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Abstract. We analyse the splitting of exact flat bands in the chiral model of the

twisted bilayer graphene (TBG) when the AA′/BB′ coupling of the full Bistritzer–

MacDonald model is taken into account. The first-order perturbation caused by the

AA′/BB′ potential is the same for both bands and satisfies interesting symmetries

(see (1.3)), in particular it vanishes on the line defined by the K points. The splitting

of the flat bands is governed by the quadratic term which vanishes at the K points.

1. Introduction and statement of the main result

The Bistritzer–MacDonald Hamiltonian (BMH) [BiMa11] is considered a good model

for the study of twisted bilayer graphene (TBG) and is famous for an accurate pre-

diction of the twisting angle at which superconductivity occurs [Ca*18] (see [CGG22,

Wa*22] for its rigorous derivation). In our notation it takes the form

H(α, λ) :=

(
λC D(α)∗

D(α) λC

)
: H1(C;C4)→ L2(C;C4), α ∈ C, λ ∈ R, (1.1)

Figure 1. Plots of k 7→ E±1(α, λ, k) for α the first real magic element

of A and λ = 10−3, 10−2, 10−1. We see that for very small coupling the

flat bands “move together” and split only when the coupling gets larger;

the quadratic term controls the splitting of the bands, see Figure 2.

For animated versions see https://math.berkeley.edu/~zworski/

Chiral2BM.mp4 and https://math.berkeley.edu/~zworski/1band_

1D.mp4.
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where D(α) and C are defined in (1.4). The bands for (1.1) are given as the eigenvalues

of e−i〈k,z〉H(α, λ)ei〈k,z〉 acting on L2
0 (a subspace of L2

loc(C;C4) satisfying a periodic-

ity condition – see (2.3)). The chiral limit of BMH corresponds to λ = 0 and its

elegant mathematical properties have been exploited first by Tarnopolsky–Kruchkov–

Vishwanath [TKV19], then mathematically by Watson–Luskin [WaLu21], and the au-

thors and their collaborators [Be*21, Be*22, BHZ22a, BHZ22b, BHZ23, Ya23, GZ23,

Be*23, HZ23].

The bands in the chiral model, that is the eigenvalues of e−i〈k,z〉H(α, 0)ei〈k,z〉 on L2
0,

are symmetric with respect to 0 and we can label them as E±`(α, 0, k), E−` = −E`,
E1 ≥ 0. ` ∈ Z \ {0}. Following [Be*22, BHZ22b], there exists a discrete set of magic

α’s, A ⊂ C, such that E±1(α, 0, k) ≡ 0 for all k ∈ C, if and only if α ∈ A (the angle

of twisting is proportional to 1/α). A magic α is simple if E`(α, 0, k) > 0 for ` > 1 –

see [BHZ22b] and, for the existence and properties of degenerate magic α’s, [BHZ23].

Since flat bands in the chiral limit are uniformly gapped from the rest of the spectrum

[BHZ22b, BHZ23], we can still consider, for small λ, the bands E±`(α, λ, k), where for

α ∈ A, E±`(α, 0, k) ≡ 0. The purpose of this note is to use symmetries of BHM (1.1),

some properties of theta functions, and standard degenerate perturbation theory to

show

Theorem. Suppose that α ∈ A ∩ R is simple and that k 7→ E±1(α, λ, k) are the two

lowest bands (in absolute value) of BMH in (1.1). Then there exist e(α, •), f(α, •) ∈
C∞(C/Λ∗) such that

E±1(α, λ, k) = e(α, k)λ± |f(α, k)|λ2 +O(λ3), λ→ 0, (1.2)

f(α,±K) = 0, (ωK ≡ K mod Λ∗, K 6= 0), and

e(α, k) = −e(α,−k) = −e(α, k̄) = e(α, ωk), ω = e2πi/3. (1.3)

Remarks. 1. A surprising feature, which does not seem to have been observed before,

is that the linear term does not depend on the band: the two bands move together for

small coupling constants – see Figure 1.

2. We observe numerically that the coefficient of the linear term is much smaller than

the coefficient of the quadratic term and that the approximation (1.2) is reasonable

for physically relevant coupling λ ' 0.7α, for first real magic α – see Figure 2.

3. The situation is different for complex α’s showing that our assumption α ∈ A ∩ R
is necessary to have purely quadratic behaviour in band splitting – see Figure 3.

4. Similar analysis can be performed for double magic α but to keep things simple we

restrict ourselves to numerical illustrations – see §5.

We now review the definitions needed for the notation of (1.1) and the theorem.
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Figure 2. On the left a log-log plot of λ 7→ maxk |E1(α, λ, k)| which

shows the transition from the linear to quadratic dominant behaviour for

the first two magic α ' {0.586, 2.221}; on the right a log-log plot of λ 7→
|E1(α, λ, 0)| for two degenerate magic angles α ' {0.8538, 2.701}. The

choice λ ≈ 0.7α is indicated by vertical dashed lines. The potentials used

on the left are given in (1.7) and correspond to the standard BMH. On

the right we use U1(z) := (U(z)− U(2z))/
√

2 and V (z). That potential

exhibits double magic α’s on the real axis – see [BHZ23].

We recall that general version of D(α) (and the corresponding self adjoint Hamil-

tonian) and of C:

D(α) =

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
, C :=

(
0 V (z)

V (−z) 0

)
, (1.4)

where the parameter α is proportional to the inverse relative twisting angle. With

ω = e2πi/3 and K := 4
3
π, we assume that

U(z + γ) = ei〈γ,K〉U(z), γ ∈ Λ, U(ωz) = ωU(z), U(z̄) = −U(−z), (1.5)

Λ := Z⊕ ωZ, and

V (z) = V (z̄) = V (−z), V (ωz) = V (z), V (z + γ) = ei〈γ,K〉V (z). (1.6)

The specific potentials (see [Be*21] and references given there) and the ones we use

in numerical experiments are

U(z) = −4
3
πi

2∑
`=0

ω`ei〈z,ω
`K〉, V (z) =

2∑
`=0

ei〈z,ω
`K〉, K = 4

3
π. (1.7)

We conclude this introduction by describing the relation between H(λ, α) given in

(1.1) and the representation of that Hamiltonian in the physics literature [BiMa11],
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Figure 3. Left: log-log plot of λ 7→ maxk |E1(α, λ, k)| which shows

the simple complex magic angles α ' {1.121 + 1.57i, 1.312 + 2.862i};
Right: log-log plot of λ 7→ maxk |E1(α, λ, k)| for two two-fold degenerate

complex magic α ' {0.963 + 0.987i, 1.226 + 2.268i} both with U1 and

V as in Figure 2. Vertical lines at |λ/α| = 0.7

[TKV19]. The Bistritzer-MacDonald Hamiltonian for twisted bilayer graphene reads

H (β, ζ) =

(
−iσ · ∇ T (β, ζ)

T (β, ζ)† −iσ · ∇

)
, (1.8)

where we defined σ = (σx, σy), r = (x, y), σ · ∇ = σx∂x + σy∂y (σ• are the Pauli

matrices) and interlayer tunnelling matrix

T (β, ζr) =

(
β̃V (ζr) βU(−ζr)

βU(ζr) β̃V (ζr)

)
.

The honeycomb graphene lattice has a non-equivalent pair of atoms in its fundamental

domain labelled by A,B respectively with A′, B′ used for the second layer in case of

TBG. In the matrix T , the potentials U and V facilitating AB′ tunnelling and AA′/BB′

respectively, see Figure 4,

U(r) =
2∑
i=0

ωie−iqi·r, V (r) =
2∑
i=0

e−iqi·r, qi := Ri

(
0

−1

)
, R := 1

2

(
−1 −

√
3√

3 −1

)
.

(R is the 2π/3 rotation matrix.)

Let K = diag(1, σx, 1) then upon making the change of variables ζr 7→ r, λ = β/ζ,

and α = β/ζ, we find

KH (β, ζ)K = ζ

(
λC D(α)†

D(α) λC

)
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Figure 4. |V (r)| (left) peaked at AA′/BB′ regions, |U(r)| (center) con-

centrated at AB′ regions, and figure of moiré fundamental cell with re-

gions of particle-type overlap (right).

where

D(α) =

(
Dx + iDy αU(r)

αU(−r) Dx + iDy

)
and C =

(
0 V (r)

V (−r) 0

)
.

The physics coordinates r = (x, y) are related to our Hamiltonian (1.1) by the change

of coordinates

x+ iy = 4
3
πiz, 1

3
Γ = 4

3
πiΛ, 3Γ∗ =

3

4πi
Λ∗

where 1
3
Γ is the moiré lattice and Γ is the lattice of periodicity of the potentials U(r)

and V (r). (In the figures we use coordinates based on (x, y) and the corresponding k

coordinates.)

Notation. In this paper we use the physics notation: for an operator A on L2(M,dm),

〈u|A|v〉 :=
∫
M
Av ū dm. Also, |u〉 denotes the operator C 3 µ → µu ∈ L2 and 〈u|,

its adjoint L2 3 v → 〈u|v〉 ∈ C. For z, w ∈ C ' R2, we use the real inner product,

〈z, w〉 := Re zw̄.

Acknowledgements. MZ gratefully acknowledges partial support by the NSF grant

DMS-1901462 and by the Simons Foundation under a “Moiré Materials Magic” grant.

2. Symmetries of BMH

In this section we review the symmetries of BMH given in (1.1) and the spaces used

in the definition of the bands k 7→ E±`(α, λ, k), ` ∈ Z\{0}. We follow the presentation

of [Be*21, Supplementary Materials], with modifications due to the variables used here,

see [BHZ22b, Appendix A].

2.1. Translation and rotation symmetries. The translation symmetry for u ∈
L2

loc(C;C2) is given by

Lγu :=

(
ei〈γ,K〉 0

0 e−i〈γ,K〉

)
u(z + γ), γ ∈ Λ, K = 4

3
π. (2.1)
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We extend this action diagonally for w ∈ L2
loc(C;C4):

Lγw =

(
Lγw1

Lγw2

)
, w =

(
w1

w2

)
, wj ∈ L2

loc(C;C2).

We then have have, in the notation of (1.1), (1.4) with U , V satisfying (1.5) and (1.6),

LγD(α) = D(α)Lγ, and LγH(α, λ) = H(α)Lγ. We also define

Ω : L2
loc(C;C2)→ L2

loc(C;C2), C : L2
loc(C;C4)→ L2

loc(C;C4),

Ωu(z) := u(ωz), C

(
w1

w2

)
:=

(
Ωw1

ω̄Ωw2

)
,

(2.2)

so that ΩD(α) = ωD(α) and CH(α, λ) = H(α, λ)C .

The natural subspaces of L2
loc(C;Cp), p = 2, 4, are given by

L2
k(C;C4) := {u ∈ L2

loc(C,C4) : Lγu = ei〈k,γ〉u}, (2.3)

with L2
k(C;C2) defined by replacing Lγ by Lγ. When the context is clear we simply

write L2
k for either space. We note that these spaces depend only on the congruence

class of k in C/Λ∗,

Λ∗ :=
4πi√

3
Λ, k 7→ z(k) :=

√
3k

4πi
, Λ∗ → Λ, 〈p, γ〉 ∈ 2πZ, p ∈ Λ∗, γ ∈ Λ.

The points of high symmetry, K, are defined by demanding that ωp ≡ p mod Λ∗. They

are given by K = {K,−K, 0}+Λ∗, K = 4
3
π (see (1.7), (2.1)). For k ∈ K/Λ∗ and p ∈ Z3

we also define

L2
k,p(C;C4) := {u ∈ L2

k(C;C4) : C pu = ω̄pu}, (2.4)

with the definition of L2
k,p(C;C2) obtained by replacing C by Ω. We have orthogonal

decompositions L2
k =

⊕
p∈Z3

Lk,p, k ∈ K/Λ∗. Also, the actions of Lγ and C on L2
p,k

commute. (In general, LγC = C Lωγ.)

As recalled in §1, the Floquet spectrum is obtained by taking the spectrum of

Hk(α, λ) := e−i〈z,k〉H(α, λ)ei〈z,k〉 =

(
λC D(α)∗ + k̄

D(α) + k λC

)
, (2.5)

on L2
0 with the domain given by H1

loc ∩ L2
0.

The spaces L2
k,p will be crucial in showing that f(α,±K) = 0 in (1.2). That, and the

proof of (1.3), requires additional symmetries, well known in the physics literature.

2.2. Additional symmetries. We start with the symmetries of D(α), a non-self-

adjoint building block of BMH (1.4) for U satisfying the conditions in (1.5). We start

with

ED(α)E −1 = −D(α), E v(z) := Jv(−z), J :=

(
0 1

−1 0

)
, E : L2

0 → L2
0. (2.6)
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If α ∈ A is simple then the kernel, Cu0, of D(α) on L2
0 is one dimensional (see [BHZ22b,

Theorem 2]) and, as the spectrum of E given by {±i} (E 2 = −I), E u0 = ±iu0 (for

one choice of sign). Hence,

u0(z) =

(
ψ(z)

±iψ(−z)

)
, ψ(z + γ) = e−i〈γ,K〉ψ(z), γ ∈ Λ. (2.7)

(This observation about the Bloch wave function associated to the Γ point was made in

the discussion before [TKV19, (26)].) Interestingly, numerical evidence suggests that

the signs alternate, with − at the first real magic angle, then +, and so on. For future

reference we also recall from [BZ23, Proposition 3.6] that u0 ∈ L2
0,2, that is

ψ(ωz) = ωψ(z), ψ(z) = zψ1(z), ψ1(0) 6= 0 with ψ1 ∈ Cω(C;C). (2.8)

We next recall an anti-linear symmetry,

Qv(z) := v(−z), Q(D(α) + k)Q = (D(α) + k)∗, (2.9)

and two linear symmetries,

H

(
u1(z)

u2(z)

)
:=

(
−iu2(−z)

iu1(−z)

)
, H (D(α) + k)H = −(D(α)− k), (2.10)

(We have, in the notation of (2.6), iH = E ; the factor i is there for H 2 = I.)

N u(z) :=

(
u2(−z̄)

u1(−z̄)

)
, N (D(α) + k)N = −(D(ᾱ)− k̄)∗. (2.11)

All of these operators satisfy, A2 = I and A : L2
0 → L2

0. Remarkably, for potentials

in (1.4) satisfying (1.5) and (1.6) these symmetries give symmetries of BMH (acting

on L2
loc(C;C4)). They have the following quaint physical names:

PT /C2zT symmetry: PT :=

(
0 Q
Q 0

)
,

particle-hole symmetry: S :=

(
H 0

0 H

)
,

mirror symmetry: M :=

(
0 iN

−iN 0

)
.

(2.12)

These operators all satisfy A2 = I but the mapping properties are more complicated,

see (2.14) below. The commuting components of the PT symmetry are given by the

parity-inversion and time-reversal operators:

Pu :=

(
0 IC2

IC2 0

)
u(−z), T u(z) := u(z).

We also remark that the antilinear symmetry A which holds for more general D(α) is

given by A = −iH Q, see [BHZ23, §6.1] and [BZ23, §3.5].
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We summarize the basic properties of these symmetries in the following

Proposition 1. With the definitions given in (1.1),(2.12) and for potentials satisfying

(1.5), (1.6), we have, for α ∈ C, λ ∈ R,

PT H(α, λ) = H(α, λ)PT , MH(α, λ) = H(ᾱ, λ)M ,

SH(α, λ) = −H(α, λ)S .
(2.13)

In addition, in the notation of (2.4), and for k = {0,±K}+ Λ∗, p ∈ Z3, K = 4
3
π,

PT : L2
k,p → L2

k,−p+1, S : L2
k,p → L2

k+K,p, M : L2
k,p → L2

−k,1−p, (2.14)

where L2
•,• = L2

•,•(C;C4).

Proof. To establish (2.13) we start with the PT symmetry where in view of (2.9) we

have (
0 Q
Q 0

)(
λC D(α)∗

D(α) λC

)
=

(
λQCQ D(α)∗

D(α) λQCQ

)(
0 Q
Q 0

)
.

Since V (−z) = V (z) (see (1.6)) we have QCQ = C.

For the mirror symmetry in (2.12) we use (2.11) to see that(
0 iN

−iN 0

)(
λC D(α)∗

D(α) λC

)
=

(
−λN CN D(ᾱ)∗

D(ᾱ) −λN CN

)(
0 iN

−iN 0

)
.

From V (z̄) = V (z) (see (1.6), we conclude N CN = C, proving MH(α, λ) =

H(ᾱ, λ)M . Finally, SH(α, λ) = −H(ᾱ, λ)S follows from (2.10) and H CH = −C.

To obtain (2.14), we first note that LγQ = QL−γ, LγH = ei〈γ,K〉H L−γ and LγN =

L−γ̄N . Hence,

LγPT = PTL−γ, LγS = ei〈K,γ〉S Lγ, LγM = ML−γ̄. (2.15)

In the notation of (2.2), ΩQ = QΩ, ΩH = ΩH and ΩN = N Ω∗ and thus

CPT = ω̄PTC , C S = S C , C M = ω̄MC ∗. (2.16)

We can now check the mapping properties (2.14): for u ∈ L2
p,k,

LγCPT u = ω̄PT C L−γu = ω̄PT (ω̄pe−i〈γ,k〉u) = ei〈γ,k〉ω̄1−pPTu,

that is, PT u ∈ L2
k,1−p. Then

LγC S u = ei〈K,γ〉S C Lγu = ei〈K+k,γ〉ω̄pS u,

that is S u ∈ L2
k+K,p. Finally,

LγC Mu = ω̄MC ∗L−γ̄u = ω̄1−pe−i〈γ,k〉Mu,

(since k = ±K, 0, 〈γ, k〉 = 〈γ̄, k〉) which means that Mu ∈ L2
−k,1−p. This completes

the proof of (2.14). �
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2.3. Protected states of BMH. We now use a modification of the argument from

[Be*21] to obtain symmetry protected states for H(α, λ). In the case of the chiral limit

H(α, 0), the same conclusion is easier and is based on the more immediate symmetry

of eigenvalues of H(α, 0) about 0 [TKV19, Be*22].

Proposition 2. In the notation of (2.5) and for all α, λ ∈ R,

dim kerL2
0
H±K(α, λ) ≥ 2, K := 4

3
π, (2.17)

ωK≡ K mod Λ∗.

Proof. Since H±K(α, λ) = e∓i〈z,K〉H(α, λ)e±i〈z,k〉, and multiplication by e±i〈z,K〉 takes

L2
0 to L2

±K , (2.17) is equivalent to dim kerL2
±K

H(α, λ) ≥ 2, for all real α and λ. We

now observe that Proposition 2 gives

U+H(α, λ)U−1
+ = −H(α, λ), U+ := S MPT ,

U−H(α, λ)U−1
− = −H(α, λ), U− := MSPT .

(2.18)

Also

U± : L2
±K,p → L2

±K,p. (2.19)

In fact, from (2.14) we see that

L2
K,p

S−→ L2
2K,p

M−→ L2
−2K,1−p

PT−−→ L2
−2K,p = L2

K,p

L2
−K,p

M−→ L2
K,1−p

S−→ L2
2K,1−p

PT−−→ L2
2K,p = L2

−K,p.

The mapping properties (2.19) and (2.18) show that

SpecL2
±K,p

H(α, λ) = − SpecL2
±K,p

H(α, λ). (2.20)

If {ej}4
j=1 is the standard basis of C4 then we easily check that

kerL2
K,0
H(0, 0) = Ce1, kerL2

−K,0
H(0, 0) = Ce2,

kerL2
K,1
H(0, 0) = Ce3, kerL2

−K,1
H(0, 0) = Ce4,

and in particular all these spaces are one dimensional. In view of (2.20), these dimen-

sions have to remain odd for all α, λ ∈ R and that shows that dim kerL2
±K

H(α, λ) ≥ 2,

proving (2.17). �

3. Perturbation theory

Suppose that α ∈ A ∩ R is simple (see §1). Then by [BHZ22b, Theorem 2],

ker(D(α) +k) = Cu(k), u(k) 6= 0 for all k ∈ C. We also have ker(D∗(α) + k̄) = Cu∗(k)

and the fact that the kernels are nonempty for all k implies that 〈u(k)|u∗(k)〉 = 0.

(Otherwise perturbation theory, as in the Grushin problem below, would give us in-

vertibility of D(α) + k.) We normalize u(k), u∗(k) to have norm one. To simplify
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notation we temporarily drop α in D(α) and consider Hk(α, 0), a self-adjoint Hamil-

tonian corresponding to the chiral limit:

H(k) :=

(
0 D∗ + k̄

D + k 0

)
.

We then define

H(k) :=

(
H(k) R−(k)

R+(k) 0

)
, R−(k) : C2 → L2

0, R+(k) = R−(k)∗ : L2
0 → C2,

R−(k) :=

(
0 |u(k)〉

|u∗(k)〉 0

)
R+(k) =

(
0 〈u∗(k)|

〈u(k)| 0

)
,

so that

H(k)−1 =

(
E(k) E+(k)

E−(k) E−+(k)

)
, E+(k) = R−(k), E−(k) = R+(k)

E(k) :=

(
0 E0(k)

E0(k)∗ 0

)
, E−+(k) ≡ 0,

E0(k) :=
(
(D(α) + k)||u(k)〉⊥→|u∗(k)〉⊥

)−1
(I − |u∗(k)〉〈u∗(k)|).

(3.1)

We label the eigenvalues of H(k) as E`(k), ` ∈ Z \ {0}, E`(k) = −E−`(k). Under our

assumptions we have E±1(k) = 0, E`(k) 6= 0 |`| > 1, see [BHZ22b, Theorem 2]. We

now consider the Bloch–Floquet eigenvalue problem for BMH (1.1) as a perturbation

of H(k):

H(k, λ)− z :=

(
λC − z D∗ + k̄

D + k λC − z

)
, C = C∗.

For |λ| � 1, the two smallest (in modulus) eigenvalues of H(k, λ), E±1(k, λ), are given

by the eigenvalues of

E−+(k, λ) = −
∞∑
`=0

(−1)`λ`+1E−(k)C(E(k)C)`E+(k) : C2 → C2,

see [TaZw23, Proposition 2.12] for this standard fact. Using (3.1) we then obtain

E−+(k, λ) =

(
λe+(k) λ2f(k)

λ2f(k) λe−(k)

)
+O(λ3)C2→C2 ,

e+(k) = −〈u(k)|C|u(k)〉, e−(k) = −〈u∗(k)|C|u∗(k)〉,
f(k) = 〈u∗(k)|V̄ E0(k)V̄ |u(k)〉.

(3.2)

We should stress (see [BHZ22b, §5.2]) that u(k) cannot be made continuous in k and

Λ∗-periodic (even modulo a k-independent unitary transformation, see (3.4) below).

However E−+(k, λ) is periodic. We present a quick argument relevant to (1.2).
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Lemma 3. In the notation of (3.2), e±, f ∈ C∞(C) and

e±(k + p) = e±(k), f(k + p) = f(k), k ∈ C, p ∈ Λ∗. (3.3)

Proof. We recall that

τ(p)∗(D(α) + k)τ(p) = D(α) + k + p,

τ(p)v(z) := ei〈z,p〉v(z), p ∈ Λ∗, τ(p) : Hs(C/Λ)→ Hs(C/Λ), s ∈ R.
(3.4)

We know (see (3.8) for an explicit formula) that k 7→ u(k) is a smooth function of

k ∈ C. Simplicity of α then shows that

|u(k + p)〉 = ρp(k)τ(p)∗|u(k)〉, |ρp(k)| = 1, k ∈ C, p ∈ Λ∗.

(We have an explicit formula for ρp(k) coming from (3.8), see [BHZ22b, §5], but that is

of no importance here.) This and (3.4) also shows that τ(p)∗ : |u(k)〉⊥ → |u(k + p)〉⊥,

τ(p) : |u∗(k)〉⊥ → |u∗(k + p)〉⊥ and hence, in the notation of (3.1),

〈u(k + p)| = ρp(k)〈u(k)|τ(p)|, |u(k + p)〉 = ρp(k)|τ(p)∗|u(k)〉,
E0(k + p) = τ(p)E0(k)τ(p)∗, k ∈ C, p ∈ Λ∗.

Since C and V̄ are multiplication operators which commute with τ(p) and τ(p)∗, (3.3)

follows. �

We also have

Lemma 4. In the notation of (3.2),

e+(k) = e−(k) =: e(k).

Proof. We calculate

e+(k) = −〈u(k)|C|u(k)〉 = −〈u1(k)|V |u2(k)〉 − 〈u2(k)|V̄ |u1(k)〉. (3.5)

In view of (2.9) we can take

u∗(k) = Qu(k) =

(
u1(k,−z)

u2(k,−z)

)
,

so that the definition of e−(k) gives, (recall from (1.6) that V (−z) = V (z))

e−(k) = −〈u∗(k)|C|u∗(k)〉 = −〈u∗1(k)|V |u∗2(k)〉 − 〈u∗2(k)|V̄ |u∗1(k)〉

= −〈u1(k,−•)|V |u2(k,−•)− 〈u2(k,−•)|V̄ |u1(k,−•)〉

= −〈u2(k)|V (−•)|u1(k)〉 − 〈u1(k)|V (−•)|u2(k)〉
= −〈u2(k)|V̄ |u1(k)〉 − 〈u1(k)|V |u2(k)〉 = e+(k),

which is the desired conclusion. �
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Hence the eigenvalues of (3.2) are given by (1.2). From Proposition 2 we see that

E±(α, λ,±K) = 0 and hence e(±K) = f(±K) = 0. It remains to establish (1.3). This

will be done in §4.

We conclude this section with an expression for e(k) in terms of ψ in (2.7). To that

we recall the notation of [BZ23]:

Fk(z) = e
i
2

(z−z̄)k θ(z − z(k))

θ(z)
, z(k) :=

√
3k

4πi
, z : Λ∗ → Λ, (3.6)

where θ(ζ) = θ1(ζ|ω) is a Jacobi theta function – see [KhZa15, §2.2]. We recall that

Fk(z +m+ nω) = Fk(z),

(2Dz̄ + k)Fk(z) = a(k)δ0(z), a(k) := 2πiθ(z(k))/θ′(0).
(3.7)

We can then use (2.7) and take

u(k) = c(k)Fk(z)u0(z) = c(k)Fk(z)

(
ψ(z)

±iψ(−z)

)
, (3.8)

where c(k) > 0 is the normalizing constant. This gives

e+(k) = −〈u(k)|C|u(k)〉 = −〈u1(k)|V |u2(k)〉 − 〈u2(k)|V̄ |u1(k)〉

= −c(k)2

∫
C/Λ

(V (z)u2(k, z)u1(k, z) + V (z)u1(k, z)u2(k, z)dm(z)

= ∓ic(k)2

∫
C/Λ
|Fk(z)|2(V (z)ψ(−z)ψ(z)− V (z)ψ(−z)ψ(z))dm(z)

= ±2c(k)2

∫
C/Λ
|Fk(z)|2 Im(V (z)ψ(−z)ψ(z))dm(z).

(3.9)

4. Symmetries of e(k)

We will now use different symmetries of u0 and Fk(z) to obtain symmetries of e(k)

listed in (1.3).

4.1. The reflection k 7→ −k symmetry. To see that e is an odd function of k we

use (2.10): from the simplicity assumption u(−k) = ρ(k)H u(k), |ρ(k)| = 1, and, as

V (−•) = V̄ ,

e(−k) = −〈u1(−k)|V |u2(−k)〉−〈u2(−k)|V̄ |u1(−k)〉
= 〈u2(k,−•)|V |u1(k,−•)〉+ 〈u1(k,−•)|V̄ |u2(k,−•)〉
= 〈u2(k, )|V (−•)|u1(k)〉+ 〈u1(k)|V̄ (−•)|u2(k)〉
= 〈u2(k, )|V̄ |u1(k)〉+ 〈u1(k)|V |u2(k)〉
= −e(k).

(4.1)
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4.2. The rotation k 7→ ωk symmetry. Using the definition (3.6), we consider

Fk(ωz):

a(k)δ0(z) = [(2Dz̄ + k)Fk](ωz) = ω((2Dz̄ + ω̄k)[Fk(ωz)].

The uniqueness of the fundamental solution of 2Dz̄ + k on the torus shows that

ωa(k)−1Fk(ωz) = a(ω̄k)−1Fω̄k(z),

that is

Fk(ωz) =
ω̄a(k)

a(ω̄k)
Fω̄k(z) =

ω̄θ(z(k))

θ(ω̄z(k))
Fω̄k(z).

Hence,

c(ω̄k)−2 =

∫
C/Λ
|Fω̄k(z)|2(|ψ(z)|2 + |ψ(−z)|2)dm(z)

=

∣∣∣∣θ(ω̄z(k))

θ(z(k))

∣∣∣∣2 ∫
C/Λ
|Fk(ωz)|2(|ψ(z)|2 + |ψ(−z)|2)dm(z)2 =

∣∣∣∣θ(ω̄z(k))

θ(z(k))

∣∣∣∣2 c(k)−2,

which implies c(ωk)/c(k) = |θ(z(k))/θ(ωz(k))|. Using (3.9) we obtain

±e±(k) = 2c(k)2

∫
C/Λ
|Fk(ωz)|2 Im(V (ωz)ψ(ωz)ψ(−ωz))dm(z)

= 2c(k)2

∫
C/Λ
|Fk(ωz)|2 Im(V (z)ψ(z)ψ(−z))dm(z)

= 2c(k)2

∣∣∣∣ θ(z(k)

θ(ω̄z(k))

∣∣∣∣2 ∫
C/Λ
|Fω̄k(z)|2 Im(V (z)ψ(z)ψ(−z))dm(z)

=
c(k)2|θ(z(k))|2

c(ω̄k)2|θ(ω̄z(k))|2
e(ω̄k) = ±e(ω̄k),

or

e(ωk) = e(k). (4.2)

4.3. The reflection k 7→ k̄ symmetry. We first claim that

F−k̄(z) = −θ(z(k̄))

θ(z(k))
Fk(z̄) and c(k) = c(k̄). (4.3)

To see the first part, we note that

(2Dz̄ − k̄)[Fk(z̄)] = (−2Dz − k)[Fk(z̄)] = −[(2Dz̄ + k)Fk](z̄) = −a(k)δ0(z),
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so that (3.7) and the uniqueness of the Green function give the first part of (4.3).

Hence,

c(k̄)−2 =

∣∣∣∣θ(z(k̄))

θ(z(k))

∣∣∣∣2 ∫
C/Λ
|Fk(z̄)|2(|ψ(z̄)|2 + |ψ(−z̄)|2)dm(z)

=

∣∣∣∣θ(z(k̄))

θ(z(k))

∣∣∣∣2 c(k)−2.

The second part of (4.3) then follows from the following fact:

θ(z) = e−iπ/4 θ(z̄). (4.4)

In fact, we can use the product representation of θ (see [Mu83, §I.14] or [KhZa15,

(2.10a)]):

θ(z) = 2q
1
4 sin πz

∞∏
n=1

(1− q2n)(1− q2ne2πiz)(1− q2ne−2πiz), q = eπiω, q̄ = −q.

Since

q
1
4 = e

1
4
πiω, q

1
4 = e−

1
4
iω̄ = e−

1
4
πie

1
4
iω = e−

1
4
πiq,

we have

θ(z̄) = 2(−q)
1
4 sin πz

∞∏
n=1

(1− q2n)(1− q2ne−2πiz)(1− q2ne2πiz) = e−
1
4
πiθ(z),

as claimed in (4.4).

Assuming that α ∈ A ∩ R is simple we can take u∗(k) = N u(−k̄) in the definition

of e(k) = e−(k) in (3.2): This means that

u∗1(k, z) = u2(−k̄,−z̄) = ±iF−k̄(−z̄)ψ(z̄),

u∗2(k, z) = u1(−k̄,−z̄) = F−k̄(−z̄)ψ(−z̄).

Using (1.6) again we have

e(k) = c(k)2

∫
C/Λ

V (z)u∗2(k, z)u∗1(k, z) + V (−z)u∗1(k, z)u∗2(k, z)dm(z)

= ∓ic(k)2

∫
C/Λ
|F−k̄(−z̄)|2

(
V (z)ψ(−z̄)ψ(z̄)− V (−z)ψ(z̄)ψ(−z̄))

)
dm(z)

= ∓ic(k)2

∫
C/Λ
|F−k̄(z)|2

(
V (z)ψ(z)ψ(−z)− V (z)ψ(−z)ψ(z))

)
dm(z)

= c(k)2c(k̄)−2e(−k̄) = c(k)2c(k̄)−2e(−k̄).

We now recall (4.1) and (4.3) to see that e(k) = −e(k̄).

Remark. We could avoid using (4.3) by considering (see (2.9) and (2.11))

R := QN , R(D(α) + k)R = −(D(ᾱ)− k̄).
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Figure 5. Plots of k 7→ E±`(α, λ, k) with ` ∈ {1, 2} for α the first

real magic element with potential AB′ tunnelling potential U1(z) :=

(U(z) − U(2z))/
√

2 and AA′/BB′ potential V (z) as in (1.7). In the

chiral limit, the potential U1 exhibits double magic α’s on the real axis –

see [BHZ23]. We then study λ = 10−3, 10−2, 10−1 (from left to right). We

see that for very small coupling two of the four bands ”move together”

and split only when the coupling gets larger. For an animated version

see https://math.berkeley.edu/~zworski/2bands_1D.mp4

This means that for a simple α ∈ R ∩ A,

Ru(k) = ρ(k)u(−k̄), |ρ(k)| = 1.

or that

u2(k, z̄) = ρ(k)u1(−k̄, z), u1(k, z̄) = ρ(k)u2(−k̄, z).

Using that in the definition of e(k) we obtain e(k) = e(−k̄).

5. Comments on degenerate magic angles

We now consider degenerate magic angles of multiplicity two – see [BHZ23, (1.7)

and Theorem 1]. The analogue of Figure 1 is shown in Figure 5. For small |λ| ≤ 10−3,

we observe that two out of the four flat bands undergo an upward shift in energy,

while the other two undergo an equal and opposite downward shift in energy. This is

different compared with simple magic angles where all flat bands move together for

small λ.

Another difference is that the bands are only anchored at K,K ′,Γ at zero energy,

rather than on the line through these points, as was the case for simple magic angles.

For larger perturbations |λ| ≥ 10−2, the two upper and two lower bands undergo a

splitting into separate bands, respectively. In addition, the two Dirac cones at Γ start

to overlap (center figure in Fig. 5). In the right Figure 5, we see that the eigenvalue

perturbation for |λ| ≤ 10−2 small is linear and for |λ| ≥ 10−1 quadratic terms are

dominant.

https://math.berkeley.edu/~zworski/2bands_1D.mp4
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