1 Weeks 14 and 15: Nov 25 through Dec 4,
2003

Finally, we will present the derivation of fast methods for numerical solu-
tion of integral equations corresponding to linear two—point boundary value
problems (BVPs)

y = Pyt)+f(1t) a<t<b,
Ay(a) + By(b) = g.

Useful references for this material include [GR91, SR94].

2  The integral equation
The integral equation is based on a “background problem”

y = Pt)yt)+ot) a<t<b,
Ay(a) + By(b) = g.

with a known fundamental matrix Y; and Green function GGy. Most com-
monly we take Py = 0 so Yy =1 and

DA a<s<t<bd
Go(t,s)—{ —D'B a<t<s<b

The integral equation is then

a(t) + (Po(t) = P(1)) /ab Go(t, s)o(s)ds = f(t) — (Po(t) — P(1))Yo(t) Dy g.

Because of the semi—separable form of Gy, the equation can also be written
as

olt) + (Po(t) = P())Yo(t) D5 AYo(a) [ Yols) o (s)ds

~ (Bt) = PU)Yo() D5 BY(5) [ Yo(s)o(s)ds
— f(t) - (Bu(t) — P(H))Ya(t)Dyg = (1)
u(t) + A) [ pls)ds = () [ wls)ds = plo)

where we have multiplied through by Y; ' (¢) and defined pu(t) = Yy '(t)o(t).
Of course 0 = p for the simplest background problem with Py = 0. Once
this integral equation is solved, the solution y can be evaluated from either
o or p by the Green formula.



The spectral element method decomposes the range of integration [a, b]
into subintervals [t,, t,41] and uses a fixed high—order Legendre rule on each
subinterval. Define Nm compound Legendre points on [a, b] by

h = (b—a)/N, 81m+i:a+h(1+ti), v[mH:hw,-

for I =0,..., N—1,¢2 =1, ..., m, where t; and w; are the Legendre
points and weights on [0,1]. Then we can compute indefinite integrals to
high accuracy by

I-1

STImdi a+(J+1)h a+Ih+ht;
/ "t f(s)ds = Z/ f(s)ds + f(s)ds
a Jj—o’at+Jh a+Ih
I-1 m m
= > > Vi f(Ssms) + D hSiif(Ssmes) + O(R™)
J=0j=1 j=1
I m
= Y > Simtigmrif(Simes) + O(R™).
J=0j=1
Here
0 J>1
Stmyijgmy; = § hSy J =1
h’LUj J<1I
and
hwj J>1T1
Tim+igmy; = My J=1
0 J<I

is the corresponding matrix for integrating from ¢ up to b, with T;; =
Smt1-i;m+1—; the local spectral integration matrix from ¢; up to 1. After
we discretize the integral equation with these points and the spectral inte-
gration matrix, we get a matrix-vector equation Ms = r where

s=(0(s1),0(5),...,0(55m))7,

r=(r(s1),r(s2),.--, T‘(SNm))Ta

and each p x p block of the Nmp x Nmp matrix M is given by

Mimtigm+i = 01501y + (Po(Stm+i) — P(81m+z'))Y0(81m+z')D61
(AYo(a)Spmyism+j — BYo(0) Trmepiim+5) Yo (Srmes)-

For the simplest background problem with Py = 0, this simplifies to

Mrmsigmsj = 01561, — P(S1m+i) Dy (AStmi gmej — BTrmsi gm+j)-



3  Fast multiplication

For simplicity, we explain fast solution methods first for the transformed
variable p which satisfies

ult) + A) [

a

b
uls)ds = B(t) [ p(s)ds = p(t).
Discretization gives Cyu = p where

Crm+igm+j = 015051y + A(Stm+i) Stm+i,gm+; — B(Stm+i) Timeti,gm+-

The key feature of the matrix C is the low rank of all the off-diagonal mpxmp
blocks such as

A(S1m+i)Stmti,gm+j = A(Stmi) hw;

for fixed J < I. Each of these blocks is a “tensor product” of one matrix
which only depends on [ and ¢ with a number which only depends on j. Such
a block can be applied to the corresponding block of a vector by taking the
dot product of the vector with a vector of weights w then multiplying each
size—p block of the result by a p X p matrix A(symi). The cost of such an
operation is not the O(m?p?) one would expect for multiplying an mp X mp
block times a vector of length mp, but rather O(mp?). This factor of m
is significant for high—order discretization with m = 32, for example, and
allows us to apply the matrix to a vector much faster than one would expect
from its size. In fact, because the indefinite integral is an additive function
of the interval, the matrix can be applied to a vector in just O(mNp?) work
instead of O(m?N?p?), a tremendous savings. This potential for efficient
application —together with the bounded condition numbers of these matrices
as h—(0— encourages us to solve these integral equation by iterative black—
box solver such as GMRES [SS86]. Such methods would normally offer no
advantage for these problems because the matrices are small and dense, with
only an occasional zero element, so the essential realization is that the special
structure of these matrices allows the matrix—vector product to be formed
fast.

More precisely, we can compute the matrix—vector product Cz by the
following steps:

1. Evaluate the indefinite integrals at interval endpoints

I-1 m m
Qr = Z Z hw;T gy = Q-1 + Z hw;x pm 4
J=0j=1 j=1

for 1 < I < N, at a total cost of O(Nmp) flops.

2. Evaluate the local indefinite integrals

m
Yrmei =B Y SijTima+;
i=1



and .
ZImyi = h Z Tz‘jﬂvlmﬂ‘
=1
for 0<KT<N-—1and1<i<m,at a total cost of O(Nm?p) flops.

3. Evaluate each p—block of the product Cz by

(C) tm+ti = Trmi + A(Stmi) (U + Yrmeri) — B(Stmi) (v — Qr + Zrmti)
for 0<IT<N-—1and1<i<m,at a total cost of O(Nmp?) flops.

Summing up, the total cost is O(N(mp? + m?p)) flops. Since the condition
number of the matrix is bounded, folklore suggests that GMRES will take
a fixed number of steps to converge even for very small h, so the linear
system can be solved for p in total work O(N(mp? + m?p)). This is much
less than the O(N®m?p?®) required by Gaussian elimination if the matrix is
large. The same analysis works for the more complicated system satisfied
by o, which we might prefer in practice because multiplication by Y, may
amplify ill-conditioning if P, # 0.

4  Fast direct methods

It is possible to take even more advantage of the low-rank off-diagonal blocks
of this matrix, to solve the integral equation directly without iteration. This
is desirable because when the BVP is somewhat ill-conditioned then GMRES
may require several hundred iterations to converge, reducing its advantage
over Gaussian elimination. This fast direct solution strategy happens because
of the analytical structure of integral equations for two—point BVPs, which
connect solutions on different intervals by low—rank operators. Let’s split our
interval [a, b] into two intervals L = [a,c| and R = [c,b], and break up the
integral operator accordingly. Then the equation

ult) + AG) [

a

p(s)ds — B(t) /tb w(s)ds = p(t) a<t<b

becomes a pair of integral equations

t c b
pn(t) + A() / u(s)ds — B(t) /t 1(s)ds — B(t) / pr(s)ds = pu(t)  a<t<e
t c b
pr(t) + A(t) / pr(s)ds + A(t) / u(s)ds — B(t) /t pr(s)ds = pr(t)  c<t<b,
where subscripts indicate domains. We can write this symbolically as

ur, + Arppr — Bropr — Brribr = pL
pr + Arrpr — Brrpr + Aropn = pr (1)



or
I+ Arr — Brg —Brr L | _ | PL
Arr I+ Arr—Brr | | kg PR |

This structure is extremely interesting: Each density satisfies an integral
equation of exactly the type we started out with on each interval, plus the
two separate integral equations are connected by low-rank operators such as

Brrir = B(t) /Cb pr(s)ds

and

Apppin = A(t) / " s (s)ds.

These operators integrate py, or ug over a fized interval, yielding a constant
p-vector, then multiply it by a known matrix function of ¢. This is very
similar to a low-rank matrix y = (uv”)z which takes the dot product of
x with v and then multiplies the resulting scalar by the vector u. As we
saw above, such low-rank matrices can be applied fast to arbitrary vectors.
However, what we want now is to snvert perturbations of invertible matrices
(of operators) by low—rank off-diagonal blocks.

This is done by variations and applications of the so-called “Sherman-—
Woodbury—Morrison formula”

-1

I+uwh) =1+ avu?, a=—
( ) 14+ vTu

which holds iff vTu # —1. This formula shows that when we solve the linear
system
r+ (vIz)u = b,

we need only represent x as a linear combination of b and u, say (b + wu,
and find the coefficients from

Bb + wu + (Bv'b + wvu)u = b.

We find =1 and

1 .
w=———0v"b
1+vTu 7
which leads to . T
= _&UT = (I—L)b
14+ 0Ty 14+ 0Ty

as advertised.
A similar technique works with low-rank integral equations. For example,
we can solve a second—kind Fredholm equation with a rank—one kernel

ott) + | " ult)o(s)o(s)ds = f(2)



by seeking a solution ¢ as a linear combination of f and u, say 8f + wu.
Then substituting in gives

570) +wu(t) + [ w(t)u(s)(51(s) + wuls))ds = F(0)

w-l—/ s) + wu(s))ds)u(t) = f(t).

As in the finite-dimensional case, we find § = 1 and

+/ s)ds)w = /abv(s)f(s)ds

so if [P v(s)u(s)ds # —1 then the inverse operator is given by

1 b
o0 =10 - T reraes L OO

These formulas can be extended to solve low—rank perturbations of other
invertible operators than the identity, because
(A+uw)™ = (AU + A uw™))™
(I+ (A u)p™)~tAa™?

1
= (I - —F A uphHA™
( 1+ UTAflu( u)v )
1
— -1 _ A—l A—T T. 2
A 1+0vTA- 1y ( v) (2)

Thus perturbing an invertible matrix by a rank—-one matrix perturbs its in-
verse with a different rank—one matrix. In the language of linear systems
rather than (deprecated) matrix inverses, solving a system after a rank-one
change requires two solves of the original system: First, compute w = A~1u
and a = M;Tw (in a preprocessing step independent of the right-hand side),
then solve (A + uvT)z = b by solving Ay = b for y = A~'b and apply the
rank-one matrix B = I — awv? to get v = By = y — av T yw.

All these formulas generalize immediately to low-rank rather than rank-
one perturbations of invertible matrices or operators: if U and V are n x k
matrices with small width £ compared to their height n and A is invertible,
then A+ UV7 is invertible and its inverse is

(A+U0VH) ' =A"" - ATU(I +VTATIU) T VTAT

iff the k& x k matrix (I + V' A~'U) is invertible. This allows us to find exact
solutions (in terms of integrals) for second-kind Fredholm equations with

“finite-rank” kernels »
K(t,s) =Y ui(t)vi(s)
i=1

6



where we assume for simplicity that u; and v; form linearly independent sets
of functions. Seek the solution o of

b
on+/K@gd@@=ﬂn
as a linear combination of f and the u;’s:
p
i=1
will hold iff

+ijuj )Yds = ().

o+iwm@+immf

This will hold if 8 =1 and

ium

wi+é/ab Ui(s)uj(s)dswj] = Z“z / v;i(s) f(s)ds.

Equating coefficients, we see that it is enough to satisfy p equations

wz—i-Z/ vi(s)u;(s)dsw; = —/ vi(s)f(s)ds

in the p unknowns w;. Let (VTU);; = [ vi(s)u;(s)ds and b; = — [P vi(s) f(s)ds;
then
w={T+VTU) b

gives the coefficients of the solution o. The formula for o then corresponds
exactly to the generalized Sherman-Morrison-Woodbury formula above.

Returning to our integral equation for the two—point BVP, we assume that
the diagonal operators I +.Ay;, — By, and I+ Agrr —Bgrgr are invertible. Then
multiplying by the 2 x 2 diagonal matrix with their inverses on the diagonal,
or equivalently solving the integral equation on each interval separately, gives
a 2 X 2 matrix of operators

l I -Big ]
T

where the primed low-rank off-diagonal operators operate on functions by
integrating them over the whole domain and multiplying the resulting con-
stant p—vector by some matrix function of ¢ found by solving the integral
equation on each half-interval. An application of the generalized SMW for-
mula gives an exact formula for the solution of the integral equation in terms
of its solutions on each half-interval, which leads to fast recursive algorithms.



Explicitly, we have

Brrpr = B(t) /cb,uR(S)dS
Ampn = A(D) /:uL(s)ds.

Define matrix functions Cp(t) and x.(t) on L and Cg(t) and xg(t) on R by
solving the integral equations

(I+App —Brr)Cr = —B(t) on L
(I +ArL —Brr)xe = pu(t) on L
(I + Agrr — Brr)Cr = Alt) on R
(I + Arr — Brr)xr = pr(?) on R,

so that our integral equations are equivalent to

1+ Cu (1) /CbuR(s)ds ~ ) on L

C
KR+ CR(t)/ pr(s)ds = xg(t) on R.
Integrate each equation, multiply it by the C' matrix appearing in the other

equation, and subtract to get a pair of low-rank perturbations of the identity
operator:

pa0) = Colt) [ Crls)ds [ pas)ds = xalt) = Co(t) [ xnls)ds
pn(t) = Crlt) [ Culs)ds [ pnls)ds = xnlt) = Calt) [ xals)ds.
Solve them by the usual rank—one approach: assume solutions of the form
pn(t) = xu(t) = Cr(t) [ xa(s)ds + Con(twr
pilt) = Xa(t) = Cr(®) [ x0(8)ds + Cru (B

where Cg = Cr(t) [ Cg and Cgr(t) = Cg(t) [ CL, and plug in to the equa-

tions to get
(- /CLR)WL = / (XL - CL/XR)

(I - / Cri)wn = / (XR —Cp / XL) . (4)

Solve these condensed p x p linear systems for wy and wg, and py and pug
are found. This allows us to solve the integral equation on any interval if we

8



can solve it on both parts of the interval, at a small additional cost. Now we
can build several fast algorithms for solution of the integral equation.

The simplest approach is a bottom-up method: solve on each of N = 2%
intervals with m Legendre points each for the quantities xy and C' on level L,
at a total cost of O(Nm3p?) if Gaussian elimination is used. Then recursively
build the solutions x and C on level | = L — 1, ..., 0 by piecing together
adjacent pairs of intervals at cost O(2'p*m?) on level [, total cost O(Nm3p?).

The more complex technique relies on the representation

pelt) = xu(t) = Co(t) [ xa(s)ds + Con(thwr

ur(t) = xa(t) = Cr(t) / xXz(8)ds + Cre(t)wr

for the solution on each subinterval, and particularly on the existence of the
vectors w.
Now return to

Kpp, — B(t)ir = pr,
Krpr + A(t)pn = pr

where bars denote integration over the domain:
Hr = pr(s)ds,

R
fr = /LML(S)dS-

These equations can be solved by a two-step process. First, we multiply
through by the inverses of K and Kg; in other words, we solve the integral
equation (recursively) on L and R, ignoring the coupling between L and R
which influences the solution u. Second, we eliminate each variable p7, and pg
from the equation determining the other, obtaining a low-rank perturbation
of the identity which is easy to invert. Since we have to solve matrix as well
as vector equations, we formulate the integral equation as part of a larger
problem which will then be reproduced by each subdivision:
Ku = p(t) on LUR,
Ka = A(t) on LUR,
Kpg = —-B(t) on LUR.
Applying the inverses on each interval L and R separately, we define xr, xg,
ay, ag, Br, and Bi to be the solutions of the integral equations
Kyx, = p  on L,
Krap, = A on L,
K.,p, = —B on L,
Krxr = p on R,
Krap = A on R,
KrBfr = —B on R.



Thus our coupled system becomes

Kppp + (KpBr)ir = Kpxp  on L,
Krpr+ (Kragr)pr, = Kgxr on R.
Canceling the (assumed invertible) operators K;, and Ky from each equation
gives
pr + Briir = Xr on L,
pr+arpy, = xXr  on R.
Now integrating each equation, multiplying by the coefficient of the other,
and subtracting gives a pair of decoupled equations
pr — Brarfi, = X& — BLXr on L,
pr —arPrLir = Xr—arXr  on R,
which are clearly recognizable as low-rank perturbations of the identity oper-
ator. Representing their solutions as equal to the right-hand side plus some

constant vector w multiplied by the matrix coefficient, corresponding to the
ansatz £ = b + wu for the solution of z + uv’z = b, yields

tr = X — BuXr+ Brarwr,
UR = XR— ORXL + ORBLWR.

Plugging into the equations shows that the w’s satisfy a pair of p x p linear
systems

(I — Brag)wr = Xz — BLXr,
(I —arPL)wr = Xr— GrXL-
Assuming the matrices of these systems are invertible, we have
pr = X — Buxe+ Brar(l — Brar) (XL — BLxr)
= (I + Brar(I — Brar) "E)(xr — BLXr)
= Mr(xz — BLXr);
pr = Xr—orXe +arBr(I — arBr)” (Xr — GrXL)
= (I+arBL(I —arBfL)'E)(xr — arXL)
= Mg(xr — arXL)
where we have defined the integration operator Eu; = pr and named the
merge operators My and Mg for future use. The merge operators construct
the solution p on each interval from the solutions of problems on the subin-

tervals. Thus the matrices a and S on the whole interval L U R can be
constructed by the formulas

S e
(
(

B = { My (Br, — BiBr) on
Mg(Br — agBrL) on

10
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These formulas can be applied recursively, yielding a fast recursive algorithm
for the discrete problem as follows.

Suppose we discretize the interval [a,b] with N = 27! intervals, putting
m Legendre points on each, and there are p ODEs in our two-point BVP.
Then each merge operator My or My can be applied to a function on 2! of
the subintervals, united into a single L or R, in O(2'mp?) + O(p®) work. The
first term is due to integration and p X p matrix-vector multiplication at each
of the m points, while the second (and smaller) term is due to inverting (or
factorizing) the p x p matrices on each of L and R. Hence the work W,
with N subintervals satisfies

Wip1 = 2W, + 2'mp®

since the merge operators must be applied 4p + 2 times, once to each vector
X1 and x g and once to each column of the p X p matrix functions ay,, ag, B,
and fBg. Clearly Wy, = O(m?p?) if a direct method like Gaussian elimination
or QR factorization is used on the leaf intervals, though this estimate could
be improved considerably if the special structure of the lowest-level mp x mp
matrices is taken into account. Since the recursion

Wi = 2W, + 2B, Wy=A

has solution
W, = 2/(A +1B),

we see that recursive solution of the two-point BVP costs
W, = O(Nm?p*) + O(N log Nmp?).

Since Nm is the number of points where we obtain the solution, this estimate
is not too bad. It compares well with the brute—force global Gaussian elimi-
nation approach which costs O(N3m3p?) when large numbers of intervals are
needed.

This approach can be made adaptive [LG97] and improved on the low-
est level; codes may soon be available. Numerical results are excellent (see
[GRI1, SR94] ).
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