PSEUDOSPECTRA IN AUTOMORPHIC SCATTERING

T. CHRISTIANSEN AND M. ZWORSKI

1. Introduction and statement of results

Following the work of Faddeev and Pavlov on automorphic scattering, Lax and Phillips [4] constructed a natural operator, B, which, in the case of modular surface, has the cuspidal eigenvalues and the zeros of the Riemann zeta function as its spectrum. That operator arises as the generator of the Lax-Phillips semi-group [3] – see Section 2 for a review in the automorphic setting, and [7] for a presentation of a generalized theory.

The unbounded operator B is not normal and hence it is natural to consider its pseudospectral behaviour, that is, the behaviour of the norm of its resolvent. For normal operators that norm decays away from the spectrum but its behaviour for non-normal operators has structure independent of the spectrum. The importance of this well known fact has been emphasized recently by Trefethen [8] and in the context of semi-classics has been discussed by the second author in [10].

In this note we show that in a strip containing the non-trivial zeros of the zeta function, the behaviour of the resolvent of B is close to the behaviour of a resolvent of a normal operator. More precisely, for Re s < 1/2, the spectrum of B + 1/2 is given by the nontrivial zeros of ζ(2s), and the norm of the resolvent of B + 1/2 is comparable to |ζ(2s)|^{−1}:

Theorem 1. Let B be the generator of the Lax-Phillips semigroup for the modular surface, H^2 /P SL(2; Z), with a in the definition of B chosen sufficiently large. Then in the critical strip, 0 < ϵ ≤ Re s ≤^1_2 − ϵ, we have

(1.1) ⟨(B + 1/2 − s)^{−1}⟩ ∼_ϵ ⟨s⟩^{1−2 Re s} 1 |ζ(2s)| . Here ⟨•⟩ = (1+‖•‖)^{12} , and f ∼_ϵ g if f/C_ϵ ≤ g ≤ C_ϵf, for some C_ϵ > 0 (depending on ϵ).

A more precise statement can be given using the function ξ – see Section 4. In practical terms, (1.1) means that the zeros of ζ(s) could probably be successfully computed using the non-self-adjoint operator B.

To formulate the general result we have to recall the class of surfaces: we say that a smooth two-dimensional Riemannian manifold X is a manifold with cusp 1

2 T. CHRISTIANSEN AND M. ZWORSKI

Figure 1. Approximate level sets of the norm of the resolvent (B + 1/2 − s)^{−1}. The shadings corresponding to a logarithmic scale are shown on the right.

ends if X can be written as

(1.2) X = X_0 ∪^m_1 X_i

where X_0 is a compact manifold (with boundary) and each X_i is isomorphic to

(1.3) [a_i, ∞)_y × S^1_θ,

with a_i > 0 and with metric y^{−2}((dy)^2 + (dθ)^2). As mentioned above, for such a manifold we can define the Lax-Phillips semigroup as in [4, 6], and we call its generator B. The scattering matrix Φ(s) can be defined via the 0th Fourier coefficient of the Eisenstein series. In Section 2 we briefly recall the definition of these objects, noting in particular the dependence of B on the choice of a. Theorem 1 is an immediate consequence of

Theorem 2. For ϵ > 0, Re s ≤ 1 2 − ϵ and | | | |s − 1 2 | | | | > 1 ,

PSEUDOSPECTRA IN AUTOMORPHIC SCATTERING 3

and by choosing a sufficiently large in the definition of K, there exists C_ϵ > 0 such that

(1.4) 1 C_ϵ ‖Φ(s)‖ a^{1−2 Re s} 1 − 2 Re s ≤ ⟨(B + 1/2 − s)^{−1}⟩ ≤ C_ϵ ⟨a + 3⟩^{1−2 Re s} 1 − 2 Re s ⟨Φ(s)⟩ , where ⟨•⟩ = (1 + ‖ • ‖)^{12} .

The line Re s = 1/2 corresponds the continuous spectrum of the Laplacian Δ. We note that the eigenvalues of B + 1/2 include ν_j such that ν_j (1 − ν_j ) is an eigenvalue of Δ. Thus the resolvent of B + 1/2 blows up at points corresponding to the embedded eigenvalues of Δ (if there are any), while Φ(s) is regular on Re s = 1/2. We also remark that the proof of Theorem 2 shows that the upper bound in (1.4) holds regardless of the size of a, though the constant depends on a.

We conclude this section with some remarks concerning (1.4). The operator B can be defined for any compactly supported black box perturbation of the Laplacian on odd dimensional Euclidean space, R^n, [7]. The case of cusps corresponds to the dimension one, where the black box includes all the non-zero Fourier modes and the compact part, X_0. We also have the scattering matrix S(λ) : L^2(S^{n−1}) → L^2(S^{n−1}), where now we use the usual scattering theoretical convention in which S(λ) is unitary for λ real. Generically, or under some mild assumptions, we do not have any embedded eigenvalues (corresponding to cusp forms in the arithmetic examples), and hence it is natural to ask if in general (1.5) ⟨(B − λ)^{−1}⟩ ∼ ⟨S(λ)⟩ , for | Im λ| ≤ C , where, as mentioned above, we now used the spectral convention of [7].

We remark that the black box formalism allows us to see that X_0 may be allowed to have mild singularities, for example, an elliptic point.

Acknowledgments. We would like to thank Mark Embree for his generous help during the preparation of this note. The authors would like to thank the National Science Foundation for partial support under the grants DMS-0088922 and DMS-9970614 respectively.

2. Preliminaries

In this section we recall the definition of the resonance set and of B, the generator of the Lax-Phillips semigroup. In particular, we are interested in the relationship between the spectrum of B and the resonance set.

For j = 1, ..., m, the Eisenstein series E_j (z, s) are defined by

(Δ − s(1 − s))E_j (z, s) = 0

and, on the ith cusp X_i, the 0th Fourier coefficient of E_j is

(2.1) δ_{ij}y^s + Φ_{ji}(s)y^{1−s}.

4 T. CHRISTIANSEN AND M. ZWORSKI

The scattering matrix is Φ(s) = (Φ_{ij} (s))_{1≤i,j≤m}. Let ϕ(s) = det(Φ(s)).

To define the resonance set of X, we first define the multiplicity m(η) for η ∈ C . We follow definition 5.16 of [5] (see also [6]).

• If Re(η) ≥ 1/2, η ≠ 1/2, define m(η) to be the dimension of the eigenspace of Δ for the eigenvalue η(1 − η).

• If Re(η) < 1/2, then m(η) is the dimension of the eigenspace for the eigenvalue η(1 − η) plus the order of the pole, or minus the order of the zero, of ϕ(s) at η.

• m(1/2) is the dimension of the eigenspace with eigenvalue 1/4 plus (Tr(Φ(1/2)) + m)/2 .

Then the resonance set σ(X) is the set {η ∈ C such that m(η) > 0} (Definition 5.16 of [5]; compare the singular set of [6]). For general background and references on resonances we refer the reader to [9].

We recall the definition of the Lax-Phillips semigroup in this setting. For further details, see [4] or [6].

The energy form for the wave equation ( − ∂^2 ∂t^2 − (Δ − 1/4) ) u(t) = 0, u(0) = f_1, u_t(0) = f_2, is

(2.2) E(f) = ‖df_1‖^2 − 1 4 ‖f_1‖^2 + ‖f_2‖^2,

where f = {f_1, f_2}. This is not positive definite. However, by some further manipulations (see [6] for details) one can see that G(f) = E(f) + c ∫ M |f_1|^2d vol_X

is positive definite for some compact set M ⊂ X and for sufficiently large c. We fix such M and c. We denote by H_G the completion of C^∞_0 (X) × C^∞_0 (X) with respect to the G norm. Let A = ( 0 I −Δ + 1/4 0 ) . Then U(t) = e^{At} is unitary with respect to the energy form E but grows exponentially in the G norm.

PSEUDOSPECTRA IN AUTOMORPHIC SCATTERING 5

Choose an a > 0 so that a > a_i for i = 1, ..., m (a_i from (1.3)) and M ∩ {(y, θ) ∈ X_i : y > a} = ∅. Following [6], for f = {f_1, f_2} ∈ H_G we define the projection π onto the interaction space K ⊂ H_G by

πf =f except for the zero Fourier coefficients in each cusp

(πf)^{(0)}_j (y) ={(f_1)^{(0)}_j (a)(y/a)^{1/2}, 0} for y > a in the cusp X_j .

Here g^{(0)}_j (y) =^1_{2π} ∫ (y,θ)∈X_j g(y, θ)dθ is the 0th Fourier coefficient of g in the cusp

X_j . Then set Z(t) = πU(t)π for t ≥ 0. The operators Z(t) form a strongly continuous semigroup of operators on K [4]; we call its generator B. Note that B depends (mildly) on our choice of a, since K does. We have ([6, Corollary 3.4, Corollary 4.2], [5, Theorem 5.22])

σ(X) = Spec(B + 1/2),

and, for η ∈ σ(M), m(η) is equal to the dimension of the generalized eigenspace of B with eigenvalue η − 1/2.

We shall use C, C_ϵ, et cetera, to denote positive constants whose value may change from line to line and which may depend on the subscripts.

3. Estimate on the resolvent

We will obtain estimates on the resolvent of B using estimates on the resolvent of the cut-off Laplacian. For these, in turn, we need estimates on the Eisenstein series, and the following definition of a cut-off operator.

Let R(s) = (Δ − s(1 − s))^{−1} : L^2(X) → L^2(X) for Re s > 1/2, except for finitely many values of s corresponding to eigenvalues of Δ. Let b > a_i, i = 1, ..., m. Then for f ∈ H_G, define

χ_{b,0}f =f except for the zero Fourier coefficients in each cusp

(χ_{b,0}f)^{(0)}_j (y) ={0, 0} for y > b in the cusp X_j .

As is well known, χ_{b,0}R(s)χ_{b,0} has a meromorphic continuation to C – see for instance [1].

We shall need some bounds on the Eisenstein series. Lemma 3.1. For 1/2 + ϵ ≤ Re s and |s − 1/2| > 1, ‖χ_{b,0}E_j (·, s)‖ ≤ C_ϵ ⟨b⟩^{Re s−1/2} √ 2 Re s − 1 for j = 1, ..., m.

6 T. CHRISTIANSEN AND M. ZWORSKI

Proof. Let Ψ_j ∈ C^∞(X) be a function supported on the end X_j which is 1 for y > a_j + 1. Then

(3.1) E_j (z, s) = Ψ_j y^s − R(s)(Δ − s(1 − s))Ψ_j y^s.

Since ‖(Δ − s(1 − s))Ψ_j y^s‖ ≤ C⟨s⟩ ⟨a_j ⟩^{Re s−1/2} √ 2 Re s − 1 and ‖R(s)‖ ≤ 1 dist(s(1 − s), Spec(Δ)) ≤ C_ϵ⟨s⟩^{−1} for such values of s, we have

(3.2) ‖R(s)(Δ − s(1 − s))Ψ_j y^s‖ ≤ C_ϵ ⟨a_j ⟩^{Re s} √ 2 Re s − 1 . Since ‖χ_{b,0}Ψ_j y^s‖ ≤ C √ 2 Re s − 1 ⟨b⟩^{Re s−1/2}, we obtain the upper bound. □

For the lower bound on the resolvent, we will need finer information. We stress that in the case of a single cusp, in particular for the modular surface, the situation is simpler.

Lemma 3.2. Let a_M = max_{1≤j≤m} a_i. For 1/2 + ϵ ≤ Re s and |s − 1/2| > 1, for any δ > 0 we can choose b > 2a_M sufficiently large so that | | | b^{1−2 Re s}(2 Re s − 1) 2π(1 − (1/2)^{2 Re s−1}) ∫ z∈X_k , b/2<y<b E_j (y, θ, s)y^sy^{−2}dydθ − δ_{jk} | | | ≤ δ for j, k = 1, ..., m. We may also choose b sufficiently large so that, for j = 1, ..., m, ∫ z∈X_j , a_M ≤y≤b |E_j (y, θ, s) − ∑ k≠j d_kE_k (y, θ, s)|^2y^{−2}dydθ > 1 10(2 Re s − 1) b^{2 Re s−1}

for any d_i ∈ C with |d_i| < 2.

Proof. The inequality (3.2) together with (3.1) and (2.1), the definition of Φ_{ji}(s), implies that

(3.3) |Φ_{ji}(s)|^2 ≤ 1 2π C^2_ϵ a^{2 Re s−1} i ⟨a_j ⟩^{2 Re s} ≤ C_ϵC^{2 Re s}

PSEUDOSPECTRA IN AUTOMORPHIC SCATTERING 7

for i, j = 1, ..., m. A straightforward computation shows, for b > 2a_M , Im s ≠ 0, b^{1−2 Re s}(2 Re s − 1) 2π(1 − (1/2)^{2 Re s−1}) ∫ z∈X_k , b/2<y<b E_j (y, θ, s)y^sy^{−2}dydθ = b^{1−2 Re s}(2 Re s − 1) 2π(1 − (1/2)^{2 Re s−1}) ∫ z∈X_k , b/2<y<b (δ_{kj} y^{2 Re s} + Φ_{jk}(s)y^{1−2i Im s})y^{−2}dydθ

= δ_{jk} + b^{1−2 Re s}(2 Re s − 1) (1 − (1/2)^{2 Re s−1})

Φ_{jk} (s) −2i Im s (b^{−2i Im s} − (b/2)^{−2i Im s}).

Using (3.3), and the fact that Re s ≥ 1/2 + ϵ, we can choose b sufficiently large that | | |b^{1−2 Re s}(2 Re s − 1) (1 − (1/2)^{2 Re s−1})

Φ_{jk} (s) −2i Im s (b^{−2i Im s} − (b/2)^{−2i Im s}) | | | < δ. A similar argument handles the case Im s = 0, proving the first part of the lemma.

On the end X_j , E_j (s) − ∑ k≠j d_kE_k (s) = y^s + αy^{1−s} + β,

where β is orthogonal to the zero mode. Therefore, when Im s ≠ 0, ∫ z∈X_j , a_M ≤y≤b |E_j (y, θ, s) − ∑ k≠j d_kE_k (y, θ, s)|^2y^{−2}dydθ ≥ 2π 2 Re s − 1 ( b^{2 Re s−1} − a^{2 Re s−1}_M + |α|^2(a^{−2 Re s+1}_M − b^{−2 Res +1}) ) − 4π Re ( α 2i Im s

(b^{−2i Im s} − a^{−2i Im s}_M ) ) . If |d_k| ≤ 2, then using (3.3), |α| ≤ C_ϵC^{Re s}. Therefore, we may choose b sufficiently large that 1 2 Re s − 1

(b^{2 Re s−1} − a^{2 Re s−1}_M ) ≥ 2|α| | | | | 1 2i Im s

(b^{−2i Im s} − a^{−2i Im s}_M ) | | | | + 1 10(2 Re s − 1) b^{2 Re s−1}

for 1/2 + ϵ ≤ Re s.

A similar analysis works if Im s = 0. □ The bounds on the cut-off resolvent χ_{b,0}R(s)χ_{b,0} will be instrumental in bounding the resolvent of B.

Lemma 3.3. For Re s ≤ 1/2 − ϵ and |s − 1/2| > 1, for some C_ϵ > 0 ‖χ_{b,0}R(s)χ_{b,0}‖ ≤ C_ϵ ⟨b⟩^{1−2 Re s} ⟨s⟩(1 − 2 Re s) (1 + ‖Φ(s)‖).

8 T. CHRISTIANSEN AND M. ZWORSKI

Moreover, for sufficiently large b and for the same s values (1 + ‖χ_{b,0}R(s)χ_{b,0}‖) ≥ 1 C_ϵ ⟨b⟩^{1−2 Re s} ⟨s⟩(1 − 2 Re s) ‖Φ(s)‖. Proof. We use

(3.4) R(s) − R(1 − s) = 1 1 − 2s m∑ j=1 E_j (s) ⊗ E_j (1 − s)

where

(E_j (s) ⊗ E_j (1 − s)f)(z) = E_j (z, s) ∫ X E_j (z^′, 1 − s)f(z^′)d vol_X .

Our restrictions on s mean that 1/2 + ϵ ≤ Re(1 − s), and we have (3.5) ‖R(1 − s)‖ ≤ C_ϵ⟨s⟩^{−1}. We may write

(3.6) m∑ j=1 E_j (s) ⊗ E_j (1 − s) = m∑ i,j=1 Φ_{ji}(s)E_i(1 − s) ⊗ E_j (1 − s).

Using Lemma 3.1,

(3.7) ‖χ_{b,0}E_i(1 − s) ⊗ χ_{b,0}E_j (1 − s)‖ ≤ C_ϵ ⟨b⟩^{1−2 Re s} 1 − 2 Re s . Then using (3.4), (3.5), (3.6), and (3.7), we obtain the upper bound on the cut-off resolvent.

To obtain the lower bound, let v = (v_1, ..., v_m) ∈ C^m be a vector with ‖v‖ = 1 and ‖Φ(s)v‖ = ‖Φ(s)‖. (Of course, v depends on s.) For δ =^1_{5m} , let b be the number whose existence is guaranteed by Lemma 3.2 for 1 − s in place of s. Now let f = b^{2 Re s−1}(1 − 2 Re s) 2π(1 − (1/2)^{1−2 Re s}) ∑ j χ_{[b/2,b],j}y^{1−s}v_j where χ_{[b/2,b],j} is the function supported on the jth cusp which is one for b/2 ≤ y ≤ b and 0 otherwise. Note that (3.8) ‖f‖^2 ≤ Cb^{2 Re s−1}(1 − 2 Re s), and, using Lemma 3.2, | | | ∫ X E_j (z^′, 1 − s)f(z^′)d vol_X −v_j | | | ≤ δ ∑ |v_k| = 1 5m ∑ |v_k| ≤ 1 5 √ m . We wish to obtain a lower bound on ‖ ∑ i,j Φ_{ji}(s)χ_{b,0}E_i(1 − s) ⊗ χ_{b,0}E_j (1 − s)f‖

PSEUDOSPECTRA IN AUTOMORPHIC SCATTERING 9

in terms of ‖Φ(s)‖. Let ṽ_j = ∫ X E_j (z^′, 1 − s)f(z^′)d vol_X and let u_i = ∑ Φ_{ji}ṽ_j.

Notice that ( ∑ |u_i|^2)^{1/2} = ‖Φ(v + (ṽ − v))‖ ≥ ‖Φv‖ − ‖Φ(v − ṽ)‖ ≥ ‖Φ‖ − 1 5 ‖Φ‖ = 4 5 ‖Φ‖. Now let |u_{i0} | = max_i |u_i|, and note that |u_{i0} | ≥^4_5^√_m ‖Φ‖. Now consider ‖ ∑ ij Φ_{ji}(s)χ_{b,0}E_i(1 − s) ⊗ χ_{b,0}E_j (1 − s)(f)‖^2 = ‖ ∑ i u_iχ_{b,0}E_i(1 − s)‖^2

≥ ∫ z∈X_{i0} ,a_M ≤y≤b | | | | | ∑ i u_iE_i(1 − s) | | | | | 2 y^{−2}dydθ

= |u_{i0} |^2 ∫ z∈X_{i0} ,a_M ≤y≤b | | | | | E_{i0} (1 − s) + ∑ i≠i_0 u_i |u_{i0} | E_i(1 − s) | | | | | 2 y^{−2}dydθ. Now, using the second part of Lemma 3.2, we have that ‖ ∑ ij Φ_{ji}(s)χ_{b,0}E_i(1 − s) ⊗ χ_{b,0}E_j (1 − s)(f)‖^2

≥ |u_{i0} |^2 b^{1−2 Re s} 10(1 − 2 Re s) ≥ b^{1−2 Re s} C(1 − 2 Re s) ‖Φ‖^2. Using (3.8), the bound on ‖f‖, we obtain the desired lower bound on ‖χ_{b,0}R(s)χ_{b,0}‖. □ We can now give

Proof of Theorem 2: From [7, (2.6)] or [4], we have π(A − λ)^{−1}π = (B − λ)^{−1}, and (A − λ)^{−1} = − ( λ I −Δ +^1_4 λ ) (Δ − 1 4 + λ^2)^{−1}

where (Δ −^1_4 + λ^2)^{−1} is bounded on L^2(X) for all but a finite number of λ with Re λ > 0 (compare [7, (2.5)]). This gives us ( B + 1 2 − s )_{−1} = π ( −s +^1_2 −I Δ −^1_4 −s +^1_2 ) R(s)π. (3.9)

Let {f_1, f_2} ∈ H_G. We note that

(3.10) πf = χ_{a,0}f + ∑ j χ_{[a,∞),j}{(f_1)^{(0)}_j (a)(y/a)^{1/2}, 0},

10 T. CHRISTIANSEN AND M. ZWORSKI

where χ_{[a,∞),j} = χ_{[a,∞),j}(y) is the characteristic function for [a, ∞) on the jth cusp X_j and is 0 elsewhere. Therefore, R(s)πf =R(s) ( χ_{a,0}f + m∑ j=1 {v_{j,s}, 0} )

+ 1 1/4 − s(1 − s) m∑ j=1 Ψ_j {(f_1)^{(0)}_j (a)(y/a)^{1/2}, 0}

(3.11)

where Ψ_j is smooth function supported on the jth cusp X_j which is 0 for y ≤ a and 1 for y > a + 2 and (3.12)

v_{j,s} = χ_{[a,∞),j}{(f_1)^{(0)}_j (a)(y/a)^{1/2}, 0} −

(Δ − s(1 − s)) 1/4 − s(1 − s) Ψ_j {(f_1)^{(0)}_j (a)(y/a)^{1/2}, 0}.

Note that v_{j,s} is supported on the jth cusp X_j , with a ≤ y ≤ a + 2, and ‖v_{j,s}‖ ≤ C|(f_1)^{(0)}_j (a)|, if |s − 1/2| > 1. In fact, we have, for |s − 1/2| > 1,

(3.13) ‖Ψ(χ_{a,0}f_1 + m∑ j=1 v_{j,s})‖_H 1 ≤ C_Ψ‖f‖_{HG} for any Ψ ∈ C^∞_c (X).

It is immediate from (3.9), (3.10), and Lemma 3.3 that ‖(B + 1/2 − s)^{−1}{0, f_2}‖_{HG} ≤ C_ϵ ⟨a⟩^{1−2 Re s} 1 − 2 Re s ⟨Φ(s)⟩‖{0, f_2}‖_{HG} . It remains to bound ‖(B + 1/2 − s)^{−1}{f_1, 0}‖_{HG} . If g = {g_1, g_2}, we introduce the notation πg = {π_1g_1, π_2g_2}. Note that

‖dπ_1g_1‖^2 − 1 4 ‖π_1g_1‖^2 = ‖χ_{a,0}dg_1‖^2 − 1 4 ‖χ_{a,0}g_1‖^2,

and that χ_{a,0}Ψ_j = 0. Therefore, for some Ψ ∈ C^∞_c (X), | | |‖dπ^1R(s)π^1f^1‖^2 − 1 4 ‖π_1R(s)π_1f_1‖^2 | | | = | | |‖χ_{a,0}dR(s)π_1f_1‖^2 − 1 4 ‖χ_{a,0}R(s)π_1f‖^2 | | |

≤ C‖χ_{a,0}R(s)χ_{a+3,0}‖^2_L2_{→L}2 ‖Ψ(χ_{a,0}f_1 + m∑ j=1 v_{j,s})‖^2_H 1

≤ C_ϵ⟨s⟩^{−2}⟨a + 3⟩^{2−4 Re s}(1 − 2 Re s)^{−2}(‖Φ(s)‖ + 1)^2‖{f_1, 0}‖^2_{HG} ,

PSEUDOSPECTRA IN AUTOMORPHIC SCATTERING 11

using (3.11), (3.13), and Lemma 3.3. We also have ∫ M |π_1R(s)(χ_{a,0}f_1 + m∑ j=1 v_{j,s})|^2d vol_X

≤ C_ϵ⟨s⟩^{−2}⟨a + 3⟩^{2−4 Re s}(1 − 2 Re s)^{−2}(1 + ‖Φ(s)‖)^2‖f‖^2_{HG} ,

so that

‖{π_1(−s + 1/2)R(s)π_1f_1, 0}‖_{HG} ≤ C_ϵ⟨a + 3⟩^{1−2 Re s}(1 − 2 Re s)^{−1}⟨Φ(s)⟩‖f‖_{HG} .

A similar argument bounds ‖{0, π_2(Δ − 1/4)R(s)π_1f_1}‖_{HG} , finishing the proof of the upper bound.

By looking at the operator in the lower right corner of (3.9) and using (3.10), we see that ‖(s−1/2)χ_{a,0}R(s)χ_{a,0}‖_L2_{→L}2 provides a lower bound on ‖(B +1/2−s)^{−1} ‖. Thus, applying Lemma 3.3 we obtain the lower bound.

4. Proof of Theorem 1

Consider the special case of X = H^2 /P SL(2; Z), the quotient of the hyperbolic upper half plane by P SL(2; Z). As is well known (see for instance [4]), this has scattering matrix

(4.1) Φ(s) = √ π Γ(s −^1_2 )

Γ(s) ζ(2s − 1) ζ(2s) where Γ is the Euler Γ-function and ζ is the Riemann ζ-function. The functional equation of the scattering matrix, Φ(1−s) = Φ(s)^{−1}, corresponds to the functional equation for the ζ function, best given in terms of the classical ξ function: ξ(s) = 1 2 s(s − 1)π^{− s2} Γ ( s 2 ) ζ(s) , ξ(s) = ξ(1 − s) , Φ(s) = 2sξ(2s − 1) (2s − 2)ξ(2s) . (4.2)

The nice feature of ξ(2s) is that it is an entire function of order one with zeros given by the resonances of X, that is, the non-trivial zeros of ζ(2s). Applying Theorem 2 we obtain a slightly more precise version of Theorem 1. To see the formulation in terms of the zeta function in the critical strip we recall (see (4.2) above) that

ζ(2s − 1) = −2^{2s−1}π^{2s−2} cos(πs)Γ(2 − 2s)ζ(2 − 2s).

Using Stirling’s formula, | | | | 1 ζ(s) | | | | ≤ ζ(Re s) ζ(2 Re s) for Re s > 1

12 T. CHRISTIANSEN AND M. ZWORSKI

([2, Theorem 2, Chapter 8]), and the fact that ζ(s) is bounded in any half-plane Re s ≥ 1 + δ > 1, we obtain, for ϵ < Re s < 1/2 − ϵ 1 C_ϵ ⟨Im s⟩^{1−2 Re s} |ζ(2s)| < |Φ(s)| < C_ϵ ⟨Im s⟩^{1−2 Re s} |ζ(2s)| . Combining this with Theorem 2, we obtain Theorem 1. Again we do not need to demand that a is large for the upper bound.

References

[1] L. Guillopé and M. Zworski, Scattering asymptotics for Riemann surfaces. Ann. Math. 145 (1997), 597-660.

[2] A.A. Karatsuba and S.M. Voronin, The Riemann zeta-function, Walter de Gruyter, Berlin, 1992.

[3] P. Lax and R. Phillips, Scattering Theory. Academic Press, 1st edition 1969, 2nd edition 1989.

[4] P. Lax and R. Phillips, Scattering theory for automorphic forms, Ann. of Math. Stud., vol.

87, Princeton University Press, Princeton, NJ, 1976.

[5] W. Müller, Spectral geometry and scattering theory for certain complete surfaces of finite volume. Invent. Math. 109 (1992), 265-305.

[6] R. Phillips and P. Sarnak, Perturbation theory for the Laplacian on automorphic functions.

Journal of the AMS 5, 1 (1992), 1-32.

[7] J. Sjöstrand and M. Zworski, Lower bounds on the number of scattering poles, II. J. Functional Analysis 123, No. 2 (1994), 336-367.

[8] L.N. Trefethen, Pseudospectra of linear operators. Siam Review, 39 (1997), 383-400. [9] M. Zworski, Resonances in physics and geometry. Notices Amer. Math. Soc. 46 (1999), 319–328.

[10] M. Zworski, Numerical linear algebra and solvability of partial differential equations.

Preprint, 2001, to appear in Comm. Math. Phys.

Department of Mathematics, University of Missouri, Columbia, MO 65211 E-mail address: tjc@math.missouri.edu

Department of Mathematics, University of California, Berkeley, CA 94720 E-mail address: zworski@math.berkeley.edu