonant
states. We then have
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Theorem 3. Suppose that (M, g) is an even asymptotically hyperbolic manifold (in
the sense of (1.16)) analytic near conformal infinity OM. Then for A € C\ 0,

weTINCX(M) = u=y, ""*F, Flow € C¥(OM). (1.17)

Moreover, in coordinates of (1.16), F(y) = f(v},v'), v € OM where f € C*((—4,9) X
OM).

Proof. The metric (1.14) (in the coordinates valid near the boundary) gives the fol-
lowing Laplace operator:

—Ag = (leZﬂ)Q + @(” + yl/YO(yi y,))leyl - y%Ah(yl)v

, Lo e - | (1.18)
Yo(t,y') = —50:h(t)/h(t), h(t):=deth(t), D :=30.
Following Vasy [Val3] we change the variables to x; = y?, 2’ = ¢/ so that
A1 a2y —IAED
yo (A =N = (5))y 7 = aP(V), (1.19)

where, near OM, P(\) is given by (1.2). This operator is considered on X :=
((—0,0]z, x OM) U M. The key fact is that P()) is a Fredholm family operators
on suitable spaces, P(A\)~! is meromorphic and its poles can be studied using mi-
crolocal methods — see [Val3], [DyZw19a, Chapter 5] and also [Zw16, §2] for a short

self-contained presentation.

From meromorphy of P(\)~! we obtain meromorphy of (1.15) using (1.19):

1 ix—nt2

RN f = yi (PO )], € (), (1.20)

IN_nt2
Here we make yil\ 3 f into an element of C°(X) by extending it by zero outside of
M. Near any A, P(C)™' = SSKEV Q.(A) (¢ = A) 7 + Qo(C, \), with Q;()\) operators of
finite rank and ¢ — Qo((, \) is analytic near A. We then have

->\_ n+2

%—i)\ 7 )
A = 55y Q1(Nyy :

Hence, the claim about the range of TI(A) follows from analyticity of functions in the
range of (Q(\). This follows from Theorem 1. In fact, P({) = P(\) + (¢ — A\)V,
V= —4D,, +iy(x), and hence

PAN)Qr(N) = =VQri1(N), Qri1(N) :=0.

Since we already know that the ranges of Q;’s are in C™ (see [DyZw19a, (5.6.10)]) we
inductively conclude that the ranges are in C¥. O

Remark. Vasy’s adaptation of Melrose’s radial estimates [Me94] shows that to con-
clude that u € C*° when P(Au € C™ (see (1.2)), we only need to assume that
u € H*™ near mg, where s + 3 > —Im A, see [Zw10, §4, Remark 3].
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2. PRELIMINARIES ON FFBI TRANSFORMS AND THEIR DEFORMATIONS

We will use the FBI transform defined in [GaZw19b] in its R™ (rather than T")
version. Since the weights we use will be compactly supported in = the same theory
applies. The constructions there are inspired by the works of Boutet de Monvel-
Sjostrand [BoSj76], Boutet de Monvel-Guillemin [BoGu&1], Helffer—Sjostrand [HeSj86]
and Sjostrand [Sj96]. An alternative approach to using the classes of weights we need
here was developed independently and in greater generality by Guedes Bonthonneau—
Jézéquel [GulJe20].

2.1. Deformed FBI transforms. We define

3n i

Tu(x, &) == h™ 7 / T30 (O (y)dy, ue CORY),  (2.1)

recalling that the left inverse of T is given by

Suy) = 211 / e HEO=5OE) () (1 4 Lz —y, €/(€)) o (x, €)dade, (2.2)
(2m)2 Jron

see [GaZw19b, Proposition 2.2].

The first fact we need is the characterization of Sobolev spaces and of the C'*° wave
front set using the FBI transform (2.1). To formulate it we use semiclassical Sobolev
spaces H} (see for instance [Zw12, §7.1] or [DyZw19a, Definition E.18]) but we should
in general think of h as being fixed.

Proposition 2.1. There exists a constant C' such that for u € '(R"),
m: < O Tul|L2(rerny < C?||ul - (2.3)

[l
Moreover,

dx € SUT*R™), x =1 in a conic neighbourhood of (xq, &),
To, WF(u) <
( 0 50) ¢ ( ) { VN E'CN ||<€>NXTU||L2(T*]R”) S C1N-

Proof. This follows from the characterization of the H* based wave front sets in Gérard
[Gé90] as stated in [De, Theorem 1.2]. Since the arguments are similar to the more
involved analytic case presented in Proposition 2.3 we omit the details. 0

As in [Sj96, §2] and [GaZw19b, §3] we introduce a geometric deformation of R*",
A= Agi
A= {(z —iGe(w,§),§ +iGu(2,€)) | (z,€) €R™} C C™,
suppG C K x R", K € R",
sup (&) NG, )] < o, |050{G(w,€)| < Capl€) 7,

| +]8]<2

(2.4)
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where € is small and fixed (so that the constructions below remain valid as in [GaZw19b]).
For convenience, we change here the convention from [GaZw19b]: it amounts to to re-
placing G by —G everywhere.

This provides us with the following new objects: the deformed FBI transform (see
[GaZw19b, §4]),

Tau(z, &) :=Tu(x —iGe(x,§), & +iGy(x,€)), u € B,

_ 2.5
By = {ue s ®): [ (D€)< oo}, (25)
R’VL
the the spaces Hj, defined as in [GaZw19b, §4],
Hy =B 5, ulldy = / (Re )2 | Thu(a)[2e 2H @/ g, (2.6)
A

and the orthogonal projector
Iy : Ly = L*(A, e 2(@)/hqa) — TyHy, Hy = HY,

described asymptotically (as h — 0 and as £ — 00) in [GaZw19b, §5]. The weight H
appears naturally in this subject and is given by [GaZw19b, (3.3),(3.4)] i.e. H(z,§) =
€ Ge(x,€) — G(x,€). The deformed FBI transform T has an exact left inverse Sy
obtained by deforming S in (2.2).

We now prove a slightly modified version of [GaZw19b, Proposition 6.2]:

Proposition 2.2. Suppose that P = ngm aoD® is a differential operator with a, €
C*(R™) satisfying,
a, € CY(U), KeU,
for an open set U and K as in (2.4). Then
[I\TAR™ PSy = IIpbplly + O(hOO)HXN_}HIJ\V,

where

bp(x, &) ~ OOhjb- E), b, e ST (R™),
p(z,8) j; i(z,§), b€ (R™) @7)

bO - p’A = p(fﬁ - ZG§<:U>£)’€ + ZGI('T7£>)

We remark that the expansion remains valid when A is fixed. We can use smallness
of h to dominate the lower order terms and then keep it fixed.

Proof. The result follows from the analogue of [GaZw19b, Lemma 6.1] where the oper-
ator Tyh™ PS) is described in the case where the coefficients of P are globally analytic.
Here we point out that the analyticity of the coefficients is only needed in the neigh-
bourhood U of K € R™ such that in (2.4) suppG C K x R™ and ¢, is small enough
depending on the size of the complex neighbourhood to which the coefficients extend
holomorphically.
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In fact, arguing as in the proof of [GaZw19b, Proposition 6.2] all we need is that for
a € CP(R") and a € C¥(U), the Schwartz kernel of Ty M,Sy, M, f(z) := a(x)f(z), is
given by
Ko(a, B) = coh e P A, B) +r(a, B), @B €A = Ag,

r(a, B) is the kernel of an operator R = O(h™) : H;N — HY. (2.8)
The phase in (2.8) is given by
N _ i (ae—Be)? i (Be)lae)(an — Ba)? | (Be)o + (ae) Be
D)= 3T ) T2 fao+ B lae) ¥ (B

and the amplitude satisfies

’ (am - 61)7 (29>

A~ Z W(ae) 7 A;,  Agla, a) = ala(w),
=0

and A; are supported in a small conic neighbourhood of the diagonal in A x A. We
note that if ¢y is small enough, a extends to some neighbourhood of K in C" and hence
ala = a(x —iGe(x,€)) is well defined.

To see (2.8) we use the definitions of T) and Sy to write

n

Ko, B) = calBe) {og) Th% / e (ealan) oG a(y) (14 (8, — y, Be/(Be)) dy.
(2.10)
where

@G(a,y> = (I)(Z>C>y)‘z:ozz£=a§7 sz}(a?y) = —(T)(Z,C,y)’z:az,g“:aga
ay =1 —iGe(,§), af =&+ 1G,(2,§), (2.11)

D(z,Cy) = (z—y, () + Oz —w)?  @(2,(y) =2z y).

Let V,V; open such that K C V; € V € U. We start by showing that the contribu-
tion to K, away from the diagonal is negligible. For that let y € C2°(R) with y = 1
near 0. Then for all § > 0 small enough, the operator R; with kernel

Rl(av B) = Ka<Oé, 6)5&5(047 6)7
_ - e = Pel
las) = (1= x5l = ) (1 -1 ()
O(lee = Bel)
satisfies Ry = O HN S HY (h>). This amounts to showing that the operator with kernel
Ry(a, B)enHO=H@) (4 )N (BN is bounded on L*(R?") with O(h>) norm.
To see this, we first integrate by parts K times in y, using that

10y 0] = [Be — ae +i({ae)(y — aw) + (Be)(y = Fa))| = (1 + ae| + |5¢])

on supp Xs. This reduces the analysis to the case of (2.10) with a is replaced by
b(, o, B) € C¥(U) N CZ(R™) with [b] < A% ((Jae) + (| Bel) 7"
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Next, we choose ¢ € C*(R™;[0,1]) with v = 1 on V and supp¢ C U, and ¢; €
C>®(R™; [0, 1]) with ¢ =1 on V; and suppty C V. We then deform the contour

yﬁy”wwwé:iw

This contour deformation is justified since a € C¥(U). The phase in the integrand
of (2.10) becomes

i{ae)

\II :<Oéz - Y, a§> + <y - 5zaﬁ§> + 2 (ax - y) </6§> (ﬁx - )
sy e —ael”iag) 1, Qg = fg \ a2,y 1B —ael”
) g v es —y it — S =]
i{Be) [, e — Pe 22y 06~ o |?
5 v~ =)~ o)

In particular, for y € V| and (a, ) € supp Xs, the integrand is bounded by
e~ c(ag) +(Be))(aw—Pz)/h

which is negligible (even after multiplication by en(#(@)=H@) (o )N (5. )N),
For the integral over y ¢ V, we consider three cases. First, if both Rea, € K and
Re 5, € K, then it is easy to see that the integrand is bounded by
e—c({ae) +H(Be)) ((aw—Ba) +1yl) /1

and hence produces a negligible contribution. Next, if Rea, ¢ K and Ref, ¢ K,
then H(a) = H(B) = 0, «, 5 are real, and integration by parts in y shows that the
contribution is negligible.

Finally, we consider the case Rea, € K, Ref, ¢ K, (the case Ref, € K and
Re a, ¢ K being similar). In this case, we have H(S) = 0 and 3 real. Since y ¢ V', we
have that the integrand is bounded by e~¢l@e/e==n/hpK (3. \=K and hence this term is
also negligible.

Since R is negligible, we may assume from now on that

e = B <1 and fag — Bl < (lagl) + {|5el)-

In particular, there are three cases: Rea, € K and Ref, € Vi, Reff, € K and

Rea, € V1, or Rea, ¢ K and Re 3, ¢ K.

The first two cases are similar, so we consider only one of them. Since Rea, € K
and Re 3, € Vi, the contribution from y ¢ V is negligible. Therefore, we may deform
the contour to

(e — ag) + {ag)ay, + (Be) e
vy @ B),  yela.p) = Wm0 T laae t P

(ag) + (Be)

The proof in this case then follows from the method of complex stationary phase.
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When, both Rea, ¢ K and Re 8, ¢ K, a« = Rea, f =Ref3, and H(a) = H(5) = 0.
In order to handle this situation, we will Taylor expand a(y) around y = «,. For that
we first consider (2.10) with a = O(Jy — o, |*"). In that case, we consider the integral

Ky(a, B) = B /eﬁ(mzy@g)%((%)(%y)2+<55>(5zy)2))

Oy — au[*){ae) 1(Be) 1 (1 — Xs(, 8))dy.

(2.12)

Changing variables y — y + a,,

EN=% (a0
i e*%(ﬁraz*y)z(l — Xs)dy

Kx(a,0)] < [ fag) (50"
hN—n (o) +(Be)
<C ~€ ¢ S
({ag) + (Be))
Therefore, using the Schur test for boundedness, the operator Ky with kernel Ky («, )

(e =B2)* (1 — 5(e, B)).

satisfies

Ky =0(0N"5): B, 770 & g i

Now, observe that for any N > 0,
a(y) = an(y) + O(ly — au[*")
where ax(y) is a polynomial of order 2N — 1 in (y — «). In particular,
Ka(a, B) = Kay (@, B) + Kn(a, B)

Since ay is analytic and the integrand is exponentially decaying in y, we may deform
the contour with y — y + y.(a, 8) in the integral forming the kernel of K,, and apply
complex stationary phase as in the case where Rea, € K or Re 8, € K. This finishes
the proof of the proposition after taking N large enough. O

2.2. Analytic wave front set. We now relate weighted estimates to analyticity.

Proposition 2.3. Let T be the FBI transform defined in (2.1) for some fized h, and
let ¢ € SY(T*R™) satisfy

[z, O = [6l/C, (2,6) € U xT, (2.13)
where U C T™ and T C R™\ 0 is an open cone. Then, for u € HN(R™),
e (&) NTu € LA(T'R™) = WF,(u)N (U xT) = 0. (2.14)

Conversely, suppose u € H=N(R"), I'y C R™ is a conic open set such that ToNS"! €
rNsS* 1, Uy @U. Then for any v € S*(R™ x R™) with suppv C Uy x Vj,

WF,(u)N(UxT)=0 = 30>0 (&) Ne"Tuec L*(T*R"). (2.15)
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Remark: Here we do not consider uniformity in A in the L? bounds. If we demanded
that, than we would only need ¢ € C°(T*R™), 1) > 0 on U x (I NS™™1).
The proof is based on the following
Lemma 2.4. Let T and S be given by (2.1) and (2.2), respectively, with h fized.

Suppose that x,x € S°(R™ x R™) and supp x,suppx1 C K x R", K € R". Then for
any a > 0 there exists b > 0 such that

xe? TSy e~ = On(1) : LAH(R®™) — HY(R®™), (2.16)

for any N.
If in addition x1 = 1 on a a conic neighbourhood of the support of x, then there
exists b > 0 such that
xe"OTS(1 — i )M = Onu(1) : LAR™) — HY(R™), (2.17)

for any N.

Proof. We analyse the Schwartz kernel of the operator in (2.16), K(x,&,y,n). As in
the proofs of [GaZw19b, Lemma 2.1, Proposition 4.5] (the phase of resulting operator

can be computed by completion of squares and is given by [GaZw19b, (4.10)] with
A = T*R"™) we see that

|(hD)§,£K<x7 57 Y, 77)| < Caeb<§>—a<77>—¢(r,§,y,n)7

h ’ ) (2.18)
b= c((&) + () (1€ = 0P + () )]z — ).

We have

b < gmin(a,c) = (&) —aln) —c((&) + M) 7'E —n* < —5(0(&) + aln)),

if b is sufficiently small. (By taking b < a/8 we can assume that || < |£]/2. But
then [ —n| > 1[¢] and (€) + () < 2(n).) This proves (2.16) as we can use the Schur
criterion.

To see (2.17) we note that we can now assume that |£/(€) —n/(n)| > d or |[x—y| > 0.
But then if the kernel of the operator in (2.17) is given by Ky (x,&,y,n) where

‘<hD$,5)aKN(x7 fa Y, 77)‘ S Ca’Neb<§>*M10g(n>*w($,§,y,n).

Now, fix 0 < § < 1 small. Then, when [£/(§) —n/{n)| > § or |x —y| > 4,

2

(€ = nl” + () )le — yI* > f—6(<€>+ (m)*. (2.19)

To see this, observe that on

‘<€>—<n>‘>§
> 5
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we have

5 _ 1) = (m)? € =l
1= [y <o
On the other hand, when
‘<€>—<77> <9
©+ml 4
we have
2(6)(n) _ &)+ ) () —(€)71%) . 1
R Gl eI DA UCARC)
Therefore, if |z — y| > 9, (2.19) follows. If instead, |£/(£) —n/(n)| > 0, then
§—nl _1 &L, Il y[{&) = (m) 0
o> ile - wl- G olarml =3

and (2.19) follows.

From (2.19), we have that there is Cy;5 > 0 such that if |{/(&) —n/(n)| > & or
"7: - y’ > 57

b(E)—c((&) + ()~ (1€ — 0> + (&) (m) |z — yI?) + M log(n)
< b(E) — &0 ((€) + (m) — 3e((€) + )" (1€ = nl* + (&) (m)|z — y[?) + Cuss,

and the Schur criterion and gives (2.17) for b < Cg—j. O

Proof of Proposition 2.3. We start by recalling the characterization of the analytic
wave front set using the standard FBI/Bargmann—Segal transform:

Tu(x,&h) = cnh_?/ e (E=v8)+3@=0)?) u(y)dy, we . S'(R").

n

Then

36, U = neigh((zo, o))

(70, 0) ¢ WFa(u) = { | Tu(z, &, h)| < Ce™" (z,6) €U, 0<h< h. (2:20)

see [HOI, Theorem 9.6.3] for a textbook presentation; note the somewhat different
convention: Ju(x,&; h) = e‘iEQTl/hu(x —1£).

We first prove (2.14). Hence suppose that (xg, &) € U xI'. Let x € S° be supported
in a small conic neighbourhood, Uy x Ty, of (z9,&) and choose x; € S° which is
supported in U x I" and is equal to 1 on a conic neighbourhood of the support of x and
x2 € SY supported in U x I' and equal to 1 on a conic neighborhood of the support of
y1. Our assumptions then show that e®€/hy,Tu € L*(R*") for some a > 0. We now
write

" Ty = xe?OTS8 (Xle’“@ea@XQTu +(1— X1)<€>N<€>7NTU) '
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Since u € H™N, (¢)™NTu € L*(R?") and (2.16), (2.17), now show that e*& yTu € H¥
for some b > 0 and any K. By taking K > n and applying [HOI, Corollary 7.9.4] we
obtain a uniform bound

Tu(z,&)] < Ce ™0, (2,8) € Uy x Ty, (0,&) € Uy x I,
Let h; be the fixed h in the definition of T'. Then,

T (2,&/(€); /(€)= Tu(x, &) = O™, (x,£) € U x T. (2.21)

Putting wy = &/(&), it follows that 7 (z,w,h) = O(e ") for (z,w) in a small
neighbourhood of (xg,wp). But then (2.20) shows that (zg,wp) ¢ WF,(u). Since
WF,(u) is a closed conic set, we conclude that (xg, &) ¢ WF,(u).

Now suppose that WF,(u)N(U xT') = (. Then for (x,w) near Uy x ([oNS™™ 1) (with
Up and Iy, as in the statement of the theorem), .7 (x,w, h) = O(e~%"). Reversing the
argument in (2.21) we see that

Tu(z,§)| < Ce™, (z,€) € Uy x T.
Now, since u € H N (R"), (§)™NTu € L*(R*). In particular, since || < C(¢) and
the support of 1 is contained in Uy x I'g, (2.15) follows. O

The next proposition relates weighted estimates to deformed FBI transform:

Proposition 2.5. Suppose that Hy, A = Ag, is defined in [GaZw19b, (4.7)] with G
satisfying (2.4) with €y chosen as in the definition of Hy.

Then there exists 1 € SY(T*R™) such that T : B5 — L*(T*R", e€/Chdxdg) extends
to

T =0(1): Hy — L*(T*R", ? @O/ g de), (2.22)
and S : L2(T*R", e~/ dxde) — Bs, eatends to
S =001): LXT*R", 2@/ dzde) — Hy. (2.23)
In addition,
U(z,€) = G(x,8) + O()) st (1+mn).- (2.24)

For a simpler version of this result in the case of compactly supported weights see
[GaZw19a, §8].
Proof. The statement (2.22) is equivalent to
TSy = O(1) : L*(A, e 2H@/hga) — LHT*R", 2P d3)
and hence we analyse the kernel of the operator T'Sy which is given by

_3n

K(%ﬁ) =c,h™ 2 / e%(s@o(a,y)%p*g(ﬁyy))w{ﬁ<ax>%(1 + %<ax - y))dy,
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where the notation (and also notation for ® below) comes from (2.11). The integral
in y converges and can be evaluated by a completion of squares as in [GaZw19b,
Proposition 4.4]. That gives the phase (2.9) with a € T*R"™ and 5 € A. The critical
point in y is given by

1

Ye(av, B) = Tag) + (B2 ((ag)aw + (B¢) Ba + (B — ) - (2.25)
We then have (2.22) with
V() 1= max (~ Im W(a, 6) + H(5)). (2.26)

We have (see [GaZw19b, (3.3),(3.4)])
dﬁ(— Im \I/(OZ, 6) + H(B)) = Im(—aZ’C\I/(Oé, (27 C)) - CdZ|A)|(z,C)=/BEA-

Now, if y.(, (z,()) is the critical point in y, then

0. U(@. 2) = D (Dl ol (2, 0) = B2 O ol (2, ON) = 0], . (2:0)
= (- dz+ (yo — 2) - dC+i(C) (2 — ye) - dz + (2 — ye)*C - dC/(Q).
For G = 0 the critical point (see (2.25)) is given by a = . Hence
Be = Be(a) = (ay + O(€n) 50, ae + Oep)s1) , (2.27)

with €y as in (2.4).
Hence we obtain 1 by inserting the critical point g, into the right hand side of (2.26)
Y(a) = —Im¥(a, B.(a)) + H(B.(a)) € SH(T*R™). (2.28)

(We note that for G = 0 the maximum in (2.26) is non-degenerate and unique and it
remains such under small symbolic perturbations.) From (2.9) we see that

Im ¥ (o, B.(a)) = ImW(a,a + O(en)soxs1) = ag - Ge(a) + O(€5) g1
Inserting this into (2.28) and recalling that H = {G¢ — G we obtain (2.24).

To obtain (2.23) we apply the same analysis to TS and we need to show that two
weights coincide. That is done as in [GaZw19a, §8]. O

3. PROOF OF THEOREM 2

As already indicated in §1.2, to prove the theorem we construct a family of weights
G, € S!', uniformly bounded in S', supported in a conic neighbourhood of I' =
{(0,0,£1,0) : & > M}, M > 1, and satisfying 0 < G, < C.log(¢). In addition,

H,G.>0, G.—& onT (inS'), (3.1)
with H,G,. > ¢7"" in a suitable sense (see (3.4)) for € < 1.
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We will then put A, := Ag, so that the assumption v € C* will give u € Hy,. On
the other hand the assumption that I' M WF,(Pu) shows that || Pu|gz, < C with the
constant C' independent of e. But then [GaZw19b, Proposition 6.2] and the properties
of G show that ||u[|g, is bounded independently of . Propositions 2.3 and 2.5 then
show that WF,(u) N Ty = 0.

3.1. Construction of the weight. We now construct a family of weights, G, satis-
fying (3.1). In fact, we need more precise conditions on G, given in the following

Lemma 3.1. Suppose that p satisfies (1.9) at py = (x0,&) € T*R™\ 0 and T" is an
open conic neighbourhood of py. Then, there exists G, € S*(T*R™), supp G. C T, such
that

020, G| < Capl€)'™7, 0 < G < Celogle),
Ge(x7£>|1§\5|§1/6 = (I)(xvfﬂgla S Sghg(T*Rn)v qD('TOatéO) =1L t>1

HyGe(x,8) > co ((€)™0:Ge(, &) 4 (€)™ ?0:Ge(x, ) ), (3.3)
VM, v >03M, K, V0 < e<e, HyGe% + MEE > M ()" e, (3.4)

We stress that the constants C,s and ¢y are independent of € and M;.

Proof. We use the normal form for p constructed in [Hal4, §3]. That means that we
take g = 0 and & = e; := (1,0,---,0) and can assume that p(z,§) = —&"x; in a
conic neighbourhood of p = (0,e1). For simplicity we can assume that m = 1 as the
argument is the same otherwise.

Let x € C*(R; [0, 1]) satisfy
suppx C [—2,2], xpy<1 =1, tx'(t) <O0. (3.5)

and put ¢(t) := x(t/d). Here § will be fixed depending on I'. Using this function we
define ® = &(x, &) := p1p2p31 where

p1:= (1), 2:=0(I¢l/&1) ps=(2']), ¥ :=01-0((&)+)  (3.6)
We choose ¢ small enough so that supp® C T
We define G. as follows

Ge(x,8) = ®(2,8)qe(&1),  ¢e(t) = /0 (x(es) + (1 = x(es))(se) ") ds. (3.7)

We check that
51851(15 Z min(&b 6_1)a
& Mgy <1je +€ (14 log(e€1)) es1je < ge < & gy <aye+€ (2 + log(e€r)) Tesye
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Uniform boundedness of G, in S' means that g in (3.7) satisfies [0f ¢| < Créi ™"
with Cy’s independent of e. But this is immediate from the definition. We also easily
see that G, converges to G := ®(x,£)&; in S as e — 0. This proves (3.2).

To see (3.3), we first note that, since ® > 0, ® € S°, the standard estimate f(z) >
0 == [df (2)|* < Cf(2) gives,
®(2,8) > c1 (110 (w, ) + [0:P(x, )I) - (3.9)

Note also that we have H, = £;0;, — £10,, and therefore

Hy® = —z10" (1) 2030 — (I€']/61) ' (I€']/€1) 10030 — pr203&1¢'((€1)4) = 0. (3.10)
Since g. € S, &0, qe(&1) > 261(0k,qc(€1))?. We also claim that

&106,4c(&1) > 267 qe(&1)° (3.11)

In fact, using (3.8) we see that to prove (3.11) it is enough to have

min(t, e ') > cot ™ (¢ Ly<aye(t) + €1(2 4 log(te)) 11@1/5@))2 :

This clearly holds (with ¢y = 1) for t < 1/e and for ¢ > € is equivalent to cy(2+log s)? <
s, s = te > 1, which holds with ¢, = ;11. It follows that

§106,4e(€1) > ¢2 (&7 1qe(61)? + &1(06,¢:(£1))°)
which combined with (3.9) and (3.10) gives
H,G. = B(606,q) + (H,®)g,
> O(610g,qc) > 261906, 40) + 3 (1]0:D + 0,9) &7 ¢
> co (Gl0¢Ge” +&710:Gel”) -
Since (§) ~ & on the support of G, we obtain (3.3).

Finally we prove (3.4). Since by (3.10) we have H,G. > ®H,q., we see that (3.4)
follows from proving that for any M; we can find K, M5 and ¢y such that for & > 1,

D H,pq.e7* + Molls > M. (3.12)
Using (3.8), we see that for & < 1/e we need G.e?% + MK > MieY%. This holds

for
K=0, My=2y‘tert
since for v > 0 and a > 0, ae?® — M;e?® > —2y~ 17—t
For & > 1/€, we need to find K and M, for which
e 1P Mol > My, (3.13)
Using ae® + M,eM® > M, e® with a := ¢ '® and

b= yeqe < v(2+log(er)) < (2 +1logéy),
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we obtain (3.13) with My = Me*™1 and K = yM;. Hence we obtain (3.12) proving
(3.4). O

3.2. Microlocal analytic hypoelliticity. We will have bounds which are uniform
in € but not in h. We start with the following

Lemma 3.2. Suppose that P is of the form (1.8) with real valued principal symbol p
and suppose that T C U x R"\ is an open cone, TNS" 1 € U x S"! and
G € S'(T;R), |G| < Clog(é),
H,G(2,8) > o ({§)™10:G(x, &) P + (6)"?|0:G (2, ) ) .

Then for Ty, Hy, A = Aog defined in (2.4) and (2.6), h and 6 sufficiently small, and
u e HyNt™,

(™ Pu,uy v > 30CH,G (O™ Tau, (€)M Taugy — MAul s e (3.15)

A

(3.14)

where M depends only on P and the semi-norms of G in S*.

Proof. We use Proposition 2.2 and [GaZw19b, Proposition 6.3] to see that for any
K >0,

Im(h™ Pu,u) v = Im{(§) N Tah™ PSyTyu, Tau) 3
= I (IT5 (&) >NTIA W™ PSATIATAw, Tau)

— (Imbpn)Thw, Thu) gz + Oh™) ull (3.16)
> ((Imp|x) (€) " Thu, ()" Thuyrz — Mhllull s .
From (2.7) and (3.14) we obtain
Imp|py = Imp(x — i00:G(x, &), { +i00,G(x,§))
— OH,G(2,€) + 60 ({&)™0:G(w, E) + (€™ *10.G (. )1)
> 0H,G(,¢),
if # is small enough. 0

The next lemma allows us to use smoothness of u to obtain weaker weighted esti-
mates:

Lemma 3.3. Suppose U C R™ is an open set,
G e SYT*R™), G>0, suppG C K xR", KeUl,

and Ty, Hy, A = Ny are defined in (2.4) and (2.6). Then, there exists a > 0 such that
for every x,x € St with x = 1 in a conic neighborhood of supp x and every K, N > 0,
there exists ¢,C > 0 such that for all u € H N (R"),

() e /" xThull g < CUKE XTull c2(rmey + =" 1(€) Tl 2(rommy).  (3.17)
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In particular, if x =1 on supp G, then
(&) e/ x + (€)™ (1 = X)) Taull 12
< C(KE N XTull 2emny + €=M 1(€) ™ Tul| 2oy

Proof. First, observe that by [GaZw19b, Lemma 4.5], for any ¢ > 0,

(3.18)

ThS = K5+ Ons(e™ ™M) v a(remn)s(e)-v 13,
and K has kernel, Ks(«, 3), given by

hrer D k(a, B (57! Reay — B.]))u (5~ min((Reag), (Be) ™' Re ag — Be),

where (o, 8) € A x T*R™ and V¥ is as in (2.9), and ¢ € C°(R) is identically 1 near 0.
Therefore, we need only consider Ks(«, [3).

To do this, let ¥ € S° be identically 1 on a conic neighborhood of supp x. Then, for
0 > 0 small enough,

x(Rea)Ks(a, B)(1 = x)(8) = 0.

Therefore,
xe “IMEOFTAS(1 = X) = On(e™ ™) gn paprern) e~ 12 -
For the mapping properties
xe "TNSR LATRY) — ()7L,
we consider the operator
xe e INE) ETAST(E) T LAT™R™) — L2(A; dadg).
Modulo negligible terms, the kernel of this operator is given by
hmen @M (2, €), (y, 1))
where k € S° has
supp k C {|¢ —n| < Co(€)} N {lx —y| < C6}. (3.19)
and
p =il (x,§) +iabG(x, &) + V((z — i0Ge, £ +i0G.(7,8)), (y,1)),
with H(z,§) = 0(¢, Ge(x,§)) — 0G(x,€). Using (3.19), we have

ImgpzaG+9§~G5—9G+%((x—y)Q—(HGg)Q) +

+06 - Ge + O(0(|z — yllGal + (6)"1¢ — nlIGeD))
+O(0*(()7HGal* + (©)1Gel*)
> (a—0)G = CO((§) " (Go)* + (OIGe*) + c(€) (@ — y)* + (&) (€ —m)*.
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In particular, taking a large enough and using that G > 0, G € S', (see the argument
for (3.9)), we have

Imp > SG(2,8) + c(€)(x — y)* + ()7 (€ — )
Therefore, applying the Schur test for L? boundedness completes the proof that
X(€) e M S(€) K = 0(1) « LAT'R") — L}
and the lemma follows. U

With these two lemmas in place we can prove the main result:

Proof of Theorem 2. By multiplying v by a C¢°-function which is 1 in a neighbourhood
of xy, we can assume that « € H-N*™ for some N, is compactly supported in U and
po = (z0,&) € WF(u). By Proposition 2.1, there exists x € S® with y = 1 in an open
conic neighborhood, I', of pg such that for any K > 0,

) XTull 2 < Ck. (3.20)
Also, since u € H=N+™,

€)M |2 < C. (3.21)
Let 'y € I' be an open conic neighborhood of py and xy € S! with y = 1 on I'; and
suppy C I'.

We choose 6 small enough so that (2.4) and (3.16) hold. We then fix 0 < h < 1
small enough so that (3.16) holds. From now we neglect the dependence on h which is
considered to be a fixed parameter. We choose for G = G, constructed in Lemma 3.1
and supported in I';. We recall that the estimates depend only on the S!' seminorms
of G and these are uniform in e. We now claim that

u € H[;N-i—m, A/\6 = AOGE-
In fact, we can use (3.18) together with (3.20) and (3.21), observing that exp(aG¢/h) =
O ((£)¢%/(9)) and taking K = Ca/(he).

Next, note that Pu € H~" is supported in U and py ¢ WF,(Pu) .Propositions
2.3 and 2.5 (see (2.15) and (2.23) respectively) then show that for G. satisfying the
assumptions of Lemma 3.2 and 6 sufficiently small || Pu|| u~ < Co, where Cy depends

only on Pu and S*-seminorms of §G..

We now apply (3.15) to obtain with A, as above,
sllulll, ~ + 265 = (OH,Ge — M) )(&) ™" " Tau, (&) " Tht)rz (3:22)

Let a be given by Lemma 3.3 (so that (3.17) holds). Then by (3.4), there exist My
and K such that

O0H,G + My(€)?Ke=20Ce/h > (M 4 1) (€)™
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From (3.17) we have
IMx (€) " e /(&) ™M Taul7;

N~ _ (3.23)
< C(IHO " XTull 72 (e + (6™ Tl 22 (gegmy) < CF
Therefore, adding (3.23) to (3.22), and using that supp G. C x = 1, we have
%Hu”iIXN + 012 + 203
> ()™ HE) TN T u, (€T Ta ) g
(™6 (&) )3 (3.24)

— (M1 =)™ ()N T u, () N Ta g,
> (O™ 1O Thu () Ty, — (M +Dull, yompr,

where in the last line we use that x = 1 on supp G..

Using m > 1 and rearranging, this yields
[l < 207 +4C5 +2(M + D)fjull_yymp

where C,Cy and M are constants independent of e.

Since A N {|¢] < 1/e} = Ao N {|¢] < 1/e} where Gy := ®[¢], we have that
He|j¢|<1/e = Hoj¢j<1/e, where H, = 0£0:G.+0G is the corresponding weight. Therefore,
the monotone convergence theorem implies that u € Hy,. Since ®(xzg,t&) =1, ¢t > 1,
Proposition 2.3 shows that (xg, &) ¢ WF,(u). O
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