ERRATUM

We provide a small correction to the statement and proof of [1, Proposition 2.1]. The

key component is the Ingham inequality [3]. Suppose that A\,, n = 1,2,--- is a sequence
of real numbers satisfying
(1) A1 — A >y >0, n=1,2,---.

Then there exists a constant A depending only on « such that for any {a,}>>, € /*(N;C),
2
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If v in (1) satisfies v > 1 then we also have
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for some constant B depending only on . Here we will only need (2) but we note that
both inequalities are very important in control theory — see for instance [2].

Going back to [1] we now correct the proposition and its proof:

Proposition 2.1 For any W € L*(T'), there exists C > 0 such that for any k € [0,1),
and ug € L*(T") the solution to the Schrodinger equation

(4) (10, + (0 +ik)* — W)u =0, U |=0= ug
satisfies
(5) [l oo (m1:220.0y) < (Co + TH(Cr + W [72 ¢y [wol 2y, T >0,

where the constants Cy, C1 are independent of k.

Proof. For W =0 we put T' = 27 so that , with ¢, = 4y(n), we have

27 2
it(Op+ik)? 2 _ —it|n+k|?+inz
O g 3o = sup
z Jo

nez
(6) 0
i 24,
E Can€ itlntk|?Lina
n=1

2w
< 3sup <27r\00|2 + Z/
x + 0

dt

th) .

Since for k € [0, 1),
In+1+kP?—|ntk?=2n+1+£2k>1, n=1,2---,
1
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we can apply (2) to get
||€Zt Bx-‘,-zk u0||L°°L2([O T]) < CHU()HLQ, ), 0 S T S 271'.

with the constant C' is independent of k.

For a non-zero potential W € L*(T') we use Duhamel’s formula and write
. e
ult) = MO g [ IO (W) ds.
tJo

Applying (6) (now with 7" > 0 to be chosen later) and the Minkowski inequality we obtain

T
HUHLgOLf([o,T]) < C”UOHL?D +/0 ([Tt el(t=)Outik)? (Wu(s ))HL;@L%([O,T])dS
T .
< Clluoliz + [ 104 W a(s)) o
0

T
< Clluoliz +€ [ Wa(s)z2ds
0

< Clluollzz + CVT W | sz llull o= 2o
Hence,
(8) lull oo 2oy < 2C|uollzz, if CVT|W |2 < 5.

To obtain the estimate for multiples of T' = KTy, Ty = 1/(1 + 4||WW]|?C?), we note that,

by the invariance of the L2 norm of u(t), f(lﬁ)l)TO Ju®)[[Fdt < 2C[lu((k — 1)To)llz2 =

2C||ug|| 2. Iterating this inequality gives (5). O
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