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1 Introduction

This work is devoted to the strong unique continuation problem for second
order elliptic equations with nonsmooth coefficients. Consider the second order

elliptic operator B
P = 0,9 ()0,

in R™, the potential V' and the vector fields W; and W5. To these we associate
the differential equation

Given a function v € L7, and ¢ € R™ we say that u vanishes of infinite order
at xq if there exists R so that for each integer N we have

/ lul? dz < cyr®, r<R (2)
Br(zo0)
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We say that the problem (1) has the strong unique continuation property
(SUCP) if for every H'! function u satisfying (1) in a ball Bg(zo) the following
is true:

If uw vanishes of infinite order at xo then u = 0 near xg.

Our aim is to prove that (SUCP) holds under sharp scale invariant assump-
tions on the metric g and on the potentials V', W; and W5. For simplicity we
assume that x¢y = 0.

To state our assumptions on g, V, Wi and W5 we introduce the spaces
[7(LP) with norms

’Vqu Lp) Z HV”Lp ({29-1<|z|<29}) 1<p<oo, 1<g<o0 (3)
JEZ

Here for the sake of uniformity in notation we let j go over Z. For the strong
unique continuation property only sufficiently small j’s are relevant. In a
similar manner we define the spaces (*°(L?), ¢y(LP) and the weak (9 spaces,
I9,(L7).
Then we consider metrics g uniformly bounded from above and below and
satisfying
12|Vl ey <&, € small (4)
This does not imply that g is close to the Euclidean metric. However, in our

estimates later on we use a perturbation argument starting from estimates for
the Euclidean metric. This requires a stronger form of (4), namely

lg = 1In]

The reduction of (4) to (5) is carried out in the second section using a suitable
change of coordinates.
For the potentials V', W; and W5 we consider the following assumptions:

ooy + 1121V gl ey <€, € small (5)

w

V e l™®(L3), lims(?p ||V||L%({r§|x|§2r}) <eg, ¢ small (6)

respectively
Wil omy + [[Walli )y <&, € small (7)

A simpler replacement of (4), (6) and (7) is
lz| [Vg| € IN(L®), V €co(L3), Wy, W, e lY(L"). (8)

If this holds then the smallness condition in (4), (6) is satisfied in a small
neighborhood of the origin.
Now we can state our main result.



Theorem 1. Assume that (4), (6) and (7) hold. Then (SUCP) holds at 0
for H' solutions u to (1).

Our results are essentially sharp. On one hand there are counterexamples
due to Miller [20] and Plis [22] involving metrics which are Hélder of all orders
less than one. On the other hand, the functions e~ (120" provide a straight-
forward counterexample with V' € LP, p < Z, or with W € L?, p < n. The
smallness assumption on V in [*°(LZz) is necessary due to a counterexample
of Wolff [30]. However, uniqueness holds for V' = Clx|~2 for large C, see Pan

[21]. Wolff [30] constructs counterexamples to (SUCP) with W, € 11}3% (L™),
V = W,y = 0. The only gap which is left in our results is therefore the gap

between W; € IL (L") and W; € l;;2(L™). This gap can be filled, at least to
a certain extent, but only at the expense of making the proofs considerably
more technical.

A brief (and incomplete) history of the results on this topic is summarized
in the following table:

1939 Carleman [7] gieCc?* VelL® W e L* n=2
1957 Aronszajn [2] gieC? VelL® W e L~ n>3
1962 Aronszajn & al. [3] ¢¥ € C' VeL™® W e L™ n>2
1985  Jerison-Kenig [15] ¢¥ =6; V €L W =0 n>2
1990 Sogge [26] gieC® Vel W e L>® n> 2
1992 Wolff [31] gi=26; VelLs WelLmn¥" p>2
1999 Regbaoui [23] gi =206, V=0 WeL" n>6

Considerable work has also been done on the corresponding weak unique
continuation problem, where what may be the sharp result is due to Wolff
(see [31] and references therein) with the assumptions g € C', V € L? and
W € L™ In this case, however, the best counterexample is for V € L' (see
Kenig-Nadirashvili [16]) and thus far away from Wolff’s positive result.

Other related articles on this problem are [1, 5, 8, 13, 14, 17, 18, 25, 27],
on second order degenerate elliptic operators [4, 12], on elliptic systems [10,
11, 24}, on the Dirac operator [6, 19], on higher order elliptic operators [9, 28|.

The layout of the proof is as follows. In Section 2 we describe the change
of coordinates which achieves the reduction of (4) to (5). The strong unique
continuation result is a standard consequence of certain estimates of Carleman
type, which we state in Section 3. More precisely, Theorem 1 follows from
Corollary 3.1 in the same way as in [15]. The rest of the article is devoted to
the proof of the Carleman estimates. We start in Section 4 with local estimates
in the special case P = A with a radially symmetric exponential weight.
Then in Section 5 we use a perturbation argument to transfer these estimates
to variable coefficient operators and more general exponential weights. The
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global construction of the weights, as well as the global Carleman estimates, are
explained in Section 6. Finally, in Section 7 we use Wolff’s weight osculation
argument to select weights for which the desired gradient estimates hold.

2  Changes of coordinates

The main result of this section asserts that we can find a change of coordinates
which allows us to replace (4) by (5) in the proof of Theorem 1.

Theorem 2. Let g satisfy (4). Then there exists a locally C* change of coor-
dinates x with x(0) = 0 and locally Lipschitz function g which satisfy

eVl o + 12V gl oy < Ce, & small )
so that (g)~x*g satisfies (5). Here x*g is the metric in the new coordinates.

Proof: If (9) holds then it is easy to see that x*g satisfies (4). Observe
also that for any r < |zo| < 2r we have

sup [x*g — In| S Ix"9(wo) — In| + sup |z||V(x"9)|

r<lz|<2r r<|z|<2r

This shows that, in order to get the remaining part of (5) for x*g, it suffices
to insure that it equals I, at least once in each dyadic region. Consequently,
set x;, = 2¥e; and try to find y satisfying

X(xk) = 2, Vx(wp)er = e, X"glwr) = I (10)
The last relation is equivalent to
Vx(@r)g(ar)Vx(ar) = I

or to
glax) = (Vix(ax)) " (Vx(x)) ™ (11)

The second part of (10) requires g''(z;) = 1, but this can be easily achieved
multiplying g by (¢*!)~!. Then we represent g(z;) in the form

- (4 %)

Since g(zy) are uniformly positive definite, it follows that the (n—1) x (n—1)
matrices A — BkB,? are uniformly positive definite. Now set

x) ™ = (g oy e ) (12
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Then (11) holds, which in turn implies that (10) holds.
It remains to extend y to the whole R” so that (9) is satisfied. This is
possible since, by (12),

IVx(zx) = Vx(zra)] S lg(zr) — 9(@k41)]
S osup z]|Vg(a)]

nglx‘§2k+l

Note that the extension can be done trivially by the identity on the line Re;.

3 Carleman estimates
We first recall the estimate of Jerison and Kenig [15],
] ulle S Nl Al L (13)

where p and p’ are dual exponents satisfying the gap condition

This holds for all u vanishing of infinite order at 0 uniformly with respect to
T away from £(%52 + N). This implies that (SUCP) holds in the case when
g=1,, Vel and W =0.

Here and in the sequel the notation X < Y means X < ¢Y with some
constant ¢ which only depends on the space dimension n. The notation X <«
Y, on the other hand, stands for X < €Y for some sufficiently small constant
e, again depending only on n.

The estimate (13) corresponds to the weight function

¢(r) = —7In |z

which satisfies a degenerate pseudoconvexity condition. In the variable co-
efficient case we can no longer use this weight because the pseudoconvexity
condition may fail. Instead we need to use weight functions of the form

p(x) = h(—In|z])
where h is convex. Indeed if we do this we obtain the following result

Theorem 3. Assume that (5) holds. Then for each T > 0 there exists a convex
function h satisfying h' € [1,72] so that

17 ullyr 1y S €7 P (2, Du] (14)

for all w vanishing of infinite order at 0 and co.
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By a standard argument this implies Theorem 1 in the case when W; =
Wy = 0. To deal with W; and W5 we need a modification of this result where
we allow ¢ to depend also on the angular variable,

o(x) = h(—1In(x)) + k(—In(z), 0)

In addition, we need to obtain bounds for Vu and to allow gradients of inte-
grable functions in Pu. Thus we define the space X, with norm

Xo = Lp L2+4|Vp|LP
o] [ollze + V0]l

where

[l 2 vge = inf ]|z + | [V| ™ wsl| o
w=w1+ws3

The dual space X, is
. / 2 _1 /
X, =L +V(L*N|Ve|"'L7)
with norm

;. = 1 f / /
£, = _nf_ iller + 1 alls + 19 el

Then the following generalization of (14) holds,
||€¢(I)U||lp’(xgo) S ||€w(I)PU||lP’(X;) (15)

Here [”(X,) has the same meaning as in (3), i.e. first we evaluate the X,
norm on dyadic annuli and then we use the dyadic [P summation.

Naively (15) differs from (14) by an elliptic estimate. This is because
the symbol of e#(®) P(z,0)e %) can only vanish in the region where the fre-
quency is of the order |Vy|. Away from this region both (14) and (15) are
(microlocally) elliptic estimates. This is explained in detail in the proof of
Propositions 4.1, 4.2. In effect (see Theorem 5) we show that such an estimate
holds uniformly for all v and a large class of weight functions ¢ which are also
allowed to depend on the angular variable.

In order to produce a direct argument for the unique continuation result
when W) and/or W, are nonzero one would need to be able to add to (15) an
L? bound for e¥®)Vu, and/or to add an VL? term to Pu. In other words, this
would mean replacing X, by

lvllx, = llvlle + Vol 2

Unfortunately, it is known that such an estimate cannot hold uniformly in «
and 7 so the situation appears hopeless. To overcome this difficulty we adapt
an idea of Wolff which takes advantage of the fact that we know (15) to be true
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for a large range of functions . Roughly speaking, the idea is to show that
one can choose the function ¢ in such a way so that the terms e#W;Vp and
e?Wyp are concentrated on small sets; then, on such sets, to use the estimate
(15). The main result is summarized in the following theorem:

Theorem 4. Assume that (5) holds. Then for each T > 0, Wy, W, € I} (L")
and each function u vanishing of infinite order at 0 and oo there exists a
function ¢ satisfying

T< = <7, |0pp| < |rorgl (16)
so that

e @ Wi Vul| | 17 Waulligy)-1
Wl [Wallis,(zm)

15 ull 1 x )+ S ||€¢(I)P(5”aa)“||lp’<>%>’

(17)

The first part of (16) insures that ¢ blows up polynomially at 0, while
the second part implies that its level sets are not two far from circles, more
precisely they are contained between two circles whose radiuses have a fixed
ratio.

The estimates of Theorem 4 deviate from classical Carleman estimates:
Instead of e™#(*) we have to use different functions ¢ for each 7. It is an
essential feature of our estimates that the choice of the weight function ¢
depends on u, W; and Ws. It is known that such an estimate cannot be true
for all 7 with ¢ independent of u. Nevertheless we easily obtain the following
corollary as a consequence of (17):

Corollary 3.1. Assume that (4), (6) and (7) hold. Then for each T > 0 and
each function u vanishing of infinite order at 0 and oo which solves

P(z,0)u — (Vu+ W1 Vu+ VWou) = f
there exists a function y satisfying (16) so that

le# @l o < 1€ f] o (18)

This implies the desired unique continuation result.



4 Polar coordinates and estimates for the flat
case

Introduce the polar coordinates

xr=-e°0, (5,0) e R x S" ! :=C.

Denote V = (05, 0y). Then

On the other hand, one can compute the form of the Laplace operator in the
new coordinates,
|z|?A = 02 — (n — 2)0s + Ay

or, after further conjugation by |x|_"52 = "T8,

. 0 —2\?
|x|‘z”A|x|—22=a§+A9—<”2 ) .

Using the transformation v = |z|"z u, Jerison and Kenig’s result (13), for
instance, becomes .

le™vl[Lrie) S ™ Av] Lo e (19)
where

A:a§+A9—(”;2)2.

The assumption that u vanishes of infinite order at 0 and oo translates into a
faster than exponential decay for v when s approaches +oo.
(n—2)*

The spectrum of —Ag + === is (%52 + N)2. Therefore (19) cannot hold if

T::E(HT_2+/\).

This accounts for the restriction that 7 should stay away from +(“5% + N).
Unfortunately (19) is not stable with respect to “small” perturbations of
the operator or of the exponential weight since the exponential weight satisfies
only a degenerate pseudoconvexity condition, which can be easily broken with
arbitrarily small perturbations. To avoid this, we modify the estimates in two

directions:

1. Instead of exponential weights ™ we use weights e"(*) where h is a convex
function.

2. We complement the estimates by L? estimates to handle perturbations.



Following the same reasoning as above one sees that A" may not be close
to an half integer for a long time. Hence we require

Y| + dist(2H, Z)| > i
Note, however, that we want to obtain estimates which are valid for all func-
tions u vanishing of infinite order at 0 and oco. This limits further our choices
for h to functions which have at most linear growth at infinity.

The function spaces we use in the sequel are based on the X, spaces in-
troduced in the previous section. To these we need to add some better L?
estimates which are essential in the localization arguments. For 7 > 0 and
0 < e <1 we introduce the spaces Xm of functions defined on the cylinder C,
which are to be used for v:

(20)

X‘I’,E ={velfn 7'7%(1 + 67‘)7%[/2, Vv € (L +71LP) N 7%(1 + 57)*%[}}
For the right hand side of the equation we use the dual space,
X =LV +72(1+en)il? + V(XN 7' L) + 773 (1 + £7)i VL2

In R™ we introduce corresponding norms by reverting the transformation we
described earlier. Thus, we set

n—2

lullx... = 2] ul %,
Then we also have s
n+2

gllx.. = el gllx, .

Observe that if [Vg| = O(7) then
X,.C X,

The only difference between the two spaces is in the additional L? norms in-
volving ¢ which are part of the X, . norm. The L? norms are essential in order
to localize estimates to a fixed dyadic scale in |z| (which corresponds to inter-
vals of fixed length in s). The € terms are used to describe the improvement
in the estimates when our exponential weight has at least “c” convexity; they
are essential in the localization argument which makes the transition from
constant to variable coefficients.

Our first result is a global one:

Proposition 4.1. Let 7 > 1. Consider a convex function h satisfying (20)
for which |I| € [1,27]. Then
7,0 ~v

bl S e Al (21)

for all functions v vanishing of infinite order at 0 and oo.



Next we consider in more detail the case when h is uniformly convex in
some region:

Proposition 4.2. Let 71 < e < 1. We consider a convex function h satisfy-
mg
\h'| € [r,27], h" € [eT, 7]

i some interval I. Then
"Dy || < e mED Ay, (22)

for all functions v supported in {x : |z| € e~1}.

Proof of Proposition 4.1: In the (s,#) coordinates (21) becomes

Do el S N Av]|g (23)

§=0,1

Then the first step is to find a left inverse for

Gh(s) [33 n ( A, — (”%42)2” oh(s)

The spectrum of —Ay + =22 g (%52 + N)? therefore corresponding to each

2
eigenvalue
<n -2 . )\) 2
2
we need to find a “bounded” left inverse for

oz — (P22 4 2) ek

For each integer A let s(\) be a solution for

_n—2
2

h'(s) + A

If A+ ”T’z is outside the range of A’ (which is an interval) and no such solution
exists then we set

_ i n—2 !
s()\):{ oo if A+ 5 <h

+00 if)\+"7_2>h/

Then one can construct a left inverse by

i — LA 2y e Rl s < s(A\)
Ki(t,s)) = @70 £ (N4 222 " lsinh(A + 252) (¢t —s)) s(\) <s <t
0 s(A),t <s
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This is essentially the kernel we will use in the sequel. It has however a
jump discontinuities in s. This can be avoided by the following modification.
We make a smooth transition between the two regimes in s on the scale of 7.
If x is a smooth function which equals 0 in (—oo, —1] and 1 in [1,00) then we
shall work with the left inverse

Ka(t,s) = OO0 22 (s — s())sinh(3+ ")t~ s),
S X(r(s — sy BT (24)

Since ' = O(r), the function i does not vary much on the 77! scale therefore
such a modification does not significantly alter the size of the kernel K.
The left inverse for the full operator has kernel

K(t,s) =Y Ki(s,t)E)

AeN

where FE) denotes the projection onto the corresponding eigenspace of the
spherical Laplacian. By an abuse of notation we sometimes identify operators
and their kernels and denote them by the same symbol.

To prove the desired estimates for K we use the bounds for the projection
operators (see Sogge [26])

~Y ~Y

1B o SN, | Eallpr e SAT, | Ballee SA® (25)

We decompose K into three components, a low frequency elliptic part K€,
a high frequency elliptic part K and a frequency O(7) part, K7, with

[7/2]
Kl<t7 8) = Z KA(‘S? t)E)\

A=0

Kh(ta 8) = Z K)\(S7t)E)\
A=[47]+1

[47]
KT(tJ S) - Z K)\(Sat)E)\
A=[7/2]+1
The kernels of K! and K" are important for the elliptic regime. We derive the
same estimate (26) and (28) below for both of them, which is stronger than

the desired estimate (21) . This is a simple but maybe somewhat technical
exercise which we do first. The crucial part is the estimate of K7.
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The estimate for K': In this case we prove the elliptic estimate

K :LP+7L+H ' > IPnr LN H. (26)
If X < 7/2 then
Kt o) Sl a< 2 (27)

To obtain the L” — L? bound we use (27) to estimate

[1/2]

—1_—cr|t—s n=2

K e S e ST A
A=1

—2
Tn” e*CT|t*S|

n—2
[t —s|” = .

ANRZAN

Then the global L? — L? estimate follows using the Hardy-Littlewood-Sobolev
inequality.

For the L?" — L? bound we proceed in a similar fashion. For fixed ¢, s by
(27) and (25) we get

[1/2]
1K (t,S) | ge S T_le_”“_S'(Z/\"T_Q)

A=1

N

1
—= —cT|t—s|
S T ne :

If we bound the last expression by 77|t — s| ="+ then we obtain the LF' — L2
estimate. The L? — L? bound follows in an identical manner.

The L? — L? bound is even simpler. By (27),

||Kl(t7 S rzore < rlgmerlt=s|

~Y

and the kernel in the right hand side has an L' norm of c772.

To obtain the desired H! bounds we need to perform a similar analysis with
K, (t,s) replaced with the kernels AK,(¢,s), respectively 0,K,(t,s). These
satisfy the bound

MK (t, 8)] 4 [ K5 (¢, 8)] < emeTlt=sl,

i.e. with an additional 7 factor. Then the estimates are identical to the L?
estimates.

To obtain the bounds from H~!, on the other hand, we need to work with
the kernels AK,(t, s), respectively 0K, (t, s). But they satisfy the same bound
as above.

Finally, for the bound from H~! into H' we should consider the kernels
N EK\(t,s), MoK \(t,5) ADsK\(t,s), respectively 0;0,K,(t,s). The first three
are bound by 7e~°*=*l while the fourth equals the d,—; plus a component
satisfying the same bound.
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The estimate for K": We again prove a stronger elliptic estimate:
K':LV +7L*+H ' - LPnr'L*nH". (28)
The proof is very similar to the previous one. For A > 47 it is easy to see that
K5 (t,8)| < AtemeAltsl, (29)

To obtain the L” — LP bound we use (29) to estimate

o0

WK Es) e S D AN e
A=[47]+1

o 2
< / )\_EC_C)\lt_s‘
0

= cult — 5\’%.
Then the global L? — L? estimate follows using the Hardy-Littlewood-Sobolev
inequality.
For the L”" — L? bound we proceed in a similar fashion. For fixed ¢, s by
(29) and (25) we get

o0 1

1Kt )rge S (D0 AN e ed)?
A=[47]+1

< T*%€707|t75|.

~Y

and we conclude as in the low frequency case for this and for the L? — LP
bound. The L? — L? bound is straightforward.
For the H' bounds we observe that

IANK\(t, 8)| + |0, KA(t, s)| < ecTlt=sl,

Then the corresponding L* — L? bound, for instance, is a consequence of the
estimate

1
HatKh(t,s)HLp/_)Lz < ( Z )\"T’Zefc)\\pq)?
§ T%e—cﬂt—s\

and the Hardy-Littlewood-Sobolev inequality. For the bounds from H !, the
kernels AK), (%, s), respectively 0;K (¢, s) satisfy the same bounds.

Finally, the bound from H~! into H' reduces to L? bounds for the ker-
nels A2K,\(t,5), N K\(t,s) A\OsK\(t,s), respectively 0;0,K,(t,s). The first
three are bound by Ae~“N*=*| while the fourth equals d;—, plus a component
satisfying the again the same bound.
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The bounds for K7: This is the interesting case, where elliptic estimates
of the type (26) and (28) fail and where we have to work with the more
complicated norms Xﬂo and Xi,o- Even if the arguments are similar to the
previous ones the reader should keep in mind that here the estimates are
much less obvious. We start again with a bound on the kernels K. This time,
however, we need to combine the convexity of h with the hypothesis (20) to
get

[Ea(t )] S AT (RN <) < (30)
We start with the L¥" — L? bound:
[47] ~
HKT(t, S)HLP’HLP (S Z A I\ e AR (s)])]t—s]
A=[1/2]+1
< 7w /T e~ NE=sl g
0
< T_%T<1 + 7|t — )7t
S

Then the global LP" — L? estimate follows using the Hardy-Littlewood-Sobolev
inequality.

For the L¥" — L? bound we proceed in a similar fashion, using (30) and
(25):

[47] 1

n=2.,_9 _ _h!(s _sl\ 2

) e 5 () AT ARl
A=[r/2]+1

< el n (1 4t — s]) 2.

This can be bound by 7727 = |t — 5|~ "% to obtain the L — L? estimate. The
L? — L bound follows in an identical manner.

The L? — L? bound is even simpler, for by (30)
“K"'(t; S)HLQHLQ 5 Tflefc|t75|.

Finally, the estimates involving the gradients in f and/or the gradient of
K7 f bring nothing new since both differentiation in s, ¢ and multiplication by
A simply increase the size of K, (t,s) by a factor of 7 for A = O(r).

Proof of Proposition 4.2: In the (s, 0) coordinates (22) becomes

DNVl g o S N1 Ay, ey (31

§=0,1
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We work with the same K, K, as before. The estimates we proved for K,
K" are already stronger than we need, so we should concentrate on K7. If
A = O(7) then the ¢ convexity for ¢ implies

h(s) — h(t) < B'(s)(s —t) — €|t — s|*.

In the previous section we only used the first term on the right hand side. The
second term implies that K satisfies the stronger Gaussian bound

’K,\(t, 8)‘ 5 )\—le—ca‘r(t—s)ze—c(l+\)\—h’(s)\)|t—s\ <\N<d4r (32)

-
2
We only need to prove the bounds involving the convexity parameter €. The
analysis is fairly simple since we can use the earlier computation with the
added Gaussian. For the L¥ — L? bound, for instance, we get

1K™ (1) | e S e T (1 4 7]t — s]) 72
1

S ft—s| T Ea(er) i

The L? — LP estimate is similar. The corresponding L? — L? bound is now

2

K )lpoge < 7lemeet=)

~

Now the L! norm of the kernel on the right is 77!(e7) 2, which gives exactly
the desired L? — L? bound.
The estimates involving the gradients in f and/or the gradient of K7 f

follow in the same way as in the proof of Theorem 4.1.

5 A perturbation argument

Here we explain to what extent the results proved in the previous section for
the flat case transfer to operators with variable coefficients. At the same time,
we want our estimates to be stable with respect to “reasonable” perturbations
of the weight h,

o(x) = h(—=In|z|) + k(= 1In|z|, )

Proposition 5.1. Let 7 > 1. Consider a convex function h satisfying (20)
for which |I| € [1,27]. Assume that

lg— L| +|z||Vgl < 771, |k| + |2||VE| < 1. (33)
Then
lefullx, o S [le”Pullx: (34)

for all functions v vanishing of infinite order at 0 and oo.
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This indicates that perturbations of the order of 7=! are always acceptable.
Since 7 can be arbitrarily large, this is clearly not sufficient. To handle larger
perturbations, we need to use additional convexity on h.

Proposition 5.2. Let 7 > 1 and 0 < ¢ < 1, er > 1. Consider a convex
function h satisfying

|| € [r,27], W' €ler,7], || <7
in some interval I of length |I| < 1. Assume that
lg — I.| + |2||Vyg| < e, kE+ |z V3| < eT.

Then
le?ullx,. S lle?Pullx; (35)

~Y

for all functions u supported in {x : |x| € e71}.

Proof of Proposition 5.2: We first prove the estimate in the case when
u is supported in a ball B of size C|zo|(s7)"2 centered at some zo € R". Here
C' is a large parameter which we fix later on. After rescaling and rotation
in # we can assume that zqg = e;. It is important that our estimates and
assumptions are scale invariant.

We claim that we can find a change of coordinates y around e; satisfying

x(er) =ei,  Dx=1I,+o(e)
so that in the new coordinates we have
g7 (e) = I, k= 0.
We know that
gler) =1, +o(e), Ve(er) =Vh(er)+ oer).

Then we can make a linear transformation of the form I,, + o(¢) around z to
insure that g(e;) = I,, and V(e;) = h/(0)ey, i.e. VEk(er) = 0. Without any
restriction in generality we can also assume that k(e;) = 0.

To set k identically 0 we make another change of coordinates,

Yy x
— = h(=In(ly])) = ¢(=In(]z])).
lyl |zl
Since VEk(e;) = 0, the Jacobian of the change of coordinates equals I,, at ey,
therefore the condition g(e;) = I,, is preserved. Furthermore, the bounds on
the derivatives of h, k imply that
0 0?
’ 5 = ofe),

gr I teE) Fa =
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therefore this change of coordinates does not affect our hypothesis on g. This
concludes the reduction.
Since g(ey) = I,,, within B we get

suplg — I,| < £ir7E, (36)
B

This will allow us to use a perturbation argument to transfer the estimate
from A to P.
We know that (35) is true with P replaced by A:

le?ullx.. S lle?Aullx;. (37)

~Y

Then we need to estimate the difference in the right hand side. We claim that
the following L? estimate holds for all w supported in B:

le?(P = A)ul| or1—1 < 7(1+ 27)2 [ ] g2 rp (38)

Given the definition of our spaces, this suffices in order to get (35) from (37).
Note that the powers of x in our norms are all irrelevant since here we are
doing estimates in B which is away from 0. To prove (38) it suffices to expand
the difference

P—A = 09”7 -9,
and use (36) together with |z||Vy| < 7.

It remains to remove the support assumption on u, which we do using a
partition of unit. We choose a smooth partition of unity with functions v
supported in balls of radius C'(er)~'/2. We apply the estimate (35) to 1v:

le?rullx, . S llefePullx, . + le?[r, Plollx;,- (39)

This implies (35) after summation without the additional restriction on the
support, provided we can handle the commutators. This we do again using L?
estimates. We claim that

Y llefn, Plullzz < C7'r(er)? [[efull 2 grmm (40)
k

which is exactly what we need provided that C' is chosen sufficiently large. For
this we produce a pointwise bound on the commutators:

e[, Plul S e#(IVu| (V] + [u]) + [V ul)
S IVl (IV(efu)] + rlul) + [V fu).

Then (40) follows if we use the bounds on the derivatives of ¢,

107U < ca(Cler) )7
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Proof of Proposition 5.1: By the same arguments as above we may
assume k = 0. We assume first that u is supported in a e/ where I is an
interval of length |I| < 1 to simplify the notation. We may again assume that
0 € I. The result follows by the same perturbation argument as above, but
now applied to u without additional restrictions on the support. It suffices to
observe that

||6LP(P - A)U||L2+771H71 < THewUHLz_H.HL

Finally we observe that the restriction on the size of I is inessential since all
estimates are scale invariant.

6 The construction of h and global estimates

In this section we detail the construction of h and we prove a stronger form of
(14) in the flat case. In what follows C' is a fixed large constant to be chosen
later.

Lemma 6.1. Let {a;}jcz be a nonnegative sequence so that

1
o}y < 5 (41)
and which is slowly varying,
1 ay
< <o vjez 42
5<% j € (42)

J

Then for each large T there exists a function h : R — R with the following
properties:

(1) T < Oh(s) < 72

(ii) W (s)a; < h"(s) <20/ (s)a; if j <s<j+1anda; > Cr L

(i) |20/ (s) —Z| > 1 if j <s<j+1anda; < CT1.

(iv) [W"(5)] < 4/ (s)ay if j < 5 < j+ 1.

The condition (42) is only a convenient technical assumption which can al-
ways be achieved at the expense of a slight increase of the a;’s. More precisely,
if [|{a;}|ln, < & then the sequence |a;| * 271 satisfies both (42) and (41).

Proof: Define the function h by d;h(—00) = [7] + 5/4 and

ORh=7 biXy
where b;’s are integers which satisfy the inductive relation

b, =0 if a; <CW(j)™"
bj € [ (j)aj, 20 (j)a;]  if a; = CH'(5)7
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Note that in effect the inductive definition of b; does not start at —oo but at
some finite integer since there are only finitely may j for which a; > C7 %

Then h clearly satisfies the condition (ii). Furthermore, on each interval
where a; < Ch/(j)~" the function d,h is constant and takes values in Z + 1.
Thus (iii) also holds. Now we verify (i). If we denote

J={j €z a; > CN(j)™"}

then
(k) <7[J(1+2a). (43)

jeJ
The right hand side becomes larger under rearrangement of the numbers a;
such that a;;; < a;. The worst case is when

a; = |[{ar}lus, /7

Then we get

which implies (i).
To fulfill also (iv) take the above defined function and regularize it on the
scale of 1,
h:=hxn

where 7 is smooth, nonnegative, supported in [—1, 1] and with integral 1. This
is where the slowly varying assumption is used.

Now we can state our main global estimate:

Theorem 5. Let {a;}jcz and h be as in Lemma 6.1 and k(z) be a function
satisfying
2| V| + |2[V2R] < aP' (), s €ljg+1] (44)

Consider a metric g satisfying
g — In| + [2[|Vgl <a; —In(lz]) € [5,5 + 1] (45)

Then the estimate
le?ulliacx,, ) < € Pullecx;, ) (46)

holds for all v vanishing of infinite order at 0 and co.
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Here the spaces X}, , are defined in each dyadic annulus k-1 < lz| < 2k
as Xp/ (k) (Recall that s = —Inx so this corresponds to a partition into
intervals of size 1 with respect to s). On this we superimpose the [? summation.
This implies (15) uniformly with respect to the class of weights allowed above.

Proof: The proof does not require new ideas. Using a partition of unit
in s we localize to s-intervals of fixed size. Then on each such interval we can
apply either Theorem 5.2 (if a; > C7~') or Theorem 5.1 (if a; < C771).

7 Wolft’s lemma and the gradient term

In the previous section we have obtained uniform Carleman estimates for fam-
ily of weights ¢ given as sum of a function A satisfying the conditions in
Lemma 6.1 and a perturbation k subject to (44). Wolft’s idea to overcome the
missing Carleman estimate for controlling the gradient term is the following:
We should use the flexibility in choosing the weights ¢, to pick one of them so
that |e¥W,Vul|?" and |e¥Wyul|P" are concentrated on a “small” set - it should
be so small so that the L” estimate suffices to bound the worst contributions
of the gradient term.

We claim that we can choose some function ¢ satisfying the conditions in
Lemma 6.1 so that (17) holds. Verifying that claim completes the proof of
Theorem 1.

Without any restriction in generality we assume that

[Willig, ) = 1

Then we can choose the convexity parameters a; satisfying the assumptions
of Lemma 6.1 so that (45) holds and, in addition,

IWill Ln(jj1yxsn-1y S @y (47)

The estimate (46) implies that (15) holds uniformly for all weights ¢ we con-
sider, therefore it remains to show that we can choose the weight ¢ so that

Wie?Vul| o + [[[VO[Waeul L S lle7ull x,)
Expanding the X, norm, this amounts to
Wie?Vul| o + [[[VOIWaeul L S €7V ullr 124 jvgiiey + €7ullp (1n)- (48)

Now we think of v and Vu as independent functions. We decompose e¥Vu
into an 17 (L?) and a [”'(L?) part. The estimate of the {*(L?) part follows
by Holder’s inequality since W, € IL (L") C [°°(L"). Therefore, by a slight
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imprecision of notation, we drop the L? norm on the right hand side of (48).
Then we can combine the remaining estimate to

WV @le?w] S [le?wllw (zr) (49)

where
W= Wi+ |[Wa|, w:=|u|+ |Ve| ! Vul.

It remains to show that the weight ¢ can be chosen so that (49) is true.
The analysis is simpler in the s, 6 coordinates. Then the above estimate is
equivalent to o
IWIVele?vll o < llefvllm i (50)

where W = |z|W and v = |z|"= w. Clearly
Wl zmyey = Wl zmyen)-

Now we use the freedom in the choice of k£ to osculate ¢ independently
within each unit s-interval. We consider weight functions of the form

©(s,0) = h(s) + k(s,0)

where k satisfies condition (44) of Theorem 5.
STEP 1. Within each s-interval [j,7 + 1] x S"~! choose a cube F; of size
1/10 so that

[V AW el gspeeny < N IVe W ol (51)

If any two such cubes are closer than 1/4 then we eliminate the one in which
the norm is smaller. Then we have still

[T o7, < S 1Mol
J

where the sum is only over those j’s we keep. Next we choose k of the form

k(s,0) = ch' () (—ko(s, 0) + liOZ(s,e)), seljj+1]

where ¢ is a small parameter, kg > 0 satisfies

k‘o:O IHF’]
ko>a;  in[j,j+1] xS"7H\ 2F)
|Vko| S a; in[j,j+1] x S

and [ satisfies .
1], |VI| < a;
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Such a modification is small enough so that it satisfies (44). The effect of this
change is that we concentrate the function e Wv to the set U2F}; while still
retaining the ability to modify h further by osculating [ within the allowed
margins. The point of this argument is to reduce the problem to a fixed unit
s-interval.

STEP 2. Introduce flat local coordinates y in 4F; so that 0 € F}. Let x(y)
be a cutoff function supported in 4F; which is 1 in 2F}. Then we seek [ of the
form

l(y) = x(y)azb -y,
where |b] < 1. To continue we need the n-dimensional version of Wolft’s lemma
from [29], Lemma 1:

Lemma 7.1. (Wolff) Let u be a positive compactly supported measure in R™.
Define py by dug(x) = e**du(x). Suppose B is a convex body in R™. Then
there is a sequence {k;} C B and, for each i, a convex body Ey, with

1
P (RN Bl ) < 5 || | (52)
such that {Ey,} are pairwise disjoint and

> BT =08 (53)

J

where C' is a positive constant depending only onn, and where |B|, |Ey,| denote
the Lebesgue measures of B and Ey, .

We apply the lemma for the measure
- ~
dp = ||V|e?®OWo| dsdf
in 2.FJ7 with B = Bch’(j)aj (0) Then
| B| & (a;h'(5))"

therefore

Z B, |~ 2 (a0 (5))"
On the other hand we have

Z Wz, < IWEner,)-

Then for some 7 we obtain

W12, (@i ()" S NIW 12 or) | B,

-1
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which by (47) yields

_1

Wz S 1B ()BT

We set b = k;(ca;)™!, choose [ as described above and denote the set Ej, by
E; C 2F;. Then on one hand e?|Vp|Ww is concentrated on UE},

le?IV oWl < lle?I Ve Wl g, (54)

while, on the other hand, within the sets £; we can estimate

eIV e Woll gy < R ()le?vll 2 Wl

S

_1
S 1B el 2,
5

le?v]|Le(&,)-
Now (50) follows. O
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