1 Week 12: 13 November 2003

Today we will begin the numerical solution of two-point boundary value
problems (BVPs)

y = flt,y) a<t<b
9(y(a),y(d)) = 0

where y : [a,b]—R? is a d-dimensional vector function. Classical examples
include the standard linear second—order equations of mathematical physics
(transformed to first—order systems)

a(t)y" +b(t)y + c(t)y = f(t), 0<t<oo
subject to linear boundary conditions such as
y(0) =0, y(t) is bounded as t—o0,
or the linear system in standard separated form

y = RMyl)+ f(t) a<t<b,
Ay(a)+ By(b) = ¢

where y(t) is a d-dimensional vector. Useful references for this subject in-
clude [AMR95, Kel92, SR94|.

2 Theory

The existence, uniqueness and stability theory of the BVP is different from
corresponding theories for the IVP, because the boundary conditions impose
global requirements on the solution. Thus standard IVP conditions on the
niceness of f guarantee nothing about the BVP. Thus even linear BVPs
resemble linear algebraic eigenvalue problems Ax = Ax more than they do
IVPs or linear systems of equations Ax = b; the theory is therefore more
complicated. A single condition on A guarantees that Az = b can always be
uniquely solved for any b, while Ax = Az has no solution for most A and the
solution is not unique even when it does exist. For example,

yl! — 1
always has a unique solution yy + y;t + */2 satisfying boundary conditions
y(a) =a, y(b) =5,
but
y'+y=1, yla)=yb)=0
has no solution at all if the length of the interval is a multiple of 7.
Thus we will not present a general theory of existence, uniqueness and

stability for BVPs as we did for IVPs. Instead, we will develop methods to
compute solutions and check a posteriori when possible.
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3  Quasilinearization

Most methods for the general nonlinear BVP rely on one of two paths: solve a
sequence of linearized BVPs by numerical methods ( “quasilinearization”), or
discretize the BVP directly and solve a large system of nonlinear equations.
Both approaches have many followers, and often both arrive at the same
final equations. We focus mainly on the first approach, because it gives us
more scope for analysis of the BVP and thus tends to produce more effective
numerical methods.

The nonlinear BVP can be linearized by assuming an approximate solu-
tion u and perturbing it to become the exact solution y = v + e. Then e
must satisfy

Wad = flbute) = f(tu)+ DIt u)e+ O(e?)
g(u(a) + e(a), u(b) +e(0)) = g(u(a),u(b)) + Ae(a) + Be(b) + O(e*) = 0

where

_ % and _ %

~ Ou(a) -~ ou(b)’
If v is a good approximation, we can neglect quadratic terms in e and solve

e = Df(t,u)e+ f(t,u) —u
Ae(a) + Be(b) = —g(u(a), u(b))

for the update e, improve u < u + e, and repeat until satisfied. It is not
a coincidence that this linearized problem has exactly the form of Newton’s
method, with a residual on the right-hand side of each equation and the Jaco-
bian operator acting on the correction e. Indeed, quasilinearization is simply
Newton’s method in function space. Like the finite-dimensional Newton’s
method, it can be improved and modified in various ways for more assured
convergence. For example, starting values can be obtained by homotopy
methods, Broyden-type methods with fewer Jacobians can be used, and we
can move a different distance along the Newton direction to guarantee that
the residual will be reduced at each Newton step.

4 Linear Theory

We can now concentrate on numerical methods for the linear two—point BVP

y = Pt)y+f(t)
Ay(a) + By(b) = g
where P(t) is a matrix function, f is a vector function, A and B are n by n
matrices and ¢ is a constant n—vector.

Most such methods are built on the “shooting” viewpoint which con-
structs the BVP solution by solving an equation for y(a) and then solving
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an IVP for y by any of the methods previously discussed in this course. To
do this, we need to represent the solution of the IVP

y = Ply+f()
Ay(a) + By(b) = g
as a functional of y(a). Thus we introduce the fundamental matrix and solve
the IVP by variation of parameters.

Suppose first that P(t) = P is constant and f = 0. Then the homoge-
neous [VP

y'=Py, y(a) given
is solved by the matrix exponential

y(t) = eTe "y(a)

where the matrix exponential is defined by the convergent power series

wp _ = (EP)"
e _7;) P

(The series definition is bad for computation in most cases, and there are
many alternative formulas some of which are numerically useful [ML78].)
The inhomogeneous problem

y' =Py -+ f, y(a) given

then succumbs to the variation of parameters formula
t
y(t) = e=Dy(a) +/ e3P £(s5)ds.

Example The second—order linear constant—coefficient IVP

y' = f
y(a) = o
y'(a) = v
can be transformed into the first—order system
|01 0]
- 2o [g] oo
Yo
a) = . 1
v = [ )

Since P? = 0, the series for the matrix exponential terminates and we get
et =T +1tP.

Thus the inhomogeneous IVP solution is

y(0) = (I+1P)(I +aP) M y(a) + | I+ (t= $)P)f(s)ds.



Exercise 1 Conwvert the fourth-order scalar linear inhomogeneous constant-
coefficient IVP

y" — Ky = q(0),
y(0) =30, YO =ys ¥(0)=4(0), ¥"(0) =y} (0)

into a first-order system u' = Pu+ f(t), diagonalize the matriz P, and thus
find the general solution u(t) of the inhomogeneous IVP.

For nonconstant matrix coefficients P(t), the natural matrix exponential
formula ,
6fa P(s)dsy(a)
immediately fails, essentially because P(t) no longer commutes with P(s)
for t # s. The derivative of the exponential series contains products in all

possible orders of P(t) with [’ P(s)ds which do not commute, so terms can

t
no longer be collected to yield P(t)efa Pls)ds
Instead, we introduce an analytical tool called the fundamental matriz
Y (t) which satisfies

Y'(t) = PRY ()

Y (a) is nonsingular.
In terms of Y, the solution of the homogeneous IVP is

y(t) =Y ()Y (a) " y(a)

and the inhomogeneous IVP is solved by the variation of parameters formula

v =YY @7 ye) + [ YO ()7 (s)ds

where we have replaced e!” by Y (¢). It turns out that if Y (a) is nonsingular
and P is continuous, then Y'(¢) is nonsingular for any ¢. This follows from

Abel’s formula .
det Y (£) = eda TPOYS dot v (q)

where trA = >, A;; is the trace of a square matrix A.

Computing a fundamental matrix Y for a given IVP is of course much
more difficult than computing the solution y directly, since it requires n IVP
solves, one for each column of Y, so it rarely constitutes a useful numerical
object. But computing the result of applying the fundamental matrix to a
vector is equivalent to solving an IVP, so Y can be used as a conveniently
organized shorthand which represents the solution y as an explicit linear
function of the initial values y(a). Similarly, when solving a linear system
Az = b, the inverse matrix A~! provides a useful theoretical representation
of the solution x = A~!b but not often a practical computational tool.

Thus representing the BVP solution in terms of its unknown initial values
by the variation of parameters formula gives a n by n linear system to be
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solved for the initial values, after which y is easily computed by solving an
IVP: indeed, the boundary conditions require

Ayla) + By() = Ay(a) + B GY(@) y(a) + [ YOV () f(5)ds)

(A+ BY(0)Y (a)Y)y(a) + B / "V B)Y ()7L f (s)ds
= g

(AV(a) + BY(0)Y (@) "y(@) =g — B [ Y)Y (5) ™ £ (s)ds.

Thus we see that solvability of the BVP depends on the n by n “boundary
condition matrix”

D = AY (a) + BY (b);

the BVP is solvable for arbitrary right-hand sides and boundary values iff D
is invertible.

Exercise 2 Find a fundamental matriz Y (t) and a boundary condition ma-
trix D for the n—dimensional BVP

Yy = Ay+ ()
Ay(a)+ By(b) = ¢

where A is a constant diagonal matriz, and find a condition on A, A and B
which 1s equivalent to the invertibility of D. Show that the BVP is uniquely
solvable for arbitrary data (f,g) iff D is invertible.

Supposing from now on that D is invertible, we can put the solution into
the “Green function” form

v =YD g+ [ Glt,)f(s)ds

by straightforward manipulation. This form is analogous to writing the so-
lution of a linear system Az = b via the inverse matrix x = A~'b; the Green
function plays the role of the matrix entries (A ');; and summation is re-
placed by integration.

The calculation goes as follows:

w0 = YY)y + [ YOV S(s)ds
= YD g B [ YOV () F(s)ds)
+ [ YY) f(s)ds
= YD g+ [ Y()(I = D BY(B))Y(s)" f(s)ds
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_/tby(t)DlBY(b)Y(S)lf(s)ds

= YD g+ [ Y(&)D LAY ()Y (s) " f(s)ds

Thus if we define the Green function by

Y(#)D'AY (a)Y(s)™ a<s<t<b
G(t,s) = { -Y(#)D'BY (b)Y (s)™' a<t<s<b

then we have the Green function formula above.
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