RESONANCE WAVE EXPANSIONS: TWO HYPERBOLIC EXAMPLES

T. CHRISTIANSEN AND M. ZWORSKI

Abstract. For scattering on the modular surface and on the hyperbolic cylinder, we show that the solutions of the wave equations can be expanded in terms of resonances, despite the presence of trapping. Expansions of this type are expected to hold in greater generality but have been understood only in non-trapping situations.

1. Introduction

In this note we give two examples for which we can obtain, on compact sets, an asymptotic expansion of solutions to the wave equation with smooth, compactly supported initial data, although there is trapping. The expansions are given in terms of resonances and they generalize the standard “separation of variables” expansions in terms of eigenvalues. The examples are the modular surface where we can use detailed information about the zeta function (see Fig.1 and Theorem 1) and the hyperbolic cylinder where the resonances are particularly simple (see Fig.2(b) and Theorem 2).

Resonances or scattering poles are defined as poles of the meromorphic continuation of the resolvent or the scattering matrix and they constitute a natural replacement of discrete spectral data for problems on exterior domains. That point of view was emphasized early by Lax-Phillips ([12]) – see [23] for a light-hearted overview of recent results.

Although resonances are most frequently defined in the stationary framework of scattering theory they are a dynamical concept: the real part of a resonance describes the rest energy of a state and the imaginary part its rate of decay. Consequently they should be understood in terms of long time behaviour of solutions to evolution equations, and, in particular, to the wave equation. For the Schrödinger evolution equation we refer to the recent paper by Soffer-Weinstein [17] and references given there; in that case one considers resonances which come from perturbing embedded eigenvalues.

Under a quantum dynamical condition that the obstacle O is non-trapping (that is, a condition on the behaviour of solutions of the evolution equation) Lax-Phillips [12] and Vainberg [21],[22] showed that for n odd, for some ϵ > 0

(D^2_t − Δ)u(t, x) = 0 , x ∈ R^n \ O , u¯R_{×∂O}= 0 ,

u¯_{t=0}= f ∈ C^∞_c (R^n \ O) 1 i ∂_tu¯_{t=0}= g ∈ C^∞_c (R^n \ O) =⇒

u(t, x) = ∑ Im λ_l≤C m_O (λ_l ) ∑ j=1 w_{λl,j} (x)e^{itλl} t^{j−1} + O(e^{−(C+ϵ)t}) , x ∈ K ,

(1.1)

K ⊂ R^n \ O compact, where mO(λl) is the multiplicity of the resonance. Here we took the convention that

Im λ_l ≥ 0, that is, that the resonances lie in the upper half-plane. That the quantum non-trapping condition follows from the classical non-trapping condition was shown in the works of Andersson, Melrose, Morawetz, Ralston, Strauss, Sjöstrand and Taylor – see the appendix to the second edition of [12] and references given there. 1

In the ultimate trapping situation of a compact manifold, the expansion (1.1) is simply the expansion in terms of eigenvalues. Hence a naïve “interpolation” argument suggests its validity for all perturbations. That, however, is far from clear and not much is known. Tang-Zworski [19] recently showed, using the methods of [18], that the expansion (1.1) is valid for general “black box” perturbations when we sum over resonances satisfying Im λ_j ≤ |λ_j |^{−M} , M sufficiently large, and when we replace the error by O(t^{−N} ) for any N. The result is at the moment conditional and the following generically reasonable yet unverifiable assumption has to be made: |λ_l − λ_k| > 1 C (max{|λ_l|, |λ_k|})^{−L} , for some fixed L > 0 .

(1.2)

This motivates our unconditional results in two rather explicit examples.

Remark. After this paper was written we learned that in a recent paper [1], Beyer obtained results very close to Theorem 2 here. His work was motivated by gravitational scattering – see [15] for another discussion of resonances in that setting and the relation to the hyperbolic cylinder.

In the paper, C will stand for a constant whose value may change from line to line. The notation ⟨s⟩ means (1 + |s|^2)^{12} .

Acknowledgments. The first author is grateful for the partial support of a University of Missouri S.R.F. The second author is grateful to the National Science and Engineering Research Council of Canada and the National Science Foundation of the U.S. for partial support. The authors would like to thank Bill Banks for helpful conversations and Laurent Guillopé for allowing them to use the figures he created for another occasion.

2. The Quotient by the Modular Group

We begin by working on a general surface with one constant curvature cusp end, which we shall identify with (a, ∞)_y × S^1_θ for some a > 0. We will use z to denote a variable in the surface and, as is common for scattering on hyperbolic surfaces, we use the spectral variable s(1 − s). We refer to [14] for the spectral and scattering theories of such surfaces.

Let E(z, s) be the generalized eigenfunction of the positive Laplacian Δ, so that (Δ−s(1−s))E(z, s) = 0, such that on the cusp end E(z, s) = y^s + S(s)y^{1−s} + O(y^{−ϵ}) for some ϵ > 0. With this convention, the scattering matrix S(s) is holomorphic when Re s > 1/2, except for a finite number of values of s which correspond to the eigenvalues of Δ which lie below 1/4.

The function u(t) =^{sin(t} √_{Δ−1/4)} √_{Δ−1/4} f satisfies the equation

(D^2_t − (Δ − 1/4))u(t) = 0 u(0) = 0 u_t(0) = f

when f is sufficiently well-behaved. Using the spectral representation, we have

sin(t √ Δ − 1/4) √ Δ − 1/4 = 1 2i ∑ λ_j ∈σ_p(Δ) (e^i √_{λj −1/4t} − e^{−i} √_{λj −1/4t} ) √ λ_j − 1/4 ϕ_j (z)ϕ_j (z^′)

+ 1 8π ∫_∞ −∞ (e^{iτ t} − e^{−iτ t}) iτ E(z, 1/2 + iτ)E(z^′, 1/2 − iτ)dτ (2.1)

in the sense of distributions, where ϕ_j is a normalized eigenfunction of Δ, associated to λ_j . Here the λ_j ’s can take the same value depending on the multiplicity and the ϕ_j ’s form an orthonormal set.

Let X_0 = H^2 /P SL(2; Z) be the quotient of the hyperbolic upper half plane by P SL(2; Z), which has scattering matrix S(s) = √ π Γ(s −^1_2 ) Γ(s) ζ(2s − 1) ζ(2s) (2.2)

where Γ is the Euler Γ-function and ζ is the Riemann ζ-function. One consequence of this is that the poles of the scattering matrix other than s = 1 correspond to the non-trivial zeros of ζ(2s). We recall that if N(T ) is the number of zeros of the function ζ(s) in 0 ≤ Re s ≤ 1, 0 ≤ Im s ≤ T , then

N(T ) = 1 2π T log T − 1 + 2π 2π T + O(log T )

as T → ∞ ([20, Theorem 9.4]). That is, the scattering matrix for the Laplacian on X_0 has far fewer than the maximum number of poles in a ball of radius T centered at the origin, which is O(T^2) for general surfaces with cusps.

Let f, χ ∈ C^∞_c (X_0). We wish to obtain an asymptotic expansion as t → ∞ of sin(t √ Δ − 1/4)/ √ Δ − 1/4) applied to f and truncated by χ.

Theorem 1. Let f, χ ∈ C^∞_c (X_0). Then there exist v_{jk} ∈ C^∞_c (X_0) such that as t → ∞, χ sin(t √ Δ − 1/4) √ Δ − 1/4 f = 1 2i ∑ λ_j ∈σ_p(Δ) ( e^i √_{λj −1/4t} − e^{−i} √_{λj −1/4t} √ λ_j − 1/4 ) χ(z)ϕ_j (z)(f, ϕ_j ) + ∑ s_j poles of S(s)

e^{(sj −1/2)t(sign(1/2−Re sj ))} ∑ k≤mult(s_j )−1 v_{jk} t^k + O(e^{−Nt}) for any N.

The sum over the poles should be understood as follows: for n ∈ Z, there exist τ_n ∈ R, n ≤ 2τ_n < n + 1, such that if b_n(z, t) = ∑ s_j :τ_n<Im s_j <τ_n+1 e^{(sj −1/2)t} ∑ k≤mult(s_j )−1 v_{jk} t^k, then ∑_∞ n=−∞ bn(z, t) is absolutely convergent when t ≥ 0. We remark that to obtain an expected expansion

in the case of the modular surface, that is an expansion in which there is no need to cluster terms to obtain absolute convergence, would require more precise information about the zeta function: simplicity of zeros, lower bounds on the derivatives.

The proof of the theorem involves a contour deformation. In order to justify the deformation, we will need some bounds on S(s) and on E(z, s).

Let χ_1 ∈ C^∞_c (X_0) be such that the support of (1 − χ_1) is contained in the cusp end of X_0. Then E(z, s) = (1 − χ_1)y^s + (Δ − s(1 − s))^{−1}[Δ, χ_1]y^s.

(2.3)

If χ ∈ C^∞_c (X_0), then the basic spectral estimate on the resolvent (Δ − s(1 − s))^{−1} = O(d(s(1 − s), σ(Δ))^{−1}) : L^2(X_0) −→ L^2(X_0) ,

the Sobolev embedding theorem, and interpolation (Δ^k([Δ, χ_1]y^s) = O(|s|^{2k+1}e^{| Re s|}) ∈ L^2(X_0)) immediately give |χE(z, s)| ≤ C ⟨s⟩^{2+ϵ}e^{Re s} Re s − 1/2 and |S(s)| ≤ Ce^{Re s} (2.4)

when Re s ≥ 1/2 and | Im s| > 1 or Re s > 2. (For the bound on S, see [14, (3.26)-(3.27)].).

The bounds (2.4) are valid for other surfaces with one cusp end, but we shall need an improved bound in the special case of X_0. As a by-product of their work on L^∞ bounds on L^2-eigenfunctions, Iwaniec and Sarnak obtain the bound |χ(z)E(z, 1/2 + it)| ≪ |t|^{512 +ϵ} ,

Figure 1. The fundamental domain of the modular group and the resonances of the modular surface in the λ-plane, s =^1_2 − iλ.

see [11, (A.12)] where now the positive contribution of the Eisenstein series should be kept (see also the discussion around [16, (2.18)]).

Here we give a direct proof of a weaker estimate, in the spirit of general scattering theory: the estimate depends only on the separation of the poles of E from the continuous spectrum.

Lemma 2.1. For the generalized eigenfunctions E(z, s) on X_0, |χ(z)E(z, s)| ≤ C⟨s⟩^{2+ϵ}e^{Re s} if Re s ≥ 1/2, |s − 1| > ϵ > 0. Proof. We shall use (2.2) to improve our bound on E(z, s) when Re s ≥ 1/2.

We start by recalling an exponential bound on the resolvent:

(2.5) ‖χ_2(Δ − s(1 − s))^{−1}χ_2‖_L2_{→L}2 ≤ C exp(C|s|^{N0} ), if s ∉ ( ∪^∞_{j=1}D(s_j , ⟨s_j ⟩^{−3}) ∪_{σj :σj (1−σj )=λj ∈σp(Δ)} D(σ_j , ⟨σ_j ⟩^{−3}) ) for any χ_2 ∈ C^∞_c (X_0) for some N_0 (see the representation of the resolvent in [7, Sect. 5] and [8, Lemma 3.6]; the estimate also follows from the general “black box” scattering estimate, see [18, Lemma 1]).

Moreover, by Theorem 3.8 of [20] there is a constant A > 0 such that ζ(s) is not zero for Re s ≥ 1 − A/ log | Im s|, | Im s| > t_0. Since (Δ − s(1 − s))^{−1}[Δ, χ_1]y^s is regular away from the poles of the scattering matrix, using (2.3), (2.5), and the maximum principle this leads to a bound on the generalized eigenfunctions: |χ(z)E(z, s)| ≤ C exp(C|s|^{N0} ) (2.6)

when | Im s| is sufficiently large and Re s ≥ 1/2 − A/(4 log | Im s|). Then, just as in [18, Lemma 2], we can use the maximum principle, the existence of a pole free region, the bound in the good half plane (2.4) and the exponential bound (2.6) to obtain, for | Im s| sufficiently large, |χ(z)E(z, s)| ≤ C⟨s⟩^{2+ϵ}e^{Re s} if Re s ≥ 1/2. (2.7)

Proof of Theorem 1. We use the representation (2.1) of sin(t √ Δ − 1/4)/ √ Δ − 1/4. For the term of (2.1) with an e^{itτ} we deform the contour of integration into the upper half plane; the term with e^{−itτ} is deformed into the lower half-plane. We note that this is possible despite the singularity at τ = 0 since

(2.8) lim_{ϵ↓0} (∫ Im τ =ϵ −δ<Re τ <δ e^{iτ t} τ E(z, 1/2 + iτ)E(z^′, 1/2 − iτ)dτ − ∫ Im τ =−ϵ −δ<Re τ <δ e^{−iτ t} τ E(z, 1/2 + iτ)E(z^′, 1/2 − iτ)dτ

− ∫ Im τ =0 −δ<Re τ <δ (e^{iτ t} − e^{−iτ t}) τ E(z, 1/2 + iτ)E(z^′, 1/2 − iτ)dτ ) = 0.

We consider the term with e^{itτ} , for which we deform the contour of integration into the upper half-plane. There E(z, 1/2−iτ) is bounded as in Lemma 2.1. We will use that E(z, 1/2+iτ) = S(z, 1/2+iτ)E(z, 1/2−iτ), and this, combined with some estimates on S(s) and the estimates above, will allow us to justify the contour deformation.

We give some bounds on the scattering matrix, using the fact that we know it explicitly in terms of Γ and ζ. If | Re(s)| < C_1, | Im s| > 1, then | | | Γ(s − 1/2) Γ(s) | | | ≤ C^2 (2.9)

by Stirling’s formula. If Re(s) ≥ −δ, |ζ(s)| = O(| Im s|^{3/2+δ}) (2.10)

([20, p. 95]). Moreover, by [20, Theorem 9.7], there is a constant A such that each interval (T, T +1) contains a value τ of Im s such that |ζ(s)| ≥ | Im s|^{−A}, Im s = τ, −1 ≤ Re s ≤ 2. (2.11)

For each n ∈ Z we choose such a 2τ_n ∈ (n, n + 1). Using the equations (2.2), (2.7), (2.9), (2.10), (2.11), the fact that ΔE(z, 1/2 − iτ) = (1/4 + τ^2)E(z, 1/2 + iτ) and Δ^kf ∈ C^∞_c (X_0) for any k ∈ N, by integrating by parts in z^′ we can show that |χ(z)E(z, 1/2 + iτ) ∫ z^′∈X0 E(z^′, 1/2 − iτ)f(z^′)| ≤ C(1 + |τ|)^{−m} (2.12)

for any m ∈ R, if Im τ = 0, Im τ = 3/2, or Re τ = τ_n, 0 ≤ Im τ ≤ 3/2.

Now we do a contour deformation, deforming the integral over τ_n ≤ τ ≤ τ_{n+1}, Im τ = 0, to the contour consisting of the three line segments Re τ = τ_n, 0 ≤ Im τ ≤ 3/2; Im τ = 3/2, τ_n ≤ Re τ ≤ τ_{n+1}; and Re τ = τ_{n+1}, 0 ≤ Im τ ≤ 3/2. The estimate (2.12) and the residue theorem show that the sum of the residues in this region is bounded in absolute value by C_k(1 + |τ_n|)^{−k} for any k; this will give us the convergence of the sum over the poles as desired. By doing a contour deformation to the line Im τ = 3/2 and using the estimates (2.7), (2.9), (2.10), and (2.11), along with the residue theorem, we obtain a sum over the poles, with an error term of order e^{−3t/2}.

To improve the error term, we will need bounds on S(s) when Re s < −1. By [20, Theorem 8.7], | | | | 1 ζ(s) | | | | ≤ ζ(Re s) ζ(Re 2s) if Re s > 1.

(2.13)

Since ζ(s) = 2^sπ^{s−1} sin πs 2 Γ(1 − s)ζ(1 − s), the estimate (2.13) combined with our earlier estimates is enough to show that the contour of integration can be deformed to any line Im τ = c_0, resulting in an error as claimed.

The term with e^{−itτ} is treated similarly.

Suppose the Riemann hypothesis is true. Then, using a contour deformation argument similar to that above, one can show that χ sin(t √ Δ − 1/4) √ Δ − 1/4 f = 1 2i ∑ λ_j ∈σ_p(Δ) ( e^i √_{λj −1/4t} − e^{−i} √_{λj −1/4t} √ λ_j − 1/4 ) χ(z)ϕ_j (z)(f, ϕ_j ) + O(e^{(−1/4+ϵ)t})

for any ϵ > 0 and where we have used the notation and assumptions of Theorem 1.

On the other hand, just using the known fact that the ζ-function has no zeros in {s : Re s > 1 − C(log | Im s|)^{−1}, | Im s| > t_0} for some C > 0, one can show, by moving the contour of integration off the real axis, to Im τ = C/4 Re τ for sufficiently large τ, that χ sin(t √ Δ − 1/4) √ Δ − 1/4 f = 1 2i ∑ λ_j ∈σ_p(Δ) ( e^i √_{λj −1/4t} − e^{−i} √_{λj −1/4t} √ λ_j − 1/4 ) χ(z)ϕ_j (z)(f, ϕ_j ) + O(t^{−N} )

for any N.

3. The Hyperbolic Half-Cylinder The second example we consider is the hyperbolic half-cylinder Y_{0l} ≃ (R_+ )_r × (R/lZ)_θ with metric dr^2 + cosh^2 rdθ^2. The analysis is equally applicable to the case of the full cylinder Y_l ≃ (R)_r × (R/lZ)_θ with the same metric. In both cases the trapped set consists of one closed hyperbolic orbit which is well known to generate resonances on a lattice (as was pointed out by Guillopé [6] and Epstein [2]; see also [7, Appendix] and Fig.2(b)).

We begin by recalling some results of [7, Section 3 and Appendix]. The Laplacian Δ^{Y0l} = D^2_r − i tanh rD_r + ΔR^{/l}Z(cosh r)^{−2} on the hyperbolic half-cylinder Y_{0l} is, through conjugation by cosh^{1/2} r, equivalent to the operator

D^2_r +

ΔR/lZ_{+ 1/4}

cosh^2 r + 1 4 on L^2(R_+ × R/lZ, drdθ). We can expand this in terms of the eigenfunctions on R/lZ to obtain ⨁ m∈Z^D 2 r + (2πm/l)^2 + 1/4 cosh^2 r + 1 4 on l^2(Z, L^2(R_+ , dr)).

Modifying slightly the notation of [7], we have a generalized eigenfunction satisfying the Dirichlet boundary condition for the one-dimensional problem D^2_r +^{(2πm/l)2+1/4}_{cosh2 r} − k^2

(3.1) Ẽ_{νm} (r, k) = ã(ν_m, k) sinh r cosh^{1+νm} r_2F_1((ν_m − ik + 2)/2, (ν_m + ik + 2)/2, 3/2; − sinh^2 r) where ν_m = −1/2 + i(2πm/l) and ã(ν_m, k) = 2^{−ik}Γ((ν_m − ik + 2)/2)Γ((−ν_m − ik + 1)/2) Γ(−ik)Γ(3/2) . Then, for r, r^′ > 0, δ(r − r^′) = 1 4π ∫_∞ −∞ Ẽ_{νm} (r, k)Ẽ_{νm} (r^′, −k)dk. In order to be consistent with our first example, we shall use as the variable s = 1/2 − ik and set E_{νm} (r, s) = Ẽ_{νm} (r, k). The scattering matrix S_{0l}(s) for the hyperbolic half-cylinder with Dirichlet boundary conditions is S_{0l}(s) = ⨁ m∈Z^{s(H 0,−1/2+2imπ/l)(k), s = 1/2 − ik}

Figure 2. (a) Resonances associated to two strictly convex bodies: in every fixed strip, the resonances become closer to points on the lattice as the real part increases. (b) Resonances for a hyperbolic cylinder: all resonances lie exactly on a lattice. The underlying dynamical structure, exactly one hyperbolic closed orbit, is the same in the two examples.

where H_{0,−1/2+2imπ/l} is D^2_r +^{(2πm/l)2+1/4}_{cosh2 r} with Dirichlet boundary conditions. This gives us ([7, Lemmas 3.3, 3.4]) that

S_{0l}(s) = ⨁ m∈Z^{slm(s)} (3.2)

with s_{lm}(s) = 2^{2s−1}Γ(1/2 − s)Γ((1 + s − i2πm/l)/2)Γ((1 + s + i2πm/l)/2) Γ(s − 1/2)Γ((2 − s − i2πm/l)/2)Γ((2 − s + i2πm/l)/2) (3.3)

and the resonances of the Dirichlet Laplacian associated to s_{lm}(s) are ±i2πm/l − n, n ∈ 2N − 1. Notice that this means that for any β ∈ R, corresponding to each eigenfunction on R/lZ there are only a finite number of resonances with real part greater than β. Note too that for m ≠ 0, the resonance i2πm/l − n has multiplicity two as a resonance of S_{0l}(s) but only one as a resonance of s_{lm}(s) and s_{l(−m)}(s). For this reason, when m ≠ 0 we can rule out the possibility of needing terms with t dependence in the expansion someplace other than the exponential.

If X is a manifold with boundary, we use the notation Ċ^∞_c (X) to denote the smooth, compactly supported functions on X that vanish to infinite order at the boundary.

Theorem 2. Let f ∈ Ċ^∞_c (Y_{0l}) and let χ ∈ C^∞_c (Y_{0l}). Then there exist v_{m,n}, w_n ∈ C^∞_c (Y_{0l}) such that as t → ∞, χ sin(t √ Δ^{Y0l} − 1/4) √ Δ^{Y0l} − 1/4 f = ∑ 0<n<β m∈Z, n∈2N−1^e (i2mπ/l−n−1/2)tv m,n + ∑ 0<n<β n∈2N−1^e (−n−1/2)tw nt + O(e^{(−β−1/2)t})

if β ∉ 2N − 1. The same conclusion holds for f ∈ C^∞_c (Y_l) and Δ_l with the resonance set replaced by the resonance set of the full hyperbolic cylinder ±2πim/l − n, m ∈ N_0 , n ∈ N_0 .

Let {ϕ_m}, m ∈ Z be an orthonormal set of eigenfunctions of ΔR^{/l}Z, with corresponding eigenvalue (2πm/l)^2. As in the first example, we shall use the spectral representation

(3.4) sin(t √ Δ − 1/4) √ Δ − 1/4 = 1 8π ∑ m∈Z^{ϕm(θ)ϕm(θ} ′) ∫ Re s=1/2 e^{(s−1/2)t} − e^{−(s−1/2)t} s − 1/2 E_{νm} (r, s)E_{νm} (r^′, 1 − s) cosh^{−1/2} r cosh^{−1/2} r^′ds.

As for the first example, the proof involves a contour deformation and the difficulty lies in justifying it, bounding the residues, and bounding the integral over Re s = β. We prove the proposition by proving a series of lemmas which justify the contour deformation and bound the remainder.

Let χ, χ̃ ∈ C^∞_c (R_+ ). We will need bounds in s and m on χ(r)E_{νm} (r, s)E_{νm} (r^′, 1 − s)χ̃(r^′) for fixed Re s and bounds, in m, on its residues. We note that polynomial bounds will be sufficient for our purposes, since we shall be pairing with a function f ∈ C^∞_c (Y_{0l}). Since (2πm/l)^2 are the eigenvalues on the cross section

R/lZ, and since ΔR^{/l}Zf ∈ C^∞_c (Y0l) when f ∈ C^∞_c (Y0l), a polynomial bound in m suffices. Similarly, because

f vanishes to infinite order at r = 0, repeated integration by parts shows that a polynomial bound in s is enough.

We first concern ourselves with the residues.

Lemma 3.1. Let χ, χ̃ ∈ C^∞_c (R_+ ). If 0 < n < N_0, the residues of χ(r)E_{νm} (r, s)E_{νm} (r^′, 1 − s)χ̃(r^′) at s = ±2πim/l − n are bounded by C⟨m⟩^{N0+1/2}.

Proof. We will use that E_{νm} (r, s) = s_{lm}(s)E_{νm} (r, 1 − s) so that we need only bound s_{lm}(s) and its residues and bound E_{νm} (r, 1−s) in the good half plane Re(1−s) > 1/2.

At the pole s = ±i2πm/l − n, n ∈ 2N − 1, (3.5) E_{νm} (r, 1 − s)_{|s=±i2πm/l−n} = ã(ν_m, i/2 ± 2πm/l + in) sinh r(cosh r)^{1/2+2πim/l} ×_2F_1(1 + n 2 + πim l ∓ πim l , 1 2 + πim l ± πim l − n 2 , 3 2 , − sinh^2 r).

From [3, Sect. 2.3.2], for bounded n and r,

|_2F_1(1 + n 2 + πim l ∓ πim l , 1 2 + πim l ± πim l − n 2 , 3 2 , − sinh^2 r)| ≤ C⟨m⟩^{n/2−1/2}. (3.6)

Using Stirling’s formula, we find that |ã(ν_m, i/2 ± 2πm/l + in)| ≤ C⟨m⟩^{−n/2+1/2}. (3.7)

For m ≠ 0, the residue of s_{lm} at s = ±i2πm/l − n is (−1)^{(1−n)/2}2^{±i4πm/l−2n}Γ(1/2 ∓ i2πm/l + n)Γ((1 − n ± i4πm/l)/2) Γ(±i2πm/l − n − 1/2)Γ(2 ∓ i4πm/l + n)/2)Γ((2 + n)/2)Γ((n + 1)/2) which, for fixed n, is easily seen to be bounded by C⟨m⟩^{n+1/2} using the relation Γ(z+1) = zΓ(z) and Stirling’s formula. This, along with (3.5), (3.6) and (3.7), shows that the residues are bounded as claimed.

The bound given by this lemma is enough to show that the sum over the v_{m,n} in Theorem 2, which corresponds to a sum over residues, converges absolutely, since we may integrate by parts in the tangential variable to obtain decay in |m|.

We state the following lemma for the slightly easier case of e^{t(s−1/2)} rather than for e^{t(s−1/2)}/(s − 1/2) in order to avoid the difficulty at s = 1/2. However, this can be easily treated as indicated in (2.8) by considering at the same time the term of (3.4) with e^{−t(s−1/2)}/(s − 1/2). As the main difficulty here is the behaviour of the integrand at infinity, we avoid the question of the behaviour near s = 1/2. This lemma, combined with the previous one and the remarks above, justify the contour deformation to Re s = −β. Lemma 3.2. Let χ ∈ C^∞_c (R_+ ), f ∈ Ċ^∞_c (Y_{0l}), and

h_m(r, s; f) = χ(r) cosh^{−1/2} rϕ_m(θ) × ∫ R+ ∫ R/lZ^{et(s−1/2)Eνm (r, s)Eνm (r′, 1 − s) cosh} 1/2 r^′f(r^′, θ^′)ϕ_m(θ^′)dθ^′dr^′. Then if β > 0, β ∉ 2N − 1, then ∫ Re s=1/2 h_m(r, s; f)ds = ∫ Re s=−β h_m(r, s; f)ds + 2πi ∑ n<β n∈2N−1^{Ress=±i2πm/l−n hm(r, s; f).} Proof. In order to prove the lemma, we need only show that lim_{R→∞} ∫ | Im s|=R 1/2>Re s>−β h_m(r, s; f)ds = 0. Since (s(1 − s))^{l′} h_m(r, s; f) = h_m(r, s; ( D^2_r +

(2πm/l)^2 + 1/4 cosh^2 r )_l^′ f) (3.8)

and the right-hand side has the same properties as h_m(r, s; f), we need only show that χ(r)E_{νm} (r, s)E_{νm} (r^′, 1− s)χ(r^′) is polynomially bounded by ⟨s⟩ as | Im s| → ∞ with Re s bounded. Using [13, 7.2.8], we see that |χ(r)_2F_1((s + i2πm/l + 1)/2, (i2πm/l − s + 2)/2, 3/2; − sinh^2 r)| ≤ C when s is in such a region and |s| is sufficiently large. It only remains to bound ã(ν_m, is − i/2)ã(ν_m, i/2 − is) which is easily done using Stirling’s formula, to get that |ã(ν_m, is − i/2)ã(ν_m, i/2 − is)| ≤ C⟨s⟩ when Re s is in a compact set and Re s ∉ −(2N − 1), Re s ∉ 2N. This completes the proof.

Notice that the previous proof is made simple by the fact that we do not need uniform bounds in m. This is not the case in the next lemma, which is why its proof is more involved than the earlier ones. Lemma 3.3. Let χ ∈ C^∞_c (Y_{0l}), f ∈ Ċ^∞_c (Y_{0l}), and let β > 0, β ∉ (N ∪ (N − 1/2)). Then ∑ m∈Z^{ϕm(θ)χ(r)} ∫ Re s=−β ∫ R+ ∫ R/lZ e^{t(s−1/2)} s − 1/2 E_{νm} (r, s)E_{νm} (r^′, 1 − s)f(r^′, θ^′)ϕ_m(θ^′) ( cosh r^′ cosh r )_{1/2} dy^′dr^′ds = O(e^{−t(β+1/2)}) as t → ∞. Proof. Here we need uniform polynomial bounds on E_{νm} (r, s) and E_{νm} (r, 1 − s) when r is in a compact set and as |m| → ∞, |s| → ∞ with Re s = β.

Recall that E_{νm} (r, s) = ã(ν_m, is − i/2) sinh r(cosh r)^{1/2+2πim/l} ×_2F_1((s + 2πim/l + 1)/2, (2πim/l − s + 2)/2, 3/2; − sinh^2 r).

It is relatively easy to bound the hypergeometric function either in s (as was done in the previous lemma) or in m, but we are unaware of a bound in both independently. Instead we will take the approach of writing 2F_1((s + 2πim/l + 1)/2, (2πim/l − s + 2)/2, 3/2; − sinh^2 r)

(3.9) as a sum of derivatives of_2F_1((s^′ +2πim/l +1)/2, (2πim/l −s^′ +2)/2, 3/2; − sinh^2 r) with 1/2 < Re s^′ < 5/2, where we can obtain bounds on it using properties of the resolvent.

We will use

(3.10) (c − a)_2F_1(a − 1, b, c; z) + (2a − c − az + bz)_2F_1(a, b, c; z) + a(z − 1)_2F_1(a + 1, b, c; z) = 0 ( [13, 3.4.19]). Let γ be the greatest integer strictly less than (5/2 + β)/2 and let s = −β + iτ, τ ∈ R. We can write_2F_1((iτ − β + 2πim/l + 1)/2, (2πim/l − iτ + β + 2)/2, 3/2; − sinh^2 r) as a sum of

2F_1((iτ − β + 2γ + 2πim l + 1)/2 + j_1, ( 2πim l − iτ + β − 2γ + 2)/2 + j_2, 3 2 ; − sinh^2 r)

(3.11)

where j_1, j_2 ∈ {0, 1} and the coefficients are rational functions in 2πim/l, τ = Im s, and sinh^2 r, the degree of which does not exceed 2γ, and whose denominators are bounded away from 0 when β ∉ 2N − 2. These coefficients can be bounded by C⟨m⟩^{2γ} ⟨s⟩^{2γ} , where the constant depends on β. There are four functions (3.11) to bound now. We use the notation (b)_j = b(b + 1) · · · (b + j − 1).

If at least one of j_1, j_2 ≠ 0, then we use d^j dz^j [z^{a+j−1}_2F_1(a, b, c; z)] = (a)_j z^{a−1}_2F_1(a + j, b, c; z)

(3.12)

for positive integers j ([13, 3.4.4]) to write (3.11) as a sum of

2F_1 ( (iτ − β + 2γ + 2πim l + 1)/2, ( 2πim l − iτ + β − 2γ + 2)/2, 3/2; − sinh^2 r ) (3.13)

and its derivative in r (and second derivative, if j_1 = j_2 = 1 ) with coefficients which are rational functions of order no greater than two in sinh r, cosh r, m, and τ, with the denominator bounded away from 0. Note that 1/2 < 2γ − β < 5/2 when β ∉ 2N − 1/2, β > 0. The derivatives are not a difficulty, since once we have a polynomial bound on the function (3.13) we get a similar bound on the derivative using the fact that (3.13) solves the equation

(D^2_r +

(2πm/l)^2 + 1/4 cosh^2 r

+ 1/4 − s^′(1 − s^′))h = 0.

Let s^′ = iτ − β + 2γ, and note that (3.13) is equal to (a(ν_m, is^′ − i/2))^{−1}(sinh r)^{−1}(cosh r)^{−1/2−2πim/l}E_{νm} (m, s^′) with 1/2 < Re s^′ < 5/2.

In order to bound E(ν_m, s^′) when 1/2 < Re s^′ < 5/2, we use, in analogy with (2.3),

(3.14) E(ν_m, s^′) = 2 sinh ((s^′ − 1/2)r) − ( D^2_r +

(2πm/l)^2 + 1/4 cosh^2 r + 1 4 − s^′(1 − s^′) )_{−1} (2πm/l)^2 + 1/4 cosh^2 r

2 sinh ((s^′ − 1/2)r)

when 1/2 < Re s^′ < 5/2 and we recall that we have chosen the convention that (D^2_r +^{(2πm/l)2+1/4}_{cosh2 r} +^1_4 − s^′(1 − s^′))^{−1} is bounded on L^2_0(R_+ ) when Re s^′ > 1/2. We have ‖ ‖ ‖ ‖ ( D^2_r +

(2πm/l)^2 + 1/4 cosh^2 r + 1 4 − s^′(1 − s^′) )_{−1}‖ ‖ ‖ ‖ ≤ C | Im s^′|| Re s^′ − 1/2| (3.15)

when Re s^′ > 1/2. Since ‖ ‖ ‖ (2πm/l)^2 + 1/4 cosh^2 r (e^{(s′−1/2)r} − e^{−(s′ −1/2)r}) ‖ ‖ ‖_{L2(}R_{+)} ≤ C ⟨m⟩^2 | Re s^′ − 5/2|^{1/2}

(3.16) when 1/2 ≤ Re s^′ < 5/2, we find that for 1/2 + ϵ < Re s^′ < 5/2 − ϵ, |E_{νm} (r, s^′)| ≤ C⟨m⟩^2⟨s^′⟩^{1+ϵ}e^{(s′−1/2)r} where the constant depends on ϵ and we have used (3.14), (3.15), (3.16) as well as the Sobolev embedding theorem.

It remains to bound (ã(ν_m, i(s + 2γ) − i/2))^{−1} and ã(ν_m, is − i/2) when Re s = −β – actually, we need only bound their product. We have | | | ã(ν_m, is − i/2) ã(ν_m, i(s + 2γ) − i/2) | | | = | | | |2^{−2γ} Γ(s + 2γ − 1/2) Γ(s − 1/2) Γ((2πim/l + s + 1)/2) Γ(2πim/l + s + 2γ + 1)/2) Γ(−2πim/l + s + 1)/2) Γ((−2πim/l + s + 2γ + 1)/2) | | | | = | | | 2^{−2γ} (s − 1/2)^{2γ} ((2πim/l + s + 1)/2)_γ (−2πim/l + s + 1)/2)_γ | | | ≤ C⟨s⟩^{2γ} when Re s ∉ −(2N − 1). Finally, this shows that |χ(r)E_{νm} (r, s)| ≤ C⟨m⟩^{2γ+4}⟨s⟩^{4γ+7} when Re s = −β, β > 0, β ∉ N ∪ N − 1/2.

A polynomial bound for E_{νm} (r, 1 − s) is found in a similar way. These polynomial bounds are enough then to show that the integral in the statement of the lemma is of order O(e^{−t(β+1/2)}).

We point out that the same method applies to the case of the Neumann Laplacian on Y_{0l}, using the generalized eigenfuctions as in [5]. The Laplacian on the full cylinder Y_l can be built from the Dirichlet and Neumann Laplacians on the half-cylinder (by decomposing L^2(Y_l) into subspaces of odd and even functions) and hence we obtain the second part of Theorem 2.

As a final remark we point out that a more complex example with the same dynamical structure is given by two convex obstacles – see Fig.2(a). The resonances are shown to be asymptotic to a lattice of points, [9], [4]. The estimates on the resolvent given in [9] seem sufficient for obtaining an analogue of Theorem 2 above ([10]).

References

[1] H. Beyer, On the completeness of the quasinormal modes of the Pöschl-Teller potential. Commun. Math. Phys. 204 (1999), 397-423.

[2] Ch. Epstein, unpublished.

[3] A. Erdélyi, et. al. Higher Transcendental Functions Vol. I. McGraw-Hill Book Company, Inc., New York, 1953. [4] Ch. Gérard, Asymptotique des pôles de la matrice de scattering pour deux obstacles strictement convexes. Mém. Soc.

Math. France (N.S.) 31 (1988).

[5] L. Guillopé, Pöschl-Teller potentials and Laplacians on hyperbolic spaces, unpublished.

[6] L. Guillopé, Sur la distribution des longuers des géodésiques fermées d’une surface compacte à bord totalement géodésique.

Duke Math. J. 53 (1986), 827-848.

[7] L. Guillopé and M. Zworski, Upper bounds on the number of resonances for non-compact Riemann surfaces. J. Funct.

Anal. 129 (2) (1995), 364-389.

[8] L. Guillopé and M. Zworski, Scattering asymptotics for Riemann surfaces. Ann. Math. 145 (1997), 597-660. [9] M. Ikawa, On the poles of the scattering matrix for two strictly convex obstacles. J. Math. Kyoto Univ. 23 (1983), 127–194. [10] M. Ikawa, private communication.

[11] H. Iwaniec and P. Sarnak, L1 norms of eigenfunctions of arithmetic surfaces. Annals of Mathematics 141 (1995), 301-320. [12] P. Lax and R. Phillips, Scattering Theory. Academic Press, 1st edition 1969, 2nd edition 1989. [13] Y. Luke, The Special functions and their approximations Vol. 1. Academic Press, New York, 1969. [14] W. Müller, Spectral geometry and scattering theory for certain complete surfaces of finite volume. Invent. Math. 109 (1992), 265-305.

[15] A. Sá Barreto and M. Zworski, Distribution of resonances for spherical black holes. Math. Res. Lett. 4 (1997), 103-121. [16] P. Sarnak, Arithmetic quantum chaos, The Schur lectures (1992, Tel Aviv). Isreal Math. Conf. Proc 8 (1995), 183-236. [17] A. Soffer and M. Weinstein, Resonances, radiation damping and instability in Hamiltonian nonlinear wave equations.

Invent. Math. 136 (1999), 9–74.

[18] S.-H. Tang and M. Zworski, From quasimodes to resonances. Math. Res. Lett. 5 (1998), no. 3, 261–272. [19] S.-H. Tang and M. Zworski, Resonance expansions of scattered waves, preprint, 1999. [20] E.C. Titchmarsh, The Theory of the Riemann zeta-function, second edition. Clarendon Press- Oxford, 1986 [21] B.R. Vainberg, Exterior elliptic problems that depend polynomially on the spectral parameter, and the asymptotic behavior for large values of the time of the solutions of nonstationary problems. (Russian) Mat. Sb. (N.S.) 92(134) (1973), 224–241, 343.

[22] B.R. Vainberg, Asymptotic methods in equations of mathematical physics. Gordon and Breach, 1989. [23] M. Zworski, Resonances in physics and geometry. Notices Amer. Math. Soc. 46 (1999), 319–328. Department of Mathematics, University of Missouri Columbia, MO 65211, USA

tjc@math.missouri.edu

Department of Mathematics, University of California, Evans Hall, Berkeley, CA 94720, USA

zworski@math.berkeley.edu