
 

Modulartercategrinandinvariants

offmanifolds



Tensorcategorie

HIIectorspaces E linear additive

ex e e V W to Vow

functor of the tensor product
id

exexe
exe

e
Ve

exe Now U
id

a isomorphism of functors if satifies
the pentagon axiom and gives a system
of functorial isomorphisms



a dav.am

Av u w V04 W V now

V V2 V3oVy V V2 V3 Vi
a

tada
Ove QY30Vy V Q Cars V4

a

you V30

guarantees that

A OAn A An
B

B assoc 5 apr
by compositions of a's



An identity object I 06 e

DO V VOD V
a

commutativity constraint
6 VOW 20 NOV

exe e
nouns wov

IF C w row a a a

V W wov

compatibility with a for is guaranteed

by two hexagon axims

comm constraint

Ew is a system of fundraisomorphisms

Cv w VOW WOV hexagon axioms

d



row ou
ᵈ

Wav aU

a
no WOV hvolwan

c
urolwov

yr

word
a OV

and c at i iw

They guarantee that
its inv

AI Are z
Ai An

pI
for any of Sn and brackets B B Y id

V



A right dual to V evv.ir V Nin
A iev eur D.ir viaxiouVVV QV

similarly a left dual V UN't

a N Y
in general

in Veate
v

Ribleoncatepn.es

A tensor category is neon if N idea
i e N Nv V functorial s t

Ny idp



v Now Norw Ciw cwt

Yaniv Nr Nv v w

f W
if

p I
t

def off w it 1
full twist
of framing

Emple Vet assume for each V WE Vect spaces

RVW VOW sit RM Ri RH opp product
id

and R is invertible RViW is also
invertible M Q Em 2 Mt Mt Mt Mᵗ Mᵗ



M is invertible Mᵗ an invertible

Then Veto R is a tensor category

with
cow PWR_PVW v0 w Wor

Ribbon structure assume certain
can be consistently taken
R 1989 Algebra Analys

Examples H Hopf algebra Myod is

always a tensor caty no comm constr

if REHAM s t DP a R a Rt
iDR RR Cid D R RBRIL

ᵈ



HIRE HOH

Drinfeld double H any f d Hopf
gyf.gr

fggqgyqyqyg

a id

Ugly

quaithopf alg A id



Invariants of framed links from

ribboncategoriclinks CIR R CR

diagramsjapan
idvo.nont

assume av.u.ws idenow

I ev v v D

A

Cv W 1 3 nov't
r

Or



Redemeister them fraud
DL Die formagrams

with
a sequence of Red moves Leland

framing

Ki 11

framing

ribloms



Blackboard framing

to
a

11

Turner book

Turall R 1989

IQftauy linv of tangles
Redemister
invariad

The composition of such elem morphisms



1
Gives inv L

ve I 11 i e inv L ed

Trt 1 3 out voÉ 19 v a
Endll

invariant of
Tr f inv linksa

by objects off

Similarly invariants of tangles

V W V2

N can be used to construct Mr
V V

Mrow Mr MW dim V Trfidr

Trrow fog Try f Truly



vov 1
É

yrnige
is the definition of µ

Drinfeld 1989 AIA on central elem C

R In explain how to V5

modulartensorcategon.es
all our categories are Abelian

Assume that I semisimple tensor category

with finitely many simple objects Vi



Hom Vi Vj dig 1 dim finitness pumbed
manifold

and any V9 finite sum Gl
Kruskal

2020

Definition A ribbon tensor category is modular

if MTC Vi Vi

Sij Tru v v.v Cv Vi inv

SsTij 8j 5412 on simple objects

is nondegenerate Moore Siberg 1990 CFT

Anexample i.ee thect nfeIz

Simple objects Vo D V1 VK 1

V QVjd vitjmo.dk



braiding Viovj Vj V.id
VT

villi Vijas e is
not

Vi V i k Vi Vi
Cij

ij exp ij 5 e It is

discrete Fourier transform





Kids
Let L C 53 L fi

Remove a tubular nbd along each component

of L The result is a 3d manifold with

the boundary T W Ute

Glue solid tori back to Ti's twisting
by a diffeomorphism each component

This is a Deejay
In particular
choose a faming on L

T



Framing defines a curve on each Ti

It defines the gluing
diffeomorphism

Them Lickorish Wallace 1960 s Any closed oriented

3d manifold can be obtained by a surgery along
a framed link L C 53

It follows from V A Rocklin 1951 thm that

each closed oriented 3 manifold bounds a

compact oriented 4 ball
Kirby calculus

Thm Kirby 1978 FEe1979 Let Me



and My be two manifolds obtained by a

surgery along L and L on 53 respectively

ML ML if and only if L and L

are related by a sequence of moves

H s k

framed
11 l

L L

Corollary If I is an invariant of

links in 53 that satisfied K then it

is an invariant of 3 manifolds
links are not oriented



Remand This is a non local construction

of 3 manifolds
Wd A triangulation Turaev Vino 199

M closed TVIMI RT M

Invariantflosedmanifold
We want to construct invariants of 3 manifolds

using Kirby calculus closed riflds

They R Turner MSRI preprint 1989

tanOIL
L VIC ML D II signature of

w̅ L WL surgery the link matrix of
L



try

Ef die die
inv L

ve www.nviei

Tariatfaloedek in 53
all simple

L conn comp of L e L L are framed

TCL sign lk L
D fruit

di D vzdff.mn
off

Vi di dime VidiNÉ
space where D Edall irreps DE dim k G

appear ones
G finite groupGelfand model spaces

G B
I 6nov



invariant with respectto K moves

EI
Vo Vin gid q e

vi q p D k

ii ie E
einv 1 E Ey q

K a semiclassical limit

Witten 1989 JeikCSCADA tankeika
5012

KCtd Flatt.com Gause It Fd



How to see this from the comb side

Eq inv UU Chern Simons

padded
Mattes Polyak R
199 Axelrod Singer

cont constr 4ᵗʰ perturb finite type in

of inv of links of 3 manifolds
with flat com

in the complement ffs.ttthisqeF
UIistheexp.tw

Specializations to a root of 1 as a a



Reations Lustig 1989 in Un see
In
EM E

Legiferators

F F'm nth fam

EIDEN Ʃ fer t K

IP
r
ECP t prezzo

o t minlp.ir

Corollary For te Ego CEE

I II Valde

Kim VA sla is a Hopf subalgebra



RYN VOW VOW

RUN HOW Δ a HOW Δ a RVW

ROW RY RY

RV.NO R
W

R

i Lustig's integral form with divided powers

A 219,9
Iron VA sea c Unlsk is the unital A subalgebra

generated by

E Ef F If she 2,1



Reations Lustig 1989 in Un see
In
EM E

Legiferators

F F'm nth fam

EIDEN Ʃ fer t K

IP
r
ECP t prezzo

o t minlp.ir

Corollary For te Ego CEE

I II Valde

Kim VA sla is a Hopf subalgebra



6 Uq sle is generated by E E F Fle

K K

c K
l Kl is central

d Uglier Uq see KF E F is a Hopf

subalgebra

Uqlshmod_ Proj modules tensor ideal

This
Iso Projectives

is a modular tensor category



Conjecture corresponding invariants of 3 manifolds

when are
semiclassical CS series

K a

confirmed in cases with only isolated

flat connection

otherwise it is a problem on the

semiclassical side

Fact Chen Yang 2015 when g e
m

m 1 this is not true

instead
µ

ekvol
M

K A


